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Bayer-Macri decomposition on
Bridgeland moduli spaces over surfaces

Wanmin Liu

Department of Mathematics

The Hong Kong University of Science and Technology

Abstract

We find a decomposition formula of the local Bayer-Macri map for the nef line
bundle theory on the Bridgeland moduli space over surface and obtain the image
of the local Bayer-Macri map in its Néron-Severi group. The geometric meaning
of the decomposition is given. Fix a base moduli space and assume that we can
identify Néron-Severi groups of different birational models of the moduli space.
We then have a global Bayer-Macri map. By the decomposition formula, we
obtain a precise correspondence between Bridgeland walls in stability manifold of
the surface and Mori walls in pseudo-effective cone of divisors on the base moduli
space. As one application, we solve a conjecture raised by Arcara, Bertram,
Coskun, Huizenga (Adv. Math. 235(2013), 580-626) on the Hilbert scheme of
points over projective plane. As another application, we find the ample cone of

Hilbert scheme of points over Hirzebruch surface or a special elliptic surface.



Chapter 1

Introduction

1.1 Background

To understand the physical notion of II-stability for Dirichlet branes [Dou(2] in
string theory, Bridgeland [Bri07] introduced stability conditions on triangulated
categories. Let S be a smooth projective surface over C and DP(S) be the
bounded derived category of coherent sheaves on S. In mathematical aspect,
since the triangulated category DP(S) has more objects and morphisms than the
abelian category Coh(S), the geometry of Bridgeland moduli space of complexes
is richer than the geometry of the Gieseker moduli space of sheaves, and some

hidden structures in classical geometry will be clear in the Bridgeland’s setting.

Bridgeland [Bri07, Bri0g| firstly constructed a family of stability conditions when
S is a K3 or an abelian surface. Arcara and Bertram [AB13] extended the con-
struction to any smooth projective surface. Denote such a stability condition
by 0w s = (Zup, Awp), which depends on a choice of two line bundles w, 5 on
S, with w ample. The notation A, 3 denotes a heart of a t-structure of the de-
rived category DP(Coh(S)). The notation Z, s is a group homomorphism from
the Grothendieck group of DP(S) to C which satisfies some assumptions. o, g
is a geometric stability condition (see Remark [2.4.2). Fix the Chern charac-
ters ch = (chy, chy, chy), and assume that they are of the Bogomolov type, i.e.
ch? — 2chochy > 0. Bridgeland [Bri07, Bri08] and Toda [Tod08] showed that
there is a wall-chamber structure for ch in the stability manifold Stab(S). Ma-
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ciocia [Macl4] showed that the walls for geometric stability conditions are nested

semicircles in a suitable parameter space. The non-geometric stability conditions
are constructed by Toda [Tod13| [Tod14].

Assume chg > 0. Denote Kg the canonical divisor of the surface S. A Bridgeland
stability condition o, 4 in the large volume limit (i.e. w? > 0) is the same as an
a-twisted w-Gieseker stability condition, where a :=  — %K s (see Appendix .

So we obtain the isomorphic moduli spaces

M := Mqu)(ch) = M, ,(ch), for w® > 0,

Ow,B

where M, ,(ch) denotes the Bridgeland moduli space of 0., g-semistable objects
in D(S) with invariants ch, and M, (ch) denotes the Gieseker moduli space
of a-twisted w-semistable sheaves in Coh(S) with the same invariants. Thus
the classical wall-chamber structure for the twisted Gieseker stability conditions
[EG95] [FQI5|, MWIT] can be revisited as the Bridgeland wall-chamber structure
in the large volume limit (see Table . Since there is a geometric invariant
theory (GIT) construction of M, (ch), the Bridgeland moduli space M,_ ,(ch)
is projective for w? > 0. However, the notion of Bridgeland stability condition is
not from GIT. It is a challenging problem to show the projectivity of M,,_ ,(ch)

for a general Bridgeland stability condition o, s.

1.2 Motivations and ideas

There are two ways of viewing the birational geometry of M = M4, (ch). One
way is the classical minimal model program (MMP) for M. In good cases (e.g.
M is a Mori dream space), there is a Mori wall-chamber structure in the pseudo-
effective cone Eff(M) of divisors on M [HKO0Q]. For a big divisor D on M,
there is a rational map M --» M(D) := Proj(R(M, D)) if the section ring
R(M, D) := @,,5o H (M, mD) is finitely generated. Then one obtains birational
models M (D) of M when D runs over the Mori wall-chamber structure. The
other way is envisioned by Bridgeland [Bri08]. Note that M = M, (ch) for o,
in the large volume limit. We then move o, g in the Bridgeland wall-chamber
structure for ch in Stab(S). It is expected that there are natural contraction
morphisms M, (ch) — M,,(ch) when moving the stability conditions oL in

different adjacent chambers to oy in the wall. Set-theoretically it is expected
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that some strictly oi-stable objects become oy-semistable, and the S-equivalent

classes of oy-semistable objects represent the contacted points in M, (ch).

M, (ch) -Dirational - op)

o+

M., (ch)

Figure 1.1: Birational morphism via wall-crossing

Recently Bayer and Macri [BM14a] constructed a nef determinant line bundle
14
and birational geometry of M, ,(ch). The line bundle ¢

on M, ,(ch). This line bundle theory provides properties of the projectivity

Tw,p
0.5 Varies naturally via
wall-crossing of stability conditions in the Bridgeland wall-chamber structure for
ch. Assume that the Néron-Severi group of M, ,(ch) can be identified with
the Néron-Severi group of M. After the identification, the nef line bundle ¢, ,
on M, ,(ch) is an effective line bundle on M. Bayer and Macri established a
correspondence from o, 3 in the Bridgeland wall-chamber structure of Stab(S)
for ch, to £,, , in the Mori wall-chamber structure of Eff(M), which connects the

two aspects of birational geometry of M.

The correspondence was also observed in some special cases by many people.
Before Bayer and Macri’s theory, Arcara, Bertram, Coskun, Huizenga [ABCH13]
conjectured that there is a precise correspondence between Bridgeland walls for
ch = (1,0, —n) in Stab(P?) and Mori walls in Eff(M), for M = P?" the Hilbert
scheme of n-points on P? (Figure . They verified the cases n = 2,--- 9.
The speculation was further extended to other rational surfaces by Bertram
and Coskun [BC13|]. Bayer and Macri [BM14h] also established more concrete
correspondence on K3 surfaces by using lattice theory in the case that the Mukai
vector v(ch) is primitive. The case when the Mukai vector v(ch) is of O’Grady
type was further studied by Meachan and Zhang [MZ14]. The case when the

surface is an Enriques surface was studied by Nuer [Nuel4].

It is interesting to give the precise correspondence between Bridgeland walls and

Mori walls. This is the main purpose of the thesis. The key observation is to
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express the central charge in terms of Mukai bilinear form explicitly, by introduc-
ing the logarithm Todd class. In this way, we get an explicit Mukai vector w,,, ,
for computing the local Bayer-Macrl map. We find that such Mukai vector wy,, ,
has a very nice decomposition, and each term in the decomposition has clear
geometric meaning. We call such decomposition as Bayer-Macri decomposition.
In particular, the image of the local Bayer-Macri map is obtained, and generi-
cally, the rank of such image in Néron-Severi group is one more than the Picard
number of the surface. This partially answers a classical question: Can every
line bundle on moduli space be written as determinant line bundle? In addition,
by assumption on the identification of Néron-Severi groups of different birational
models, the precise correspondence between Bridgeland walls and Mori walls is
obtained by using the Bayer-Macri decomposition formula, as well as Maciocia’s
theorem on the structure of Bridgeland walls. Furthermore, it is believed that
the geometry of a surface will reflect the geometry of moduli space over such
surface. Our formula gives a direct link from the ample cone of the surface to
the ample cone of the moduli space over such surface. A toy model is explored

for this phenomenon.

1.3 Summary of main results

To state our results precisely, we introduce some notations. Let S be a smooth
projective surface over C. Let 0,53 = (Z, 3, Au ) be the Bridgeland stability
condition constructed by Arcara and Bertram. Denote the Mukai bilinear form
on S by (-,-)s (see Section [2.3). We reformulate the central charge Z, 5 in terms

of Mukai bilinear form
Zws(E) = — / e~ (V19 ch(E) = (U4, 0(E))s,
s

where
U, = B §Ks+V=Twt g cha(S)

is a complex Mukai vector (see Lemma [2.4.1). Write the complex number
Z,5(E) = RZ(E) + V/—13Z(E). Define the Bridgeland slope by u,(E) :=
_%922(%). Fix Chern characters ch = (chy, chy,chy) € H*(S,Q) and assume that
ch} — 2chgchy > 0. Denote v = v(ch) := ch.y/td(S) the Mukai vector of ch.

Define v+ := {w € H},(S,Q) ® R| (w,v)g = 0}. Taking the complex conjugate

4



of the number (U, v)g, and multiplying it to Uz, we still get a complex Mukai

vector. Then we define a real Mukai vector as its negative imaginary part:
s, ,(ch) i= =S (7, v)s - Uz) .

We simply write it as w,, 3 or w,. This Mukai vector plays a crucial role in the
computation of the local Bayer-Macri map. If chg # 0, we define two special

kinds of Mukai vectors:

3 Ch2 1 11 2
b = (1,-2Kg -2 UK
W(C ) < Y 4 S? Cho 2X(OS) _'_ 32 S) Y
Ch1 3
m(L,ch) = O, L, (a — ZKS)H s where L € NS(S)R,

Define u(ch) := w(ch) + m(1Kg, ch). So

1 Chg Chl.KS 1 1 2
W)= (1 —-Kg —22 _ - K2,
u(ch) ( 15 Ty T 2chy X(Os) = 35K

Denote i, (ch) := p,(F) if ch = ch(E). If there is a flat family ([BMI4al Def-
inition 3.1]) & € DP(M,(ch) x S) of o-semistable objects with invariants ch
parametrized by a proper algebraic space M, (ch) of finite type over C, we then
denote the Mukai morphism by 6, ¢ (see equation ), and denote

L = —ng(m(lq(?h)), BO = _ea,g(u(Ch))7
B, = f— 0,c(w(ch)) =a+ By. (Recall a:=p— %KS)

We get the following decomposition formula of the Bayer-Macri line bundle.

Theorem 1.3.1. (Bayer-Macri decomposition for objects supported in dimension
2, Theorems|5.2.4) and|5.4.4).)

(a). If chy # 0 and IZ(ch) > 0, then w, g has a decomposition (up to a positive

scalar):

w,p(ch) == py(ch)m(w,ch) + m(S3,ch) + w(ch) (1.3.1)

where m(w,ch), m(3,ch), m(a, ch), w(ch), u(ch) € v*.

(b). Assume that (i) chg > 0; (i) there is a flat family E; (iii) M. (ch) is
irreducible; (1) OMqu)(ch) # 0; (v) U,(ch) is of positive dimension; (vi)
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we can identify the Néron-Severi groups as Section |3.4. Then the Bayer-
Macri line bundle class is

Uy . = —po(ch)w — B, = —p,(ch)w — a — By. (1.3.3)

Ow,p

The line bundle class @ induces the Gieseker-Uhlenbeck (GU) morphism
from the a-twisted w-semistable Gieseker moduli space M. (ch) to the

Uhlenbeck space U,,(ch).

(c). If 0,3 is a generic stability condition (i.e. not in a wall for ch), then the
image of the Bayer-Macri map in NS(M,, ,(ch)) is of rank one more than

the Picard number of the surface.

(d). If chy = 2, then the divisor B, = o+ By is the a-twisted boundary divisor
of the induced GU morphism.

Assumptions in Theorem [1.3.1] are rather technical. An example is given when
the surface is K3 in Theorem To state the next result, we use Maciocia’s
notations. The details are given in Section 2.5 Fix a triple data (H,~y,u),
where H is an ample divisor on S, v € H*, (i.e. « is another divisor on S,
and the intersection of the two divisors vanishes H.y = 0), and u is a real
number. Take Maciocia’s coordinate w = tH and 8 = sH + u~y. Let ch’ be
the potential destabilizing Chern characters. Then potential (Bridgeland) walls
W (ch,ch’) are nested semicircles with centers (C(ch,ch’),0) and radius R =
v/C(ch, ch')? + D(ch, ch’) in the (s, ¢)-half-plane Iz, ,) (¢ > 0), where C/(ch, ch’)
is defined by equation (2.5.4)), and D(ch,ch’) is defined by equation . A
potential wall W (ch,ch’) is a Bridgeland wall if there is a o € Stab(S) and
objects E, F € A, such that ch(E) = ch, ch(F) = ch’ and uy(E) = po(F).

Theorem 1.3.2. (The Bridgeland-Mori correspondence for objects supported in
dimension 2 and geometric Bridgeland stability conditions, Theorem ) As-
sume that (i) chg > 0; (i) there is a flat family £; (iii) we can identify the
Néron-Severi groups as Section (3.4 Then there is a correspondence from the
Bridgeland wall W (ch,ch') on the half-plane Iy .. with center C(ch,ch’) to
the nef line bundle on the moduli space M,(ch):

- 1~
KUEW(Ch,Ch/) = _C<Cha Ch/)H —uwy + §KS — BO' (134)
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The above assumptions hold if M = M (ch) is a Mori dream space (Corol-
lary [6.1.4]). As an application, we solve a problem raised by Arcara, Bertram,
Coskun, Huizenga [ABCHI3] on the Hilbert scheme of n-points over projective

plane in Corollary [6.2.2]

Above results are for objects supported in dimension 2, i.e. chy # 0. Simi-
lar results for objects supported in dimension 1 are given as follows. Assume
ch = (0, chy, chy) with chy.H > 0 for a choice of Maciocia’s coordinate (H,y, u).
Then the center (C,0) is fixed, where C' = ZT% (Theorem [2.5.2). D(ch, ch’) is
computed by equation . Define the Mukai vector

3 3 1 11
bs12 (ch) 1= (1, CH +uy— 2K, K [0 1) - L(09) + @K) |

which is independent of the potential destabilizing Chern characters ch’. Denote
S = 9075(0, 0, —1), and 7EH7%u)(Ch) = Qg,g(t(H777u)(Ch)).

Theorem 1.3.3. (Bayer-Macri decomposition for objects supported in dimension
1, Theorem and Theorem|5.4.1.) Assume ch = (0, chy, chy) with chy.H > 0

for a choice of Maciocia’s coordinate (H,~y,u).

(a). Then wyew (eneny has a decomposition:

d
Woew (cheh’) = (gD(ch, ch’) + §u2> (0,0, —1) 4+ t(m,y,u)(ch), (1.3.5)

where (0,0, —1), t(gu(ch) € vi. Moreover r = chy # 0 and the coef-
ficient of (0,0, —1) is expressed in terms of potential destabilizing Chern

characters ch’ = (r,ciH + coy + 0, X):

d - d
%D(ch, ) + u’ = X = g0 + ude; (1.3.6)
T

(b). Assume (i) there is a flat family £; (ii) we can identify the Néron-Severi
groups as Section|3.4. Then there is a correspondence from the Bridgeland

wall on the (s,t)-half plane to the nef line bundle on the moduli space
M, (ch):

d
Loew (chyeh) = (gD(ch, ch’) + §u2> S + Tt~ (ch). (1.3.7)

The line bundle S is conjectured to induce the support morphism (Conjec-

ture [4.6.3)).



In the special case that S is a smooth K3 surface, we use the central charge
Zwp(E) = — s e~ (F+V=19) ch(E)4/td(S). Bridgeland [Bri08, Lemma 6.2] showed
that if Z,4(F) ¢ R for all spherical sheaves F € Coh(S), then 6,5 :=
(Zw.5, Aup) is a Bridgeland stability condition. Moreover the stability condition

6.5 is reduced (Remark [2.4.3)), which is the Hodge theoretic restrictions on the
central charge [Bri09, BB13|]. The potential walls W(Ch, ch’) are given by semi-
circles t* + (s — C)? = C* + D+ 2, where C' and D are defined in Theorem m
There is a similar notation for the Bridgeland slope ps, , with respect to g, .
The following theorem is a specialization of Theorem [1.3.1, Theorem [1.3.2] and
Theorem m (but using Z,, g instead).

Theorem 1.3.4. (Bayer-Macri decomposition on K3 surfaces, Theorem )
Let S be a smooth projective K3 surface and v = v(ch) € H},(S,Z) be a primitive
class with (v,v)g > 0. Assume that Z, 3(F) ¢ R<o for all spherical sheaves
F € Coh(95).

e The case ch = (0,chy,chy) with chy.H > 0 for a choice of Maciocia’s

coordinate (H,v,u). Then s has a decomposition

d
waEW(ch,ch') R:+ (%D(Chv Ch/) + 5“2) (07 Oa _1) + t(H,fy,u) (Ch), (138)

and the coefficient before (0,0, —1) is given by equation . Moreover,

the Bayer-Macri line bundle has a decomposition

g d
K&EW(Ch,Ch/) = <§D( h, Ch/) + §U2> S+ 7?H,’y,u) (Ch), (139)

where S induces the support morphism.
o The case chg > 0. Assume further OM . (ch) # 0. Then
Wy, = pls, 5(ch)m(w,ch) + m(3, ch) + w(ch). (1.3.10)
Moreover, the Bayer-Macri line bundle has a decomposition
Ci, » = (—He, ,(ch))T — B — By, (1.3.11)

Fiz a Maciocia’s coordinate (H,~,u). There is a Bridgeland-Mori corre-
spondence, which maps a Bridgeland wall W(Ch, ch’) with center (C,0) in
the plane 1Ly 5. to the line bundle on the Mori wall

Coci(chen') = —CH —u7 — By, (1.3.12)
The line bundle w (or ﬁ) induces the Gieseker-Uhlenbeck morphism.
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1.4 Outline of the paper

Chapter [2|is a brief review of the notion of Bridgeland stability conditions. The
key ingredient is an explicit formula to express the central charge in terms
of the Mukai bilinear form. Chapter [3|is a brief review of Bayer and Macri’s line
bundle theory on Bridgeland moduli spaces. Chapter [4] serves as the geometric
background for the decomposition formulas in Chapter [5 Some terminologies
are summarized in Figure 4.1, We prove Theorem [1.3.3] and Theorem [1.3.1] in
Chapter [5, and prove Theorem [1.3.2]in Chapter [6] As one application, we give
a positive answer to Arcara-Bertram-Coskun-Huizenga’s conjecture in Corollary
which concerns the Hilbert scheme P2 of n-points over P2. As another
application, we study the Hilbert scheme S™ of n-points over a particular surface
S in Section [6.3] where S is either a P'-fibered or an elliptic-fibered surface
over P! with a section. The nef cone of S is given in Theorem Some
background for Chapter [ is given as Appendix [A] Some parallel computations
by using Z,, 5 are given in Appendix . We prove Theorem for K3 surfaces
in Appendix B.2l The notions on divisors, cones and Mori dream spaces are

recalled in Appendix [C]

1.5 Notations and Terminologies

We work throughout over the complex numbers C. A scheme is a separated
algebraic scheme of finite type over C [Har77]. A wariety is a reduced and

irreducible scheme. Let X be an irreducible projective scheme over C.

Derived dual Let us recall some properties of the derived dual. Let S be
a smooth projective surface over C. For an object £ € DP(S), define the
derived dual object as EY := RHom(E,Og) € DP(S). We have EVV = E,
(E[-1))Y = EV[1], (E[1])Y = EY[-1]. If ch(E) = (chyg, chy, chy) then ch(EY) =
(chg, —chy, chy) =: (ch(F))*. If F is a sheaf, denote F"* := Hom/(F,Og) the dual
sheaf. Define the duality functor ®(-) := (-)"[1].

Moduli spaces Fix the Chern characters ch = (chg,chy,chy) € H*(S,Q).
Choose w, 3 € N'(S) with w ample. Denote o := § — LK.
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fiw:  Mumford slope of a torsion free sheaf E, pi,(E) = S«

chg
to: Bridgeland slope of an object E, p,(F) := —gggg%
(o,w)-s.8.:  a-twisted w-Gieseker semistability, Definition |A.0.2]
M, ,(ch): moduli space of o, s-s.s. objects E' with ch(£) = ch.

(ch)
(ch): moduli space of (o, w)-s.s. sheaves E with ch(E) = ch.

M, (ch): moduli space of (0-twisted) w-s.s. sheaves E with ch(£) = ch.
(ch): moduli space of p,-s.s. locally free sheaves with invariant ch.
(ch):  Uhlenbeck compactification of M (ch).

Maciocia’s coordinate Fix a Maciocia’s coordinate (H, v, u) (Definition|2.5.1])

and consider walls in the (s, t)-half plane II(z - ,):

H € Amp(S), ye N (S)NH*, ie. Hy=0, g:= HH, d:= —v.y, (15.1)

w:=tH (t>0), f:=sH+uy (s € R, uelRis fixed), (1.5.2)
ch = (Ch(b Chb Ch?) = (%?JlH + Y21y + 57 2)7 o€ {H7 ’V}J_ (153>
ch’ = (chf, chy, chb) =: (r,eiH + cyy + 6, x), & € {H,~}. (1.5.4)

Miscellaneous For a complex number z € C, the real part and imaginary part

of z are denoted by Rz and 3z respectively.

Let E be a semistable sheaf of dimension d. A Jordan-Hélder filtration of E is a
filtration
O=FEyCFE,C---CE =F, (1.5.5)

such that the factors gr;(F) := E;/E;_; are stable with reduced Hilbert polyno-
mial p(F). Jordan-Holder filtration always exist [HL10, Proposition 1.5.2]. Up
to isomorphism, the sheaf gr(F) := @;gr;(E) does not depend on the choice of
the Jordan-Holder filtration. Two semistable sheaves £ and F' with the same

reduced Hilbert polynomial are called S-equivalent if gr(F) = gr(F).
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Chapter 2

Bridgeland stability conditions

Let S be a smooth projective surface over C and DP(S) be the bounded derived
category of coherent sheaves on S. Denote the Grothendieck group of D”(S) by
K(S). A Bridgeland stability condition (|Bri07, Proposition 5.3]) o = (Z,.A) on
DP(9) consists of a pair (Z, A), where Z : K(S) — C is a group homomorphism
(called central charge) and A C DP(S) is the heart of a bounded t-structure,
satisfying the following three properties (see e.g. [BM14a]).

(1) Positivity. For any 0 # E € A the central charge Z(F) lies in the semi-

closed upper half-plane R - (@177,

One could think of above positivity as two conditions: SZ : A — R defines
a “rank” function on the abelian category A, i.e. a non-negative function that
is additive on short exact sequences; and —RZ : A — R defines a “degree”
function on A which has the property that “rank” zero implies “degree” positive,
ie. SZ(E) =0 = —RZ(E) > 0. Define the Bridgeland slope (might be +oo
valued) as

() = W)

S(Z(E))

For 0 # E € A, we say E is Bridgeland stable (semistable respectively) if for
any subobject 0 # F C E (0 # F C FE respectively), u,(F) < p,(E) (<
respectively). We also call Bridgeland (semi)stability as Z-(semi)stability.

(2.0.1)

(2) Harder-Narasimhan property. Every object E € A has a Harder-Narasimhan
filtration 0 = Fy — FE; — ... < E, = F such that the quotient F;/FE; s
are Z-semistable, with p,(E1/Ey) > pio(E2/Ey) > -+ > po(Ey/En_1).
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(3) Support property. There is a constant C' > 0 such that, for all Z-semistable
object E € A, we have ||E| < C|Z(F)|, where |-]| is a fixed norm on
K(X)®R.

2.1 Arcara-Bertram’s construction

Fix w, € NS(S)g with w ample. Arcara and Bertram |[ABI13] constructed a
family of stability conditions o, 3 = (Z, 3, Aw ), which generalized Bridgeland’s
construction on K3 or Abelian surfaces. By using the support property, the con-
struction extended to w, € N'(S) := NS(S)g. The positivity of the central
charge is proved by using the Bogomolov inequality and the Hodge index the-
orem, and the heart is a tilting of Coh(S) according to the imaginary part of
Z 8-

Central charge

Denote e” = (1, L, 1 L?) for L € NS(S) ® C. Define

Zws(E) = —/Se_(ﬂ*ﬁw).ch(E) (2.1.1)

— —ha(B)+ Aeho(B) (o — 57) + cu ().
+v/~1w. (chy (E) — chy(E)B) .

We often simply write Z,, 3 as Z. Using the short notation ch; = ch;(E), we have

—Ch2 + Chl.ﬁ + v —1W.Ch1 if Cho = 0,
Z(E) = § 53z [(chi — 2chochy) + chjw? — (chy — chy3)?]
++v—1w. (chy — chyp) otherwise.
(2.1.2)

Define the phase ¢(E) := targ(Z(E)) € (0,1] for E € A\ {0}. So p,(E) =
tan(m(¢(E) — 3)). For nonzero E, F € A, we have the equivalent relation:

fo(F) < (S)po(E) <= o(F) < (<)o(E). (2.1.3)
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Torsion Pair

We refer to [HRS96] for the general torsion pair theory. The following two full
subcategories 7,,, and F,,, of Coh(S) are defined according to the imaginary
part of Z(E). For E € Coh(S), denote the Mumford slope by

wB) i chy(E) # 0;
(B) = wmy i cho(E) £ (2.1.4)
+00 otherwise.
Denote the intersection number 1 := w.f. If cho(E) # 0, we can rewrite the

imaginary part of Z:

w.ch; (F)

SZ(E) = chy(E) (TUE)

- wﬂ) = cho(E) ((E) — ).

For any E € Coh(S), we have a unique torsion filtration ([HL10]) and the exact
sequence 0 — Fi,, - E — FEy — 0, where E, is the maximal subsheaf of F
of dimension < dim S — 1, and E}, is torsion free. The sheaf E is called pure if
Eior = 0. Let us denote the Harder-Narasimhan filtration of £ € Coh(S) with
respect to the Mumford p,-stability by Fi,, = Ey C Ey C --- C Eyg) = E,
i.e. each successive quotient F; := FE;/E;_; is a torsion free p,-semistable sheaf
of Mumford slope p; = p,(Fi) and py—max(E) = 1 > pog > -+ > lpp) =:
fo—min(E).

Definition 2.1.1. [ABI3] For an ample line bundle w and a fixed real number

n, two subcategories 7, and F, , are defined as follows:

Ton = {E € Coh(S)|py-min(E) —n > 0},
‘FWJ? = {E € COh(‘S)’wamax(E) - S O} U {0}

Lemma 2.1.2. [ABI5] (T, Fun) is a torsion pair of Coh(S), i.e.
(TP1) Homcon(s) (T, F) =0 for every T € T, and F € Fyp;

(TP2) Every object E € Coh(S) fits into a short exact sequence 0 — T — E —
F—=0withT ecT,, and F' € F,,.

Bridgeland Stability Conditions on Surfaces

Define the heart as the tilt of the torsion pair:
Ay, ={E €D"(S): H(E)=0forp# —1,0; H'(E) € F,.;; H(E) € T..,}.
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Notation 2.1.3. We will also write A, , as A, g if we want to emphasize that

n=w.p. (2.1.5)

Remark 2.1.4. Since pu, = tu,, it is clear that Ay, 3 = A, p for ¢ > 0. By the

general torsion pair theory, we obtain that 7, = A,, N Coh(S) and F,, =
Ay »[—1] N Coh(S).

Lemma 2.1.5. [AB13, Corollary 2.1] Fiz w,B € NS(S)g with w ample. Then
Owp = (Zyp, Aup) is a Bridgeland stability condition.

Proof. We refer to the original proof and sketch the key steps for the positivity.
Let £ € A. If cho(F) = 0, then £ € T. So either E supports in dimension
1 and S(F) = w.chy(F) > 0, or E supports in dimension 0 and J(E) = 0,
R(E) = —chy(E) < 0. Now assume that chy(E) # 0. For £ € T, SZ(E) =
cho(E)(pw(E) —n) > cho(E)(po-min(E) —n) > 0. For E = F[1] with ' € F,
if f1y—max(F) —n < 0, we obtain SZ(F) = —SZ(F) = —cho(F)(p(F) —n) >
—Cho(F)(fte—max(E) — 1) > 0.

We now consider the case that E = F[1] with F' € F and pi, max(F) —n = 0.
We can also assume that p,(F) —n = 0, otherwise pu,(F) —n < 0 and then
SZ(F[1]) > 0. Then py,(F) = po—max(F') so F'is - semistable, and we have the
Bogomolov inequality chy (F)?—2chy(F)chy(F) > 0. Now w.(chy (F)—cho(F)B) =
0. Since w is ample, the Hodge index theorem implies that (ch; (F) —chyo(F)3)* <
0. Therefore by ([2.1.2), SZ(E) = —SZ(F) < 0.

The general element £ € A is in the extension closure (F,, ,[1], 7o) Bxt and hence

satisfies the positivity. m

By some physical hints (e.g. [Asp05, Section 6.2.3]), the central charge is often
taken as (e.g. [Bri08, BMI14a])

. 1
Zwp(E) = — / e~ (FHV=19) ch(E).\/td(S) = Zupiis T 5ycho(B)cha(S).
S
(2.1.6)

Using the short notation ch; = ch;(F) again, if chy # 0, we have
N 1 1

Zop(E) = — (Ch? — 2chgchs) + chg | w? + =K% — x(Os)
' 20h0 8

2
— (ch1 — cho(B + iKS)) +v—1w. (ch1 — cho(B + iKS)) :
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To show that 6,5 := (ZM,B,AM’B 1K) is a Bridgeland stability condition, the
proof of Lemma breaks down unless we assume that

1
w? + §K§ — x(0g) > 0. (2.1.7)

e Assume that (2.1.7) holds. Then (ZAw”g, AMBJF%KS) is a Bridgeland stability

condition.

If we use the central charge ZAtHﬁ for a fixed ample line bundle H, we can take
t large enough, but we should be careful by taking ¢ — 0. Bridgeland originally
used a weaker assumption and a different proof to show the positivity of ZtH”B

when S is a K3 surface.

Lemma 2.1.6. [Bri08, Lemma 6.2] Let S be a K3 surface. Fiz w, € NS(S)gr
with w ample. If Z,, 3(F) ¢ Req for all spherical sheaves F € Coh(S) (this holds
when we assume , ie. w?>2), then 6,5 = (Zup, Awg) is a Bridgeland

stability condition. In particular, we can take t — 0.

In the main part of the paper, we give computations by using the stability con-
dition o, g for a general smooth projective surface S. We give computations in

appendix @ by using o, s when the surface S is K3 with extra assumption as in
Lemma . In this case, the advantage of using Zw,g instead of Z, 5 is that
0w 18 a reduced stability condition (see Remark [2.4.3)).

2.2 Logarithm Todd class

For computational convenience, it is better to express the square root as
td(S) _ e%lntd(S)

by introducing the logarithm Todd class Intd(S). Let X be a smooth projective

variety over C. Let us introduce a formal variable ¢, and write

1 1 /3
1 1
+ (—ﬂKX. (§K§( - Chz(X))) 3 + higher order of t*.
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Taking the logarithm with respect to t, and expressing it in the power series of

t, we obtain

In td(X)(¢)
1 1 (3, , 1 1, ;
= (—§KX)t—|—E §KX—Ch2(X) t—|— —ﬂKX §KX—Ch2(X) t
1/1 1 1 /3 1 1
K5t® +2 x (—2)K K% —cho(X) ) ) + S (—2)K5t?
—5 (e 2 x e (K% - )] ) 4 5 e
+ higher order of *
1 1
= —§KXt - Echg(X)t2 +0-t* + higher order of .

Definition 2.2.1. For a smooth projective surface S or a smooth projective
threefold X, we define the logarithm Todd class as follows:

1 1
Intd(S) = (0,—5Ks, —5cha(8));
ntd(X) = (0, —;KX,—1—12ch2(X) 0).

For the surface S, recall the Noether’s formula x(Os) = 15 (K% + ¢2(S)). Since
c2(S) = 3K% — chy(S), we obtain the equivalent Noether’s formula:
1 1

—ehy(S) = x(O5) — <KE. (22.1)

We will use frequently that

e% Intd(S)

= —}lKS,; (—EKS) )- (1,0, X(OS)—1—16K2)
= (1 —iKs, X(Os) — 312K2) td(S). (2.2.2)

Example 2.2.2. We consider the following special cases.

e X is a Calabi-Yau threefold. We have Intd(X) = (0,0, —15chy(X),0) =
(0,0, 73¢2(X), 0).

’12

e X is an abelian threefold or a Calabi-Yau threefold of abelian type [BMS14].
Recently, Bayer, Macri and Stellari constructed Bridgeland stability con-

ditions on such X. In particular,

Intd(X) = (0,0,0,0), and Z,4(F) = Z.s(E).

e X =3 Let H be a hyperplane class, we have Kps = —4H and chy(P?) =
2H? (e.g. [LZ14, Lemma 5.1]. So Intd(P?) = (0,2H, —%H%O).
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2.3 The Mukai bilinear form

We refer [Huy06|, Section 5.2] for the details. We still denote X a smooth pro-
jective variety over C. Define the Mukai vector of an object E € DP(X) by

v(E) = ch(E).\/td(X) = ch(E).cz ™) ¢ gHP?(X)NH?(X,Q) =: H}, (X, Q).

alg

Let A(X) be the Chow ring of X. The Chern character gives a mapping ch :
K(X)— A(X) ® Q. There is a natural involution * : A(X) — A(X),

a=(ag,...,q,...,a,) —a* = (ag,...,(=1)'a;,...,(=1)"ay), (2.3.1)
Given v € A(X), we call v* the Mukai dual of v. We have
ch(E)* = ch(EY), /td(X) = (y/td(X))*.e 2Kx. (2.3.2)

It turns out that v(EY) = (v(E))*.e"2Xx . Define the Mukai bilinear form (also

called Mukai pairing) for two Mukai vector w and v by

(w, v)x = —/ w*.v.e”2Kx, (2.3.3)
X

The Hirzebruch-Riemann-Roch theorem gives

X(F, E) = /X ch(FY).ch(E).td(X) = —(v(F), v(E))x. (2.3.4)

Now let us consider X = S a smooth projective surface. Denoting the Mukai
vectors by its component, and using equation (2.2.2)), we have

W(E) = (v(E),v1(E),va(E)) = ch(E).ez ™) (2.3.5)
1

1 1 1
= (chp,ch; — ZChOKSa chy — Zchl.KS + §Ch0 (X(OS) — 1—6K§))

By (2.3.3) the Mukai paring of w = (wq, w1, ws) and v = (v, v, va) is

1 1
(w, v)g = _/<w0,_w17w2).(vo,7}1,7}2).(1,_§KS,gK%) (2.3.6)
S
1 1
= W1.V1 — ’U)()(UQ - §U1.K5) - Uo(wg + §w1.Ks) - g’wo’UoK%.

A direct computation shows that Mukai pairing in the surface case is symmetric

if and only if the Kg is trivial.
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2.4 Central charge in terms of the Mukai bilin-

ear form

Is is well know that the central charge can be represented by a Mukai bilinear
form (see Remark [2.4.2)). Our key observation is to express the correspondence
complex Mukai vector explicitly. The further decomposition formula is based on

this expression.

Lemma 2.4.1. The central charges in terms of Mukai bilinear form are given

as follows:

Zup(E) = (Uz,v(E))s, where Uz, = f 1Ks V"ot gpeha(S). :(2.4.1)
Zup(E) = (Ugz0(E))s, where U, =l 2KtV (2.4.2)

Here the Mukai vector Uz, , (or simply Oz) means that

GZN, — eﬁ—%Ks+Fw 624Ch2(5)
3 1 3 ) 1
= 1,5——Ks+ v—lw,—(ﬂ—ZKS—l— \/_].CL)) . 1,0,ﬂ0h2(5>
_ S L2 3kt e
- (1 - Sics, g+ 109 - S0 1 [x(09) - 413 )
<O,w, B - —Ks) ) (2.4.3)
Proof.
Zys(E) = — / e~ (FHV=I9) W (E)
S

_ / o~ (FHNAS)HVTI0) | A0S) h(E)./td(S).
S

Denote ch(FV) := o~ (BTN +V=Tw) Phey
ch(F)* = ch(FY) = e—(ﬁ—lKSJrﬁw)Jrichz(S)
= <1 —(5——Ks+\/_w) (5——K3+\/_W) —20h2(5)) :
So

ch(F) = (1 (8 ——KS+\/_W) (3— —KS+\/_w) —ch2(5)>

6(3—5K3+Fw)+ﬁch2(5)_
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Therefore,

Zs(E) = /S ch(FY).\/td(S) ch(E)/5d(S) = (o(F), o(E))s.  (2.4.4)

So
OZ 8 = ’U(F) fy Ch(F)e% lntd(s) — eﬁngS+\/jlw+2fl4Ch2(S).

By using the Noether’s formula (2.2.1)) and direct computation, we get the con-

crete expression of Uz. Similarly, we obtain Uy y = B 3KstV-Tw, O

Remark 2.4.2. Recall, in [Bri08], a Bridgeland stability condition ¢ = (Z,.A) on
DP(9) is said to be numerical if the central charge Z takes the form Z(E) =
(r(0),v(FE))s for some vector 7(0) € Kyum(S)®C. As in [Huy1l4, Remark 4.33],
we further assume the numerical Bridgeland stability factors through Kpum(S)o®
C — H;,(S,Q) ® C. Therefore m(0) € Hj,(S,Q) ® C. Let Stab(S) be the
stability manifold, which is a C-manifold of dimension K,;,(S) ® C. Denote
éE(R) the universal cover of the group of orientation-preserving automorphism
of R2. Denote Aut(DP(S)) the group of triangulated, C-linear auto-equivalences
of DP(S). These two groups act on Stab(S). One is a right action of the group
EE(R) The other is a left action of the group Aut(DP(S)) on Stab(S). The
two actions commute [Bri07, Lemma 8.2]. A Bridgeland stability condition o on
DP(9) is said to be geometric if all skyscraper sheaves O,, x € S, are o-stable
of the same phase. We can set the phase to be 1 after a group action. For
numerical geometric stability conditions with skyscraper sheaves of phase 1 on
surfaces, the heart A must be of the form A, s by the classification theorem
of Bridgeland [Bri07, Proposition 10.3] and Huybrechts [Huy14, Theorem 4.39].
Denote by U(S) C Stab(S) the open subset consisting of geometric stability
conditions. Let Stab(S) C Stab(S) be the connected component containing
U(S). Now we have (0, 5) = Uz € Hy,(5,Q) ® C, and o, 5 € U(S).

Remark 2.4.3. Recall in [Bri09, BB13] that a numerical stability condition o is

called reduced if the corresponding 7(o) satisfies (mw(0),m(0))s = 0. Denote
Stab!_, := {0 € Stab!| (n(c), 7(0))s = 0}.

This notion is the Hodge theoretic restrictions on the central charge. By the
basic computation, we obtain that (Uz, Uz)s = x(Os) — 1K% and (U,,04)s =
—+K%. So 0,5 is not reduced in general. But 6., 5 is reduced when the surface

is K3 with assumptions as in Lemma [2.1.6, In this case, there is a quotient
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stack Lian := Stab!  (S)/Autoy (S) ([BBI3, Section 7]). There is a furthermore
quotient

MKah(S) = [’Kah/C*a

which is viewed as a mathematical version of the stringy Kdhler moduli space
of the K3 surface S. Here Autcy(S) consists of some special autoequivalence
d € Aut(DP(S)) which induces Hodge isometry on H*(S).

2.5 Maciocia’s theorem on the structure of the

walls

Let ch = (chg, chy, chy) be of Bogomolov type, i.e. ch? — 2chgchy > 0. Denote
ch’ the potential destabilized Chern characters. A potential wall is defined as
W(ch,ch’) := {o € Stab(S)| p,(ch) = p,(ch’)}. A potential wall W (ch,ch’) is
a Bridgeland wall if there is a 0 € Stab(S) and objects E, F € A, such that
ch(E) = ch, ch(F) = ch’ and p,(F) = p,(F). There is a wall-chamber structure
on Stab(.S) [Bri07, Bri0g Tod08|. Bridgeland walls are codimension 1 in Stab(.S),
which separate Stab(S) into chambers. Let E be an object that is og-stable for

a stability condition oy in some chamber C. Then F is o-stable for any ¢ € C.

We follow notations in [Macl4l Section 2] (but use H instead of w therein). Fix

an ample divisor H and another divisor v € H+. Choose

w:=1tH,
(2.5.1)
B = sH + uy,

for some real numbers t, s, u, with ¢ positive. There is a half 3-space of stability

conditions
Qs = Usrstrvuy = {0tmsmiuy | t > 0} C Stab'(S), (2.5.2)
which should be considered as the u-indexed family of half planes
it = {0tasm4+uy | >0, u is fixed. }.

Definition 2.5.1. A Maciocia’s coordinate with respect to the triple (H,~y,u),
is a choice of an ample divisor H, another divisor v € H*, and a real number u,

such that the stability conditions o, 3 are on the half plane II(y .y (t > 0) with
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coordinates (s,t) as equation (2.5.1). We simply call this as fixing a Maciocia’s
coordinate (H,y,u).

Fix the Chern characters ch = (chy, chy, chy) := (z,chy, z) and assume that ch
are of Bogomolov type, i.e. ch? — 2chgchy > 0. Decompose chy =y, H + 357 + 6,
where y;, yo are real coefficients, and § € {H,~}*, i.e. 0.H = 0 and 6.y = 0.
Write the potential destabilizing Chern characters as ch’ := (chg,ch],ch)) =
(r,c1H + coy+ &', x), where ¢y, ¢y are real coefficients, and &' € {H,~}*. Denote
g := H? —d := ~% Tt is known by Hodge index theorem that d > 0, and d = 0
if and only if v = 0. We summarize above relations in ((1.5.1} [1.5.2} [1.5.3] {L.5.4)).

Theorem 2.5.2. [Macl1j, Section 2] Fixz a Maciocia’s coordinate (H,~y,u). The
potential walls W (ch, ch') (for the fized ch and different potential destabilizing

Chern characters ch') in the (s, t)-half-plane g~ ) (t > 0) are given by nested
semicircles with center (C,0) and radius R = /D + C?:

(s—C)P?+t*=D+C? (2.5.3)

where C' = C(ch,ch’) and D = D(ch,ch’) are given by

—rz+ud(xey — rys)

COf(ch, cb) = X P , (2.5.4)

D(ch, Ch’) _ 2zc1 — 2coudyy — xu;(d;;t23;1u)dcl — 2xy1 + T’quy1. (2.5.5)
o [fchy=x#0, then

p - wdCy—ur) +22 2 (2.5.6)

gx x

e [fchy =0 and ch;.H >0, i.e. =0 and y; > 0, then the center (C,0) is
independent of ch’, and C' = sz%.

By nested we mean that if W, and W are two distinct (semicircular) poten-

tial walls in II(y ) then either W; is entirely contained in the interior of the

semicircle W5 or vice-versa. The following lemma is an easy exercise.

Lemma 2.5.3. Denote W(ch,ch') the potential wall for ch for the potential
destabilizing Chern characters ch’. Let o € W(ch,ch'). Then we have
po(ch) = p,(kch') = p,(ch — ch') for k € Z\0; W (ch, ch’) = W (ch, ch — ch’);
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C(ch, ch’) = C(ch,ch — c¢h'); D(ch,ch’) = D(ch,ch — ch’).
If chy = r # 0, we have
ud(2co —ur) +2x  2¢

- —C. 2.5.
o rC (2.5.7)

D=

It may happen that for Chern characters ch’, ch”, where ch” is linearly indepen-
dent of ch’ and ch — ch’, the walls coincide W (ch, ch’) = W (ch,ch"”). Then at
the wall, the contracted loci have several connected components, for example
[BM14b, Example 14.4].

2.6 Duality induced by derived dual

Lemma 2.6.1. [Mari3, Theorem 3.1] The functor ®(-) := RHom(-,Og)[1]
induces an isomorphism between the Bridgeland moduli spaces M, g(ch) and
M, _g(—ch™) provided these moduli spaces exist and Z,, (ch) belongs to the open
upper half plane.

Proof. This is a variation of Martinez’s duality theorem [Marl3, Theorem 3.1],

where the duality functor is taken as RHom(-,wgs)[1]. O

Corollary 2.6.2. Fiz the Chern characters ch = (chg, chy, chy). Assume that
Z, 5(ch) belongs to the open upper half plane. The wall-chamber structures of
0,3 for ch is dual to the wall-chamber structures of ®(o,, 3) for ®(ch) := —ch* =
(—chg, chy, —chy) in the sense that

(I)(O'wﬁ) = Ow,—8- (261)

Applying ® again, we have ® o ®(o,3) = 0,5. Moreover, if we fir a Macio-
cia’s coordinate (H,~,u), then 0,5 € Il with coordinates (s,t) is dual to
P(0w,3) € py,—u) with coordinates (—s,t).
o Ifo,p € C, where C is a chamber for ch in Iy 5 ., then we have ®(o, ) €
DC, where DC is the corresponding chamber for ®(ch) in iz, —v)-

o If o := 0,3 € W(ch,ch') in Uy, then ®(0) € W (—ch*, —ch™) in
It y,—u), and there are relations
fa(o) (—ch™) = —pip(ch); Co(o)(—ch®, —ch™) = —C,(ch, ch');
Dg(y)(—ch*, —ch"™) = D,(ch,ch’); Rp(y)(—ch*, —ch’") = R,(ch, ch’).
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Proof. The proof is a direct computation. n

Remark 2.6.3. The assumption that Z, s(ch) belongs to the open upper half
plane means exactly that we exclude the case IZ,, g(ch) = 0, which is equivalent

to the following three subcases:

e ch = (0,0,n) for some positive integer n; or
e chy > 0 and JZ, s(ch) = 0; or
e chy < 0 and SZ, (ch) = 0.

We call the first subcase as the trivial chamber, the second subcase as the Uh-

lenbeck wall and the third subcase as the dual Uhlenbeck wall. The details are
given in Definition [4.3.1}
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Chapter 3

Bayer-Macri’s nef line bundle

theory

In this Chapter, we review Bayer-Macri’s nef line bundle theory [BMI4al over

Bridgeland moduli spaces.

3.1 Construction of Bayer-Macri line bundle

Let S be a smooth projective surface over C. Let 0 = (Z,.A) € Stab(S) be
a stability condition, and ch = (chg, chy,chy) be a choice of Chern characters.
Assume that we are given a flat family [BM14al, Definition 3.1] £ € D*(M x S)
of o-semistable objects of class ch parametrized by a proper algebraic space M
of finite type over C. Recall the equation that NY(M) = NS(M)g is the
group of real Cartier divisors modulo numerical equivalence; dually write Ny (M)
as the group of real 1-cycles modulo numerical equivalence with respect to the
intersection paring with Cartier divisors. Bayer-Macri’s numerical Cartier divisor
class ;¢ € N'(M) = Hom(N;(M),R) is defined as follows: for any projective
integral curves C' C M,

loe([C) = lyeC =S (-%) _ (_Z((p2)<>;i|)0xs)> ,(3.1.1)

where ®g: DP(M) — DP(S) is the Fourier-Mukai functor with kernel £, and O¢

is the structure sheaf of C.
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Theorem 3.1.1. [BM1jd, Theorem 1.1] The divisor class £, ¢ is nef on M. In
addition, we have lyc.C' = 0 if and only if for two general points ¢, € C, the

corresponding objects E.,E. are S-equivalent.

Here two semistable objects are S-equivalent if their Jordan-Holder filtrations

into stable factors of the same phase have identical stable factors.

Definition 3.1.2. Let C be a Bridgeland chamber for ch. Assume the existence
of the moduli space M, (ch) for o € C and a universal family £. Then M¢(ch) :=
M, (ch) is constant for ¢ € C. Theorem yields a map,

¢:C — Nef(Mc(ch))
g = fg’g

which is called the local Bayer-Macri map for the chamber C for ch.

For numerical geometric Bridgeland stability conditions as in Remark 2.4.2] a
decomposition of the local Bayer-Macri map is given in [BMI4al]. For any o €
StabT(S), we can assume that o = o, 3 after a group action, i.e. skyscraper
sheaves are stable of phase 1. Recall that 0,5 = (Z, 3, Aup), and Z, (E) =
(Oz,v(E))s asin (2.4.1]). For the fixed Chern characters ch, denote v := v(ch) =

In td(S)

ch-e? the corresponding Mukai vector. The local Bayer-Macri map is the

composition of the following three maps:

Stabt(8) 2 H2.(S,Q) @ C 5 v =5 N1(Mg(ch)).

alg

e The first map Z forgets the heart: Z(o, ) := Uz. This map is the dual
version (with respect to Mukai paring) of the original Bridgeland map
[Bri08| Section §].

e The second map T forgets more: for any U € Hj (S, Q) ® C, define
Z(U) := S—2-—. One can check Z(U) € v* (this also follows from the

_<67V>S
Lemma [3.2.2)), where the perpendicular relation is with respect to Mukai
paring:
vii={we H},(S,Q @R | (w,v)s = 0}. (3.1.2)

e The third map 0c¢ is the algebraic Mukai morphism (not only K3). More
precisely, for a fixed Mukai vector w € v+, and an integral curve C C
Me(ch),

Occ(w).[C] == (w,v(Pe(Oc)))s- (3.1.3)
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When the surface S is K3, and v is positive primitive with (v,v)g > 0, a well-
known theorem of Yoshioka ([Yos02], see also [BM14a, Theorem 5.6]) says that
the Mukai morphism is an isomorphism. Meachan and Zhang [MZ14] recently
studied the Mukai vector v of O’Grady type on K3 surfaces.

Donaldson morphism

The Mukai morphism 6¢¢ is the dual version of the Donaldson morphism g
(Lemma 3.1.4]) which was introduced by Le Potier [LeP92] (see also [HL10, Defi-
nition 8.1.1] and [BMI14al Section 4]). Let M = Mc(ch). Denote Dy pert(M % S)
for the category of M-perfect complexes. (An M-perfect complex is a complex
of Oy« s-modules which locally, over M, is quasi-isomorphic to a bounded com-
plex of coherent shaves which are flat over M.) The Euler characteristic gives a

well-defined pairing
x : K(DP(Coh(M))) x K(Dpet(Coh(M))) — Z

between the Grothendieck K-groups of the bounded derived categories of co-
herent sheaves D(Coh(M)) and of perfect complexes Dpers(Coh(M)). Taking
the quotient with respect to the kernel of y on each side we obtain the induced
perfect pairing

Xt Ko (M) x KR(M) = Z

between the numerical Grothendieck K-groups of the bounded derived categories

of coherent sheaves K, (M) and of perfect complexes KP(M). It follows from

equations (2.3.2 - that o
x(a-b) :=x(a”,b) = /Sch(a).ch(b).td(S) = —(v(ch(a)*),v(ch(b)))s, (3.1.4)

where a € Kyun(M) and b € KPSH(M).

num

Definition 3.1.3. [BM14al Definition 4.3, Definition 5.4] Fix ch = (chy, chy, chy).
Let M = Mc(ch). Define a group homomorphism

Ae i ch — NY(M)

as the composition (called the Donaldson morphism)

det

et 25 Kot (0 x §)p A5 KT (M x §)s L et (), &5 N0,

num num num

where

ch* := {a € Kyum(S)r : x(a-ch) = 0}.
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Lemma 3.1.4. [BM1jd, Proposition 4.4, Remark 5.5] Fix ch and write its Mukai
vector by v .= v(ch). The Mukai morphism is the dual version of Donaldson

morphism in the sense that

Oce(v(ch(a))) = —Ae(ch(a)”), (3.1.5)
where v(ch(a)) := ch(a).c2™S) ¢ y(ch)" = vi and a” € chf.
The surjectivity of the Mukai morphism (or the Donaldson morphism) is not

known in general. We compute the image of the local Bayer-Macri map in
Theorem [5.4.41

The assumption on the family £ can be relax to the case of quasi-family [BM14al,
Definition 4.5].

3.2 Computation by using Uy,

Definition 3.2.1. Define w,,_ ,(ch) := —$ ((UZ, V)g - UZ>, where v is the Mukai

vector v(ch). We simply write it as w,, g or w,.

By the definition, w, = |Z(F)|*Z(Uz). So w, St Z(Uz) up to such positive

scalar, and w, € v by the following lemma. The Mukai vector w,, g(ch) is crucial

for computing the local Bayer-Macri map. We give a preliminary computation

lemma.

Lemma 3.2.2. Fiz the Chern characters ch = (chg, chy, chs). The line bundle
class ly, , € N'(M,, ,(ch)) (if exists) is given by

R
vy == Ooe(Wayp), (3.2.1)

where w,, 5 € v*= is given by

W = (SZ(ch)) RO, — (RZ(ch)) ST (3.2.2)

o IfIZ(ch) =0, then w, == IV .
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o If3Z(ch) >0, then

Wy B o (ch)SUZ + RO, (3.2.3)

= (et + 5,3l + )

3 1 11
1 —2Kg,—= K2
+ ( ) 4 S 2X<OS) + 39 S))

+ (0, 0, B.[pe(ch)w + 5] — %(uﬂ + 62)) .

Proof. The equation is nothing but the definition of w, 3. Taking the
complex conjugate of equation (2.4.1) we get (U2, v)g = RZ(ch) — /—13Z(ch).
The relation thus comes from the definition of w,. By the definition of
Uz, we have (RUz,v)s + vV—1(SUz,v)g = (Uz,v)s = RZ(ch) + /—13Z(ch).
Then (w,,v)s = (3Z(ch)) (RUz,v)s — (RZ(ch)) (SUz,v)s = 0. If IZ(ch) > 0,
we divide equation by this positive number and obtain equation ((3.2.3)).
We then use equation to get the concrete formula. O

We cannot apply 0, ¢ to those three terms in the right side of equation (3.2.3))

separately since in general none of them is in v+

are given in equations ((5.2.1} [5.2.4)).

. The refined decompositions

Simply write UZM as O4. Define w, 3 1= s := = ((Uz,v>5 . UZ) similarly.
Bayer and Macri already computed w,, 3 when S is a K3 surface [BM14a, Lemma

9.2]. The corresponding computations are given in Appendix

3.3 Derived dual and correspondent line bun-

dles

Recall the Corollary [2.6.2l Now w,, 5(ch) € v(ch)* and w,, _s(—ch*) € v(—ch*)*.
Let € be a universal family over M, (ch). Denote F the dual universal family
over Mg (s)(—ch®).

Lemma 3.3.1. Fiz the Chern characters ch. Let o = 0,3 and assume that
Z, 3(ch) belongs to the open upper half plane (as Remark. Then ly = lo(o),
i.e. 056wy p(ch)) = Oy, F(We,—g(—ch®)).
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Proof. This is a consequence of isomorphism of the moduli spaces M, ,(ch) =
M,,, _,(—ch®) given by the duality functor ®(-) = RHom(-, Os)[1]. O

3.4 Identification of Néron-Severi groups

Let C be the chamber contains o. The line bundle ¢,¢ is only defined lo-
cally, i.e. lye € N'(Mc(ch)). If we take another chamber C’, we cannot say
lye € N'(Me/(ch)) directly. We want to associate £, ¢ the global meaning in the

following way:.

Let 0 € C and 7 € C' be two generic numerical stability conditions in different
chambers for ch. Assume M, (ch) and M, (ch) exist with universal families £ and
F respectively. And assume that there is a birational map between M, (ch) and
M, (ch), induced by a derived autoequivalence ¥ of D(S) in the following sense:
there exists a common open subset U of M,(ch) and M, (ch), with complements
of codimension at least two, such that for any u € U, the corresponding objects
Eu € M,(ch) and F, € M,(ch) are related by F, = ¥(&,). Then the Néron-
Severi groups of M, (ch) and M, (ch) can canonically be identified. So for a Mukai

vector w € v+, the two line bundles ¢ ¢(w) and 0 #(w) are identified.

If we can identify different Néron-Severi groups, we then associate ¢, ¢ the global
meaning, i.e £, ¢ € N*(Mg(ch)) for any other chamber C'. However, it is not nef
on Mcl (Ch) .

Example 3.4.1. The above assumptions are satisfied if S is a K3 surface and
v = v(ch) is primitive [BM14bl, Theorem 1.1]. Bayer and Macri then fixed a base
stability condition o € StabT(S ) and glued the local Bayer-Macri map to a global
Bayer-Macri map £ : Stab'(S) — N'(M,(ch)). If chy # 0, the fixed stability
condition is typically taking from the Gieseker chamber (see Definition §.3.1)),
then (, ¢ € N*(M(q.u)(ch)).

Theorem 3.4.2. [BM14, Theorem 1.2] Let S be a smooth K3 surface. Fix a

primitive Mukai vector v. Fiz a base point o € Stab'(S) in a chamber.

(a). Under the identification of the Néron-Severi groups, there is a piece-wise
analytic continuous map £ : Stab'(S) — N'(M,(ch)).
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(b). The image of € is the intersection of the movable cone with the big cone of
M := M,(v): Mov(M) N Big(M).

(¢). The map ( is compatible, in the sense that for any generic o' € Stab!(S),
the moduli space My (v) is the birational model corresponding to ((o’).
In particular, every smooth K-trivial birational model of M appears as a

moduli space Mc(v) of Bridgeland stable objects for some chamber C C
Stab'(S).

(d). For a chamber C C Stab'(S), we have £(C) = Amp(Mc(V)).

Mov (M) has a locally polyhedral chamber decomposition. We call it the Mori

chamber decomposition of Mov(M).

Example 3.4.3. Let M be a Mori dream space, and let M; be the birational
models in the Definition [C.2.1 Then the Néron-Severi groups of different bira-

tional models M; can be identified.
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Chapter 4

Large volume limit and natural

morphisms

This Chapter serves as the geometric background for the decomposition formulas
in Chapter 5| We obtain some special Mukai vectors by taking limit of w,, g de-
fined in equation (3.2.2). By applying Mukai morphism to those Mukai vectors,
we get some interesting line bundles which have geometric meaning. We use Ma-
ciocia’s notations in Section The relation between the Bridgeland stability
in the large volume limit and twisted Gieseker stability is recalled in Appendix

Al

4.1 The semistable objects for w? > 0

Bridgeland [Bri08| Section 14], Arcara-Bertram [ABI3| Section 3] and Arcara-
Bertram-Coskun-Huizenga [ABCHI3|, Section 6] gave the description of stable
object for w? > 0.

Lemma 4.1.1. [ABCHI13, Prop. 6.2] [BC13, Page 47] If E € Aipp is stable
for fized B and t > 0, then we have the following two cases:
e case chg > 0: E € Tyug, or

e case chy < 0: H™Y(E) is torsion free of rank —chg, and H°(E) is a sheaf
of finite length (or zero).
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Remark 4.1.2. In the second case, H'(F) is actually locally free. If H'(E) is
not locally free, then the sheaf (H~!(F))*/H !(F) would be a zero dimensional
subobject of E and thus destabilizes it in the sense of Bridgeland stability.

4.2 Moduli space for w? > 0

Fix ch = (chy, chy, chy). Lo and Qin [LQI14] studied moduli spaces M, ,(ch) for
w? > 0. Recall the equation o= p— %KS. We list the following three
cases according to the dimension of the support of objects with invariants ch.
By Remark , objects with chy > 0 in A, 5 are pure sheaves for w? > 0.

Supported in dimension 0

Suppose that £ € A, 3 is O-dimensional and o,, g-semistable. Then ch(£) =
(0,0,n) for some positive integer n. Every object E with ch(E) = (0,0,n) are
o-semistable with phase 1. And ¢ > 0 is the only chamber in the (s, t)-half-plane.

Lemma 4.2.1. [LQ14, Lemma 2.10] Fiz ch = (0,0,n) then

M,

Iw,B

(ch) = M(a)(ch) = Sym"(S)  for any /5.

Supported in dimension 1

Suppose that £ € A, 3 is 1-dimension and o, g-semistable. Then ch;(£).w > 0.
Recall the Simpson slope as in equation (A.0.5):

€l ) = TP

Note that & g(F) < &mp(E) is equivalent to gy g(F) < £y g(E) for t > 0. For
a fixed f, oy s induce the fixed heart Ay s (see Remark [2.1.4]) and equivalent
central charge Z;y 5 for t > 0.

Lemma 4.2.2. [LQ1j, Lemma 2.11] Let o = § — 3Kg. Fiz ch = (0,chy, chy)
with chy.H > 0 and let t > 0, then

MUw,,B (ch) = M(a,w)(Ch) for any B.
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And the (o, w)-Gieseker semistability is the Simpson semistability defined by s

m equation .

It is clear that F in above moduli space is pure 1-dimensional sheaf. Other-
wise the non-pure part is O-dimensional and would destabilize E in the sense of
Bridgeland stability.

Supported in dimension 2

The nonzero rank cases are classified by Lo-Qin in the following three cases. We
refer them as the Gieseker chamber case, the dual Gieseker chamber case, and
the dual Uhlenbeck wall case.

Assumption 4.2.3. An invariant ch = (chy, chy, chy) satisfies condition (C) if

the following three assumptions holds:

e chy > 0;
e (Bogomolov) ch? — 2chgchy > 0;

e gcd(chg, chy. H,chy — %chl.Kg) = 1 for a fixed ample line bundle H ([HL10,
Corollary 4.6.7]);

An object E satisfies condition (C) if ch(FE) satisfies condition (C).

These conditions guarantee the existence of the fine moduli space M, .(ch)
([HL10, Corollary 4.6.7] and Remark [5.4.5)).

Lemma 4.2.4. [Bri08] [LQ14, Lemma 5.1] (Gieseker chamber) Let a =  —

%KS. Fiz ch = (chg, chy, chy) with chy > 0. Assume that ch satisfies condition

(C) as in Assumption . Lett >0 and s < 59 := DL then

Ch()f’]2 ’

Mow,ﬁ (Ch) = M(aw) (Ch)

Lemma 4.2.5. [LQ1/, Theorem 5.4] (Dual Uhlenbeck wall) Fiz ch = (chy, chy, chy)
with chy < 0. Assume that —(ch)* satisfies condition (C) as in Assumption|[{.2.5
Lett >0 and s = sg, then

M,

Ow,p

(ch) = Uy(=(ch)"),
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where U, (—(ch)*) = Uy (—(ch)*) is the Uhlenbeck compactification of the moduli
space MY (—(ch)*) of locally free sheaves with invariant —(ch)*.

4.3 Trivial chamber, Simpson chamber, (dual)

Gieseker chamber

Definition 4.3.1. Fix ch = (chg, chy, chs). Fix a Maciocia’s coordinate (H, v, u)
and consider Bridgeland stability conditions on the (s, ¢)-half-plane Iz ). Re-
call sy = S if chy #£ 0.

Ch()f]2

TC If ch = (0,0, n) with positive integer n as in Lemma [4.2.1} then there is no

wall, and ¢ > 0 is the trivial chamber in 1Ly ).

SC If chy = 0, and ch;.H > 0 as in Lemma [4.2.2] we define the chamber for
t > 0 as the Simpson chamber with respect to (H,~,u). In this case, [ is

arbitrary.

GC If chg > 0, as in Lemma we define the chamber for £ > 0 and s < sy
as the Gieseker chamber with respect to (H,~y,u).

UW If chy > 0, as in Lemma [4.2.4] we define the wall ¢t > 0 and s = s, i.e.
$Z(ch) = 0 as the Uhlenbeck wall with respect to (H,~,u).

DGC If chy < 0, we define the chamber for ¢ > 0 and s > sq as the dual Gieseker
chamber with respect to (H,~,u).

DUW If chg < 0, as in Lemma [4.2.5] we define the wall ¢t > 0 and s = s, i.e.
3Z(ch) = 0 as the dual Uhlenbeck wall with respect to (H,~y,u). We extend
the definition in Proposition-Definition 4.4.1}{

When H is clear from the context, we simply omit the H. We refer the Figure[4.1]

Remark 4.3.2. The definition of UW essentially means that every object with
chy > 0 is of phase 0 for 0 € UW. The original definition of Bridgeland stability
condition o = (Z,P(¢)) [Bri07] consists of a group homomorphism Z : K(D) —
C, together with a slicing P of the triangulated category D such that if 0 # F €
P(¢) for some ¢ € R then Z(E) = m(E)exp(in¢) for some m(E) € Rsy. The
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heart of the t-structure P(> ¢) is the abelian category P((¢, ¢+1]), and the heart
of the t-structure P(> ¢) is the abelian category P([¢, ¢ + 1)). The definition
in Chapter [2| is the former choice A := P((0,1]), which is also called right
Bridgeland stability condition. By definition o, 5 is a right stability condition.
There is a notion of left Bridgeland stability condition for the heart P([0, 1))
[Oka06, Remark 3.5]. So o € UW is not a right stability condition, but a left

stability condition. It is interesting to give a description of heart for o € UW.

Remark 4.3.3. We continue the Remark 4.1.2, Let G := H'(E) be the locally
free sheaf, and @Q := HY(E) be the 0-dimensional sheaf. We have the canonical
sequence

0—G[l] —-FE—Q—0 in A (4.3.1)

OtH,s>sq )
for stability oz 555, € DGC or 0 s=s, € DUW. The notation oy s, means
Ot sHywy € Uiryuy, with s > sg. Let F':= EY[1], so E = FY[1]. Recall that
for the 0-dimensional sheaf @), we have Q¥ = P[—2] for a 0-dimensional sheaf P

[Huy06, Corollary 3.40].

e For 04 5>s, € DGC C Il ), by applying (-)"[1] to the sequence (4.3.1)), we
obtain an exact triangle P[—1] — F — GV W, p. Since G is a locally
free sheaf, we have H'(GY) = Ext'(G, Og) = 0 for i # 0 [HL10, Proposition
1.1.10]. So GV is a sheaf. Moreover GV = H°(G") = Hom(G,Og) = G*.
The subobject F' of GY must be a sheaf [ABI3| Lemma 3.4]. So G =
HYE) = HFV) = Hom(F,Og) = F*. Since F* is locally free, we still
have (F*)¥ = F**. Combining above statements, we obtain GV = (F*)" =

F**. And there is an exact sequence
0O—F—F"—P—0 in AUtH,K_SO,

for OtH,s<—s0 © GC C H(H777_u).

o For op s—5, € DUW, we have

E=2 o) e Q, (4.3.2)

and all objects are semistable of phase 1 in the heart Az s—s,. We cannot
directly apply (-)V[1] to the equation (4.3.2)). Otherwise, we would have
F = EV[1] S pe g P[—1]. However, P[—1] has phase 0 and will

never be in a heart of Bridgeland stability condition. Similarly we cannot

take ¢ = +00 in the Gieseker chamber. The hidden structure will be clear
in Proposition [£.5.1}
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4.4 Simpson wall, (dual) Uhlenbeck wall

Fix a Maciocia’s coordinate (H,~y, ). Let us consider the limit behavior ¢t = +oc.

For ovm styuy € SC, we can take t = 400 since there is no restriction for
the heart (or the ).

For o4 st+uy € GC, we cannot take t = +oo. Otherwise, by using equation
(2.1.1)), every object would have phase 0 ¢ (0, 1].

For otm sm+uy € DGC, we can take ¢ = 400, and every object has phase 1.

For o1y sor+uy € DUW, note that ¢ is any positive number. In particular, we
can take t = 400. The heart will not change and every object has phase
1.

Let us compute the limit cases of w,, g in Lemma We only care about w,, s

up to a positive scalar.

o Let 0vp sr+uy € SC. In this case, chg = 0 and ch;.H > 0. By using equation
(2.1.2), we have SZ(ch) = tch;.H > 0 and RZ(ch) = —chy + ch;.8. We

can take ¢ = 400 and obtain

Weert.s == (0,0, —1).

o Let 0t sriuy € DGC. In this case, chy < 0. We can take ¢ = +o00 and

obtain
R+ Chl 3
is == (0, H, (=X — “Kg)H). 4.4.1
waerts == (0. H, (G = TKs)H) (141)
o Let o4y s m+uy € DUW. In this case, chy < 0 and s = 59 = ;}1‘01;2 Since
$Z(ch) = 0 (this is the reason why we take s = s¢), we have ®Z(ch) < 0
and obtain
R ch 3
Woepmy —= (0, H, (— — “Kg)H). (4.4.2)
Cho 4

Proposition-Definition 4.4.1. We extend the definition of walls on the (s, t)-

half-plane Iz .. to the case ¢ = +o00. Recall 59 = Cﬂt;f; if chy # 0.
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DUW Fix ch with chy < 0. Since equations (4.4.1) and (4.4.2)) are the same, we
define the dual Uhlenbeck wall DUW with respect to (H,~,u) as the vertical
half-line (s = sg,t > 0) together with the horizontal half-line (s > so,t =

+00). In particular,

R ch 3
Woepsy = (0, H, (C—h; — 7 Ks)H) = m(H, ch), (4.4.3)
and fiyeppy(ch) = —ggggig = +o00. Every object with invariants ch is o-

semistable of phase 1 for o € DUW.

UW Fix ch with chg > 0. We define the Uhlenbeck wall UW with respect to
(H,7v,u) as the vertical half-line (s = so,t > 0) together with the hori-
zontal half-line (s < sg,t = 4+00). Every object with invariants ch is of

phase 0 for o € UW. Stability conditions on UW are left stability conditions

(Remark [4.3.2)).

SW Fix ch with chyg = 0 and ch;.H > 0. We define the Stmpson wall SW with
respect to (H,7y,u) by the horizontal line t = +o00. Every object with

invariants ch is o-semistable of phase % for o0 € SW. In particular,

Woesy == (0,0, —1). (4.4.4)

______________ UW__t=+o00 , , t=-+co DUW SW = to00

CAE A At
Ge U DUW DGC sc

>
s

»
(=)

v

a

D)
>

chg >0 chg <0 chg =0 and chy.H >0

Figure 4.1: Wall-chamber structures in the halfplane 1l g, in three cases

In summary, the dual Uhlenbeck wall can be touched from the dual Gieseker
chamber, i.e. we can move a stability condition in DGC continuously to a sta-
bility condition at DUW. However, the Uhlenbeck wall cannot be touched from
the Gieseker chamber. The Simpson wall SW can be touched from the Simpson
chamber SC.
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4.5 Gieseker-Uhlenbeck morphism

Proposition 4.5.1. Assume that ch satisfies the condition (C) as in Assumption
[£.2.3 Moving stability conditions o from the dual Gieseker chamber to the dual

Uhlenbeck wall, there is a natural morphism induced by the nef line bundle H:
M yepee(—ch™) i M yepwu(—ch®), (4.5.1)

where H := Opge r(m(H, —ch*)). Moreover, this morphism can be identified with
the Gieseker-Uhlenbeck morphism.

Proof. With the assumption (C), the moduli space M, (ch) exists. So by
Lemma [2.6.1| and Lemma [4.2.4] Myepge(—ch®) 2 Myege(ch) = M(q,)(ch) exists
as a projective scheme. Denote £ a universal family over M,cqc(ch) and denote
F the dual universal family over M,epge(—ch™). By the work of J. Li [Li93], there
is the Gieseker-Uhlenbeck morphism

7t Mg (ch) =5 U, (ch). (4.5.2)

Moreover, such morphism is induced by £; := A(uq(ch)) [HLL0, Theorem 8.2.8].
We postpone the precise definition of £; to Section [5.3l By Proposition [5.3.2]
we have £, = chyH. The existence of the morphism (4.5.1) follows from the

diagram

M(OéM) (Ch) é[lJ Uw(Ch) F " (F**, P)
Large volumn limit || = H
Myeee(ch) LQ| = F = EY[1] LQ|
o=(-)V[1] ||~ o=()V[1]||=
M epec(—ch™) B—f;/f sepuw(—ch”) E=F']1] v (G[1] & Q]

where we use Lemma for the right vertical isomorphism.

Let E be an object in Myepee(—ch®), then F := EVY[1] is the corresponding
object in M,ege(ch) (Remark [4.3.3). G := H™Y(E) is a locally free sheaf. Q :=
H°(E) is a 0-dimensional sheaf (or the zero sheaf when the GU morphism is
an isomorphism). P = QV[2] is also a 0O-dimensional sheaf. There is an exact
sequence of sheaves 0 — F' — F** — P — 0. There is also an exact sequence 0 —
G[1] = F — @ — 0 in the heart for DGC. At the DUW this exact sequence gives the
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S—equi.

G[1]®Q. [G[1]®Q)] means its S-equivalence class.
The union of moduli spaces parametrizing (F™**, P) is a stratification U, (ch) =
UpsoM¥(chg, chy, chy + 1) x SO, where F** € MY(chg,ch;,chy + 1) and P €
SO, O

S-equivalent relation £

The original construction of Uhlenbeck compactification U,(ch) is in an analytic
way, which is a compactification of the space of gauge equivalence classes of irre-
ducible ASD connections on the SU(2) principal bundle £ with fixed topological
type ch. By Donaldson’s results, such irreducible ASD connection on £ induces
a holomorphic structure on E which is Mumford stable. On the other hand, J.
Li constructed a morphism from M, (ch) to a projective space, and the image
scheme of My, (ch) under this morphism is homeomorphic to the (analytic)
Uhlenbeck compactification U,(ch). Therefore there is a complex structure on
U, (ch) making it a reduced projective scheme. When we mention U, (ch) in the
GU morphism, we always mean it in the sense of J. Li’s algebraic construction.
U, (ch) has a set-theoretically stratification. Lo and Qin identified M epyw(—cn*)
with U,(ch) set-theoretically (Lemma [4.2.5). Lo [Lol2, Theorem 3.1] further
identified them as moduli space in the case of K3 surfaces by using the Fourier-
Mukai transforms and Huybrechts’ description of the tilted hearts of the K3
surfaces [Huy0§].

Problem 4.5.2. [t is interesting to give a direct proof of the existence of mor-
phism without using J. Li’s construction. It is also interesting to give
a similar proof of the existence of support morphism (Conjecture . One

difficulty is a direct construction of the moduli scheme M epyy(—ch®).

The boundary of M, (ch) is the set
OMau)(ch) == {m € M )(ch)| &, is not locally free}.

If OM (o) (ch) = 0, then every objects F' € M4 )(ch) is locally free and F' =2 F**.
So the Gieseker-Uhlenbeck morphism 7 is an isomorphism. In the following, we
always assume that OMa.(ch) # 0. Taking m € OM(q,,(ch), we have an exact
sequence of sheaves 0 — &, — (&,)™ — P — 0, for some 0-dimensional non-
zero sheaf P. So the boundary is exactly the locus contracted by the Gieseker-
Uhlenbeck morphism.
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Lemma 4.5.3. [HL10, Lemma 9.2.1] OM 4., (ch) is a closed subset of M4 .(ch),
and if OM qu)(ch) # 0, then codim(OM qu)(ch), M(aw(ch)) < chg — 1.

In particular, if chg = 2 and OM,.)(ch) # 0, then the Gieseker-Uhlenbeck

morphism is a divisorial contraction.

4.6 Support morphism

In previous section, we know the moduli space M,epyy(—ch®™) is a projective
scheme by identifying it with the Uhlenbeck space Ug(ch). In this section,
we fix ch with chy = 0, and assume that ch;.H > 0. We already know that
M, esc(ch) is projective scheme by identifying it with the Simpson moduli space
M) (ch) which parametrizes pure 1 dimensional sheaves with numerical type
ch = (0,chy,chy). However, we don’t know whether M,cgy(ch) is projective
scheme. We will give the description of M,cgy(ch) set-theoretically. We would

ask three natural questions:

Q1: Is the moduli space M,cgy(ch) a projective scheme?

Q2: If M,esu(ch) a projective scheme, is there a natural morphism M,esc(ch) —
MUESW(Ch)?

Q3: If there is a natural morphism M,cgc(ch) — M,esy(ch), which line bundle

on Myesc(ch) induces such morphism?

We first give some preliminaries. It is easy to see (0,0, —1) € v+. So we obtain
a line bundle
S = 63075'((0, O, —1)) € NI(S) (461)

By Corollary [2.6.2] the duality functor (-)¥[1] gives the isomorphism

M,

OtH,B

((0, Chl, Chg)) = M

OtH,—B

((0, chy, —chy)) for t > 0.

The above questions can be answered in special cases.

Example 4.6.1. (Woolf [Wool3]). Let S = P2. Denote N(u,x) the mod-

uli space of Simpson semistable pure 1-dimensional sheaves on P? with Hilbert
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polynomial x(E(m)) = um + x. Denote H € P? the hyperplane divisor. Then
N(p,x) = Myesc(ch), with ¢ch = (0,uH,x — 3p). N(p,x) is irreducible Q-
factorial variety of dimension p? + 1 with only canonical singularities. There
is an isomorphism N (u, x) = N(u, x + i) by the map of tensoring line bundle
E — E ® Op2(1). The duality functor (-)"[1] gives the isomorphism N (u,x) =
N(u,—x). Woolf identified M,cgy(ch) with P(H%(Op2(p))) and gave the sup-
port morphism f: N(u,x) — P(H°(Op2(p))), which maps a pure 1 dimensional
sheaf F to its support Supp(F£), and the scheme-structure on Supp(F) is given
by the Fitting ideal of F. Moreover the morphism is induced by the line bundle
S (notation Ly therein). The dimension of P(H%(Op2(p))) is (*1?) — 1. The

pn—1

) ) The morphism f is an isomorphism if u =1 or 2.

fiber dimension of f is (
So we assume that ¢ > 3 and 0 < x < £. S is nef on N(pu,x), and forms one
boundary of nef cone Nef(N(u,x)). The Picard number of N(u,x) is 2. The

other boundary of Nef(N(u, x)) will be given in Example |5.4.2|

Example 4.6.2. This example is given by Bayer and Macri [BM14bl Section
11] and plays an important role in the proof of the existence of Lagrangian
fibrations [BM14bl, Theorem 1.5]. Let Y be a smooth projective K3 surface. Fix
ch = (0,C,s), with C' € Pic(Y), C.C > 0 and s € Z. Let H € Amp(Y) be a
generic polarization for ch. Then the (0-twisted) moduli space Mg/ (ch) admits
a structure of Lagrangian fibration induced by global sections of S. In this case

the M,egu(ch) = P™ with m = ©C£2 the half dimension of My (ch).

We observed that

e cvery object £ € M,esc(ch) is a pure sheaf of dimension 1;
e every object with invariants ch is o-semistable of phase % for o € SW;

e [HLI0, Proposition 1.5.2] Jordan-Holder filtrations always exist, i.e. every
object E € Myesc(ch) has a filtration

O:E()CEIC"'CElIE, (462)

such that the factors gr,(E) := E;/F;_; are stable with the reduced Hilbert
polynomial p(E). Up to isomorphism, the sheaf gr(F) := @;gr;(E) does
not depend on the choice of the Jordan-Hoélder filtration.
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Set-theoretically, M,cgy(ch) is the set of S-equivalent classes of pure 1-dimensional
sheaves £ € Myesc(ch). We then have a contraction map M, egc(ch) s, M egu(ch)
set-theoretically, which maps E € Myesc(ch) to gr(E). And gr(F) represents the
S-equivalent class of E. Based on above examples, we have the following conjec-

ture.

Conjecture 4.6.3. Fiz ch with chy = 0, and assume that ch;.H > 0. Assume
the fine moduli space of pure 1-dimensional sheaves Mq ) (ch) ezists where o =
£ — %KS as equation . Then there is a natural morphism (called support
morphism,)

Myese(ch) =5 Mesu(ch), (4.6.3)

induced by the nef line bundle

S = 0sc£((0,0,—1)). (4.6.4)

4.7 Classical twisted Gieseker wall-chambers

By Remark |[A.0.7, we vary the (a, H) in the classical twisted Gieseker wall-
chambers. Assume that («, H) is on a wall, and (a, H)1 are in the adjacent
different chambers. Then the following classical results can be understood by

changing the Bridgeland stabilities and using Bayer-Macri’s theory:

M(a,H), (Ch) ﬂ- M(a,H)o (Ch) ﬂ ]\4(017]{%L (Ch)
lGU—(H)_ lGU_(H)O lGU—(H)+
Urr_ (ch) —— Uar), (ch) <—— Uy, (ch)

where the last line was constructed by Hu and Li [HL95]. The notation (H)g
means the ample line bundle in the pair (a, H). We have similar notations for
(H)+. Since (a, H)g is a wall in the twisted Gieseker wall-chamber structures,
(H)o, (H)4 and (H)_ could be equal. Yoshioka [YosI4, Section 5.2] obtained
the same results. The wall-chamber structures in the large volume limit are

summarized in Table .11
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Table 4.1: Large volume limit: Definition

_ LVL(ch, H) for fixed _
Fix ch LVL(ch) (A.0.1 Objects
H € Amp(S) (A.0.2
classical ) )
) Gieseker chamber torsion free
chy >0 (ov, w)-Gieseker
for ch w.r.t. H sheaves

wall-chambers

_ . HY(FE) locally
Bridgeland Dual Gieseker chamber

chy <0 free, H(E)
wall-chambers for ch w.rt. H o
supports in dim. 0
chy =0 and classical ]
] Simpson chamber pure sheaves
ch;.w >0 (o, w)-Gieseker i
for ch w.r.t. H of dim. 1
for w € Amp(S) | wall-chambers
o pure sheaves
ch = (0,0,n) no wall trivial chamber ¢ > 0

of dim. 0
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Chapter 5
Bayer-Macri decomposition

Let o € Stab(S) as in Remark . We can assume o = o0, 3 after a group
action. The Bayer-Macri nef line bundle is constructed by ¢, , = Oyc(wy ),
where w,, g has a preliminary decomposition as in Lemma However, we
cannot apply the Mukai morphism 6, ¢ directly to those components because
none of them is in v*. In this Chaper, we give an intrinsic decomposition of
the Mukai vector w,, 3 in Theorem and Theorem . In particular, each
components is in v. So we can apply 6, ¢ and obtain the intrinsic decomposition
of £, ,. We call such intrinsic decomposition of w, g or £, , as the Bayer-Macri

decomposition.

The parallel results by using 6, g and 2, for K3 surfaces are given in Appendix[B]

5.1 Preliminary computation

Let us compute the following two terms which appear in Lemma by using

Maciocia’s notation. The computation will be used later.

Lemma 5.1.1. Fiz a choice of Maciocia’s coordinate (H,~y,w) (Definition .

We have the following two relations:
po(ch)w+ B = C(ch,ch’)H + ury; (5.1.1)
1 d
B.lpa(ch)e + 5] = S (o + 5) = —gD(Ch, )= %, (5.12)

where the numbers C(ch, ch’) and D(ch, ch’) are given by equations [2.5.5).
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Proof. The proof is a direct computation by using Maciocia’s Theorem [2.5.2]
For the reader’s convenience, we give the details. For the equation (5.1.1)), we
only need to check that

po(ch)t + s = C(ch, ch’).

Recall the wall equation is (s — C')? + > = D + C%. Now
2 = syng +uyad + § (s°g — uPd — t°g)

po(ch)t +s = +5
(y1 — ws)g
2zt uyed — §utd — P (s* 4 17)
(y1 — xs)g
2+ uypd — Luld — 22 (2sC + D
— 207 5 2 ( ) by using wall equation.
(y1 —ws)g

So we only need to check that

Z + uyad — gu2d — %(256’ + D) = (y; — zs)gC. (5.1.3)

If x = 0, the equation ([5.1.3) is true since C' = Z*‘gd%. If z # 0, the equation
(5.1.3)) is still true by using equation (2.5.6)).

Let us prove the equation ((5.1.2)).
9

d
LHS of (5.1.2) = (sH +uy).(CH +uy) — 5(752 + 52 — ;uQ)

= sCg—uld— 3(230 + - %2) — RES of (1)
g

]

Definition 5.1.2. Fix a choice of Maciocia’s coordinate (H, v, u). We define the

Mukai vector

3 3 1 11
t(#,,0)(ch, ch’) == (1, CH + uy — ZKS’ —ZKS.[C’H +uy] — 5)(((’)5) + 3—2K%> ,
where the center C' = C(ch,ch’). If chy = 0 and ch;.H > 0, then the center is
given by C' = th% (Theorem [2.5.2)), which is independent of ch’. In this case,

the vector t(z,,.4)(ch, ch’) is also independent of ch’, and we denote it by

t(H,%u)(Ch) = t(H’%u)(O, Chl, Chg) = t(H,'y,u) (Ch, Ch/).
Lemma 5.1.3. If SZ, 3(ch) > 0, then

Ry
WoeW (ch,ch’)

d
(gD(ch, ch’) + 511?) (0,0, —1) 4+ t(guw(ch,ch’).  (5.1.4)

Proof. This is a direct computation by using equations (3.2.3} [5.1.1} |5.1.2). [
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5.2 Local Bayer-Macri decomposition

Similar as Section 4.2 we decompose w, in three cases, according to the the

dimension of support of objects with invariants ch. Assume there is a flat family
& € DP(M,(ch) x S) and denote the Mukai morphism by 6, ¢.

5.2.1 Supported in dimension 0

Fix ch = (0,0, n), with n a positive integer. Fix a Maciocia’s coordinate (H, vy, u).
Since t > 0 is the trivial chamber and there is no wall on Il(g, ), we obtain
wy == (0, H, (8 — ¥Kg)H), and the nef line bundle £, = 6,£(0, H, sH? — 2K H)
on the moduli space M, (ch) = Sym"(S), which is independent of s.

5.2.2 Supported in dimension 1

Fix a Maciocia’s coordinate (H,v,u). We assume that ch = (0, chy, chy) with
ch;.H > 0. Denote

S = Qg7g(0, 0, —1), 7ZH=%U) (Ch) = Qo,g(t(Hmu)(Ch)).

By Lemma [3.1.4, S = A¢(0,0, 1).

Theorem 5.2.1. (Local Bayer-Macri decomposition for chg = 0 and chy.H > 0.)

Assume ch = (0, chy, chy) with chy.H > 0 for a choice of Maciocia’s coordinate
(H,~,u).

(a). Woew (eneny has a decomposition

Ry
WaseW (ch,ch’)

d
(gD(Ch, Ch') + §u2) (07 0, —1) + t(H,'y,u) (Ch)7 (5.2.1)

where (0,0, —1), tigqu(ch) € vt Moreover r = chy # 0 and the coeffi-
cient before (0,0, —1) is expressed in terms of potential destabilizing Chern

characters ch’ = (r,ci H + coy + &', X)-

d — gCe; + ud
gD(ch,ch/) + 50t = X gta tude (5.2.2)

r
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(b). Assume that there is a flat family € € DP(M,(ch) x S). Then the Bayer-

Macri nef line bundle on the moduli space M,(ch) has a decomposition

d
loew (chen') = (gD(ch, ch’) + §u2) S + T (ch). (5.2.3)

Proof. Parts (a) follows from computation. The Mukai vector v is given by
1
VvV = (0, Chl, Chg — Z—lChl.KS).

So (0,0,—1) € v by the definition equation (3.1.2)) and the formula (2.3.6)). To

show t(s,4)(ch) € v, we can either directly compute the Mukai bilinear form:

3 1 1
<t(H,’y,u) (Ch)>V>S - (CH + uy — ZKS) . Ch1 — (Chg — ZChl.KS — §Ch1.Ks) = 0,

or notice the relation and the fact Woew(Enay € v, (0,0,—1) € v* .
Recall the equation for D(ch,ch’). Since x = chy = 0, we obtain r # 0.
The relation is then derived by using equation (2.5.7). Part (b) follows
from part (a) by applying the Mukai morphism 6, ¢. O

5.2.3 Supported in dimension 2

Assume that chg # 0. We define the following special kinds of Mukai vectors
with respective to ch. In particular, the definition of Mukai vector m(H, ch) is

motivated by equation (4.4.3)).

Definition 5.2.2. Fix Chern characters ch = (chy, chy, chy) with chg # 0. Define

3 Chg 1 11 2
h) = (1 -SKe 22 = K
w(ch) ( 45 chy X(0s) + 35 S)’
Ch1 3 1
m(H,ch) = (0,H,(— —-Kg).H |, where H € N'(9),
Cho 4
1 1 Ch2 Chl.KS 1 1 2
h) = w(ch “Kgch) = (1, —cKg —22 ~ v (O0g) — —K2 ) .
u(ch) := w(ch)+m(3Ks, ch) ( 1% ey T 20k o X(Os) = 5K

Lemma 5.2.3. We have the following three perpendicular relations for Mukai
vectors:
m(H,ch), w(ch), u(ch) € v*.

Proof. The perpendicular relations can be checked directly by definition equation

(3-1.2) and equations (2.3.5} [2.3.6). H

47



Theorem 5.2.4. (Local Bayer-Macri decomposition for objects supported in di-

mension 2.)

(a). If chyg # 0 and SZ(ch) > 0, then there is a decomposition (up to a positive

scalar):

w,p(ch) == py,(ch)m(w,ch) + m(S, ch) + w(ch) (5.2.4)

where m(w,ch), m(3,ch), m(a, ch), w(ch), u(ch) € v*.

(b). Assume there is a flat family £. Then the Bayer-Macri line bundle class
Uy, 5 has a decomposition in N*'(My(ch)):

lo s = to(ch)bog(m(w, ch)) + Opg(m(B, ch)) + b,c(w(ch)).  (5.2.6)

Proof. Recall the equation (3.2.3]). To show the relation (5.2.4]), we only need to
check that

Ch1

chy [ Ch2
Cho .

po(chs + 3] = 2 = 5. o (e + 5] - LW ). (5.27)

Recall that the Bridgeland slope is given by p,(ch) = _(\%ZZ(SI};). Then by equa-

)

tion (2.1.1)), we have

chy — Lchg (w? — 2) — chy.3
W. (Chl — Chgﬁ)

fo(ch) =

Ch1 Chg 1 2 ) Chl
hw. [ — — =——= — - —.0.
fo (ch)w (cho ﬁ) e 2 (w* — %) e I6]

Therefore we have the relation (5.2.7). The equation ([5.2.5)) follows from equa-
tion (5.2.4) and the relation a = 3 — £Kg. Part (b) follows directly by applying
the Mukai morphism 6, ¢. O

Remark 5.2.5. The condition chy # 0 and $Z(ch) = 0 means exactly that o € UW
or ¢ € DUW by Remark and Definition[4.3.1] Since the UW cannot be touched
from the Gieseker chamber, we consider the case 0 € DUW. The easy computation
shows that o € DUW if and only if p,(ch) = +0c0. So the equation is the
limit of equation (5.2.4)).
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Recall Lemma and Corollary [2.6.2l We obtain

Ry

wy,-p(—ch’) == pa(o)(—ch")m(w, —ch®) +m(-F, ch) + w(—ch"),
lo =la) = pa@)(—ch")lo() F(m(w, —ch”))
+00(0) F(m(=, —ch")) + O (o) F(W(—ch")).

Then Op () r(W(—ch™)) = 0,¢(w(ch)). Since pee)(—ch®) = —pu,(ch), we get

(o), 7(m(w, —ch®)) = —0, ¢ (m(w, ch)).

Notation 5.2.6. Assume chy > 0. Denote

L = 0g(y) r(m(L,—ch")) = —0, ¢(m(L, ch))

for a line bundle L on S. Denote By := —0,¢(u(ch)). Then
1~

90,5(W<Ch>) = §KS — Bo. (528)
Recall a = 8 — %KS. Denote
By = — Op() #(W(—ch*)) =  — 0, ¢(w(ch)) = & + By. (5.2.9)

Z, B, and By are line bundles on M, (ch).

5.3 Le Potier’s construction of determinant line

bundles

Assume chy > 0. Assume that ¢ € GC with respect to a choice of Maciocia’s
coordinate (H,~,u). Then H and By are line bundles on My (ch). Line bundles
H and By have direct relations with the determinant line bundles constructed by
Le Potier. Let us first recall Le Potier’s construction [LeP92] of two particular
line bundles £y and £, on the moduli space My (ch) via the Donaldson morphism.

The line bundles £; play an important role in the geometry of moduli spaces (e.g.
[HLI0, Chapter 8]).

Definition 5.3.1. [LeP92, Section 3] [HL10, Definition 8.1.9] Let H € Amp(S)
be an ample divisor and let h := [Og] be its class in K(S). Let s € S be a closed
point. Let u;(ch) = —chg - h? 4+ x(ch - h) - [O,] and let £; € Mg(ch) be the line
bundle £; := Ag(u;(ch)) for i =0, 1.
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Denote a as Chern characters of ug(ch) and denote b as Chern characters of
uy(ch). Then

1
a = (—chp,0,chy — échl.KS + chox(Os)),
1
b = (0, —ChoH, (Chl — §ChQKS)H)

Direct computation shows that u;(ch) € ch*. So we can apply the Donaldson
morphism A¢ and above L£; are well-defined. Recall the relation between Don-
aldson morphism and Mukai morphism in Lemma [3.1.4] we have

Lo = Ne(uo(ch)) = —Oee(v(a*)), L1 = Ae(ui(ch)) = —fge(v(b*)).  (5.3.1)

We compute v(a*) by using equations (2.3.1}, [2.3.5)):
1
v(a*) = w(—chg,0,chy — §ch1.KS + chox(Os))

1 1
= (—chy, —Z(—Cho))Ks, chy — §Ch1-KS + chox(Os)

1 1
+§(—Cho) (X(OS) - 1_6K‘29)>
1 Ch2 Chl.KS 1 1 9
— —cho(1,—"Kg, -2 - - K
o (1,115, 52 + e Ly(00) - )
= —chpu(ch). (5.3.2)

Similarly, we have

1
U(b*) U(O, ChoH, (Chl — §Ch0Ks)H)

1 1
= (0, ChDH, (Chl — EChOKS)-H — Z(ChOH)KS)
= chom(H,ch). (5.3.3)

Proposition 5.3.2. Assume that ch satisfies the condition (C) as in Assumption
[4.2.3. Choose H € Amp(S) and let € be a flat family over My/(ch). Then

EO = —ChoBo, El = ChoH. (534)

Proof. By equations (5.3.1} [5.3.2} [5.3.3]), we have

Ly = —Oce(v(a’)) = bOgce(chou(ch)) = —choBy,

Ly = —Oece(v(b*)) = —Osce(chom(H,ch)) = choH.
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We recall one basic property of Ly. So it is also a property of By. We first
give some notations. Let S be a smooth projective surface. Fix an ample line
bundle H on S. Let ch be the Chern characters of a torsion free sheaf £. Denote
ch(m) := ch(E @ H®™).

Proposition 5.3.3. [HL10, Theorem 8.1.11] With notations above, for m > 0
the line bundle Lo = Aug(ch(m))) on My (ch(m)) is relatively ample with respect
to the determinant morphism det : My (ch(m)) — Pic(S).

Problem 5.3.4. For the case chy = 0 and ch;.H > 0 in Section we
observe that S is an analogue of L1 and Tip ) is an analogue of Ly (or By).
Above Proposition gives the geometric property of By. Is there some similar

geometric property of S?

5.4 Global Bayer-Macri decomposition

A priori the line bundles S, 7(.4)(ch) in dimension 1 case, or L, B, and By in
dimension 2 case, are only on their own moduli space M, (ch). If we can identify
the Néron-Severi groups as in Section [3.4] then we regard them as line bundles
on any birational models of M, (ch). The divisorial contraction of moduli space

M, (ch) --» M’ is a limit case. Namely, S or By may disappear as divisors on
M.

5.4.1 Supported in dimension 1

Theorem 5.4.1. Assume ch = (0,chy,chy) with chy.H > 0 for a choice of
Maciocia’s coordinate (H,~y,u). Assume that we can identify different Néron-
Severi groups as Section [3.4)

(a). S and T(gyw)(ch) have global meaning and equation (5.2.3) is the corre-

spondence from Bridgeland walls to Mori walls.

b). If o, 5 is a generic stability condition (i.e. not in a wall for ch), then the
B
image of the Bayer-Macri map in NS(M,, ,(ch)) is of rank one more than

the Picard number of the surface.
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Proof. Let us prove part (a). If we can identify different Néron-Severi groups as
Section we then fix a base stability condition ¢ € SC and obtain

S = 9sc7g((07 0; _1)) S NI(M(%W) (Ch))’

7?H,'y,u) (Ch) = 95C,5 (t(H,%u) (Ch)) S Nl (M(a,w) (Ch)) .

For the part (b), since o, s is in a chamber for ch, we can perturb w in the ample
cone Amp(S) and still get a generic stability condition in the same chamber. So
the image of the Bayer-Macri map in NS(M,, ,(ch)) is of rank one more than

the Picard number of the surface, and this extra one divisor is given by S. [

Recall that the line bundle S is conjectured to induce the support morphism
(Conjecture 4.6.3)). Let s € S be a smooth point. Denote M = M, .y(ch). we
have [HL10, Example 8.1.3]

S = /\5(070’ 1) = (pM)*(det(g)|M><{s}>'

We extend the equations (5.2.2] to the case r = 0. Then D = R?> — C? =
~+o0o since the center C' is fixed and the radius R is +00. The wall is nothing
but the Simpson wall SW: ¢ = +00. So the equation is the limit case of
equation ((5.2.1)), and the equation (4.6.3) is the limit case of equation ({5.2.3]).

The coefficient M in equation 1} is important for computing nef
cone and effective cone of the moduli space M, (ch). We are interested in the
geometric property of T g . (ch) (Problem |5.3.4)).

Example 5.4.2. We continue Example [Wool3]. Since the Picard group
of P? is generated by H, we have v = 0 and d = u = 0. Denote the potential

destabilizing Chern characters by ch’ = (r,¢;H,ch}). The potential walls are

3

semicircles with fixed center (C,0) in the half-plane II(y o), where C' = f - 3.

The equation (5.2.3) becomes

ch), — ¢,C
r

EU = S + 7?]{7070) (Ch), (541)

where T(0,0)(ch) = pe (1,(C + 2)H, 3C + 52). Woolf showed that N(u, x) is
a Mori dream space and of Picard rank 2. So by Example [3.4.3] we obtain
the global meaning of S and 7,00y, and regard them as the generator of the

Néron-Severi group. One boundary of Nef(N(u, x)) is given by S where o € SW.
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The other boundary of Nef(N(u,x)) is given by ¢, where o is in the biggest

semicircle (but not the SW), and the coefficient Ché_Tclc obtains the maximal
value for variables ch’ = (r,¢; H, ch}). The maximal value is calculated by Woolf

[Wool3l Corollary 7.6].

Example 5.4.3. (Arcara and Bertram [ABI3]). Let S be a K3 surface with
ample divisor H and Pic(S) = ZH. Fix ch = (0, H, HTQ) Then the center is

(C,0) in the (s,t)-half-plane II(z,0), where C' = 1. They further fixed s =

N= D=

and studied mini-walls, i.e. the intersection of semicircles with this line. If s =

and t > %, the destabilized sequence is
0— (Iw)"[1] = E — Iz(H) =0,

where W, Z C S are 0-dimensional subschemes of the same length with relation
W] = |Z| < % [ABI3, Theorem 3.7]. Let ch’ = ch((Iw)[1]) = (~1,0,|W]). By
equation (2.5.7), we get D(ch,ch’) = —22/‘2/‘, and R = VC?+ D = /1 - 2242/‘.
The first non-trivial wall is given by the radius 3, with [IW| = 0, i.e. the desta-
bilizing object Og[1]. The line bundle in equation becomes

HQ
by = —|W|S + Tin0,0)(ch) with 0 < |W| < =

where T(s10,0)(ch) = 0,¢(1, 1 H, —1).

5.4.2 Supported in dimension 2

By applying the derived dual functor if necessary, we can further assume chg > 0
in Theorem [5.2.4] The geometric meaning of the decomposition in Theorem

is given as follows.

Theorem 5.4.4. Fizx ch with chy > 0. Assume that (i) there is a flat family
E; (1) Maw)(ch) is irreducible; (i) OM . (ch) # 0; (iv) Uy(ch) is of positive
dimension; (v) we can identify the Néron-Severi groups as Section . Then the

following conclusions hold.

(a). There is a Bayer-Macri decomposition for the line bundle l,

lo s 22 (— o, , (W)@ — Bo = (— g, , (ch)& — & — B, (5.4.2)

Ow,B

53



(b). The line bundle @ induces the GU morphism from the (a,w)-Gieseker
semistable moduli space M q . (ch) to the Uhlenbeck space U,(ch).

(c). If 0,5 is a generic stability condition (i.e. not in a wall for ch), then the
image of the Bayer-Macri map in NS(M,, ,(ch)) is of rank one more than

the Picard number of the surface.

(d). If chy = 2, the divisor B, is the a-twisted boundary divisor of the induced
GU morphism. In particular, in the case of a = 0, the divisor By =
—0yc(u(ch)) is the (untwisted) boundary divisor from the w-semistable
Gieseker moduli space M, (ch) to the Uhlenbeck space U, (ch).

Proof. If we can identify the Néron-Severi groups as Section [3.4], then & and B,
have global meaning, and equation implies Part (a). Part (b) follows from
Proposition [4.5.1] In particular, the line bundle @ induces the GU morphism. If
0, 1s in a chamber for ch, we can perturb w in the ample cone Amp(S) and
still get a generic stability condition in the same chamber. So the image of the
Bayer-Macri map in NS(M,,_ ,(ch)) is of rank one more than the Picard number
of the surface. This shows Part (c). If chy = 2 and M. (ch) # 0, the GU c is
a divisorial contraction by Lemma|4.5.3, and B,, is the boundary divisor from the
a-twisted moduli space M, (ch) to the Uhlenbeck space U, (ch). In particular,
the By is the untwisted boundary divisor. This shows Part (d). ]

Remark 5.4.5. If ch satisfies the condition (C) as in Assumption [4.2.3] then the
universal family & exists [HLI0, Corollary 4.6.7]. Moreover, if ch] — 2chgch,
is large enough in the sense of [HL10, Theorem 9.4.3], then the moduli space
M) (ch) is irreducible.

Remark 5.4.6. Can every line bundle on moduli space be written as determinant
line bundle? The author learnt this interesting question from Bayer at UIC
workshop on Bridgeland stability conditions (2013). The question is asking the
surjectivity of the local Bayer-Macri map, and we already know the image of the
local Bayer-Macri map, which partially answers the question. Denote p(X) =
rank(NS(X)). If p(M,, ,(ch)) = p(S) + 1, then every line bundle on the moduli
space can be generated by the image of a Bayer-Macri map. In particular this is
true in the case of ch = (2, chy, chy) with chy < 0 by Li [Li96], and in the case

of Hilbert scheme of n-points by the classical work of Fogarty [Fog68].
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The equation gives a direct link of the ample cone of the surface to the
ample cone of the moduli space, which links the geometry of surface to the
geometry of the moduli space. Let w run over the ample cone of S. Then the
image ¢, 3 gives partial of ample cone of the moduli space. It is interesting to
ask if the full ample cone of the moduli space can be obtained in this way by

knowing the surjectivity of the local Bayer-Macri map.

Example 5.4.7. If ch = (1,0, —n), then the Gieseker-Uhlenbeck morphism is
the Hilbert-Chow morphism A : S — S which maps the Hilbert scheme of

n-points on S to the symmetric product S™. In particular,
H =L =h"(Ogum (1)),

which induces the Hilbert-Chow morphism [HL10, Example 8.2.9]. The boundary
divisor of Hilbert-Chow morphism is B := B, := {¢ € S : |Supp(¢)| < n}.
It is known from the Appendix in [BSG91] that $B is an integral divisor and
By = —Ly = 3iB.
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Chapter 6

Bridgeland-Mori correspondence

for geometric Bridgeland

stability

Let M := M. be the a-twisted w-semistable Gieseker moduli space. We
assume that M is a Mori dream space (Section [C.2)). There is a Mori cham-
ber decomposition of its pseudo-effective cone W(M ) into rational polyhedra
(Theorem . For each divisor D in the interior of polytope, there is a ra-
tional map ¢p : M --» M(D), where M (D) := Proj(R(M, D)) and R(M, D) :=
@D,.>0 H'(M,mD) is the section ring. On the other hand, Bridgeland conjec-
tured that changing Bridgeland stability conditions also produce birational mod-
els of M. The two aspect of birational geometry of M are tightly linked by the
observation/speculation of Arcara, Bertram, Coskun, Huizenga [ABCH13]| in the
case of P? as well as the work of Bayer and Macri [BM14a, BM14b] in the case
of K3. We give the following correspondence by assuming the existence of the

universal family and the identification of Néron-Severi groups.

Recall we have two examples of such identifications. One example is Bridgeland
moduli spaces over K3 surface with primitive Mukai vector (Example [3.4.1)).
The other example is the Mori dream spaces (Example [3.4.3]). There is a Mori

chamber decomposition for each case.
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6.1 Bridgeland-Mori correspondence for geomet-

ric Bridgeland stability conditions

Theorem 6.1.1. (The Bridgeland-Mori correspondence for objects supported in
dimension 2 and geometric Bridgeland stability conditions.) Fiz a Maciocia’s
coordinate (H,~v,u). Assume that (i) chg > 0; (ii) there is a flat family E; (iii)
we can identify the Néron-Severi groups. Then there is a correspondence from
the Bridgeland wall W (ch,ch’) on the half-plane 11 g ) with center C(ch,ch’)
to the nef line bundle on the moduli space My (ch):

~ » 1~
ngW(Ch,ch’) = —C’(Ch7 Ch/)H —uy -+ §KS - B(). (611)

Proof. With the existence of the flat family £, we have the Mukai morphism 6, ¢.
With the identification of Néron-Severi groups, the line bundles H Vs I?; and B
have global meaning. The equation (6.1.1]) follows from a direct computation:

EO’GW(Ch,Ch/) = 00,5(m(MU(Ch)w + Ba Ch)) + ‘90,5 (W(Ch)) by equation 526
N P
= —C(ch,ch")H —uy + §KS — By. by equations (5.1.1} [5.2.8)
[l

Remark 6.1.2. The problem about the projectivity of M,(ch) and the problem
about the finitely generation property of the section ring of ¢,, both of them are

unknown in general, are related.

Remark 6.1.3. The above correspondence is only for numerical geometric stability
conditions o,, 5 € Stab(S) (Remark . Toda [Tod13l, Tod14] constructed
new Bridgeland stability conditions which are not geometric, by using the tilting
of perverse coherent sheaves. He studied the simplest invariants ch = (0,0, 1),
yet obtained quite interesting birational geometry of surfaces. It is interesting to
study birational geometry of Bridgeland moduli spaces for stability conditions

beyond the geometric stability conditions.

Corollary 6.1.4. (The Bridgeland-Mori correspondence for Mori dream space)
Assume that M := M, is a Mori dream space. Then there is a correspon-
dence from the Bridgeland wall W (ch, ch') on the half-plane 11 g .y with center
C/(ch, ch’) to the nef line bundle on the moduli space M, (ch):

~ _ 1~
eaew(ch7ch/) = —C‘(Ch7 Ch/)H —uy + §KS - Bo. (612)
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Proof. Since M is a Mori dream space, we can identify the Néron-Severi groups
by Example [3.4.3 The nef line bundle £,y (encny is on a face of the rational
polytope g (Nef(Y;)) x ex(g;) in the Mori chamber decomposition Eff(M) =

Uir, g (Nef(Y;)) x ex(g;) in Theorem |C.2.4] O

6.2 A conjecture on Hilbert scheme of points

by Arcara, Bertram, Coskun, Huizenga

Arcara, Bertram, Coskun, Huizenga studied the Hilbert scheme of n-points on
the projective plane P? and gave a precise conjecture between the Bridgeland

walls and Mori walls.

Conjecture 6.2.1. [ABCH13, Conjecture 10.1] Let S = P* and ch = (1,0, —n)
with integer n > 2. Let h : S™M — S be the Hilbert-Chow morphism, which
maps the Hilbert scheme to the symmetric product. Denote H := h*(Ogm) (1))
and B = {& € S | |Supp(¢)| < n} the boundary divisor h. Let x < 0 be
the center of a Bridgeland wall in the (s,t)-plane Iy o0). Let H + %B, y <0,
be a divisor class on S™ spanning a wall of the Mori chamber decomposition.
Arcara, Bertram, Coskun, Huizenga speculated that the transform x = y—% gives
a one-to-one correspondence between the two sets of walls for any integer n > 2

without any restriction on x and y.

They [ABCHI3| showed that the above speculation holds for n < 9 or when x
and y are sufficiently small. There are some recent progresses by the work of
Coskun, Huizenga, Woolf [CHW14] and the work of Coskun, Huizenga [CH14].
The speculation was further generalized to other rational surfaces by Bertram
and Coskun [BC13]. We give a positive answer, which extends Problem to

more general invariants ch beside (1,0, —n).

Corollary 6.2.2. (a). Let S =P? and denote H the hyperplane divisor on P2
Fiz ch with chy > 0. Assume that (i) there is a flat family £; (i1) Mq..(ch)
is irreducible; (11) OMqu)(ch) # O; (iv) U,(ch) is of positive dimension;
(v) we can identify the Néron-Severi groups as Section[3.4. Then there is

a relation

/ 3\ ~
Cocw(chen') = — (C(Ch,ch ) + 5) H — By, (6.2.1)
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where H is the nef divisor on M. (ch) which induced the Gieseker-Uhlenbeck
morphism. If chg = 1 or 2, then By is the untwisted boundary divisor of

the GU morphism.
(b). [LZ13, Theorem 0.2] In particular, if ch = (1,0, —n), then H = H and
B, = 3B.

The above assumptions are guaranteed if ch satisfies the condition (C) and chy <
0 by Remark [5.4.5]

Bridgeland wall-chamber structure Mori wall-chamber structure
w.r.t. ch in Stab(S) in Eff(M)
1t s -7
GC i Nef (M)
§ o+— by , N3y
Uw/_\ Uw:_(C(Chvch)+§)H_BO
LV g

C(ch, ch’)

Figure 6.1: Bridgeland-Mori correspondence for M = M, (ch) over P?

Proof. Recall that Pic(P?) = ZH for the hyperplane divisor H and Kpz = —3H.
So v = 0. Moreover, M m)(ch) is a Mori dream space [BMW14]. The proof
follows by using Corollary and Example [5.4.7] ]

Remark 6.2.3. Li and Zhao [LZ13, Theorem 0.2] also solved the Problem
independently by using the GIT and “Quiver region” trick, which firstly appeared
in [ABCH13|]. Moreover, Li and Zhao extended the Problem to the case

where S is the non-commutative P? in the sense of Sklyanin algebras.

Remark 6.2.4. Bertram and Coskun [BC13] studied other rational surfaces. The
speculations therein can also be treated by applying Corollary and Example
b4

6.3 A toy model: fibered surface over P! with a
section

Let m: S — P! be either a P!-fibered or an elliptic-fibered surface over P! with

a section E whose self-intersection number is —e. We assume that all fibers are
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reduced and irreducible. Denote the generic fiber class by F. We compute the
nef cone of the Hilbert scheme S of n-points over S by using the Theorem

0. 1.1l

e P! fibration. In this case, F' = P! and S is the Hirzebruch surface ¥,
with integer e > 0. Then Kg = —2E — (e + 2)F. It is well known that
x(Os) = 1. Here X is the surface P! x PL.

e Elliptic fibration. In this case, the generic fiber F' is an elliptic curve. We
denote the surface by S, and further assume that e > 2. Then Kg =
(e —2)F. In particular, S is an elliptic K3 surface, and the singular fibers
are either cuspidal or nodal curves. Standard references are Miranda’s
lecture notes [Mir89] and Friedman’s book [Eri98]. With the assumption
e > 2, S, has the unique section. Moreover, x(Os,) = e, py(Se) = e — 1
([Eri98, Lemma 7.14]).

We exclude the surface Sy, which is a rational elliptic surface, and can be obtained

by blowing up nine generic points of P2. There are infinite many sections in 5.

The geometry of S

The Néron-Severi group NS(S) is generated by the section E and the fiber class
F. We have the intersection number: E.F = —e, E.F = 1, F? = 0. The nef
cone of the surface is generated by the two extremal nef line bundle F + eF and

F'; and the ample cone is the interior of the nef cone.

Bridgeland Stability conditions

Fix ch = (1,0, —n), with integer n > 2. Let us fix two numbers u and A
with A € (0,1). The data (A, u) is regarded as the initial value. A Maciocia’s
coordinate (H,~,u) is fixed by the choice:

H:=XNE+eF)+(1=)MNF, ~:=-ANE+eF)+(1-X+e\FecH.
Basic computation shows that
H?>=—*=Xe+2\1-)); H~vy=0.
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The potential walls are given by (s — C')? + > = C? + D with ¢ > 0 where

chy + chyn — uch’ .y
ch}.H ’

C = C(ch,ch’) = D = D(ch,ch’) = —u* — —. (6.3.1)

The number sq = d}}‘zH = 0, and the UW is given by s = 0. Therefore C' < 0.

The geometry of S

One type of nef line bundle is @ for w € Amp(S), which induces Gieseker-
Uhlenbeck morphism. Note that we can take w to be extremal, i.e w = E 4 eF
or F'. We then obtain two extremal nef line bundle (E/4j6/F ), F. In these cases,
the Gieseker-Uhlenbeck morphism degenerates to some contractions. In the case
of w = F, the fibration structure of S gives the fibration structure of S In the

case of Sé"], it is the Lagrangian fibration.

To find the nef cone of S, we need to find the biggest non-trivial wall, i.e the

smallest value of C.

As pointed out by Bertram and Coskun [BC13|, we only consider the rank one
walls, where ch’ = (1, L, L; —w) can be thought as the Chern character of Iyy ® L,
with W a 0-dimensional subscheme of length w > 0; L is a line bundle. Moreover,
since we should consider the region s < sy, we need L.H < 0 to g2uarantee the line
bundle L is a stable object in this region. Then C/(ch,ch’) =

%—&—n—uL.'y 4w
L.H —L.H"
L—Q—i—n—uL ¥
— 2 :
= 22— for

So we let w = 0, and try to find the smallest value of C'(ch,ch’)
variables ch’ = (1, L, %2) with the condition L.H < 0.

2
LT—l—n—uL.'y

Lemma 6.3.1. The smallest value of C(ch,ch’) = 7

taking ch’ = (1, —F,0) or ch’ = (1,—E, =£).

72

1s obtained by

Proof. We already know ch’ = (1, —(mF + kE), (mFJrkE)é(mFJrkE)), where m and
k are two non-negative integers, and (m, k) # (0,0). Denote the line bundle
corresponding to (m, k) by ¢(m,k). The locus contracted by ¢(0,1) is {Z €
S| Z < E}, which is isomorphic to (P = P, The locus contracted by
((1,0) is {Z € S| Z C F, Z is linear equivalent to n(E N F)}. In the case of
S = Y., the locus is a P"-bundle over ¥ = P!. In the case of S = S,, the locus
is a P"~Y-bundle over P!, which is given by P((m.Os(nE))*) [Mir89, (IL. 4.3)].
In particular, m,Og(nE) = Op1 @ Op1(—4) @ - -+ & Op1(—2n). Assume that the
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smallest value is obtained by taking (m, k) # (1,0) or (0,1). Recall the walls
are nested. But the locus contracted by £(1,0) or £(0,1) are also contracted by

¢(m, k), which is a contradiction. O

Denote the center C'(ch, ch’) for ch’ = (1, —F,0) by CF, and the center for ch’ =
(1,-E,5%) by Cg. Then

n—ul —S+n+ul—XA+el)

CFZZ Y 5 CEZZ _(1_)\)

The two type of loci are simultaneous contracted if and only if Cr = Cg. By
solving the equation, we obtain (1 —2A)n + A§ = uA(2 — 2\ +e)). Therefore we
have A = % and u = 3. In this case, Cp = Cp = —2n+ ;. By using equation
(6.1.1), we obtain the extremal nef line bundle:

—_— 1~

Cocw (chen’y = M E 4 eF) + (n — g)ﬁ + 5KS — Bo.

e In the case of S =3, with e > 0, K¢ = —(2E + 2F + eF'), so the extremal
nef line bundle is {oepy(ep,eny = (0 — 1)(E 4 eF) + (n — 1)F — 5B.

e In the case of S = S, with e > 2, Kg = (e — 2)F, so the extremal nef line

—~—— ~

bundle is ey (enary = n(E +eF) 4+ (n — 1)F — iB.

Therefore, we have the following theorem.

Theorem 6.3.2. (a). [BC13, Theorem 1 (2.) (3.)] The nef cone Nef(ZLn])

(e >0, n >2)is generated by the non-negative combinations of (E + eF’),
F, and (n —1)(E + eF) + (n—1)F — iB.

(b). The nef cone Nef(Sf[;n]) (e > 2, n > 2)is generated by the non-negative
combinations of (E + eF), F, and n(E + eF) + (n — 1)F — 1iB.

Remark 6.3.3. The above computation suggests that the number u plays an
important role in order to find the extremal nef line bundle, and in general
u # 0. The nef cone of S has been obtained by Bertram and Coskun [BC13].
The nef cone of Sg"} (n > 2) has been obtained by J. Li and W.-P. Li [LL10].
Both of the results are obtained using the notion of k-very ample line bundles
[BSGI1].
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Remark 6.3.4. We recall a little geometry of e by the work of J. Li and W.-P.
Li [LLI0]. The double covering F' — P! induces an involution 7 on F such that
F/{r) = P! For any n > 2, the line C,, is defined to be the set

Co:={z+7()+(n—-2)(ENF)zeF}cSym"(F)c sm.

e

Given a curve C' on S, and distinct points z1,...,z,_1 € S with z; ¢ C, a curve
Be in S is defined as

50 = {a:+:v1+—l—1:n_1|x60}
A curve 8, in SI" is defined as
Bo={&+ a2+ +ana|€ €SP, Supp(¢) =z € 5.}

They showed that C), is an extremal effective curve on st Moreover, it is nu-
merical equivalent to the curve Sr — ng,. The following intersection number
vanishes <n(E +eF)+(n—1)F — %B) .C,, = 0. This also follows from Theo-
rem [3.1.1]
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Appendix A

Twisted Gieseker stability and

the large volume limit

Let us recall the Bridgeland stability conditions for w? > 0 [Bri08, Section 14].

Definition A.0.1. Fix Chern characters ch = (chyg, chy, chy). A subset
LVL(ch) := {ous | w € Amp(S),w? > 0} C Stab(9). (A.0.1)
is called the large volume limit for ch. Define

LVL(ch, H) :=={ow s | H € Amp(S) is fixed, w = tH, ¢t > 0} C Stab(95).
(A.0.2)

Twisted Gieseker stability was introduced independently (in equivalent form) by
Ellingsrud-Gottsche [EGI5], Friedman-Qin [FQ95], Matsuki-Wentworth [MW97].

Definition A.0.2. Let w,a € NS(S)g with w ample. For E € Coh(S5), we
denote the leading coefficient of Y(E ® a~! @ w®™) with respect to m by ag. A
coherent sheaf E of dimension d is said to be a-twisted w-Gieseker-stable (or
a-twisted w-Gieseker-semistable respectively) if E is pure and for all F* C E (for
all ' C E respectively),

X(F @ a!@w®™m)

)X(E ® ol @ wd™m)
ad(F)

for m > 0.
aq(F)

(A.0.3)
We shall use the brief notation (a,w)-Gieseker (semi)stability for the a-twisted

< (< respectively

w-Gieseker-(semi)stability.
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Remark A.0.3. Fix an ample divisor H and take w = tH. It is easy to check (by
the proof of Lemma that («,tH )-Gieseker (semi)-stability is independent
of the positive number t. Without loss of generality, we assume ¢t > 0. Therefore,
in the rest of the paper, when we use the notion (a,w)-Gieseker (semi)stability,

we always assume that w? > 0.

By the Hirzebruch-Riemann-Roch theorem, we obtain

1
YE®a'®@w) = §Ch0w2m2 + w. (chy — chyB) m + chy — ch;.8
1 1
—§Ch0 (ZKZ - 2X(OS) - 62) y (A04)

where 8 = a + %KS, and we use the short notation ch; = ch;(E).

Notation A.0.4. Let us denote

ChQ(E) —Chl(E)ﬁ ChQ(E) —Chl(E)ﬂ

w = y E) = A.0.
Lemma A.0.5. Choose an ample line bundle w with w? > 0 and take
1
= 6 - §K57 (AOG)

then for E € A, N Coh(S) =T, 3, we have the equivalent relation =
2.1.5), i.e. (a,w)-Gieseker (semi)stability is exactly the same as o, 3-Bridgeland

(semi)stablility for E € T, g with w? > 0.

Proof. The lemma is well-known (e.g. [Bri07, Section 14]). We sketch the proof.
We still use the short notation ch; = ch;(F). Since E € T, 5, we know chg > 0.
Let us consider (o, w)-Gieseker (semi)stability. If chy = 0, they are known as

Simpson (semi)stability.

Case 1: chg = 0 and w.ch; = 0. In this case, F is supported on points, so we have

E —1 Xm
and X(E®a _@wrT)

dd = o, aq(E)

= Z—g = 1. So F is (a,w)-Gieseker semistable
(for any «).
Case 2: chyp = 0 and w.chy # 0. Since E € 7, 3 we have ag = a1 = w.ch; > 0, and

X(F®a ! @wd™m) chy — chy.3
= 2T e ().
aq(E) " w.chy S (B)
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Case 3:

chg > 0. In this case we have a; = ay = %ChOLUQ. Recall the Mumford slope
U, (F) in equation (2.1.4). Then by using equation (A.0.4), the relation

(A.0.3) is equivalent to
Subcase 3.a: u,(F) < pu,(E); or

Subcase 3.b: p,(F) = po(E) and vz(F) < (<)vs(E).

Let us consider Bridgeland (semi)stability.

Case 1:

Case 2:

Case 3:

chyp = 0 and w.ch; = 0. In this case, F is supported on points so chy, > 0
and ¢(E) = 1. So E is Bridgeland semistable (for any ).

chy = 0 and w.ch; # 0. Since E € 7,5, we know w.ch; > 0. We obtain

410 () = E.,4(I5) by using equations (Z12) and (€0.1).

chg > 0. Since £ € T, we obtain SZ > 0, i.e, p,(E) —n > 0, where
n = w.f as equation (2.1.5). By using equation ([2.1.2)), we obtain

Z(E)

1
cho(E) 2

(w? = B%) — vs(B) + V—1(1u(E) — ).

Now relation (2.1.3)) is equivalent to S(E)R(F) — S(F)R(E) > (>)0. This

relation is equivalent to
) =) (5 (2 = )~ ) ) -
) =) (3 2= #) =alB)) > 0. (40

Since w is ample and w? > 0, we consider coefficient of w? in formula

(A.0.7) and obtain two subcases:
Subcase 3.a: (7 <) pw(F) < p,(E);

Subcase 3.b: (7 <) p(F) = p,(E) and va(F) < (<)vg(E).

]

Remark A.0.6. Let £ € A,z be a o, g-semistable object with cho(E) > 0.
Assume that w? > 0. Bridgeland [Bri08, Proposition 14.2] showed that E is a
sheaf of pure dimension, i.e. H '(E) = 0 and F = H°(F) is a sheaf of pure
dimension ([HL10, Definition 1.1.2]).
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Remark A.0.7. Recall that there is a wall-chamber structure in Stab(S) for the
fixed ch (e.g. [BMIl4a, Proposition 2.3]). Assume that chy > 0. Recall that
we always assume w? > 0 as in Remark Therefore the classical wall-
chamber structure ([EG95, [FQ95, MWOIT]) for the (o, w)-Gieseker (semi)stability
is a special case of wall-chamber structure for the o, 3-Bridgeland (semi)stability
in the large volume limit for ch (with the twisted relation (A.0.6)). Yoshioka

[Yos14, Section 5] obtained the same results.
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Appendix B

Bayer-Macri decomposition on

K3 surfaces by using 7, 5

The reason for using ZAwﬁ on K3 surfaces is that, with some assuumptions, 6., g
is a reduced stability condition (Remark [2.4.3). We first give some computa-
tions without using Kg = 0 in Section [B.I} We then give the decomposition in
Section [B.2l

B.1 Computation by using U,

Recall that 6,5 = (ZA%B,AMBJF%KS). Simply write Z, 5, 6u,6, Oy, , as Z, 0,
U, respectively. Recall w0, 5 1= w5 = =S ((UZ,V>S . UZ> In this Appendix,
we compute the Bayer-Macri decomposition of w0, 3. By the definition equation

(2.1.6) and Lemma [2.4.1} we have

5 1

Zop(E) = Zw,ﬁ-&-iKS + ﬂCho(E)C}h(S), (B.1.1)
1
0%0p = 02, prpc, — (0,0, 570(5)). (B.1.2)
So X 1
R ( h) N _%wa@ o ( h) — ﬂCho(E)Chg(S) (B 1 3)
MUuﬂ C - C\ZA - MUW,BJr%KS C %Z ) . .
Nlw,p w,B+45Ks

Similar as Lemma [3.2.2] if SZ_ 5, 1. # 0, we have
w,,8+4KS
Wp == 15(ch)ST, + RV . (B.1.4)
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Next, let us compute the potential walls W(ch, ch’) as in Section . Fix the
triple (H,~,u), where H is an ample divisor, v is another divisor such that v €
H*, u is a real number. We take a different Maciocia’s coordinate (comparing
with equation ), for real numbers s, ¢, with ¢ positive:

w:=tH,
(B.L.5)
B+ 1Ks = sH + uy.

Take ch and ch’ as before (equations (1.5.3) [1.5.4))). By solving the equa-
tion ,uzwﬁ(ch') = NZw@(Ch) for variables s and ¢, we obtain the potential wall

W (ch, cb') in the (s, ¢)-half-plane, which is still semicircle

(s—CY2+t2=C*+D, t>0, (B.1.6)
where ho(S)
~ A chy
C=C, D=D- B.1.7
’ 129 ’ ( )
and C, D are given in Theorem [2.5.2
Moreover, we still have similar formulas as equations (5.1.1} [5.1.2):
1 A
po, 5(ch)w + B+ ZKS = CH + uv; (B.1.8)
1 1 1 1 ~d
(6 -+ ZKS)'[M5w,B (Ch)(&)‘{'ﬁ—i— ZKS] — 5(0)2 —|— (ﬁ + ZKS’)z) = —gD — §u2. (Blg)

Therefore, if 7, 5, 1K (ch) # 0, by using equation 1’ and direct computa-

tion similar to equation (|5.1.4), we have

d
B et ey == (gD(ch, ch) + §u2) (0,0,—1) + t (g0 (ch,cl’).  (B.1.10)

e If chy = 0 then both (0,0, —1) and t(z,.)(0, chy, chy) are in v and the
decomposition is the Bayer-Macri decomposition of @, yir(e eny-

o If chy # 0 and %ZwﬂJr%KS(ch) # 0, by using the above relations ,
513 B3, we have

Ry

1 L cho(E)chy(S
ww’ﬁ:wwﬁ'*‘%Ks_(OvOa ﬁChQ(S))— 24 0( ) 2( )o p

3 w,At+iKg
\SZW7B+iKS E

Then by the decomposition formula (5.2.4) we have
1
(ch)m(w, ch) + m(s + ZKS’ ch) + w(ch)

Woptiks = Hoypiiig
1

= fo, s (ch)m(w, ch) +m(5 + ZKS’ ch) + w(ch)

B E)u(s)

C\4
‘SZwvﬁ-l—iKs

m(w, ch).
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A direct computation shows that

:cho(E)chy(S)

<\4
\SZwﬂ-i-%Ks

(m(w,ch) -0z ) = (0,0, iChg(S)).

w,p+ 7Kg 24

Therefore we obtain the Bayer-Macri decomposition

1
Wy, = pls, 5(ch)m(w,ch) + m(8 + ZKS’Ch) + w(ch). (B.1.11)

B.2 Bayer-Macri decomposition on K3 surfaces

In the following, we assume that S is a smooth projective K3 surface. Take
H,~ € NS(S) with H ample and H.y = 0. Since Kg = 0, the new Maciocia’s
coordinate (B.1.5) is the same as before (2.5.1): w =tH (t > 0), 8 = sH + uy.
Assume that Z, 3(F) ¢ R<, for all spherical sheaves F € Coh(S). Then 6,5 =
(Zu 5, Aw ) is a Bridgeland stability condition. Define

_ 9. . Cx _2((1)5(00))
é&,g([C]) = 6075.0 = ( —Z<Ch) ) .

(B.2.1)
Then ¢; ¢ (if exists) is given by

R ~
ls, , == 0 (We ).

The potential walls W(ch, ch’) are given by semicircles

2
(3—0)2+t2:02+D+§,

where C' and D are defined in Theorem [2.5.2

Theorem B.2.1. (Bayer-Macri decomposition on K3 surfaces.) Let S be a
smooth projective K3 surface and v = v(ch) € H},(S,Z) be a primitive class with
(v,v)g > 0. Assume that Z, 3(F) ¢ Req for all spherical sheaves F € Coh(S).

e The case ch = (0,chy,chy) with chy.H > 0 for a choice of Maciocia’s

coordinate (H,v,u). Then s has a decomposition
b, Ee (Ip(en ey + Lu2) (0,0, -1) + ¢ h), (B.2.2
waEW(ch,ch’) - 5 ( , € ) + 5“ ( Yy T ) + (Hyy,u) (C )7 ( L )
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and the coefficient before (0,0, —1) is given by equation . Moreover,

the Bayer-Macri line bundle has a decomposition
lpeinaan = ( SD(ch ) 4 502 ) S+ Ty (e, (B23)
where S induces the support morphism.
e The case chy > 0. Assume further M, )(ch) # 0. Then
Wy = ps, 5(ch)m(w, ch) +m(f3,ch) 4+ w(ch). (B.2.4)

Moreover, the Bayer-Macri line bundle has a decomposition

lo s = (—p1s,,(ch)T — B — By, (B.2.5)

Fix a Maciocia’s coordinate (H,~y,u). There is a Bridgeland-Mori corre-
spondence, which maps a Bridgeland wall W (ch, ch') with center (C,0) in
the plane 1y 5,4 to the line bundle on the Mori wall

b (ch ey = ~CH —u7 — By. (B.2.6)

The line bundle @ (or ﬁ) induces the Gieseker-Uhlenbeck morphism.

Proof. With the assumption on Z, 3(F) ¢ R« for all spherical sheaves F and
by Bridgeland’s Lemma , 0w,p is a reduced Bridgeland stability condition.
Since v = w(ch) is a primitive class, the moduli space M, (ch) exists and is
irreducible of dimension (v, v)gs + 2. Moreover, we have the global Bayer-Macri
map (Theorem. We can identify the Néron-Severi groups as Example .

In the case chg = 0 and ch;.H > 0, by Example we know S induces the

support morphism.

In the case chy > 0, since 9M(, )(ch) # () and
codim(OM 4. (ch), M(qu)(ch)) < chg — 1,

we have U, (ch) # (). The Gieseker-Uhlenbeck morphism is not an isomorphism,

and that is induced by H. The remaining parts are clear. O
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Appendix C

Divisors, cones and Mori dream

spaces

We work over the complex number C.

C.1 Divisors and cones

We collect some facts and notations on divisors. One can refer [Laz04] for details.
Denote by Mx the sheaf of total quotient rings of Ox, which contains the
structure sheaf Ox as a subsheaf. There is an inclusion O% C M¥% of sheaves
of multiplicative abelian groups of units. A Cartier divisor on X is a global
section of the quotient sheaf MY /O%. We simply call a Cartier divisor as a
divisor. Denote Div(X) := I'(X, M%/O%). Concretely, a divisor D € Div(X)
is represented by data {(U;, f;)} consisting of an open cover {U;} of X together
with elements f; € I'(U;, M%), with the property that on U;; := U; N U; one
can write f; = g,;f; for some g;; € I'(U;;, O%). A divisor D is called effective if
fi € T'(U;, Ox) is regular on U;. A divisor D € Div(X) determines a line bundle
Ox (D) on X via the canonical connecting homomorphism Div(X) — Pic(X) :=
H'(X,0%). By abuse of notation, we do not distinguish a Cartier divisor D
from its associated line bundle Ox (D). A Q-divisor (respectively R-divisor) is
a finite Q-linear (respectively R-linear) combination of integral Cartier divisors.
We denote Divg(X) := Div(X) ®z Q, and Divg(X) := Div(X) ®z R. A Weil
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divisor is an (n — 1)-cycle, i.e. a formal sum of codimension one subvarieties
with integer coefficients. A normal variety X is called Q-factorial if every Weil

divisor is a Q-divisor.

Two divisors Dy and D are called numerically equivalent if D;.C' = D,.C' for
every irreducible curve C' in X. Denote Num(X) C Div(X) the subgroup con-
sisting of all divisors which are numerically equivalent to zero. Define the group
N'(X)z := Div(X)/Num(X) as the group of numerical equivalence classes of
divisors on X. Denote Alg(X) C Div(X) the subgroup consisting of all divisors
which are algebraic equivalent to zero [Ful98| Definition 10.3]. Define the Néron-
Severi groups NS(X) := Div(X)/Alg(X) as the group of algebraic equivalence
classes of divisors on X. In particular, algebraic equivalence implies numerical
equivalence. There is a well-defined intersection number theory among numer-
ical equivalence classes [Laz04, Definition 1.1.19]. The Néron-Severi Theorem
(Theorem of the base) states that NS(X) and N'(X)z are finitely generated
groups, and N'(X)z is free. Moreover, if X is non-singular, then [Ful98] 19.3.1]
Num(X)/Alg(X) = H*(X,Z)ios is a finite group. We have the isomorphisms

Nl(X)@ = NI(X)Z ®ZQ = NS(X)Q, N1<X) = NI(X)R = NS(X)R, (Cll)

and their dimension (or the rank of NS(X)) is called the Picard number of X,
written by p(X). Elements inside N!(X)g or N*(X)g are called Q-divisor classes

or R-divisor classes respectively.

A line bundle L on X is called very ample if L = ¢*Opn (1) for some embedding
¢ : X — P A line bundle L is called ample if L®™ is very ample for some
integer m > 0. A Q-Cartier divisor D on X is ample if the line bundle Ox(pD)
is ample where pD is an integral divisor for some positive integer p. A divisor
D is called nef if D.C' > 0 for every irreducible curve C' C X. Being ample is a
numerical property, i.e. if Dy and Dy are numerically equivalent divisors, then Dy
is ample if and only if Dy is ample. Being nef is also a numerical property. The
numerical classes of ample divisors form an open convex cone, called the ample
cone Amp(X) in N*(X). The numerical classes of nef divisors form an closed
convex cone, called the nef cone Nef(X) in N'(X). Moreover, by Kleiman’s
Theorem [Laz04, Theorem 1.4.9], it is known that the ample cone is the interior

of the nef cone and the nef cone is the closure of the ample cone:
Amp(X) = int (Nef(X)), Nef(X) = Amp(X).
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Let L be aline bundle and V' C H°(X, L) a non-zero subspace of finite dimension.

Denote by |V| := Py, (V) the projective space of one-dimensional subspaces of
V. ItV = H%X, L), we write | L| := |V| and call it a complete linear system. We
also write |D| := |Ox(D)|. Evaluation of sections in V' gives rise to a morphism

evaly : V ®c Ox — L. The base ideal of |V|, denoted by b(]V|) C Ox, is
the image of the map V ®¢ L* — Ox determined by evaly. The base locus
Bs(]V]) € X of |V] is the closed subset of X cut out by the base ideal b(|V]).
In other words, Bs(|V|) is the set of points at which all the sections in V' vanish,
and b(|V]) is the ideal sheaf spanned by these sections. One say that |V| is base-
point-free, if Bs(|V]) = 0, i.e. if b(]V|) = Ox. A divisor D or a line bundle L
is base-point-free if |D| or |L| is so. One says synonymously that L is generated
by its global sections or globally generated if L is base-point-free. A line bundle
L is called semi-ample if L®™ is globally generated for some integer m > 0. |V/|

determines a morphism
¢\V| X — BS(|V|) — ]P)(V)
We view ¢y as a rational map ¢y : X --» P(V).

The semi-group N (X, L) is defined as N(X, L) := {m > 0 | H°(X, L®™) # 0}.
In particular N(X, L) = 0 if H(X, L®™) = 0 for all m > 0. Given m € N(X, L)

and assume m # 0, there is a rational map
Gm = Pjrem| : X —-» P(H'(X, L®™)).

The closure of its image is denoted by Y, = ¢,,(X) C P(H°(X, L®™)). Assume
that X is normal. The Iitaka dimension of L is defined to be

k(X,L) = max {dim¢,,(X)},

meN(X,L)

if N(X,L) #0. k(X,L) := —o0 if N(X,L) = 0. If X is non-normal, define
k(X, L) := k(X',v*L) by passing to its normalization v : X’ — X. It is known
that xk(X,L) = —oo or 0 < k(X,L) < dim X. A line bundle L is called big if
k(X,L) = dimX. A divisor D is called big if Ox(D) is big. A Q-divisor is
called big (respectively effective) if there is a positive integer p such that pD is
integral and big (respectively effective). A R-divisor D is called big (respectively
effective) if D = Xa; - D; where each D; is a big (respectively effective) integral
divisor and a; is a positive real number. Being big (respectively effective) is also

a numerical property. The numerical equivalent classes of big R-divisors form an
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open convex cone, called the big cone Big(X) in N'(X). The pseudo-effective
cone Eff(X) is defined as the closure of the convex cone spanned by the numerical
equivalent classes of all effective R-Cartier divisors. It is known that the big cone
is the interior of the pseudo-effective cone and the pseudo-effective cone is the
closure of the big cone [Laz04, Theorem 2.2.26]

Big(X) = int (Eff(X)), Eff(X) = Big(X).
The stable base locus of an integral divisor D is the algebraic set
B(D) = (") Bs(ImD)).
m>1

The base loci Bs(|mD|) stabilize to B(D) for sufficiently large and divisible m

[Laz04, Proposition 2.1.21], i.e. there exists a positive integer mq such that
B(D) = Bs(|kmyD]) for all k> 0.

For any Cartier divisor D with (X, D) > 0 one has B(pD) = B(D) for all
p > 1. So for any Q-divisor D, we define B(D) := B(pD) where pD is integral.
A divisor D is called movable if B(D) has codimension > 2, i.e. B(D) has no
divisorial component. The real cone generated by movable divisors is denoted

by Mov(M). There are some relations of different cones:
Amp(X) = Nef(X) C Mov(X) C Big(X) = Eff(X) c N'(X).

However, the stable base locus is not a numerical invariant. It is possible that
two divisors D; and D, are numerical equivalent, but B(D;) # B(Ds). With
some assumptions and finer notions (e.g. augmented base locus and restricted
base locus), the pseudo-effective cone Eff(X) can be divided into different kinds
of wall-chambers [ELMNPOG, ELMNP09, [Chol5]. To give a precise statement
about the decomposition of the pseudo-effective cone (Theorem , we focus
on the Mori dream spaces, which were introduced by Hu and Keel [HK00].

C.2 Mori dream spaces

Besides [HK0Q], we also refer the expository paper by J. McKernan [McK10].

Definition C.2.1. A normal projective variety M is called a Mori dream space
if the following three conditions hold:
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(a). M is Q-factorial and Pic(M)g = NS(M)g;
(b). Nef(M) is the affine hull of finitely many semi-ample line bundles; and

(c). there are finitely 1 < i < k many SQMs f; : M --» M, such that each M,
satisfies (b) and Mov(M) is the union of the f;*(Nef(M;)).

In above (c¢), by a small Q-factorial modification (SQM) of a projective variety
M we mean a contracting birational map f : M --» M’, with M’ projective and
Q-factorial, such that f is an isomorphism in codimension one. Therefore, if D
is a movable divisor on M then there is an index 7 and an semi-ample divisor D;
on M; such that D = fD,. Then the Néron-Severi groups of different birational
models M; can be identified.

Let Dy, Ds, ..., Dy be a sequence of divisors on M. The multi-graded section

ring associated to them is the ring

R(M, Dy, D,...,Dy) = @ H(M,0p(D)) where D => " m;D;.
mezk
We call R(M, D) a section ring when k = 1. Suppose Pic(M) is a finitely
generated abelian group. Pick a set of divisors Dy, Ds, ..., Dy so that the
line bundles Oy (Dy), On(Ds), ..., On(Dy) generate Pic(M). Then the Cox
ring Cox(M) (also called the total coordinate ring) is defined by Cox(M) :=
R(M, Dy, D, ...,Dy).

Lemma C.2.2. [HK00, Proposition 2.9] Let M be a Q-factorial projective va-
riety over C such that Pic(M)g = NS(M)q. Then M is a Mori dream space if
and only if its Coz ring Cox(M) is finitely generated as a C-algebra.

Examples of Mori dream spaces include log Fano varieties [ BCHMI0], Q-factorial

projective toric varieties.

For any effective Q-divisor D on a Mori dream space M, the image of the rational
map @mp| is Proj(R(M,mD)), which is independent of m, provided that m is
sufficiently large and divisible. Denote such image by M (D) and the rational
map by ¢p : M --» M (D). Two Q-divisor D, and D, are called Mori equivalent

if ¢D1 = ¢D2'
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Definition C.2.3. [HK00, Definition 1.4] Let M be a projective variety such that
R(M, L) is finitely generated for all line bundles L and Pic(M )y = NS(M)g. By

a Mori chamber of NS(M)g we mean the closure of an equivalence class whose

interior is open in NS(M)q.

Theorem C.2.4. [HK00, Proposition 1.11] Let M be a Mori dream space. Then
the following properties hold.

(a).

(b).

(d).
(e).

Mori’s program can be carried out for any divisor on M. That s, the
necessary contractions and flips exist, any sequence terminates, and if at

some point the divisor becomes nef then at that point it becomes semi-ample.

The f; in Definition are the only SQMs of M. M, and M; in ad-
jacent chambers are related by a flip. Eff(M) is the affine hull of finitely
many effective divisors. There are finitely many birational contractions

gi - M --+Y;, with Y; Mori dream spaces, such that

Eff (M) = Ugf(Nef(Yz')) x ex(gi) (C.2.1)

is a decomposition of Eff(M) into closed convex polyhedral chambers with
disjoint interiors. The cones g (Nef(Y;)) x ex(g;) are precisely the Mori
chambers of Eff(M). They are in one-to-one correspondence with birational

contractions of M having Q-factorial image.

. The chambers f}(Nef(M,)), together with their faces, give a fan with sup-

port Mov(M). The cones in the fan are in one-to-one correspondence with

contracting rational maps g : M --+Y , with Y normal and projective via
[g: M --»Y] — [¢"(Nef(Y) C Mov(M)].

Let D be an effective divisor on M.

R(M, D) is finitely generated.

After replacing D by a multiple, the canonical decomposition D = A+ F
into moving and fized part has the following properties. There is a Mori
chamber containing D, so that if g; : M --+Y; is the corresponding bira-
tional contraction of (b) then F has support the exceptional locus of g; and

A is the pullback of a semi-ample line bundle on Y;.
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In above (b), ex(g;) is the cone spanned by the exceptional divisor of g;, and
g¥(Nef(Y;)) x ex(g;) denotes the join of the cones g (Nef(Y;)) and ex(g;). That
is, every element of the cone g/ (Nef(Y;)) x ex(g;) is uniquely written as the sum

of two elements of the cones ¢ (Nef(Y;)) and ex(g;).

We call the decomposition ((C.2.1]) the Mori chamber decomposition of the pseudo-
effective cone Eff(M).

Remark C.2.5. The notion of Mori chamber decomposition is not restricted to
Mori dream space. Here is an example, which will be used in Theorem [B.2.1]
Let H be a general polarization on a smooth projective K3 surface X. Let v be
a primitive Mukai vector. Let M = My (v) be the moduli space of H-Gieseker
stable sheaves with Mukai vector v. Then Mov(M) has a locally polyhedral
chamber decomposition [BM14b] (Example and Theorem (3.4.2)).
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