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Abstract

Optimal transport is a flexible framework for comparing probability distribu-
tions, which has received a recent surge of interest as a methodological tool in
statistics. The aim of this thesis is to develop procedures for performing valid and
efficient statistical inference for various objects arising from the optimal transport
framework. On the one hand, we derive a semiparametric efficient estimator of the
quadratic Wasserstein distance between probability measures of arbitrary fixed
dimension. On the other hand, we develop a pointwise central limit theorem for
the quadratic optimal transport map between multivariate periodic distributions.
We also develop nonasymptotic and sequential inferential procedures for various
optimal transport divergence functionals. These results provide a step toward the
longstanding problem of performing practical inference for optimal transport in
arbitrary dimension. Along the way, this thesis studies the related question of
performing minimax estimation for optimal transport maps and costs, leading to
new minimax upper or lower bounds for these problems in various settings. We
close with an application of these ideas to a problem arising in experimental high
energy physics, where we show that optimal transport can be used to address
the problem of data-driven background estimation, arising in the search for new
physical phenomena at the Large Hadron Collider.
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Chapter 1

Introduction

The field of optimal transport arose from a resource allocation problem first posed by Monge
(1781), and has since developed into a rich branch of mathematical analysis (Ambrosio, Gigli, and
Savare, 2008; Villani, 2008; Figalli and Glaudo, 2021), shaped by important historical influences
from economics (Kantorovich, 1942; Galichon, 2016) and physics (Jordan, Kinderlehrer, and
Otto, 1998; Benamou and Brenier, 2000).

In statistical contexts, optimal transport has historically been used as a theoretical tool
for asymptotic theory (Bickel and Freedman, 1981; Shao and Tu, 2012), since it gives rise to a
convenient characterization of weak convergence over the space of probability measures. In
recent years, however, optimal transport has proven to be more than just a useful theoretical
device, and has gained widespread popularity as a methodological tool in statistics. Such
methodological applications date back at least to the early paper of Munk and Czado (1998),
who proposed the use of optimal transport to solve a univariate bioequivalence hypothesis
testing problem. This work was followed up by several other related papers on univariate
nonparametric testing (e.g. Freitag, Czado, and Munk (2007) and references therein), but it
was not until the past five to ten years that the optimal transport framework began to receive
widespread adoption in the statistics community. This surge of recent interest was driven
in part by computational advances (Cuturi, 2013; Peyré and Cuturi, 2019), the availability
of inferential procedures beyond univariate measures (Sommerfeld and Munk, 2018), and
successful applications in the machine learning and computer vision communities (e.g. Arjovsky,
Chintala, and Bottou (2017)). Optimal transport has now been used as a methodological tool for
a variety of statistical tasks, ranging from multivariate distribution-free testing, to inference
over the space of probability measures. We refer to Kolouri et al. (2017), Panaretos and
Zemel (2019a, 2019b), Hallin (2022), for surveys of recent developments.

In order to see why optimal transport has been such a successful data analytic tool, let us
provide a heuristic introduction to the subject, deferring a more formal description to Section 1.3
below. In its most basic formulation, the optimal transport problem is a question about transport
maps between probability measures. Concretely, given two absolutely continuous probability
distributions P and Q supported in Rd, a transport map from P to Q is a vector field T which

1



Chapter 1. Introduction 2

satisfies the relation

T (X) ∼ Q, for any random variable X ∼ P. (1.1)

Thus, a transport map T is simply a transformation of a random variable X ∼ P onto a second
random variable Y = T (X) whose distribution is Q. Said differently, Q is a pushforward of P
under the map T .

A wide range of statistical applications involve transforming random variables to ensure
they follow a desired distribution, and transport maps play a natural role in such applications.
As a classical example, the technique of quantile-quantile (Q-Q) plots consists of assessing the
discrepancy between two univariate distributions by visualizaing a transport map between
them, and determining the extent to which it deviates from the identity. Another example is the
probability integral transform, which is a procedure for sampling from univariate probability
measures, based on the fact that the quantile function of a univariate measure Q is a transport
map from the uniform distribution P = U [0, 1] onto Q. More generally, a popular approach
in machine learning for high-dimensional sampling is to construct a suitable transport map
between a given reference distribution P , and the distribution of interest, say Q. To sample
from the complex measure Q, it then suffices to draw observations from the simple measure P ,
and push them through the map T . In general, there may exist infinitely-many transport maps
T that one can choose to carry out this procedure, and different choices have led to extremely
successful sampling procedures, such as the methods of normalizing flows (Kobyzev, Prince,
and Brubaker, 2020) or denoising diffusion probabilistic models (Ho, Jain, and Abbeel, 2020).

One of the classical results in the optimal transport framework is that, among the poten-
tially infinite collection of transport maps between two given distributions, there exists one
which is most parsimonious (in a suitable sense), and which satisfies a multivariate notion
of monotonicity. This object is called the Brenier map, or the (quadratic) optimal transport
map, and can be viewed as a default choice of transport map for applications where no other
canonical choice is available. There are several equivalent ways of defining the Brenier map;
the following is one approach, that arises from the celebrated paper of Brenier (1991).

Theorem 1 (Brenier’s Polar Factorization Theorem (Informal)). For any absolutely continuous
probability measuresP andQ onRd, there exists a unique gradient of a convex function T0 = ∇φ0

which pushes forward P ontoQ. Furthermore, for any transport map T from P toQ, the following
decomposition holds

T = T0 ◦ S,

where S is a measure-preserving map, i.e. a transport map from P onto itself. T0 is called the
Brenier map, or (quadratic) optimal transport map, from P to Q.

By analogy to univariate convex functions, whose derivatives are always monotonic (when
they exist), it is natural to think of gradients of multivariate convex functions as satisfying a
multivariate notion of monotonicity. In this language, Brenier’s polar factorization theorem
implies that for any given measures P and Q, there exists a unique monotonic vector field T0
which pushes P forward onto Q. Furthermore, the theorem shows that any other transport
map T from P to Q can be written as a composition of this monotonic vector field T0, and a
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map S which is redundant as far as the problem of transporting P to Q is concerned. It is in
this sense that T0 is most parsimonious among all transport maps, since it is the one for which
the redundant component is S = Id.

Later on, we will see that the Brenier map can also be characterized in terms of an optimiza-
tion problem: it can be shown that T0 is the unique solution to the so-called Monge optimal
transport problem, defined by

Tc(P,Q) = min
T :Rd→Rd

E
[
c(X,T (X))], subject to T (X) ∼ Q, (1.2)

where c(x, y) = ∥x − y∥2 for all x, y ∈ Rd, and X ∼ P . Equation (1.2) characterizes the
Brenier map as the L2(P ) projection of the identity onto the space of transport maps from
P to Q. This provides a different sense in which T0 is most parsimonious. One could also
consider different types of projections by choosing a different cost function c : Rd × Rd → R+

in the above display, but this leads to different notions of optimal transport maps which do not
enjoy the properties set forth in Theorem 1.

Let us begin by illustrating the statistical utility of Brenier maps, by showing how they can
be used to address the longstanding problem of defining multivariate analogues of traditional
notions from univariate statistics, such as quantiles functions, cumulative distribution functions,
and their empirical analogues, based on ranks and signs. As mentioned previously, it is well-
known that the quantile function G−1 of a univariate probability measure Q is a transport
map from the uniform distribution P = U [0, 1] onto Q. Recalling that quantile functions are
monotonic, we deduce from Theorem 1 that G−1 must, in fact, be the unique Brenier map
which pushes forward P onto Q. This suggests a very simple definition for a multivariate
quantile: given a measure Q supported in Rd, and given a reference measure P , such as the
uniform distribution on [0, 1]d, it is natural to define the quantile function of Q as the unique
optimal transport map pushing forward P onto Q. This map is referred to as the Monge-
Kantorovich quantile function of Q. Notions of cumulative distribution functions, ranks, and
signs, can then be defined using a similar principle. These definitions were first proposed
by Chernozhukov et al. (2017); Hallin et al. (2021), who argue that they retain essentially all of
the desirable properties of their univariate counterparts which makes them useful tools for
distribution-free inference. A great deal of follow-up work has then used these definitions
to propose multivariate rank-based, distribution-free procedures for testing hypotheses of
goodness-of-fit, two-sample equality, independence, and symmetry, which often retain the
same asymptotic efficiency properties as their univariate counterparts (cf. Shi, Drton, and Han
(2020); Deb, Ghosal, and Sen (2021); Deb, Bhattacharya, and Sen (2021); Huang and Sen (2023)).
We refer to Hallin (2022) for a survey. Beyond these examples, optimal transport maps have
been used in a variety of other recent methodological tasks, such as domain adaptation (Courty
et al., 2016; Redko et al., 2019; Rakotomamonjy et al., 2022; Zhu et al., 2021), distributional
regression (Ghodrati and Panaretos, 2022), and generative modeling (Finlay et al., 2020; Onken
et al., 2021).

Although we have primarily focused on optimal transport maps up to this point, an equally
important quantity for statistical applications turns out to be the optimal objective value of the
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optimization problem (1.2). The quantity Tc(P,Q) has the natural interpretation of measuring
the expected cost in transporting probability mass from P forward onto Q, and thus defines
an interpretable notion of divergence between these measures. In the special case where the
cost function c is of the form c(x, y) = ∥x− y∥r , for some r ≥ 1, we write

Wr :=
(
Tcr
)1/r

,

and the functional Wr turns out to define a metric over the space of probability measures on
Rd with finite moments up to order r, known as the r-Wasserstein distance. In its most general
formulation that we will give in Section 1.3 below, the Wasserstein distance does not presume
distributions which are absolutely continuous with respect to a common dominating measure.
Furthermore, contrary to other classical metric between probability measures, such as the
Hellinger or Total Variation distances, the Wasserstein distance is sensitive to the underlying
geometry of the measures being compared, due to the Euclidean norm embedded into its
definition. These considerations make it a natural and powerful data analytic tool. For example,
the empirical Wasserstein distance has been advocated as a natural test statistic for goodness-
of-fit or two-sample testing Munk and Czado (1998); Ramdas, Trillos, and Cuturi (2017);
Sommerfeld and Munk (2018); Hallin, Mordant, and Segers (2021). Wasserstein distances are
also a natural tool for metrizing the space of mixing measures in latent variable models (Nguyen,
2013; Ho, Yang, and Jordan, 2022; Wang, 2019), an observation which has both been used for
the theoretical purpose of deriving convergence rates of estimation procedures (cf. Chen
(2023) for a survey), and for the methodological purpose of defining new model selection
methods (cf. Do et al. (2024) and references therein). Let us also mention that Wasserstein
distances have been used for a variety of other tasks, such as distributional clustering (Ho et al.,
2017; Verdinelli and Wasserman, 2019), performing inference from simulations (Bernton et al.,
2019), minimum distance estimation (Bernton et al., 2019; Zhang and Chen, 2022), analyzing
exchangeable random graphs (Lei, 2021), and performing inference over the space of probability
measures (Petersen and Müller, 2019; Panaretos and Zemel, 2019).

Finally, we emphasize that there is an increasing number of statistical applications where
the optimal transport problem has a scientific interpretation, and thus becomes the object
of interest in its own right. For instance, the Wasserstein distance has recently been used in
experimental high energy to quantify the distance between histograms of energy deposits
produced by collider events (Komiske et al., 2019), while optimal transport maps have been
used in biological applications to model the development of embryonic cells (Schiebinger et
al., 2019), and in biophysics to quantify the colocalization of cellular samples (Tameling et
al., 2021). In these applications, optimal transport quantities become the primary target of
statistical inference.

1.1 What this Thesis is About

The preceding applications raise the important question of performing statistical inference
for objects in the optimal transport framework. Concretely, if a practitioner has access to i.i.d.
samples

X1, . . . , Xn ∼ P, Y1, . . . , Ym ∼ Q (1.3)
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from unknown measures P and Q, how can they perform statistical inference for objects like
Wasserstein distances and optimal transport maps? For example, if a statistician wishes to
report a point estimate of a Monge-Kantorovich median, how can they also provide a confidence
interval centered at their estimate? If a biophysist wishes to use optimal transport to quantify
the colocalization of two protein samples, how can they test whether the level of colocalization
is nonzero? How does one optimally test hypotheses separated in Wasserstein distance? This
thesis is broadly motivated by inferential questions of this type.

Thesis Statement: To develop procedures for performing valid and efficient sta-
tistical inference for optimal transport maps and optimal transport costs, between
probability measures of arbitrary fixed dimension.

The subject of inference for optimal transport was still in its infancy when this thesis began,
but has since been the subject of intensive study in the literature. Let us briefly highlight some
of these recent developments, deferring a more thorough survey to the individual chapters
which will follow.

Perhaps the object which has received the most attention in recent literature has been the
empirical Wasserstein distance, which is the natural sample analogue of the Wasserstein distance.
As mentioned previously, the study of limiting distributions for the empirical Wasserstein
distance was initiated in the univariate setting by Munk and Czado (1998), and followed up by
the works of del Barrio et al. (1999); Freitag, Munk, and Vogt (2003); Samworth and Johnson
(2005); del Barrio, Giné, and Utzet (2005); Freitag and Munk (2005); Freitag, Czado, and Munk
(2007), as well as the more recent works of del Barrio, Gordaliza, and Loubes (2019); Berthet,
Fort, and Klein (2020). Each of these papers heavily exploit the one-dimensional structure of the
Wasserstein distance, which allows it to be expressed as the Lr distance between the quantile
functions of the distributions to be compared. This allows for limit laws for the empirical
Wasserstein distance to be derived using the classical asymptotic theory of the empirical
quantile process.

The first studies of the empirical Wasserstein distance beyond the univariate setting were
the works of Sommerfeld and Munk (2018) and Tameling, Sommerfeld, and Munk (2019), which
considered the case where the measures are supported on a finite or countably infinite metric
space. This setting already provides a significant departure from that of univariate measures,
requiring new insights to deal with the lack of total ordering of the underlying space, and the
resulting lack of Hadamard smoothness of the Wasserstein functional. The ideas in these works
have also been extended to the situation where at least one of the two measures P and Q is
finitely-supported (Sadhu, Goldfeld, and Kato, 2023; del Barrio, González-Sanz, and Loubes,
2024).

Moving now to the situation where bothP andQ are genuinely d-dimensional distributions,
say absolutely continuous with respect to the Lebesgue measure, a fundamental contribution
was made by del Barrio and Loubes (2019), who showed that, under mild regularity conditions,
the quadratic empirical Wasserstein distance W 2

2 (Pn, Qm), between independent empirical
measures Pn and Qm comprised of the i.i.d. samples (1.3), enjoys a central limit theorem
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centered at its expectation in arbitrary dimension d ≥ 1:√
nm

n+m

(
W 2

2 (Pn, Qm)− EW 2
2 (Pn, Qm)

)
⇝ N(0, σ2), (1.4)

for some σ2 ≥ 0, which is positive if and only if P ̸= Q. This result was also extended to more
general optimal transport costs by del Barrio, González-Sanz, and Loubes (2021). Although
these results are very useful, their centering sequence is a barrier to their use for inferential
purposes. Indeed, we will see in Chapter 3 below that the bias of the empirical Wasserstein
distance in general dimension typically satisfies

EW 2
2 (Pn, Qm)−W 2

2 (P,Q) ≳ (n ∧m)−2/d.

This rate is of leading order whenever d > 4, and in this case, the centering sequence in
equation (1.4) cannot be replaced by the population Wasserstein distance. This precludes
the possibility of constructing an asymptotic confidence interval using equation (1.4) when
d > 4. Nevertheless, we emphasize that limit laws with desirable centering are available in the
low-dimensional regime d ≤ 3, and more generally when only one of the two measures P and
Q is of low intrinsic dimension (Hundrieser et al., 2022). One of the contributions of this thesis
will be to show, in Chapter 7 below, that there exists a distinct estimator of the Wasserstein
distance which enjoys a central limit theorem centered at its population counterpart in any
dimension d ≥ 1, under appropriate smoothness and support assumptions. To the best of our
knowledge, this leads to the first procedure for constructing confidence sets for the Wasserstein
distance in general dimension.

Beyond the Wasserstein distance, let us emphasize that the question of inference for other
optimal transport divergence functionals—such as the Sinkhorn divergence, the Sliced Wasser-
stein distance, and the Gaussian-Smoothed Wasserstein distance—turns out to be significantly
more tractable than that of the vanilla Wasserstein distance, and has received a comprehensive
treatment in the literature—see for instance Mena and Weed (2019), Goldfeld and Greenewald
(2020), Sadhu, Goldfeld, and Kato (2021), González-Sanz, Loubes, and Niles-Weed (2022), del
Barrio et al. (2023), González-Sanz and Hundrieser (2023), and Goldfeld et al. (2024a, 2024b,
2024c).

The question of performing inference for optimal transport maps has received significantly
less attention. In the one-dimensional case, uniform confidence bands for optimal transport
maps can be derived using classical strong approximation theory for the quantile-quantile
process (Aly, 1986), or using asymptotics for kernel-based estimators (Ponnoprat, Okano,
and Imaizumi, 2024). In the case where P and Q are discrete distributions, Klatt, Munk, and
Zemel (2022) have derived central limit theorems for optimal transport couplings, while del
Barrio, González-Sanz, and Loubes (2024) and Sadhu, Goldfeld, and Kato (2023) considered the
case where only one of P or Q is discrete. Let us also emphasize that uniform limit laws for
regularized variants of the Brenier map are well-studied—see for instance Harchaoui, Liu, and
Pal (2020), Gunsilius and Xu (2021), González-Sanz, Loubes, and Niles-Weed (2022), Goldfeld
et al. (2024), and González-Sanz and Hundrieser (2023). Nevertheless, we are not aware of
any prior work on the question of performing inference for Brenier maps themselves, when
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the underlying measures are absolutely continuous and of dimension greater than one. Our
work in Chapter 6 provides a first step in this direction, by deriving pointwise limit laws for an
estimator of Brenier maps on the d-dimensional flat torus, when d ≥ 3.

1.2 Organization of this Thesis

Let us now provide a chapter-by-chapter summary of the various contributions of this thesis.

Chapter 2: Minimax Confidence Intervals for the Sliced Wasserstein Dis-
tance.

In this chapter, we take a preliminary step toward the question of performing statistical
inference for the Wasserstein distance, by studying a related functional known as the Sliced
Wasserstein distance. Introduced by Rabin et al. (2011); Bonneel et al. (2015), this metric is
obtained by averaging the Wasserstein distance between random one-dimensional projections
of the distributions to be compared. The resulting metric shares some of the same qualitative
behaviour as the multivariate Wasserstein distance, but is significantly easier to compute, since
the Wasserstein distance between univariate projections is available in closed-form. We will see
that slicing also has statistical advantages: Our results imply that the minimax rate of estimating
the sliced distance is significantly faster than that of estimating the multivariate Wasserstein
distance itself. We will also show that the definition of the Sliced Wasserstein distance makes
it easily amenable to performing inference. Indeed, on the one hand, we construct confidence
intervals for the sliced distance which have finite-sample validity under very mild assumptions,
based on self-normalized concentration inequalities for the empirical quantile process. On
the other hand, under somewhat stronger regularity conditions, we will show that the sample
analogue of the Sliced Wasserstein distance enjoys a

√
n-central limit theorem centered at

its population counterpart, and we establish the validity of the bootstrap in estimating this
limiting distribution. Altogether, these results provide a relatively comprehensive set of tools
for performing inference for the Sliced Wasserstein distance.

The contents of this chapter are adapted from the following publication:

• Manole, T., Balakrishnan, S., and Wasserman, L. (2022). Minimax Confidence Intervals
for the Sliced Wasserstein Distance. Electronic Journal of Statistics, 16:2252–2345.

Chapter 3: Sharp Rates for Empirical Optimal Transport with Smooth Costs.

In this chapter, we return our attention to the multivariate Wasserstein distance, and more
generally, to a broad class of optimal transport functionals Tc with respect to a convex ground
cost function c. Our aim is to derive sharp upper and lower bounds on the minimax risk of
estimating Tc(P,Q) for probability measures P,Q which are of arbitrary (fixed) dimension.
To avoid several corner cases arising in low dimension, we focus on the regime d ≥ 5.

It is well known that an empirical measure comprising n independent observations from
an absolutely continuous distribution on Rd converges to that distribution at the rate n−1/d in
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Wasserstein distance, which can be used to prove that the sample analogue of the functional Tc
converges at this same rate, for a wide range of cost functions c. However, we show somewhat
surprisingly that when the cost c is smooth, this analysis is loose: plug-in estimators based
on empirical measures may converge as much as quadratically faster, at the rate n−2/d. This
finding generalizes a result for the quadratic optimal transport cost proven by Chizat et al. (2020)
concurrently to this thesis. As a corollary, we show that the Wasserstein distance between two
distributions is significantly easier to estimate when the measures are well-separated. Building
upon work of Niles-Weed and Rigollet (2022), we also prove corresponding minimax lower
bounds, which altogether lead to the following characterization of the minimax functional
estimation risk:

(n log n)−α/d ≲ inf
T̂n

sup
(P,Q)

E(P,Q)

∣∣T̂n − Tc(P,Q)
∣∣ ≲ n−α/d (d ≥ 5), (1.5)

where the cost function c is assumed to satisfy several structural properties, including the
smoothness assumption c ∈ Cα for some α ∈ (0, 2]. Furthermore, the infimum in the above
display is over all estimators of Tc(P,Q) based on independent i.i.d. samples X1, . . . , Xn ∼ P
and Y1, . . . , Yn ∼ Q, and the supremum is over all pairs of probability measures supported
in a fixed convex and compact subset of Rd. Our proofs rely on empirical process theory
arguments based on tight control of L2 covering numbers for locally Lipschitz and semi-
concave functions. As a byproduct of our proofs, we derive L∞ estimates on the displacement
induced by the optimal coupling between any two measures satisfying suitable concentration
and anticoncentration conditions, for a wide range of cost functions.

The contents of this chapter are adapted from the following publication:

• Manole, T., and Niles-Weed, J. (2024). Sharp Convergence Rates for Empirical Optimal
Transport with Smooth Costs. The Annals of Applied Probability, 34: 1108-1135.

Let us also mention that the results of this chapter have already been extended in several
directions. On the one hand, Hundrieser, Staudt, and Munk (2022) showed that the minimax
rate in equation (1.5) can be considerably improved if at least one of the measures P and
Q has low intrinsic dimension, a phenomenon which they refer to as the lower complexity
adaptation (LCA) principle. Versions of the LCA principle have also been found to hold for
entropic optimal transport (Stromme, 2023; Groppe and Hundrieser, 2023; Pooladian, Divol,
and Niles-Weed, 2023). On the other hand, Staudt and Hundrieser (2023) showed that the
minimax rate (1.5) continues to hold when the measures P and Q satisfy tail conditions which
are considerably weaker than ours. Finally, let us also emphasize that Deb and Mukherjee
(2024) have recently identified how the rate (1.5) changes when the underlying samples from
P and Q are dependent.

Chapter 4: Sequential Estimation of Optimal Transport Costs.

The previous chapter provides an essentially sharp characterization of the risk of the sample
estimator of the optimal transport cost Tc(P,Q), showing that it typically degrades exponen-
tially with the dimension. Implicit in our proofs, however, is the fact that this rate is driven
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entirely by the bias of the estimator: indeed, it is a simple observation that its variance scales
at the parametric rate under mild assumptions. Furthermore, as we already discussed above, it
is known that the empirical estimator Tc(Pn, Qn) enjoys a

√
n-central limit theorem centered

at its expectation, and satisfies the following sub-Gaussian concentration bound (at least when
c is bounded): for a constant C > 0 and all δ ∈ (0, 1),

P

(
Tc(Pn, Qn)− ETc(Pn, Qn) ≥ C

√
log(1/δ)

n

)
≤ δ.

The aim of this chapter is to prove that a sequential analogue of the above concentration
inequality also holds. Specifically, we will prove that,

P

(
∀n ≥ 1 : Tc(Pn, Qn)− ETc(Pn̄, Qn̄) ≥ C

√
log(1/δ) + log log n

n

)
≤ δ,

where n̄ = ⌈n/2⌉. Bounds of the above type are sometimes known as finite law of the iterated
logarithm bounds (Jamieson et al., 2014), and have received a surge of interest in recent years,
due to their applications to sequential analysis (see for instance Howard et al. (2021) and
references therein). Though our main interest is in finite-sample bounds of the above type, we
also show that they lead to an asymptotic one-sided law of the iterated logarithm for optimal
transport costs, which may be of independent interest: whenever P is a compactly-supported
measure such that Tc(Pn, P ) = O(n−1/2) a.s., we show that there is a variance proxy σ2 > 0
for which

lim sup
n→∞

nTc(Pn, P )√
2σ2n log logn

≤ 1, almost surely.

Our results are proven using martingale methods, upon noting that the process
(
Tc(Pn, Qn)

)
n≥1

is a reverse submartingale. We also consider the setting where the samples from P and Q
are of different sizes, say n and m, in which case we show that

(
Tc(Pn, Qm)

)
n,m≥1

is a
partially-ordered reverse submartingale, and distinct techniques need to be adopted.

The contents of this chapter are adapted from the following publication:

• Manole, T., and Ramdas, A. (2023). Martingale Methods for Sequential Estimation of
Convex Functionals and Divergences. IEEE Transactions on Information Theory, 69:4641–
4658.

Chapter 5: Plugin Estimation of Smooth Optimal Transport Maps

In this and the following chapter, we momentarily pause our study of inference for optimal
transport costs in order to study the distinct question of estimation and inference for optimal
transport maps. It will turn out that our study also leads to several useful tools for the question
of inference for the 2-Wasserstein distance, a topic which take up in Chapter 7.

The aim of this chapter is to analyze a number of natural estimators for optimal transport
maps, and show that they are minimax optimal. The theoretical analysis of optimal transport
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map estimators was initiated by Hütter and Rigollet (2021), who derived the minimax rate
of estimating optimal transport maps in L2, under nonparametric smoothness assumptions.
Their results show that this problem shares some of the salient features of other nonparametric
function estimation problems: optimal transport maps with high smoothness can be estimated
at nearly the parametric rate, while those with low smoothness suffer from a curse of dimen-
sionality. Hütter and Rigollet derive an estimator which achieves the minimax rate, but which is
computationally intractable. In contrast, in this chapter, we analyze computationally tractable
estimators based on the plugin approach: our estimators are simply optimal couplings between
measures derived from our observations, appropriately extended so that they define functions
on Rd. When the underlying map is assumed to be Lipschitz, we show that computing the
optimal coupling between the empirical measures, and extending it using linear smoothers,
already gives a minimax optimal estimator. When the underlying map enjoys higher regularity,
we show that the optimal coupling between appropriate nonparametric density estimates
yields faster rates. Our work also provides new bounds on the risk of corresponding plugin
estimators for the quadratic Wasserstein distance, and we show how this problem relates to
that of estimating optimal transport maps using stability arguments for smooth and strongly
convex Brenier potentials.

The contents of this chapter are adapted from the following preprint:

• Manole, T., Balakrishnan, S., Niles-Weed, J., and Wasserman, L. (2021+). Plugin Estimation
of Smooth Optimal Transport Maps. The Annals of Statistics. (To appear.)

Chapter 6: Central Limit Theorems for Smooth Optimal Transport Maps

In this chapter, we focus our attention on one of the optimal transport map estimators derived in
the previous chapter, and show that it enjoys a pointwise central limit theorem. For simplicity,
we limit our setting to that of probability measures supported over the d-dimensional torus Td,
with d ≥ 3. We analyze a one-sample plugin estimator T̂n of the optimal transport map, defined
as the unique optimal transport map pushing P forward onto a kernel density estimator of Q
with bandwidth hn > 0. Under suitable conditions on the densities and bandwidth, including
an undersmoothing condition, we prove that for every point x ∈ Td, there is a positive definite
matrix Σ(x) ∈ Rd×d such that√

nhd−2
n

(
T̂n(x)− T0(x)

) d−→ N(0,Σ(x)), as n→ ∞. (1.6)

The limiting variance Σ(x) can be consistently estimated, thus the above limit law immediately
leads to a pointwise confidence band for the true optimal transport map T0. To the best of our
knowledge, this result provides the first procedure for performing inference for the optimal
transport map between two absolutely continuous, multivariate distributions (albeit under the
strong assumption that the measures are supported on the torus).

The contents of this chapter are adapted from the following preprint:

• Manole, T., Balakrishnan, S., Niles-Weed, J., and Wasserman, L. (2023+). Central Limit
Theorems for Smooth Optimal Transport Maps. arXiv preprint arXiv:2312.12407.
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Chapter 7: Efficient Inference for the Quadratic Wasserstein Distance

In this chapter, we turn back to the study of optimal transport costs, focusing on the quadratic
Wasserstein distance. We build upon the ideas developed in the preceding two chapters to
develop central limit theorems for estimators of the Wasserstein distance, centered at their
population counterpart. These limit laws lead perhaps to the first procedures in the literature
for constructing nonparametric confidence intervals for the Wasserstein distance in arbitrary
dimension (particularly in the regime d ≥ 4), assuming the underlying measures are sufficiently
regular.

More specifically, we derive limit laws for three classes of estimators. The first are plugin
estimators based on suitably-chosen density estimators, of the type introduced in Chapter 5.
An appealing aspect of our results is the fact that undersmoothing is not needed: the bandwidth
of the density estimators may be taken to be the minimax optimal choice. While this is a useful
practical benefit, it has the downside of forcing us to place strong structural assumptions on
the underlying domain of the measures, and on the choice of density estimators, in order to
guarantee that the resulting plugin estimators do not have leading-order bias. Motivated by
this drawback, we introduce a second class of estimators obtained by first-order debiasing. We
show that these “one-step” estimators retain the same asymptotics as our plugin estimators,
but now the density estimators are permitted to be arbitrary, so long as they satisfy black-box
rate conditions. Furthermore, this result removes any assumptions on the underlying support
of the measures, an important benefit which we believe could see this estimator gain adoption
in practical applications. We close this chapter with a discussion of higher-order debiasing, and
show that there exists a second-order debiased estimator over the torus which achieves the
same asymptotics as the preceding estimators, but under a significantly weaker smoothness
assumption. Nevertheless, as is typical in semiparametric statistics, this second-order estimator
loses some of the benefits of its first-order counterpart, since it does not allow for black-box
density estimators, and requires us to again place strong structural assumptions on the support
of the underlying measures.

In addition to these limit laws, we develop the semiparametric efficiency theory for the
Wasserstein distance functional. We state the efficient influence function of the Wasserstein
distance, derive asymptotic minimax lower bounds, and show that our various estimators of
the Wasserstein distance are asymptotically efficient.

The contents of this chapter are based in part on unpublished work, and in part on results
from the paper cited in the above description of Chapter 5.

Chapter 8: An Application to the Search for Pairs of Higgs Bosons

We close this thesis by considering a statistical application of optimal transport to a problem
arising in the search for new physical phenomena at the Large Hadron Collider (LHC) of the
European Center for Nuclear Research (CERN).

In 2012, the LHC marked its most significant milestone when two independent collabo-
rations announced the discovery of a Higgs boson—a long sought-after particle which was
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theorized by high energy physicists 50 years prior. Having discovered this Higgs-like particle,
current work is concerned with detailed studies of its properties, in order to confirm or refute
those predicted by the Standard Model of high energy physics. One such property is the
so-called Higgs boson self-coupling, whereby a single excitation of the Higgs field can split
into two Higgs bosons without intermediate interactions with other particles. Observing this
phenomenon would provide compelling new information regarding the mechanism of particle
mass generation, and is therefore considered a major objective for the LHC. Unfortunately,
the search for di-Higgs production suffers from a very low signal-to- noise ratio: Collider
events which produce pairs of Higgs bosons, known as signal, are indistinguishable from
collider events producing other physical processes, known as background. The data arising
in this problem is thus a mixture of unlabeled background and signal events, and the goal
is to test the null hypothesis that the proportion of signal events is zero. In the high energy
physics community, the standard approach to testing these hypotheses treats the background
distribution as a nuisance parameter, which must first be estimated using held-out data. This is
known as the problem of data-driven background estimation.

This chapter proposes a new approach to the data-driven background estimation problem
by casting it as a domain adaptation problem. We then show how optimal transport maps can
be used to correct the underlying distribution shift. Our method relies on modeling assumptions
which are complementary to those used by existing approaches in experimental high energy
physics. It can thus serve as a powerful cross-check for existing methods, an important benefit
which we hope will increase the analyst’s trust in the obtained background estimates of future
studies at the LHC. Our approach involves the estimation of optimal transport maps, for which
we use some of the estimators introduced in Chapter 5.

The contents of this chapter are adapted from the following preprint:

• Manole, T., Bryant, P., Alison, J., Kuusela, M., and Wasserman, L. (2022+). Background
Modeling for Double Higgs Boson Production: Density Ratios and Optimal Transport.
Under Minor Revision, The Annals of Applied Statistics. arXiv preprint arXiv:2208.02807.

Additional Contributions

During my PhD, I also pursued a separate line of work that does not appear in this thesis, in
which I used optimal transport as a theoretical tool for the analysis of estimation and model
selection procedures in finite mixture models. This research has appeared in the following
preprints and publications:

• Manole, T., Ho, N. (2020+). “Uniform Convergence Rates for Maximum Likelihood Esti-
mation under Two-Component Finite Mixture Models”. arXiv preprint arXiv:2006.00704.

• Manole, T., Khalili, A. (2021). “Estimating the Number of Components in Finite Mixture
Models via the Group-Sort-Fuse Procedure”. The Annals of Statistics 49, 3043–3069.

• Manole, T., Ho, N. (2022). “Refined Convergence Rates for Maximum Likelihood Esti-
mation in Finite Mixtures Models”. Proceedings of the 39th International Conference on
Machine Learning, PMLR 162:14979-15006.
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1.3 Background on Optimal Transport

Before turning to the opening chapter of this thesis, we provide a brief introduction to the
notions from optimal transport which will be used throughout what follows. All notation
introduced in this section will be used systematically in subsequent chapters, and all additional
notational conventions are summarized in Section 1.4 below.

1.3.1 Generalities

The Monge and Kantorovich Problems Let d ≥ 1 be an integer, and let X and Y denote
subsets1 of Rd. Let B(X ) denote the Borel σ-algebra over X , and let P(X ) denote the set of
Borel probability measures over X . Given two probability measures P ∈ P(X ) andQ ∈ P(Y),
a map T : X → Y is said to push P forward onto Q if it satisfies

T#P (B) := P (T−1(B)) = Q(B), for all B ∈ B(Y).

The above display is equivalent to the requirement that X ∼ P imply T (X) ∼ Q. Whenever
this property holds, we say that T is a transport map between P and Q, and the set of all such
maps is denoted T (P,Q).

Let c : X × Y → R be a nonnegative Borel-measurable function, known as a cost function.
The Monge optimal transport problem is then defined as the optimization problem

inf
T∈T (P,Q)

ˆ
X
c(x, T (x))dP (x). (1.7)

Whenever a minimizer exists, we shall denote it by T0 ∈ T (P,Q). The solvability of the Monge
problem is, however, a delicate question. The set T (P,Q) may generally be empty, which is
for instance the case whenever P = δx is a Dirac mass at a point x ∈ X , and Q is supported
on at least two points in Y . Even when T (P,Q) is nonempty, solutions the minimization
problem (1.7) are generally difficult to analyze due to the lack of convexity of both the objective
function and of the set T (P,Q)—we refrain from saying more for now, and refer the reader
to Gangbo and McCann (1996) and Villani (2008, Chapter 9) for sufficient conditions on P,Q, c
under which unique solutions of the Monge problem can be derived.

These difficulties motivated Kantorovich (1942, 1948) to develop a convex relaxation of
the Monge problem. This relaxation will involve an optimization over couplings rather than
transport maps. A coupling between P and Q is a joint distribution π ∈ P(X × Y) with
marginal distributions P and Q, and the set of such couplings is denoted

Π(P,Q) = {π ∈ P(X × Y) : π(· × Y) = P, π(X × ·) = Q} .

The Kantorovich problem is then defined as

inf
π∈Π(P,Q)

ˆ
Ω
c(x, y)dπ(x, y). (1.8)

1Whenever X = Y in subsequent chapters, we typically write Ω := X = Y . The only exception is Chapter 4,
where we prefer to retain the notation Ω to denote the sample space of the underlying probability space.
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Unlike the Monge problem, the Kantorovich problem is always feasible since P ⊗Q ∈ Π(P,Q).
Furthermore, a minimizer π0 in equation (1.8) exists as soon as the cost function c is lower
semi-continuous (Villani (2008), Theorem 4.1), and is called an optimal coupling. In the special
case where π0 is supported in the graph of a map T0 : X → Y , namely on a set of the form
{(x, T0(x)) : x ∈ X}, it must be the case that T0 ∈ T (P,Q) due to the marginal constraints
in the definition of Π(P,Q), and it must then follow that T0 is an optimal transport map from
P to Q. Therefore, the Kantorovich problem is indeed a relaxation of the Monge problem.
Crucially, this relaxation is a convex (albeit infinite-dimensional) problem.

The Kantorovich Duality In addition to being convex, the Kantorovich problem is a linear
program. It admits a dual maximization problem, known as the Kantorovich dual problem,
defined by

sup
(ϕ,ψ)∈Φc(P,Q)

ˆ
ϕdP +

ˆ
ψdQ, (1.9)

where

Φc(P,Q) =
{
(ϕ, ψ) ∈ L1(P )× L1(Q) :

ϕ(x) + ψ(y) ≤ c(x, y) for P -a.e. x ∈ X and Q-a.e. y ∈ Y
}
.

(1.10)

As soon as c is lower semicontinuous, it can be shown that strong duality holds, so that the
optimal objective values in equations (1.8) and (1.9) are equal. Furthermore, under a mild
integrability condition on c, the maximizer of the dual Kantorivich problem admits a solution
(ϕ0, ψ0) ∈ Φc(P,Q) (Villani (2008), Theorem 5.10), known as a pair of Kantorovich potentials.

It is useful to note that the description of the set Φc(P,Q) may be significantly simplified.
Indeed, once a solution (ϕ0, ψ0) ∈ Φc(P,Q) exists, notice that the pair (ϕ0, ϕc0), where

ϕc0(y) = inf
x∈X

{
c(x, y)− ϕ0(x)

}
, (1.11)

is itself a pair of Kantorovich potentials, since replacing ψ0 by ϕc0 can only increase the objective
value (1.9), while retaining the constraint (ϕ0, ϕc0) ∈ Φc(P,Q). ϕc0 is called the c-conjugate of
ϕ0, and any function on Y which can be written as f c for some f : X → R := R ∪ {−∞} is
said to be c-concave, provided that it is not identically equal to −∞. It can be deduced that the
Kantorovich dual problem is equivalent to

sup
ϕ∈L1(P )

ˆ
ϕdP +

ˆ
ϕcdQ, (1.12)

where the supremum can further be restricted to the set of c-concave functions in L1(P ).

Optimal Transport Costs and Wasserstein Distances The main quantities of interest
in the Monge and Kantorovich problems are the optimal transport map T0, or the optimal
coupling π0, as they define an optimal transference plan between the probability measures P
and Q. Of equal interest is the cost of this optimal transference plan, as it provides a notion of
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divergence between P and Q. We define the optimal transport cost as the optimal objective
value in the Kantorovich problem, that is,

Tc(P,Q) = inf
π∈Π(P,Q)

ˆ
X×Y

c(x, y)dπ(x, y). (1.13)

Optimal transport costs can be used to define a family of metrics between probability measures
known as the Wasserstein distances. Assume Ω := X = Y , let r ≥ 1, and define

Pr(X ) =

{
P ∈ Pr(Ω) :

ˆ
Ω
∥x∥rdP (x) <∞

}
.

Then, the r-Wasserstein distance is defined as

Wr : P2
r (Ω) → R+, Wr = T 1/r

∥·∥r .

Wasserstein distances can naturally be interpreted as measuring the cost of deforming one
measure into another. Furthermore, they are sensitive to the topology of the underlying space Ω
due to the metric d embedded into their definition. These are important motivations for their
use in statistical applications. We also note that Wasserstein distances place no assumptions
on the absolute continuity of P with respect to Q. Therefore, unlike many classical metrics
between probability distributions, plugin estimators for Wasserstein distances are well-defined
without any smoothing.

1.3.2 The Quadratic Optimal Transport Problem over Rd

We shall pay particular attention to the optimal transport problem with respect to the quadratic
cost c(x, y) = ∥x− y∥2. This case is arguably most important for statistical applications, and
turns out to be simplest to analyze due to a celebrated result of Brenier which we have already
informally seen in Theorem 1: a coupling is optimal for the quadratic cost if and only if it is
supported on the subdifferential of a convex function. Let us explore this result in further
detail.

Brenier’s Theorem Let P ∈ P2(X ) and Q ∈ P2(Y). Since ∥ · ∥2 is smooth, strong duality
holds in the Kantorovich dual problem with respect to the quadratic cost, and there exists a
pair of Kantorovich potentials (ϕ0, ϕc0) solving the maximization problem (1.12). If we define
φ0 = ∥·∥2−2ϕ0, then ϕc0 equivalently takes the form ϕc0 = ∥·∥2−2φ∗

0, where for any function
f : Rd → R ∪ {∞}, we denote by

f∗(y) = sup
x∈Rd

{
⟨x, y⟩ − f(x)

}
, y ∈ Rd,

the Legendre-Fenchel conjugate of f . Under this reparametrization, the Kantorovich dual
problem is equivalent to the so-called semi-dual problem

inf
φ∈L1(P )

ˆ
φdP +

ˆ
φ∗dQ, (1.14)
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in the sense that φ0 is a solution to the semi-dual problem if and only if (∥·∥2−2φ0, ∥·∥2−2φ∗
0)

is a solution to the Kantorovich dual problem (1.9). Solutions to the semi-dual problem are
closely related to the Monge problem, as described by the following result due to Knott and
Smith (1984); Brenier (1991). We denote by Pac(X ) the set of measures in P(X ) which are
absolutely continuous with respect to the Lebesgue measure on X .

Theorem 2 (Brenier’s Theorem). Let P ∈ Pac(Ω) and Q ∈ P(Ω).

(i) There exists an optimal transport map T0 between P and Q which takes the form
T0 = ∇φ0 for a convex function φ0 : Rd → R which solves the semi-dual problem (1.14).
Furthermore, T0 is uniquely determined P -almost everywhere.

(ii) If we further have Q ∈ Pac(Ω), then ∇φ∗
0 is the (Q-almost everywhere uniquely deter-

mined) gradient of a convex function such that ∇φ∗
0#Q = P , and solves the Monge

problem for transporting Q onto P . Furthermore, for Lebesgue-almost every x, y ∈ Ω

∇φ∗
0 ◦ ∇φ0(x) = x, ∇φ0 ◦ ∇φ∗

0(y) = y.

Brenier’s Theorem implies that a unique optimal transport map exists between any abso-
lutely continuous distributionP and any distributionQ, where uniqueness is always understood
in the Lebesgue-almost everywhere sense. It further characterizes this map as the gradient of
an optimal semi-dual potential φ0, which we also refer to as a Brenier potential. Unlike optimal
transport maps, we emphasize that Brenier potentials are not a.e.-uniquely determined by P
and Q; for instance, one may always add a constant to φ0 without changing its gradient.

Regularity of Optimal Transport Maps Let Ω := X = Y , and let the distributions
P,Q ∈ Pac(Ω) admit respective Lebesgue densities p, q over some compact set Ω ⊆ Rd. Fix a
Brenier potential φ0 whose gradient T0 pushes forward P onto Q. The convexity of φ0 implies
that it will be almost-everywhere twice differentiable. The basic question we will try to answer
in this section is the following: what are sufficient conditions on P,Q,Ω which ensure that T0
has entries lying in the Hölder space Cα(Ω), for some α > 0?

Regularity properties of Brenier potentials, and therefore of optimal transport maps, have
historically been studied via the regularity theory of partial differential equations of the Monge-
Ampère type; we refer to De Philippis and Figalli (2014); Figalli (2017) for surveys. To understand
this connection, notice that if φ0 were in fact everywhere twice continuously differentiable, then
the constraint ∇φ0#P = Q would imply—by the traditional change-of-variable formula—that
φ0 solves the equation

det
(
∇2φ0(x)

)
=

p(x)

q(∇φ0(x))
, x ∈ Ω. (1.15)

Equation (1.15) is a second-order, fully nonlinear elliptic PDE which falls into the class of
Monge-Ampère equations. By analogy with the regularity theory of uniformly elliptic PDEs
of second-order (Gilbarg and Trudinger, 2001), it is natural to guess from equation (1.15) that
φ0 generally admits two degrees of smoothness more than the densities p and q, provided
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that q is bounded away from zero. This intuition indeed turns out to hold true under suitable
regularity conditions on Ω, as was established in a series of publications by Caffarelli (1991),
Caffarelli (1992, 1992), Caffarelli (1996). The following is a summary of these results, as stated
by Villani (2008, Chapter 12).

Theorem 3 (Caffarelli’s Regularity Theory). Assume Ω is a compact, convex set. Assume
further that there exists γ > 0 such that γ−1 ≤ p, q ≤ γ over Ω. Then, the Brenier potential
φ0 is unique up to an additive constant, and satisfies the following.

(i) (Interior Regularity) Suppose there exists α > 1, α ̸∈ N, such that p, q ∈ Cα−1(Ω◦).
Then φ0 ∈ Cα+1(Ω◦). Moreover, for any open subdomain Ω′ such that Ω′ ⊆ Ω◦, there
exists a constant C > 0 depending on γ, α,Ω,Ω′, ∥φ0∥L∞(Ω), ∥p∥Cα−1(Ω◦) , ∥q∥Cα−1(Ω◦)

such that
∥φ0∥Cα+1(Ω′) ≤ C.

(ii) (Global Regularity) Assume Ω admits a C2 boundary and is uniformly convex. Assume
further that there exists α > 1, α ̸∈ N, such that p, q ∈ Cα−1(Ω). Then, φ0 ∈ Cα+1(Ω).

Theorem 3(ii) implies that, under suitable conditions, the optimal transport map T0 inherits
one degree of smoothness more than the densities p and q over Ω. Unlike the interior regularity
result of Theorem 3(i), however, Theorem 3(ii) does not imply a uniform bound on ∥φ0∥Cα+1(Ω),
and therefore does not preclude the possibility that the latter quantity diverges when p, q vary
in a Cα−1(Ω) ball. Closely related global regularity results have also been established by Urbas
(1997) under slightly stronger conditions, but we do not know if either of these results can be
made uniform up to the boundary in an analogous way to the interior result of Theorem 3(i).
Whenever global uniform regularity results are needed in our development, we sidestep this
issue by working with the optimal transport problem over the torus, for which boundary
considerations do not arise.

1.3.3 The Quadratic Optimal Transport Problem over the Flat Torus

Denote by Td = Rd/Zd the flat d-dimensional torus. Specifically, Td is the set of equivalence
classes [x] = {x + k : k ∈ Zd}, for all x ∈ [0, 1)d. Abusing notation, we typically write x
instead of [x]. Td is endowed with the standard metric2

∥x− y∥Td = min{∥x− y + k∥ : k ∈ Zd}, x, y ∈ Td.

We identify P(Td) with the set of Borel measures P on Rd such that P ([0, 1)d) = 1 and
which are Zd-periodic, in the sense that P (B) = P (k +B) for all k ∈ Zd and all Borel sets
B ⊆ Rd. Furthermore, Pac(Td) denotes the subset of measures in P(Td) which are absolutely
continuous with respect to the Lebesgue measure on Rd. A function f : Td → R is understood
to be a function on Rd which is Zd-periodic, and we write T : Td → Td when T is a map from
Rd to Rd such that [T (x)] = [T (y)] whenever [x] = [y].

2Of course, ∥ · − · ∥Td does not define a norm; this notation is meant to be taken at face value. We write
∥x∥Td := ∥x− 0∥Td for any x ∈ Td.
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The optimal transport problem over Td with the quadratic cost d2Td largely mirrors that of
the squared Euclidean cost over Rd. Define for all P,Q ∈ Pac(Td) the Monge problem

argmin
T∈T (P,Q)

ˆ
Td

∥x− T (x)∥2TddP (x), (1.16)

where the integral is understood as being taken over [0, 1)d. The Kantorovich problem and its
dual give rise to the squared Wasserstein distance over P(Td),

W2
2 (P,Q) = inf

π∈Π(P,Q)

ˆ
∥x− y∥2Tddπ(x, y) = sup

(ϕ,ψ)∈KT

ˆ
ϕdP +

ˆ
ψdQ, (1.17)

where KT denotes the set of pairs of potentials (φ,ψ) ∈ L1(P )× L1(Q) satisfying the dual
constraint φ(x) + ψ(y) ≤ ∥x− y∥2Td for all x, y ∈ Td. We abuse notation by writing W2 to
denote both the 2-Wasserstein distance over Rd and Td. Whenever we speak of the optimal
transport problem or Wasserstein distance between two measures P,Q ∈ P(Ω), the underlying
cost function is tacitly understood to be ∥ · − · ∥2 when Ω ⊆ Rd, and ∥ · − · ∥2Td when Ω = Td.

The following result due to Cordero-Erausquin (1999) is an analogue of Brenier’s Theorem,
together with additional properties about the optimal transport problem over Td.

Proposition 1. Let P ∈ Pac(Td) and Q ∈ P(Td). Then, there exists a (P -a.e. uniquely deter-
mined) optimal transport map T0 = ∇φ0 from P to Q which solves the Monge problem (1.16),
where φ0 : Rd → R is a convex function satisfying the following properties.

(i) ∥·∥2 /2− φ0 is Zd-periodic.

(ii) T0(x+ k) = T0(x) + k for almost every x ∈ Rd and k ∈ Zd.

(iii) For P -almost all x ∈ Rd, ∥T0(x)− x∥ = dTd(x, T0(x)).

Assume further that Q ∈ Pac(Td), and denote the respective densities of P,Q by p, q. Then,

(v) ∇φ∗
0 is the (Q-a.e. uniquely determined) optimal transport map from Q to P .

(vi) (∥·∥2 − 2φ0, ∥·∥2 − 2φ∗
0) is a pair of optimal Kantorovich potentials in equation (1.17).

(vii) If φ0 ∈ C2([0, 1]d), then it solves the Monge-Ampère equation

det(∇2φ0(x))q(∇φ0(x)) = p(x), x ∈ Rd.

In particular, if γ−1 ≤ p, q ≤ γ for some γ > 0, then φ0 is λ-strongly convex, for some
constant λ > 0 depending only on γ and ∥φ0∥C2([0,1]d).

With Proposition 1 in place, regularity properties of Brenier potentials φ0 may be deduced
from smoothness conditions on p, q. The following result was stated by Cordero-Erausquin
(1999) without explicit mention of the uniformity of the Hölder norms appearing therein, but
can readily be made uniform using Caffarelli’s interior regularity theory (Theorem 3(i); Figalli
(2017), Chapter 4). We also note that this result was stated by Ambrosio et al. (2012) in the
special case d = 2.



Chapter 1. Introduction 19

Theorem 4. Let P,Q ∈ P(Td) be absolutely continuous with respect to the Lebesgue measure,
with respective densities p, q satisfying γ−1 ≤ p, q ≤ γ for some γ > 0. Assume further that
p, q ∈ Cα−1(Td) for some α > 1. Then, there exists a constant C > 0 depending only on
α, γ, ∥p∥Cα−1(Td) and ∥q∥Cα−1(Td) such that, ∥φ0∥Cα+1([0,1]d) ≤ C.

1.4 Notation

The following notational conventions will be used throughout this thesis.

Elementary Definitions. The Euclidean norm on Rd is denoted ∥·∥, and the ℓp norm of
a sequence (an)n≥1 ⊆ R is written ∥(an)n≥1∥ℓp = (

∑
n≥1 |an|p)1/p for all 1 ≤ p ≤ ∞. For

any B ∈ N, the permutation group on [B] = {1, . . . , B} is denoted SB . For any a, b ∈ R,
let a ∨ b = max{a, b} and a ∧ b = min{a, b}, a+ = a ∨ 0. If a ≥ 0, ⌊a⌋ and ⌈a⌉ denote
the respective floor and ceiling of a. We write R = R ∪ {∞},R+ = [0,∞), N = {1, 2, . . . }
and N0 = {0, 1, . . . }. Given a set Ω ⊆ Rd, its interior, closure, and boundary with respect to
the Euclidean norm are respectively denoted Ω◦,Ω, and ∂Ω. The logarithm of base b > 1 is
denoted logb(x) = log x/ log b, where log is the natural logarithm. For all x ∈ Rd and ϵ > 0,
B(x, ϵ) ≡ Bx,ϵ = {y ∈ Rd : ∥x− y∥ ≤ ϵ}.

Given a twice differentiable map f : Rd → R, the gradient of f is denoted ∇f , its Hessian
is denoted ∇2f , and its Laplacian is denoted ∆f =

∑d
i=1 ∂

2f/∂x2i . The divergence of a
differentiable vector field F = (F1, . . . , Fd) : Rd → Rd is denoted div(F ) =

∑d
i=1 ∂Fi/∂xi.

Given a measure space (Ω,F ,P), and two sub-σ-algebras G,H ⊆ F , we use the standard
notation for joins and intersections of σ-algebras, respectively given by G

∨
H := σ(G ∪ H)

and G
∧
H := G ∩ H.

Convex Analysis. Given a convex function φ : Rd → R ∪ {∞}, we denote by

φ∗(y) = sup
x∈Rd

{
⟨x, y⟩ − φ(x)

}
, y ∈ Rd

its convex conjugate, and by

∂φ(x) =
{
z ∈ Rd : φ(y)− φ(x) ≥ ⟨z, y − x⟩, y ∈ Rd

}
its subdifferential at a point x ∈ Rd.

Spaces of Probability Measures. Given a set Ω ⊆ Rd, we denote by P(Ω) the set of Borel
probability measures on Ω, and for any r > 0,

Pr(Ω) =
{
P ∈ P(Ω) :

ˆ
Ω
∥x∥rdP (x) <∞

}
.

Furthermore, Pac(Ω) denotes the subset of measures in P(Ω) which are absolutely continuous
with respect to the Lebesgue measure L. We adopt similar conventions when Ω is replaced by
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the flat torus Td = Rd/Td. A probability measure P ∈ P(Rd) is said to be σ2-sub-Gaussian
for some σ2 > 0 if it holds for Y ∼ P that

E exp(λ⊤(Y − EY )) ≤ exp(∥λ∥2 σ2/2), for all λ ∈ Rd.

Divergences between Probability Measures. LetP,Q ∈ P(Rd) be probability measures
such that P ≪ Q. We denote by

∥P −Q∥TV = sup
A∈B(Rd)

∣∣P (A)−Q(A)
∣∣, h2(P,Q) =

ˆ (√
dP −

√
dQ
)2

the total variation and Hellinger distances, and by

KL(P,Q) =

ˆ
log

(
dP

dQ

)
dP, χ2(P,Q) =

ˆ (
dP

dQ
− 1

)2

dQ,

the Kullback-Leibler and χ2-divergences.

Function Spaces. Given a measure space (Ω,F , ν), Lp(ν) denotes the Lebesgue space of
order 1 ≤ p ≤ ∞, endowed with the norm ∥f∥Lp(ν) = (

´
Ω |f(x)|pdν(x))1/p, for any measur-

able function f : Ω → R. Throughout this thesis we will adopt the following nonstandard
convention: the subscript “0” on a function space will always be used to indicate a restriction
to mean zero functions, and will never refer to a boundary condition. For example, we write

Lp0(ν) = {f ∈ Lp(ν) :

ˆ
fdν = 0}.

When ν is the Lebesgue measure L on Ω ⊆ Rd, we write Lp(Ω) (or Lp0(Ω)) instead of Lp(L)
(or Lp0(L)). We adopt the same convention when Ω is equal to the flat torus Td = Rd/Zd, in
which case, by abuse of notation, L denotes the standard Haar measure over Td, normalized to
be a probability measure. We often abbreviate

´
fdL by

´
f .

Given a map T = (T1, . . . , Td) : Ω → Ω, where Ω is either a subset of Rd or the flat torus
Td, we will write by abuse of notation

∥T∥Cs(Ω) :=
d∑
i=1

∥∥Ti∥∥Cs(Ω)
, ∥T∥Lr(Ω) :=

d∑
i=1

∥∥Ti∥∥Lr(Ω)
,

for any s > 0, 1 ≤ r ≤ ∞.

In defining standard function spaces, we follow similar conventions as Triebel (1983);
Schmeisser and Triebel (1987). In particular, given a set Ω, which is either a closed subset
of Rd or the d-dimensional flat torus Ω = Td, and given real numbers α > 0, s ∈ R \ {0},
1 ≤ p, q ≤ ∞, the Hölder spaces Cα(Ω), Besov spaces Bsp,q(Ω), Sobolev spaces Ḣs,p(Ω), and
their respective norms ∥·∥Cα(Ω), ∥·∥Bs

p,q(Ω), ∥·∥Hs,r(Ω), are defined in Appendix A. We drop the
suffix Ω when the underlying space can be understood from context.
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Fourier Transform and Convolution. The Fourier transform of a function K ∈ L1(Rd)
is denoted

F [K](ξ) =

ˆ
Rd

f(x)e−2πix⊤ξdx, for any ξ ∈ Rd.

Given a map f ∈ L2(Td), we continue to denote by F [f ](ξ) the Fourier coefficients of f , now
restricted to all ξ ∈ Zd. We also write Zd∗ = Zd.

The convolution of functions f, g : Rd → R is denoted by (f ⋆ g)(x) =
´
f(x− y)g(y)dy.

Furthermore, the convolution of two Borel probability measures P,Q is the measure (P ⋆
Q)(B) =

´
IB(x + y)dP (x)dQ(y) for all B ∈ B(Rd), where IB(x) = I(x ∈ B) is the

indicator function of B. The convolution of P with f is the function (P ⋆ f)(x) =
´
f(x−

y)dP (y).

Constants. Given two real numbers a, b > 0, we write a ≲ b if there exists a universal
constant C > 0—not depending on a and b but possibly depending on quantities which are
either clear from context or specified explicitly—such that a ≤ Cb. We write a ≍ b if a ≲ b ≲ a.
When we wish to emphasize the dependence of C on a particular quantity g, we may write ≲g
or ≍g .

Many constants throughout Chapters 5–7 will depend on quantities such as ∥f∥Cs(Ω)

and ∥f−1∥L∞(Ω), for some s > 0 and f ∈ Cs(Ω). We therefore introduce the following
abbreviation: for any s > 0, k ≥ 1, f1, . . . , fk ∈ Cs+(Td),

ωs(f1, f2, . . . , fk) :=
k∑
j=1

(
∥fj∥Cs(Td) + ∥f−1

j ∥L∞(Td)

)
. (1.18)
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Chapter 2

Minimax Confidence Intervals for
the Sliced Wasserstein Distance

2.1 Introduction

In this chapter, we take a first step toward the question of performing statistical inference for the
Wasserstein distance, by studying a related functional known as the Sliced Wasserstein distance.
Introduced by Rabin et al. (2011); Bonneel et al. (2015), this metric is obtained by averaging the
Wasserstein distance between random one-dimensional projections of the distributions to be
compared. Concretely, let Sd−1 be the unit ball of Rd with respect to the Euclidean norm, and
let µ denote the uniform probability measure on Sd−1. Then, the r-th order Sliced Wasserstein
distance between two probability distributions P,Q ∈ Pr(Rd), for some r ≥ 1, is given by

SWr(P,Q) =

(ˆ
Sd−1

W r
r (Pθ, Qθ)dµ(θ)

) 1
r

, (2.1)

where for any θ ∈ Sd−1, we let πθ : x ∈ Rd 7→ x⊤θ, and write Pθ = πθ#P and Qθ = πθ#Q.

The primary motivation for defining the Sliced Wasserstein distance is its computational
tractability. Indeed, in spite of the recent popularity of the Wasserstein distance, its high
computational complexity often limits its applicability to large-scale problems. A key exception
to this high computational cost is the univariate case, in which the Wasserstein distance admits
a closed form as theLr norm between the quantile functions of the distributions to be compared,
which is easy to compute. Since the measures Pθ and Qθ appearing in the above display are
univariate, it follows that the Sliced Wasserstein is itself computable in closed form (as we
shall see in Section 2.2). Furthermore, the Sliced Wasserstein distance shares some of the same
qualitative behaviour as the multivariate Wasserstein distance, and even induces the same
topology on Pr(Rd) (Bonnotte, 2013). These considerations make it an attractive and easily
computable alternative to the Wasserstein distance in large-scale applications.

Motivated by the fact that the Wasserstein distance and its sliced analogue are sensitive to

23
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outliers and heavy tails, we introduce a trimmed version of the Sliced Wasserstein distance,
denoted by SWr,δ(P,Q) for some trimming constant δ ∈ [0, 1/2), which we defined formally
in equation (2.8). This robustification of the Sliced Wasserstein distance compares distributions
up to a 2δ fraction of their probability mass, thereby generalizing the one-dimensional trimmed
Wasserstein distance introduced by Munk and Czado (1998). One of the aims of this chapter
is to derive confidence intervals for the trimmed Sliced Wasserstein distance which make
either no assumptions or mild moment assumptions on the unknown distributions P and Q.
Specifically, given a level α ∈ (0, 1) and i.i.d. samples X1, . . . , Xn ∼ P and Y1, . . . , Ym ∼ Q,
we derive confidence sets Cnm ⊆ R such that

inf
P,Q

P
(
SWr,δ(P,Q) ∈ Cnm

)
≥ 1− α, (2.2)

where the infimum is over a suitable family of distributions P,Q.

One of the main reasons that the Wasserstein distance has found many applications is the
fact that it is a useful notion of distance under weak assumptions. Unlike the Total Variation,
Hellinger, Kullback-Leibler and other divergences, the Wasserstein distance between a pair
of distributions can be estimated from samples (optimally) under mild assumptions without
requiring any smoothing. However, existing results on inference for the univariate Wasserstein
distance (Munk and Czado, 1998; Freitag, Munk, and Vogt, 2003; Freitag, Czado, and Munk,
2007; Freitag and Munk, 2005) typically require strong smoothness assumptions and suggest
different inferential procedures when P = Q as compared to when P ̸= Q. In contrast, we
construct various assumption-light confidence intervals Cnm which have finite-sample validity
under weak moment assumptions.

The confidence intervals we construct are adaptive to the regularity of the distributions
P and Q, as measured by a functional SJr,δ introduced formally in Section 2.3.1 (equation
(2.14)). The magnitude of SJr,δ(P ) is largely controlled by the tails of P and by whether its
one-dimensional projections have connected support. The one-dimensional counterpart of this
functional was identified in the work of Bobkov and Ledoux (2019) who showed that when this
functional is finite, the empirical measure ofX1, . . . , Xn converges to P under the Wasserstein
distance at the fast rate of O(1/

√
n), assuming d = 1. On the other hand, when this functional

is infinite Bobkov and Ledoux (2019) showed that this convergence happens at a slower rate
of O((1/n)1/2r). Our work shows that the role of the SJr,δ functional in inference is more
nuanced. When SJr,δ(P ) and SJr,δ(Q) are finite, our confidence intervals have length scaling
at the fast rate of O(1/

√
n ∧m), mirroring the rates of convergence in the work of Bobkov

and Ledoux (2019). On the other hand, when these values are infinite, a dichotomy arises:
in full generality, when SWr,δ(P,Q) is allowed to take arbitrary (small) values uncertainty
quantification is difficult and our intervals can have lengths scaling as O((1/n ∧m)1/2r) in
the worst case. However, we find, somewhat surprisingly, even when the SJr,δ functional is
infinite, accurate O(1/

√
n ∧m)-inference is possible so long as SWr,δ(P,Q) is bounded away

from 0. We emphasize that the intervals we construct are adaptive, i.e. they have small lengths
under appropriate conditions on the SJr,δ functional and SWr,δ(P,Q), without needing the
statistician to specify or have knowledge of these quantities. We also show that our confidence
intervals have minimax optimal length over classes of distributions with varying magnitudes
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of SJr,δ(P ).

To complement our results on confidence intervals for the Sliced Wasserstein distance
we also consider the problem of estimating the Sliced Wasserstein distance between two
distributions, given samples from each of them. We provide minimax upper and lower bounds
for this problem as well. Indeed, our minimax lower bounds for confidence interval length are
derived directly from minimax lower bounds for estimating the Sliced Wasserstein distance
by noting that the minimax length of a confidence interval is bounded from below by the
corresponding minimax estimation rate.

We illustrate the practical significance of our methodology via an application to likelihood-
free inference (Sisson, Fan, and Beaumont, 2018), in which a parametrized stochastic simulator
for the data-generating process is available, but its underlying distribution is intractable. Here,
our goal is to construct confidence intervals for unknown parameters of the simulator, on the
basis of minimizing its Sliced Wasserstein distance from an observed sample. Distributional
assumptions such as those made in past work on inference for the one-dimensional Wasserstein
distance (Munk and Czado, 1998; Freitag, Munk, and Vogt, 2003; Freitag, Czado, and Munk,
2007; Freitag and Munk, 2005) are typically unverifiable in such applications.

Our Contributions. We summarize the contributions of this chapter as follows.

• We define the δ-trimmed Sliced Wasserstein distance SWr,δ , and the functional SJr,δ ,
generalizing the functional Jr of Bobkov and Ledoux (2019). We show that the finiteness
of SJr,δ(P ) is a sufficient condition for the empirical measure to estimate P at the para-
metric rate under the trimmed Sliced Wasserstein distance, and we prove corresponding
minimax lower bounds. We also derive minimax rates of estimating the Sliced Wasser-
stein distance between two distributions, both in the trimmed and untrimmed settings.
These rates are sensitive to the magnitude of the SJr,δ functional.

• We propose two-sample confidence intervals for SWr,δ(P,Q) which have finite-sample
coverage under minimal moment assumptions. We bound the length of our confidence
intervals, showing that they are adaptive both to the magnitude of SJr,δ(P ),SJr,δ(Q)
and to whether or not P = Q. These lengths achieve the minimax rate of estimating the
Sliced Wasserstein distance, up to polylogarithmic factors.

• We further contrast our finite-sample confidence intervals with asymptotic methods. In
particular, under certain regularity conditions, we derive limit laws and show that the
bootstrap is consistent in estimating the distribution of the empirical r-Sliced Wasserstein
distance for all r > 1, whenever P ̸= Q. We then show how this last assumption may
be removed by combining the strengths of our finite-sample intervals and the bootstrap.

• We illustrate our theoretical findings with a simulation study and an application to
likelihood-free inference.
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2.2 Background and Related Work

In this section, we first provide some further background on the (univariate) Wasserstein
distance and its sliced counterpart before turning our attention to a detailed discussion of
related work.

2.2.1 The Univariate Wasserstein Distance

Throughout this chapter, we will make use of the well-known fact that the univariate r-
Wasserstein distance can be expressed as theLr norm of the quantile functions of the probability
distributions to be compared. Concretely, let X ⊆ R and P,Q ∈ Pr(X ). Let F,G denote the
cumulative distribution functions (CDFs) of P and Q, and denote their respective quantile
functions by F−1 and G−1, where

F−1(u) = inf{x ∈ R : F (x) ≥ u}, for all u ∈ [0, 1].

We extend F−1 to be defined over the entire real line under the convention F−1(u) = inf(X )
for all u < 0 and F−1(u) = sup(X ) for all u > 1, and similarly for G−1. Then, the one-
dimensional Wasserstein distance admits the following closed form (Bobkov and Ledoux,
2019):

Wr(P,Q) =

(ˆ 1

0

∣∣F−1(u)−G−1(u)
∣∣rdu)1/r

. (2.3)

We will also make use of the ∞-Wasserstein distance: when X is a bounded set, the limit

W∞(P,Q) := lim
r→∞

Wr(P,Q) = sup
0≤u≤1

∣∣F−1(u)−G−1(u)
∣∣ (2.4)

exists, and defines a new metric W∞ on P(X ). The relationship Wr(P,Q) ≤ W∞(P,Q)
shows that W∞ is a stronger metric than Wr for any r ≥ 1. In fact, it is strictly stronger: for
instance, Wr(δ0, (1− ϵ)δ0+ ϵδ1) → 0 as ϵ→ 0 if and only if r is finite. In contrast, the metrics
Wr induce the same (weak) topology for all finite r, when diam(X ) <∞ (Villani, 2003).

The One-Dimensional Trimmed Wasserstein Distance. Given distributions P,Q ∈
P(R) and a trimming constant δ ∈ [0, 1/2), Munk and Czado (1998) define the δ-trimmed
Wasserstein distance (up to rescaling) by

Wr,δ(P,Q) =

(
1

1− 2δ

ˆ 1−δ

δ

∣∣F−1(u)−G−1(u)
∣∣rdu) 1

r

. (2.5)

When δ = 0, Wr,δ reduces to the original Wasserstein distance Wr, and when δ > 0, Wr,δ

compares the distributions P and Q up to a 2δ fraction of their tail mass. Specifically, let
P δ denote the distribution with CDF F δ(x) = (F (x) − δ)/(1 − 2δ), for all F−1(δ) ≤ x ≤
F−1(1− δ), and similarly for Qδ . Then, Álvarez-Esteban et al. (2008) note that Wr,δ(P,Q) =
Wr(P

δ, Qδ).

In addition, we define the trimmed ∞-Wasserstein distance by

W∞,δ(P,Q) := lim
r→∞

Wr,δ(P,Q) = sup
δ≤u≤1−δ

∣∣F−1(u)−G−1(u)
∣∣.
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2.2.2 The Sliced Wasserstein Distance

Recall the definition of the Sliced Wasserstein distance given in equation (2.1). In view of
equation (2.3), the Sliced Wasserstein distance admits the following closed form, for any
P,Q ∈ Pr(Rd)

SWr(P,Q) =

(ˆ
Sd−1

ˆ 1

0

∣∣F−1
θ (u)−G−1

θ (u)
∣∣rdudµ(θ)) 1

r

, (2.6)

where F−1
θ and G−1

θ are the respective quantile functions of Pθ and Qθ. Both integrals of
the above expression can be approximated via Monte Carlo sampling from Sd−1 and from
the unit interval [0, 1]. This fact makes the computation of the Sliced Wasserstein distance
significantly simpler than that of the Wasserstein distance. Moreover, the Sliced Wasserstein
distance retains some of the qualitative behaviour of the Wasserstein distance, at least for
compactly-supported distributions. Indeed, Bonnotte (2013) showed that for any distributions
P,Q ∈ P({x ∈ Rd : ∥x∥ ≤M}), where M > 0, we have

SWr
r(P,Q) ≤ cd,rW

r
r (P,Q) ≤ Cd,rM

r−1/(d+1)SW1/(d+1)
r (P,Q), (2.7)

where Cd,r > 0 is a constant depending on d and r, but not depending on M , and cd,r =
1
d

´
Sd−1 ∥θ∥rr dµ(θ), which is bounded above by 1/d whenever r ≥ 2. In particular, it follows

that the metrics Wr and SWr are topologically equivalent over P(X ) when diam(X ) <∞.
As we shall see, however, the statistical behaviour of the Wasserstein and Sliced Wasserstein
distances can differ dramatically for large dimensions d.

Though the original Sliced Wasserstein distance of Rabin et al. (2011) was defined in terms
of the uniform distribution µ over Sd−1, a straightforward adaptation of Proposition 5.12
of Bonnotte (2013) shows that SWr remains a metric over P(Rd) when µ is replaced by any
probability measure which is absolutely continuous with respect to the Hausdorff measure on
Sd−1. We allow µ to be any such measure throughout the sequel.

The Trimmed Sliced Wasserstein Distance. In analogy to the trimmed Wasserstein dis-
tance in equation (2.5), we further define

SWr,δ(P,Q) =

(
1

1− 2δ

ˆ
Sd−1

ˆ 1−δ

δ

∣∣F−1
θ (u)−G−1

θ (u)
∣∣rdudµ(θ)) 1

r

, (2.8)

for some δ ∈ [0, 1/2). We also define the trimmed∞-Sliced Wasserstein distance by SW∞,δ(P,Q) =´
Sd−1 W∞,δ(Pθ, Qθ)dµ(θ), and more generally, we write

SW
(r)
∞,δ(P,Q) =

ˆ
Sd−1

W r
∞,δ(Pθ, Qθ)dµ(θ).

When δ > 0, the trimmed-Sliced Wasserstein distance is well-defined and finite for all dis-
tributions P,Q ∈ P(Rd), including those admitting fewer than r moments. Nevertheless,
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it can be easily seen that supP,Q∈P(Rd) SWr,δ(P,Q) = ∞. It will be fruitful in our develop-
ment to impose moment conditions which ensure that the quantity SWr,δ(P,Q) is uniformly
bounded—one such condition is given in terms of the class

Kr,ρ(b) =

{
P ∈ P(Rd) :

ˆ
Sd−1

EX∼P
[
|X⊤θ|ρ

] r
ρdµ(θ) ≤ b

}
, b, ρ, r ≥ 1. (2.9)

We shall use the special case ρ = 2 most often, in which case we drop the subscript ρ and
simply write Kr(b) := Kr,2(b). It follows from Lemma 3 in Section 2.A that SWr,δ(P,Q) is
uniformly bounded over distributions P,Q ∈ Kr(b), by a constant depending only on b, r and
δ. Notice that if b̄ = bρ/r , then Kr,ρ(b) contains the class

Kρ(b̄) =
{
P ∈ Pρ(Rd) : EX∼P

[
∥X∥ρ

]
≤ b̄
}
. (2.10)

Finally, we write Kr,ρ =
⋃
b≥1Kr,ρ(b), Kr =

⋃
b≥1Kr(b) and Kρ =

⋃
b̄≥1Kρ(b̄).

2.2.3 Related Work

We are unaware of any other work regarding statistical inference for the Sliced Wasserstein
distance, except in the special case d = 1 when it coincides with the one-dimensional Wasser-
stein distance. In this case, Munk and Czado (1998) study limiting distributions of the empirical
(plug-in) Wasserstein distance estimator, and Freitag, Munk, and Vogt (2003); Freitag, Czado,
and Munk (2007); Freitag and Munk (2005) establish sufficient conditions for the validity of the
bootstrap in estimating the distribution of the empirical second-order trimmed Wasserstein
distance. While these results are very useful, they assume that (i) P and Q are absolutely
continuous, (ii) with densities supported on connected sets, and (iii) require different inferential
procedures at the classical null (P = Q) and away from the null (P ̸= Q). In contrast, the con-
fidence intervals derived in the present chapter are valid under either no assumptions or mild
moment assumptions on P and Q, and are applied more generally to the Sliced Wasserstein
distance in arbitrary dimension. Though our methodology is assumption-light, our confidence
intervals are adaptive to (iii), and assumptions (i) and (ii) are closely related to the finiteness of
SJr,δ(P ), SJr,δ(Q), to which our confidence intervals are also adaptive.

The Sliced Wasserstein distance is one of many modifications of the Wasserstein distance
based on low-dimensional projections. We mention here the Generalized Sliced (Kolouri et al.,
2019), Tree-Sliced (Le et al., 2019), max-Sliced (Deshpande et al., 2019), Subspace Robust (Paty
and Cuturi, 2019; Niles-Weed and Rigollet, 2022), and Distributional Sliced (Nguyen et al., 2020)
Wasserstein distances. It is also possible to define various other interesting distances by slicing
(averaging along univariate projections—see Kim, Balakrishnan, and Wasserman (2020)).

Beyond the aforementioned inferential results for the one-dimensional Wasserstein distance,
statistical inference for Wasserstein distances over finite or countable spaces has been studied
by Sommerfeld and Munk (2018); Tameling, Sommerfeld, and Munk (2019); Klatt, Tameling, and
Munk (2020); Klatt, Munk, and Zemel (2022). For distributions with multidimensional support,
Rippl, Munk, and Sturm (2016) consider the situation where P and Q only differ by a location-
scale transformation. Imaizumi, Ota, and Hamaguchi (2022) study the validity of the multiplier
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bootstrap for estimating the distribution of the plug-in estimator of an approximation of the
Wasserstein distance. Central Limit Theorems for empirical Wasserstein distances in general
dimension have been established by del Barrio and Loubes (2019); del Barrio, González-Sanz,
and Loubes (2021), but with unknown centering constants which are a barrier to using these
results for statistical inference.

Rates of convergence for the problem of estimating a distribution under the Wasserstein
distance (Dudley (1969); Boissard and Le Gouic (2014); Fournier and Guillin (2015); Bobkov
and Ledoux (2019); Weed and Bach (2019); Singh and Póczos (2019); Lei (2020), and references
therein) have received significantly more attention than the problem of estimating the Wasser-
stein distance, the latter being more closely related to our work. Minimax rates of estimating
the Wasserstein distance between two distributions have been established by Niles-Weed and
Rigollet (2022), as well as by Liang (2019) when r = 1; we will also return to this topic in the
following chapter. In the special case d = 1, where the Sliced Wasserstein distance coincides
with the Wasserstein distance, our results refine those of Niles-Weed and Rigollet (2022) by
showing that faster rates can be achieved depending on the finiteness of the SJr,δ functional,
and on the magnitude of SWr,δ(P,Q).

Likelihood-free inference methodology with respect to the Wasserstein and Sliced Wasser-
stein distances has recently been developed by Bernton et al. (2019) and Nadjahi et al. (2020).
In contrast to these methods, both of which employ approximate Bayesian computation, our
work provides frequentist coverage guarantees under minimal assumptions.

2.3 Estimating the Sliced Wasserstein Distance

The goal of this section is to bound the minimax risk of estimating the Sliced Wasserstein
distance between two distributions, that is

Rnm ≡ Rnm(O; r) = inf
Ŝnm

sup
(P,Q)∈O

EP⊗n⊗Q⊗m

∣∣Ŝnm − SWr,δ(P,Q)
∣∣, (2.11)

where the infimum is over all estimators Ŝnm of the Sliced Wasserstein distance based on
a sample of size n from P and a sample of size m from Q, and O ⊆ P(Rd) × P(Rd) is a
collection of pairs of distributions. Our motivation for studying this quantity is the observation
that Rnm lower bounds the minimax length of a confidence interval for the Sliced Wasserstein
distance. We construct confidence intervals with matching length in Section 2.4.

The estimation problem in equation (2.11) is related to, but distinct from, the problem of
estimating a distribution under the Sliced Wasserstein distance. The minimax risk associated
with this problem is given by

Mn ≡ Mn(J ; r) = inf
P̂n

sup
P∈J

EP⊗n

{
SWr,δ(P̂n, P )

}
, (2.12)

where the infimum is over all estimators P̂n of Borel probability distributions P , based on a
sample of size n from P , and J ⊆ P(Rd). Problems (2.11) and (2.12) are related as follows:
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Given estimators P̂n and Q̂m for two distributions P,Q ∈ P(Rd), which are minimax optimal
in the sense of equation (2.12), we have, by the triangle inequality,

Rnm(O; r) ≲ E
∣∣SWr,δ(P̂n, Q̂m)− SWr,δ(P,Q)

∣∣
≤ ESWr,δ(P̂n, P ) + ESWr,δ(Q̂m, Q) ≲Mn∧m(J ; r), (2.13)

for suitable families J and O (typically O ⊆ J ×J ). Inequality (2.13) implies that estimating
a distribution under SWr,δ is a more challenging problem, statistically, than that of estimating
the Sliced Wasserstein distance between two distributions. It is unclear, however, whether the
rate Mn∧m is a tight upper bound on Rnm, or whether the latter can be further reduced. For
the Wasserstein distance Wr in general dimension, Liang (2019) and Niles-Weed and Rigollet
(2022) showed that there is no gap between these minimax risks (ignoring polylogarithmic
factors) for compactly supported distributions.

Let us now briefly summarize the main results of this section. We bound Mn and Rnm,
and show that there can be a large gap between these minimax risks when the pairs of
distributions in O are appropriately separated. In the special case d = 1, SWr,δ reduces to
the (trimmed) Wasserstein distance, and our results imply faster rates than those of Liang
(2019) and Niles-Weed and Rigollet (2022), for estimating the Wasserstein distance between
distributions bounded away from each other. Furthermore, in contrast to the minimax risk
for estimating the Wasserstein distance and estimating under the Wasserstein distance, the
minimax risks we obtain for the Sliced Wasserstein distance when d > 1 are dimension-free.

Though our primary interest is in Rnm (due to its direct connection to confidence intervals)
we begin by studying Mn to motivate our choices of families O. Inspired by Bobkov and
Ledoux (2019), in Section 2.3.1 we define a functional SJr,δ , whose magnitude is related to the
regularity of the supports of P and Q, and whose finiteness implies improved rates of decay
for Mn. We then study the minimax risk Rnm over various families O in Section 2.3.2.

2.3.1 Minimax Estimation under the Sliced Wasserstein Distance

Let δ ∈ [0, 1/2),P ∈ P(Rd), and letX1, . . . , Xn ∼ P be an i.i.d. sample. LetPn = 1
n

∑n
i=1 δXi

denote the corresponding empirical measure. The goal of this section is to characterize the
rates of convergence of Pn to the distribution P under the (trimmed) Sliced Wasserstein
distance, extending the comprehensive treatment by Bobkov and Ledoux (2019). We then
provide corresponding minimax lower bounds on Mn.

For any θ ∈ Sd−1, let pθ denote the density of the absolutely continuous component in the
Lebesgue decomposition of the measure Pθ = πθ#P . Define the functional

SJr,δ(P ) =
1

1− 2δ

ˆ
Sd−1

ˆ 1−δ

δ

(√
u(1− u)

pθ(F
−1
θ (u))

)r
dudµ(θ), (2.14)

with the convention that 0/0 = 0. When d = 1, we write Jr,δ instead of SJr,δ , and in the
untrimmed case δ = 0, we omit the subscript δ and write SJr or Jr. When d = 1 and δ = 0,
Bobkov and Ledoux (2019) prove that the finiteness of Jr(P ) is a necessary and sufficient
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condition for E
[
Wr(Pn, P )

]
to decay at the parametric rate n−1/2. The magnitude of Jr is thus

closely related to the convergence behaviour of empirical measures under one-dimensional
Wasserstein distances, and we show below that the same is true for the SJr,δ functional with
respect to trimmed Sliced Wasserstein distances, using distinct proof techniques.

It can be seen that a necessary condition for the finiteness of SJr,δ(P ) is that for µ-almost
every θ ∈ Sd−1, the density pθ is supported on a (possibly infinite) interval. When δ vanishes,
the value of SJr,δ(P ) also depends on the tail behaviour of P and the value of r. For example,
if P = N(0, Id) is the standard Gaussian distribution, it can be shown that SJr,δ(P ) < ∞
whenever δ > 0, whereas for δ = 0, SJr(P ) <∞ if and only if 1 ≤ r < 2 by a similar argument
as Bobkov and Ledoux (2019, p. 46). On the other hand, if P = 1

2U(0,∆1) +
1
2U(∆2, 1), for

some 0 < ∆1 ≤ ∆2 < 1, where U(a, b) denotes the uniform distribution on the interval
(a, b) ⊆ R, one has SJr,δ(P ) <∞ if and only if ∆1 = ∆2, for every δ ∈ [0, 1/2).

We now provide two upper bounds onE
[
SWr,δ(Pn, P )

]
, which are effective when SJr,δ(P ) <

∞ and SJr,δ(P ) = ∞ respectively. Recall the class Kr(b) from equation (2.9).

Proposition 2. Let b, r ≥ 1 and δ ∈ (0, 1/2). Assume P ∈ Kr(b), and that δ ≥ 2(r + 2)/n.

(i) There exist constants cr, c′r > 0 depending only on r such that

E
[
SWr,δ(Pn, P )

]
≤ crSJ

1
r

r, δ
2

(P )

√
log n

n
+
cr(bne

−c′rnδ)
1
r

√
δ

. (2.15)

(ii) There exists a constant kr > 0 depending only on r such that

E
[
SWr,δ(Pn, P )

]
≤ kr√

δ

(
b

1− 2δ

) 1
r

n−1/2r. (2.16)

Proposition 2 provides two upper bounds on the rate of convergence of the empirical
measure under SWr,δ , which are closely related to those of Theorem 5.3 and Theorem 7.16 of
Bobkov and Ledoux (2019) for the one-dimensional untrimmed Wasserstein distance. Bobkov
and Ledoux (2019) established these results by hinging upon a representation of the empirical
one-dimensional Wasserstein distance in terms of the so-called mean square beta distribution,
coupled with Poincaré-type inequalities for such measures. While extensions of these tech-
niques to the untrimmed Sliced Wasserstein distance are straightforward, and will be stated
for completeness in Section 2.3.3, it was unclear to us whether they may be adapted to the
trimmed setting δ > 0. Our proof of Proposition 2 is instead based on uniform concentration
inequalities for the empirical quantile process—an approach which we now describe, and which
foreshadows the construction of our confidence intervals in Section 2.4.

Proposition 2(i) is proved using a uniform bound for self-normalized empirical processes,
known as the relative Vapnik-Chervonenkis (VC) inequality (Vapnik, 2013; Bousquet, Boucheron,
and Lugosi, 2003), which will be further described in Example 2 below. This result shows that
the empirical measure converges at the parametric rate under SWr,δ , up to a polylogarithmic
factor, provided SJr,δ/2(P ) is bounded, and provided, for instance, that the trimming constant
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δ does not vanish at a rate faster than n−β for some β ∈ (0, 1). We emphasize that this
convergence is uniform in P—for instance, one has that for all s ≥ 1,

sup
P∈Kr(b)

SJr,δ/2(P )≤s

E
[
SWr,δ(Pn, P )

]
≲
b,r
s

1
r

√
log n

n
, when δ ≍ n−β, for some β ∈ (0, 1).

In fact, the above bound continues to hold when s ≤ 1—a regime relevant for distributions
with vanishing variances—so long as s1/r

√
log n/n remains greater than the second term in

equation (2.15). Finally, we note that the polylogarithmic factor in the above display arises
from the relative VC inequality. Example 2.7 of Giné and Koltchinskii (2006) suggests that this
factor may be improved to

√
log logn, but not further if δ ≳ 1/n. We do not know whether

this factor can be omitted if stronger conditions are placed on δ while allowing it to vanish.

Proposition 2(ii) is primarily of interest for distributions such that SJr,δ(P ) = ∞, and is
proved using the Dvoretzky-Kiefer-Wolfowitz inequality (Dvoretzky, Kiefer, and Wolfowitz,
1956; Massart, 1990). This result shows that the empirical measure converges to P at the
nonparametric rate n−1/2r under no assumptions onP apart from the mild moment assumption
P ∈ Kr(b). In contrast to Proposition 2(i), however, this result suffers from a markedly worse
dependence on δ. Indeed, the resulting rate of convergence deteriorates as soon as δ = o(1),
and we conjecture that this behaviour is necessary under the stated assumptions.

The rates in Proposition 2 do not depend on the dimension d, contrasting generic rates of
convergence of the empirical measure under the Wasserstein distance. For instance, if P is
supported on a bounded set in Rd, Lei (2020) (see also Fournier and Guillin (2015), Weed and
Bach (2019)) shows that E[Wr(Pn, P )] ≲ n−1/d whenever d > 2r, and this rate is known to
be tight (Dudley, 1969; Singh and Póczos, 2019). Thus, estimating a distribution in the Sliced
Wasserstein distance does not suffer from the curse of dimensionality despite metrizing the
same topology on P(Rd)—see equation (2.7).

For completeness, we close this subsection by stating a lower bound on the minimax risk
Mn in equation (2.12). In view of Proposition 2, it is natural to carry out our analysis over the
class of distributions

J (s) =
{
P ∈ Kr(b) : SJr,δ(P ) ≤ s

}
, s ∈ [0,∞].

Proposition 3. Let b, r ≥ 1 and δ ∈ (0, 1/2). Then, there exist constants C1, C2 > 0, possibly
depending on b, r, δ, such that for all s > 0 satisfying b ≥ (2s)1/r ,

Mn(J (s); r) ≥ C1s
1
rn−1/2, and Mn(J (∞); r) ≥ C2n

−1/2r.

Proposition 3 implies that the rates achieved by the empirical measure in Proposition 2 are
minimax optimal over the classes considered above, up to polylogarithmic factors. The proof
of this result will follow as a special case of our bounds on the minimax risk Rnm, to which
we turn our attention next.
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2.3.2 Minimax Estimation of the Sliced Wasserstein Distance

In this section, we bound the minimax risk Rnm defined in equation (2.11). We begin by
providing upper bounds on the estimation error of the empirical Sliced Wasserstein distance,
SWr,δ(Pn, Qm). Recall that, Pn and Qm denote the empirical measures of i.i.d. samples
X1, . . . , Xn ∼ P and Y1, . . . , Ym ∼ Q, respectively.

Proposition 4. Let b, r ≥ 1 and δ ∈ (0, 1/2). Assume P,Q ∈ Kr(b), and that δ ≥ 2(r +
2)/(n ∧m).

(i) There exists a constant cr > 0, possibly depending on r, such that

E
∣∣SWr,δ(Pn, Qm)− SWr,δ(P,Q)

∣∣
≲
r

(
b

1− 2δ

) 1
r n−

1
2r

√
δ

∧

(
SJ

1
r

r, δ
2

(P )

√
log n

n
+

(bne−crnδ)
1
r

√
δ

)

+

(
b

1− 2δ

) 1
r m− 1

2r

√
δ

∧

(
SJ

1
r

r, δ
2

(Q)

√
logm

m
+

(bme−crmδ)
1
r

√
δ

)
.

(ii) Suppose SWr,δ(P,Q) ≥ Γ, for some real number Γ > 0. Then,

E
∣∣SWr,δ(Pn, Qm)− SWr,δ(P,Q)

∣∣ ≲
Γ,r

b

δr/2(1− 2δ)

(
n−

1
2 +m− 1

2

)
.

Proposition 4(i) is an immediate consequence of inequality (2.13), which implies that the
rate of estimating the Sliced Wasserstein distance with the plug-in estimator SWr,δ(Pn, Qm)
is no worse than the rate of convergence of the empirical measures under SWr,δ given in
Proposition 2. In particular, these results show that the parametric rate for estimating SWr,δ

is achievable for distributions satisfying SJr,δ/2(P ),SJr,δ/2(Q) <∞, while the rate n−1/2r +

m−1/2r is otherwise achievable. On the other hand, Proposition 4(ii) implies that the parametric
rate of estimating SWr,δ(P,Q) is always achievable when P and Q are bounded away from
each other under SWr,δ . This fast rate of convergence is obtained irrespective of the values of
SJr,δ(P ) and SJr,δ(Q). Discrepancies between rates of convergence at the null (P = Q) and
away from the null (P ̸= Q) have previously been noted by Sommerfeld and Munk (2018) for
Wasserstein distances over finite spaces—indeed, their rates match those of Proposition 4 when
SJr,δ/2(P ), SJr,δ/2(Q) = ∞. Finally, we note that the natural estimator SWr,δ(Pn, Qm) is
adaptive to the typically unknown quantities SJr,δ/2(P ) and SJr,δ(Q), and does not require the
statistician to specify if P = Q or P ̸= Q. Instead, the estimator adapts and yields favorable
rates in favorable situations—when either the SJr,δ/2 functionals are finite, or when P and Q
are sufficiently well-separated.

We now provide corresponding lower bounds on the minimax risk Rnm. Inspired by
Proposition 4, we define the following collection of pairs of distributions,

O(Γ; s1, s2)=
{
(P,Q)∈K2

r(b) : SJr,δ(P ) ≤ s1, SJr,δ(Q) ≤ s2, SWr,δ(P,Q) ≥ Γ
}
,
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where s1, s2 ∈ [0,∞] and Γ ≥ 0. To ensure that the class O(Γ; s1, s2) is nonempty, we assume
in what follows that Γr ≤ crb, for some sufficiently small constant cr > 0 depending only on
r. With these definitions in place we now state our minimax lower bounds on the risk Rnm.

Theorem 5. Let b, r ≥ 1 and δ ∈ (0, 1/2). Fix s > 0, and assume b ≥ (2s)1/r .

(i) There exists a constant C1 > 0, possibly depending on δ, r, b, such that for any s1, s2 ∈
[0,∞],

Rnm(O(0; s1, s2); r) ≥ C1

n
− 1

2r +m− 1
2r , s1 = s2 = ∞

s
1
r
1√
n
+

s
1
r
2√
m
, s1 ∨ s2 ≤ s.

(ii) For any Γ > 0 such that Γr ≤ crb, there exists a constant C2 > 0 possibly depending on
δ, r, b,Γ such that

Rnm(O(Γ;∞,∞); r) ≥ C2

(
n−

1
2 +m− 1

2

)
.

Theorem 5 implies that the rates achieved by the empirical Sliced Wasserstein distance
SWr(Pn, Qm) in Proposition 4, including their dependence on the SJr,δ functional, are minimax
optimal (ignoring polylogarithmic factors). We defer its proof to Section 2.C. This result is
proved by a standard information-theoretic technique of constructing pairs of distributions
which are statistically indistinguishable but have very different Sliced Wasserstein distances.
We then obtain lower bounds via an application of Le Cam’s Lemma (see, for instance, Theorem
2.2 of Tsybakov (2008)). Beyond this careful choice of distributions, the bulk of our technical
effort lies in tightly bounding the various Sliced Wasserstein distances (see Lemma 10 in
Section 2.C).

In Section 2.4, we construct finite-sample confidence intervals for SWr,δ(P,Q) whose
lengths achieve these same rates of convergence, up to polylogarithmic factors. Before turning
to these results, we discuss estimation rates in the untrimmed case when δ = 0.

2.3.3 Minimax Estimation of the Untrimmed Sliced Wasserstein Distance

Though our results below on finite-sample and asymptotic inference will focus on the trimmed
Sliced Wasserstein distance, as it is an estimand for which assumption-free inference is possi-
ble, we end this section by deriving convergence rates for estimating the untrimmed Sliced
Wasserstein distance. In this setting, a straightforward extension of Theorem 5.3 and Theo-
rem 7.16 of Bobkov and Ledoux (2019) already leads to the following untrimmed analogue of
Proposition 2, which we state for completeness. We recall that the class Kr,ρ(b) is defined in
equation (2.9).

Proposition 5. Let r ≥ 1 and s > 0. Then,

sup
P∈P(Rd)
SJr(P )≤s

ESWr(Pn, P ) ≲r s
1
rn−

1
2 .
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Furthermore, for any ρ > 2r and b > 0,

sup
P∈Kr,ρ(b)

ESWr(Pn, P ) ≲b,ρ,r n
− 1

2r .

Convergence rates for estimating SWr(P,Q) immediately follow from Proposition 5. For
example, we obtain

sup
P,Q∈Kr,ρ(b)

E
∣∣SWr(Pn, Qm)− SWr(P,Q)

∣∣ ≲b,ρ,r n− 1
2r +m− 1

2r .

By analogy with Proposition 4(ii), it is natural to ask whether the above convergence rate may
be improved to the parametric rate when P and Q are separated in Sliced Wasserstein distance.
Such an assertion cannot be deduced from the work of Bobkov and Ledoux (2019), and is the
subject of the following main result.

Theorem 6. For any r, b ≥ 1, Γ > 0, and any ρ > 2r, it holds that

sup
P,Q∈Kr,ρ(b)
SWr(P,Q)≥Γ

E
∣∣SWr(Pn, Qm)− SWr(P,Q)

∣∣ ≲Γ,ρ,r b

(√
log n

n
+

√
logm

m

)
. (2.17)

Theorem 6 proves that the parametric rate for estimating the Sliced Wasserstein distance
between well-separated distributions continues to hold in the absence of trimming, at the price
of a polylogarithmic factor. In fact, our proof shows more generally that the following bound
holds without separation conditions on P and Q,

sup
P,Q∈Kr,ρ(b)

E
∣∣SWr

r(Pn, Qm)− SWr
r(P,Q)

∣∣ ≲ρ,r b(√ log n

n
+

√
logm

m

)
. (2.18)

The only regularity condition required for these bounds is that P,Q ∈ Kr,ρ(b), for some
ρ > 2r. When d = 1, this condition is equivalent to assuming that P and Q have finite
moments of order ρ, and is otherwise weaker when d > 1. The threshold ρ > 2r appears to
be nearly sharp, at least for the conclusion of equation (2.18) to hold. One clearly requires
ρ ≥ r, as otherwise SWr(P,Q) may be infinite. In the range r < ρ < 2r, for the special case
d = 1 and P = Q, Fournier and Guillin (2015) argue that the rate in equation (2.18) cannot be
improved beyond n−

ρ−r
ρ , which is polynomially slower than the parametric rate. While we do

not know the sharp rate in this regime when P ̸= Q, we expect that the parametric rate is not
achievable even under this restriction, for ρ < 2r.

Theorem 6 is proved using a peeling argument, coupled with a uniform self-normalized
concentration inequality for the empirical quantile process, which was already discussed
following the statement of Proposition 2. Unlike the latter result, where this inequality allowed
us to obtain rates which adapt to the SJr,δ functional, its use here is essential for obtaining a
nearly sharp rate without unnecessary moment assumptions, as it allows us to tightly control
the behaviour of extremal empirical quantiles. We defer the proof to Section 2.D.
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2.4 Finite-Sample Confidence Intervals

2.4.1 Finite-Sample Confidence Intervals in Dimension One

Throughout this subsection, let r ≥ 1 and δ ∈ [0, 1/2) be given, let P,Q ∈ P(R) be probability
distributions with respective CDFs F,G, and let X1, . . . , Xn ∼ P and Y1, . . . , Ym ∼ Q be
i.i.d. samples. Let Fn(x) = 1

n

∑n
i=1 I(Xi ≤ x) and Gm(x) = 1

m

∑m
j=1 I(Yj ≤ x) denote their

corresponding empirical CDFs, for all x ∈ R. We derive confidence intervals Cnm ⊆ R for the
δ-trimmed Wasserstein distance, with the following non-asymptotic coverage guarantee

inf
P,Q∈P(R)

P
(
Wr,δ(P,Q) ∈ Cnm

)
≥ 1− α, (2.19)

for some pre-specified level α ∈ (0, 1). Our approach hinges on the fact that the one-
dimensional Wasserstein distance may be expressed as the Lr norm of the quantile functions of
P and Q (cf. equation (2.3)), suggesting that a confidence interval may be derived via uniform
control of the empirical quantile process. Specifically, the starting point for our confidence
intervals is a confidence band of the form

inf
P∈P(R)

P
(
F−1
n

(
γα,n(u)

)
≤ F−1(u) ≤ F−1

n

(
ηα,n(u)

)
, ∀u ∈ (0, 1)

)
≥ 1− α/2, (2.20)

for some sequences of functions γα,n, ηα,n : (0, 1) → R. The study of uniform quantile bounds
of the form (2.20) is a classical topic (see for instance, the book of Shorack and Wellner (2009)).
We discuss two prominent examples that will form the basis of our development.

Example 1. By the Dvoretzky-Kiefer-Wolfowitz (DKW) inequality (Dvoretzky, Kiefer, and
Wolfowitz, 1956; Massart, 1990), we have

P
(
|Fn(x)− F (x)| ≤ βn, ∀x ∈ R

)
≥ 1− α

2
, βn =

√
1

2n
log(4/α). (2.21)

Inverting this inequality leads to the choice

γα,n(u) = u− βn, ηα,n(u) = u+ βn, u ∈ (0, 1). (2.22)

Example 2. Scale-dependent choices of γα,n and ηα,n may be obtained via the relative Vapnik-
Chervonenkis (VC) inequality (Vapnik, 2013). The latter implies the inequality

P
(
|Fn(x)− F (x)| ≤ να,n

√
Fn(x)(1− Fn(x)), ∀x ∈ R

)
≥ 1− α

2
, (2.23)

where να,n :=
√

16
n [log(16/α) + log(2n+ 1)]. As shown in Section 2.G.5, inverting inequality

(2.23) leads to the following choice, for all u ∈ (0, 1),

γα,n(u) =
2u+ ν2α,n − να,n

√
ν2α,n + 4u(1− u)

2(1 + ν2α,n)
,

ηα,n(u) =
2u+ ν2α,n + να,n

√
ν2α,n + 4u(1− u)

2(1 + ν2α,n)
.

(2.24)
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Given sequences of functions γα,n, ηα,n satisfying equation (2.20), one has with probability
at least 1− α, Anm(u) ≤ |F−1(u)−G−1(u)| ≤ Bnm(u) uniformly in u ∈ [δ, 1− δ], where,

Anm(u) =
[
F−1
n

(
γα,n(u)

)
−G−1

m

(
ηα,m(u)

)]
∨
[
G−1
m

(
γα,m(u)

)
− F−1

n

(
ηα,n(u)

)]
∨ 0,

Bnm(u) =
[
F−1
n

(
ηα,n(u)

)
−G−1

m

(
γα,m(u)

)]
∨
[
G−1
m

(
ηα,m(u)

)
− F−1

n

(
γα,n(u)

)]
.

This observation readily leads to the following Proposition.

Proposition 6. Let δ ∈ [0, 1/2) and r ≥ 1. Then, the interval

Cnm =

( 1

1− 2δ

ˆ 1−δ

δ
Arnm(u)du

) 1
r

,

(
1

1− 2δ

ˆ 1−δ

δ
Br
nm(u)du

) 1
r

 , (2.25)

satisfies inf
P,Q∈P(R)

P
(
Wr,δ(P,Q) ∈ Cnm

)
≥ 1− α.

Proposition 6 establishes the finite-sample coverage of the confidence interval Cnm, under
no assumptions on the distributions P,Q. We emphasize, however, that for distributions P,Q
with unbounded support, the interval Cnm only has finite length under the following condition.

A1(δ;α) We have γα,n∧m(δ) > 0 and ηα,n∧m(1− δ) < 1.

If γα,n, ηα,n are chosen via the DKW inequality (2.22), these inequalities imply the choice
δ ≳ (n ∧ m)−1/2, while if they are chosen via the relative VC inequality (2.24), one must
take δ ≳ log(n ∧m)(n ∧m)−1. These choices exclude the untrimmed case δ = 0, for which
statistical inference for the Wasserstein distance is not possible without any assumptions on
the tail behaviour of P and Q. If explicit bounds on the quantile functions of P and Q are
known near the boundary of the unit interval—which is for instance the case when an upper
bound on the moments of P and Q is known—these may be used to replace the confidence
band [F−1

n (γα,n(u)), F
−1
n (ηα,n(u))] by one of finite length for values of u ∈ [0, 1] satisfying

γα,n(u) < 0 and ηϵ,n(u) > 1. Doing so would lead to a confidence intervalCnm of finite length
for the untrimmed Wasserstein distance. Since our goal is assumption-free inference, however,
we do not pursue this avenue here and we therefore assume A1(δ;α) holds throughout the
sequel.

2.4.2 Finite-Sample Confidence Intervals in General Dimension

We now use Proposition 6 to derive a confidence interval for SWr,δ(P,Q), whereP,Q ∈ P(Rd).
In analogy to Section 2.4.1, a natural approach is to choose functions γα,n and ηα,n such that

P
(
F−1
θ,n

(
γα,n(u)

)
≤ F−1

θ (u) ≤ F−1
θ,n

(
ηα,n(u)

)
, ∀u ∈ (0, 1), θ ∈ Sd−1

)
≥ 1− α

2
, (2.26)

uniformly in P ∈ P(Rd), where Fθ,n(x) = (1/n)
∑n

i=1 I(X
⊤
i θ ≤ x) for all x ∈ R and

θ ∈ Sd−1, and F−1
θ denotes the quantile function of Pθ = πθ#P . Such a bound can be

obtained, for instance, by applying the VC inequality (Vapnik, 2013) to the empirical process
indexed by the set of half-spaces inRd. An assumption-free confidence interval for SWr,δ(P,Q)
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with finite-sample coverage may then be constructed by following the same lines as in the
previous section. Due to the uniformity of equation (2.26) over the unit sphere, however, it can
be seen that the length of such an interval is necessarily dimension-dependent. In what follows,
we instead show that it is possible to obtain a confidence interval with dimension-independent
length by exploiting the fact that the Sliced Wasserstein distance is a mean with respect to µ.

Let θ1, . . . , θN be an i.i.d. sample from the distribution µ, for some integer N ≥ 1, and let
µN = (1/N)

∑N
i=1 δθi denote the corresponding empirical measure. Consider the following

Monte Carlo approximation of the Sliced Wasserstein distance between the distributions P
and Q,

SW
(N)
r,δ (P,Q) =

(ˆ
Sd−1

W r
r,δ(Pθ, Qθ)dµN (θ)

) 1
r

=

 1

N

N∑
j=1

W r
r,δ(Pθj , Qθj )

 1
r

.

For any θ ∈ Sd−1, let [ℓN,nm(θ), uN,nm(θ)] be the confidence interval in equation (2.25) for
Wr,δ(Pθ, Qθ), at level 1− α/N . Let

LN,nm =

ˆ
Sd−1

ℓrN,nm(θ)dµN (θ), UN,nm =

ˆ
Sd−1

urN,nm(θ)dµN (θ),

and set
C(N)
nm =

[
L

1
r
N,nm, U

1
r
N,nm

]
. (2.27)

By a Bonferroni correction, we obtain conditional coverage of SW(N)
r,δ (P,Q), i.e. almost surely,

inf
P,Q∈P(Rd)

P
(
SW

(N)
r,δ (P,Q) ∈ C(N)

nm

∣∣∣ θ1, . . . , θN) ≥ 1− α.

We further obtain finite-sample coverage of the Sliced Wasserstein distance itself by the
following small enlargement of C(N)

nm .

Proposition 7. Let b, r ≥ 1 and δ ∈ (0, 1/2). Let (MN )
∞
N=1 be a nonnegative sequence such

that MN → ∞ as N → ∞. Define

C(N)
nm =

[(
LN,nm −MN/

√
N
) 1

r
,
(
UN,nm +MN/

√
N
) 1

r

]
. (2.28)

Then, there is a constant c > 0 depending only on r such that

inf
P,Q∈K2r(b)

P
(
SWr,δ(P,Q) ∈ C(N)

nm

)
≥ 1− α− bc

M2
Nδ

r
.

Proposition 7 ensures that an enlargement of the intervalC(N)
nm , of size less than (MN/

√
N)

1
r ,

will cover SWr,δ(P,Q) at level 1− α−O(M−2
N ), for any fixed sample sizes n and m. Notice

that N is chosen by the practitioner, so that this enlargement can be made to be of lower order
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than the length of C(N)
nm . We shall therefore focus our analysis and numerical studies on the

interval C(N)
nm rather than C(N)

nm .

Although the coverage of the above intervals requires no assumptions on P and Q, apart
from the mild moment condition P,Q ∈ K2r(b), we now show that their length achieves the
minimax rates established in Theorem 5, and is adaptive to the magnitude of SJr,δ(P ), SJr,δ(Q).

2.4.2.1 Bounds on the Confidence Interval Length

In this section, we state a general upper bound (Theorem 7) on the length of C(N)
nm , depending

on γα,n, ηα,n. We subsequently specialize this result through Corollaries 1, 2 to illustrate the
different rates of convergence which can be obtained under various choices of these functions,
and under various conditions on the underlying distributions.

In what follows, we assume γα,n and ηα,n are both differentiable, invertible with differ-
entiable inverses over (0, 1), and are respectively increasing and decreasing as functions of
α. Given ϵ ∈ (0, 1), for notational convenience we write ε := (ϵ ∧ α)/N and a = α/N . In
the sequel, we also omit explicitly indexing various quantities by the number of Monte Carlo
samples N . Our upper bounds on the length of C(N)

nm will depend on the function

κ̃ε,n(u) = max
{
|f−1(u)− g−1(u)| : f, g ∈ {γa,n, γε,n, ηa,n, ηε,n}

}
, u ∈ (0, 1),

as measured by the following two sequences,

κε,n= sup
δ
2
≤u≤1− δ

2

κ̃ε,n(u), Vε,n(P )=
1

1− 2δ

ˆ
Sd−1

ˆ 1−δ/2

δ/2

[
κ̃ε,n(u)

pθ(F
−1
θ (u))

]r
dudµ(θ).

Here, recall pθ denotes the density of the absolutely continuous component of Pθ . Additional
technical assumptions B1-B3 regarding γα,n, ηα,n, κε,n, appear in Section 2.E. For appropriate
choices of δ and ϵ, these assumptions are satisfied by the choices of γα,n and ηα,m described in
Examples 1 and 2, for which the corresponding values of κε,n and Vε,n(P ) are derived in the
following simple Lemma.

Lemma 1. Let ε ∈ (0, 1).

1. If γε,n and ηε,m are chosen as in equation (2.22), then there exist constants c1, c2 > 0
depending only on r such that

κε,n ≤ c1

√
log (4/ε)

n
, and Vε,n(P ) ≤ c2

(
κε,n√
δ

)r
SJr, δ

2
(P ).

2. If γε,n and ηε,m are chosen as in equation (2.24), then there exist constants k1, k2 > 0
depending only on r such that

κε,n ≤ k1νε,n, and Vε,n(P ) ≤ k2ν
r
ε,nSJr, δ

2
(P ).
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The proof is a straightforward consequence of Examples 1, 2, together with the derivations
in Appendices 2.B and 2.G.5, and is therefore omitted. We now define the functional

Uε,n(P ) =
1

1− 2δ

ˆ
Sd−1

(
sup

δ≤u≤1−δ
|h|≤κε,n

∣∣F−1
θ (u+ h)− F−1

θ (u)
∣∣r−1

)
dµ(θ).

Uε,n(P ) is an upper bound on the magnitude of the largest jump discontinuity of the quantile
function F−1

θ , averaged over directions θ ∈ Sd−1. When SJr,δ(P ) <∞, the quantile function
F−1
θ is absolutely continuous for almost all θ ∈ Sd−1 (see Lemma 2 in Section 2.A), implying

that Uε,n(P ) decays to zero as n → ∞. The lengths of our confidence intervals will now
depend on the quantities

ψε,nm=


(
SW

(r−1)
∞,δ (P,Q)+Uε,n(P )+Uε,m(Q)

)√bκε,n√
δ
, SJr, δ

2
(P )∨SJr, δ

2
(Q)=∞(

SWr
r,δ(P,Q)+Vε,n(P )+Vε,m(Q)

) r−1
r [Vε,n(P )]

1
r , otherwise,

and,

φε,nm=


(
SW

(r−1)
∞,δ (P,Q)+Uε,n(P )+Uε,m(Q)

)√bκε,m√
δ
, SJr, δ

2
(P )∨SJr, δ

2
(Q)=∞(

SWr
r,δ(P,Q)+Vε,n(P )+Vε,m(Q)

) r−1
r [Vε,m(Q)]

1
r , otherwise.

With this notation in place, we arrive at the following upper bound on the length of C(N)
nm .

Recall that λ denotes the Lebesgue measure on R. To simplify our statement, we shall only
consider the case where δ is bounded away from 1/2.

Theorem 7. Let r, b ≥ 1 and α, ϵ ∈ (0, 1). Let P,Q ∈ K2(b), and define δ ∈ (0, δ0) for some
δ0 ∈ (0, 1/2). Recall that ε = (ϵ ∧ α)/N , and assume κε,n∧m ≤ δ

2 ∧ (1− 2δ). Assume further
that conditions B1-B3 hold for some constants K1,K2 > 0. Then, there exists c > 0 depending
only on K1,K2, δ0, r such that with probability at least 1− ϵ,

λ(C(N)
nm ) ≤

{
SWr

r,δ(P,Q) + c
(
ψε,nm + φε,nm + κN

)}1/r
− SWr,δ(P,Q).

Here, κN denotes a random variable depending only on µN , such that E|κN | ≤ c1N
−1/2rI(d ≥

2), for a constant c1 > 0 depending on b, r, δ and K1–K2.

The proof of Theorem 7 appears in Section 2.E. As we shall see, the presence of SW(r−1)
∞,δ (P,Q)

or SWr,δ(P,Q) in the definition of φε,nm and ψε,nm implies distinct rates of decay for the
confidence interval length, depending on whether P,Q approach each other under the Sliced
Wasserstein distance. The fact that SW∞,δ is a stronger metric than SWr,δ , and the presence
of the functional Uε,n, will imply a second dichotomy in the rate of decay of the confidence
interval length, based on whether or not SJr,δ/2(P ) ∨ SJr,δ/2(Q) <∞.

The following result specializes Theorem 7 to Examples 1 and 2.
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Corollary 1. Let r, b ≥ 1 and α, ϵ ∈ (0, 1). Let P,Q ∈ K2(b), and define δ ∈ (0, δ0) for some
δ0 ∈ (0, 1/2).

(i) Suppose γα,n, ηα,n are chosen as in Example 1. Then, there is a constant cα > 0 such that
whenever δ ∧ (1− 2δ) ≥

√
cα log(N/ϵ)/(n ∧m), we have with probability at least 1− ϵ,

λ(C(N)
nm ) ≲

α,b,δ0,r
κ

1
r
N+


δ−

1
2 log(N/ϵ)

1
2r

(
n−

1
2r +m− 1

2r

)
, SJr, δ

2
(P ) ∨ SJr, δ

2
(Q) = ∞

δ−
1
2 log(N/ϵ)

1
2

(
SJ

1
r
r,δ/2

(P )
√
n

+
SJ

1
r
r,δ/2

(Q)
√
m

)
, otherwise.

(ii) Suppose γα,n, ηα,n are chosen as in Example 2. Let βϵ,nm = log(n∧m) + log(N/ϵ). Then,
there is a constant kα > 0 such that whenever δ ∧ (1 − 2δ) ≥

√
kαβϵ,nm/(n ∧m), we

have with probability at least 1− ϵ,

λ(C(N)
nm ) ≲

α,b,δ0,r
κ

1
r
N+


δ−

1
2β

1
2r
ϵ,nm

(
n−

1
2r +m− 1

2r

)
, SJr, δ

2
(P ) ∨ SJr, δ

2
(Q) = ∞

β
1
2
ϵ,nm

(
SJ

1
r
r,δ/2

(P )
√
n

+
SJ

1
r
r,δ/2

(Q)
√
m

)
, otherwise.

Whenever the trimming sequence is chosen as δ ≍ (n ∧ m)−a for some a ∈ (0, 1/2),
notice that one may allow ϵ to vanish at an exponentially fast rate with respect to n ∧m, in
both cases of Corollary 1. The high-probability bounds in this result may then be turned into
bounds on the expected confidence interval lengths, similarly as in Proposition 4, though we
avoid doing so here for brevity.

Corollary 1(i) shows that the length of the DKW-based interval achieves the minimax lower
bound of Theorem 5(i), up to a polylogarithmic factor in N and the approximation error κN . It
does not, however, achieve the optimal dependence on δ. This is a consequence of the DKW
inequality not adapting to the variance of the distributions therein. Corollary 1(ii) instead shows
that the relative VC-based interval has length depending on δ solely through the magnitude
of the SJr,δ/2 functional, at the expense of a polylogarithmic term in n,m. In both cases, the
confidence interval length scales polynomially with δ−1 when SJr,δ/2(P ) ∨ SJr,δ/2(Q) = ∞,
suggesting that in this case, the practitioner should not let δ vanish with n ∧m at a rate faster
than logarithmic, to guarantee consistent inference.

When the distributions P and Q are assumed to be bounded away from each other in
SWr,δ , Theorem 5(ii) suggests that the nonparametric rate n−

1
2r + m− 1

2r in Corollary 1 is
improvable. This is indeed the case, as shown below.

Corollary 2. Suppose P,Q ∈ K2(b) satisfy SWr,δ(P,Q) ≥ Γ for some constant Γ > 0. Then,
under the assumptions of Theorem 7, we have with probability at least 1− ϵ,

λ(C(N)
nm ) ≲

Γ,δ0,b,r
κN +

δ
− r

2

(
κε,n + κε,m

)
, SJr,δ/2(P ) ∨ SJr,δ/2(Q) = ∞

V
1/r
ε,n (P ) + V

1/r
ε,m (Q), otherwise.
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For example, when γϵ,n, ηϵ,n are based on the DKW inequality (Example 1), Corollary 2
implies that the length of C(N)

nm achieves the parametric rate n−
1
2 +m− 1

2 with high probability
(ignoring factors depending only on N and δ), under the mere condition that P and Q are
bounded away from each other. Theorem 5(ii) implies that this rate is minimax optimal. As
before, adaptivity to the magnitudes of SJr,δ/2(P ), SJr,δ/2(Q), without further dependence on
δ, is available using the relative VC-based interval in Example 2.

2.5 Asymptotic Confidence Intervals

We now discuss several existing asymptotic confidence intervals for the one-dimensional
Wasserstein distance, their extensions to the Sliced Wasserstein distance, and we compare
them to our finite-sample confidence intervals in Section 2.4.

In the context of goodness-of-fit testing, Munk and Czado (1998) prove central limit the-
orems of the form

√
nm
n+m

{
W 2

2,δ(Pn, Qm) −W 2
2,δ(P,Q)

}
⇝ N(0, σ2), where P and Q are

one-dimensional distributions, and σ > 0. They also construct a consistent estimator of σ.
These results assume that P ̸= Q, and that each of P and Q satisfy the following condition,

(C) F is twice continuously differentiable, with density p, which is strictly positive over the
real line. Moreover,

sup
x∈R

F (x)(1− F (x))

∣∣∣∣ p′(x)p2(x)

∣∣∣∣ <∞.

Assumption (C) originates from strong approximation theorems for the empirical quantile
process (Csorgo and Revesz, 1978), and entails that P and Q have differentiable densities,
whose supports are intervals. Under the weaker assumption that P and Q merely admit
continuous and positive densities on the real line, and still retaining the assumption that
P ̸= Q, Freitag, Munk, and Vogt (2003); Freitag and Munk (2005); Freitag, Czado, and Munk
(2007) prove the consistency of the bootstrap in estimating the distribution of W 2

2,δ(Pn, Qm)
in the one-dimensional case.

The Wasserstein distance is well-defined between any pairs of (possibly mutually singular)
distributions with sufficient moments, unlike other classical metrics between probability distri-
butions such as the Hellinger and Lr metrics. Indeed, this feature of the Wasserstein distance is
a primary motivation for its use in statistical applications. Smoothness assumptions such as (C)
are therefore prohibitive in inferential problems for the Wasserstein distance, and motivated
our development of assumption-light confidence intervals in the previous section. Nevertheless,
when a smoothness assumption such as (C) happens to hold, asymptotic confidence intervals
based on limit laws such as those of Munk and Czado (1998) above, or those based on the
bootstrap, may have shorter length than those described in Section 2.4.

We show in Section 2.5.1 that under some regularity conditions, the bootstrap is valid in
estimating the distribution of SWr,δ(Pn, Qm) for all r > 1, thereby generalizing the results of
Freitag, Munk, and Vogt (2003); Freitag and Munk (2005); Freitag, Czado, and Munk (2007) from
the case d = 1 and r = 2. We then illustrate in Section 2.5.2, how the strengths of bootstrap
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can be combined with those of the finite-sample confidence intervals of Section 2.4.

2.5.1 Bootstrapping the Sliced Wasserstein Distance

Let P,Q ∈ P(Rd), and let X1, . . . , Xn ∼ P , Y1, . . . , Ym ∼ Q be i.i.d. samples which are
independent of each other. Furthermore, let Pn and Qm denote their corresponding empirical
measures, and let P ∗

n and Q∗
m denote their bootstrap counterparts (that is, P ∗

n is the sampling
distribution of a sample of size n drawn from Pn). Lemma 13 in Section 2.F establishes the
Hadamard differentiability of the Sliced Wasserstein distance at pairs of distributions (P,Q)
satisfying certain regularity conditions. Limit laws for the empirical Sliced Wasserstein distance,
together with consistency of the bootstrap, then follow from the functional delta method (van
der Vaart and Wellner, 1996), as outlined in Theorem 8 below. We first introduce some notation.
Denote by BL1 the set of 1-Lipschitz functions f : R → R, such that ∥f∥∞ ≤ 1. We also write
for all u ∈ [δ, 1− δ] and all θ ∈ Sd−1,

w(u, θ) =
r

1− 2δ
sgn

(
F−1
θ (u)−G−1

θ (u)
) ∣∣F−1

θ (u)−G−1
θ (u)

∣∣r−1
,

as well as,

σ2P =

ˆ 1−δ

0

(ˆ
Sd−1

ˆ F−1
θ (1−δ)

F−1
θ (δ∨t)

w(Fθ(x), θ)dxdµ(θ)

)2

dt

−

(ˆ 1−δ

0

ˆ
Sd−1

ˆ F−1
θ (1−δ)

F−1
θ (δ∨t)

w(Fθ(x), θ)dxdµ(θ)dt

)2

,

and,

σ2Q =

ˆ 1−δ

0

(ˆ
Sd−1

ˆ G−1
θ (1−δ)

G−1
θ (δ∨t)

w(Gθ(x), θ)dxdµ(θ)

)2

dt

−

(ˆ 1−δ

0

ˆ
Sd−1

ˆ G−1
θ (1−δ)

G−1
θ (δ∨t)

w(Gθ(x), θ)dxdµ(θ)dt

)2

,

Finally, for any absolutely continuous distribution P ∈ P(R) with density p, we shall make
use of the following trimmed version of the J∞ functional introduced by Bobkov and Ledoux
(2019),

J∞,δ(P ) = esssup
δ≤u≤1−δ

1

p(F−1(u))
.

With this notation in place, the main result of this section is stated as follows.

Theorem 8. Let δ ∈ [0, 1/2) and r > 1. Let P,Q ∈ K2 be distributions such that for all
θ ∈ Sd−1, Pθ, Qθ are absolutely continuous with respect to the Lebesgue measure, with respective
families of densities {pθ}θ∈Sd−1 , {qθ}θ∈Sd−1 which are uniformly integrable over R. Assume that,

sup
θ∈Sd−1

J∞,δ/2(Pθ) ∨ J∞,δ/2(Qθ) <∞. (2.29)

Then, the following statements hold as n,m→ ∞ such that n
n+m → a ∈ (0, 1).
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(i) (Central Limit Theorem) We have,√
nm

n+m

(
SWr

r,δ(Pn, Qm)− SWr
r,δ(P,Q)

)
⇝ N

(
0, (1− a)σ2P + aσ2Q

)
.

(ii) (Bootstrap Consistency) For X = (X1, . . . , Xn),Y = (Y1, . . . , Ym), we have

sup
h∈BL1

∣∣∣∣∣E
[
h

(√
nm

n+m

{
SWr

r,δ(P
∗
n , Q

∗
m)− SWr

r,δ(Pn, Qm)
}) ∣∣∣∣X,Y]

− E
[
h

(√
nm

n+m

{
SWr

r,δ(Pn, Qm)− SWr
r,δ(P,Q)

})] ∣∣∣∣∣→ 0,

in outer probability.

Theorem 8(i) provides a central limit theorem for the empirical trimmed Sliced Wasserstein
distance, centered at its population counterpart. The primary assumptions required for this
result are (a) the existence and uniform integrability of the densities of Pθ and Qθ along
directions θ ∈ Sd−1, and (b) a uniform lower bound on these densities, over the compact sets
[F−1
θ (δ/2), F−1

θ (1 − δ/2)], as measured by the J∞,δ/2 functional. Note that assumption (a)
holds if P,Q admit upper bounded densities with respect to the Lebesgue measure over Rd,
but is strictly weaker; indeed, it can be satisfied by non-atomic measures which are singular
with respect to the Lebesgue measure on Rd. Furthermore, we note that the assumption of
uniform integrability is vacuous in the special case d = 1. Assumption (b) requires the bulk
of the supports of Pθ and Qθ to be connected. Such a condition is necessary for the limit
in Theorem 8(i) to be a mean-zero Gaussian distribution, as can be anticipated, for instance,
from the lack of Hadamard differentiability of the Wasserstein distance over finite spaces
(Sommerfeld and Munk, 2018). Nevertheless, our condition is stronger, since we have assumed
J∞,δ/2(Pθ) and J∞,δ/2(Qθ) are uniformly bounded in θ. Inspired by our results on estimation
and finite sample inference for the Sliced Wasserstein distance, it is natural to ask whether this
condition can be replaced by, say, SJr,δ(P ),SJr,δ(Q) <∞. Such a condition would allow the
densities pθ and qθ to approach zero at a sufficiently slow rate, which is currently precluded by
our theorem. We leave this question open for future work.

In the special case d = 1 and r = 2, the limiting variance obtained in Theorem 8(i) is equal
to the one obtained by Munk and Czado (1998), up to renormalizing their definition of the
trimmed Wasserstein distance, though our assumptions are significantly weaker since we do
not require the aforementioned condition (C). Nevertheless, their result allows the trimming
constant δ to vanish, while we require δ to be held fixed and, in fact, positive, when P and Q
have unbounded support. In this regard, our result is closer to those of Freitag, Munk, and Vogt
(2003); Freitag and Munk (2005); Freitag, Czado, and Munk (2007), who prove, in particular,
the Hadamard differentiability of the functional W 2

2,δ for a nonvanishing trimming constant δ.
Their results require P and Q to admit positive and continuously differentiable densities over
the real line, which is a strictly stronger assumption than those of Theorem 8. In particular, we
require no smoothness conditions on the various densities.
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We next compare Theorem 8(i) to existing central limit theorems for untrimmed Wasserstein
distances. Let d = 1, and assume P and Q are compactly-supported, so that one may take
δ = 0 in Theorem 8(i). In this case, the limiting variance may be reformulated in terms of the
expressions

σ2P = Var[ϕ0(X)], σ2Q = Var[ψ0(Y )],

where X ∼ P ∈ P(R), Y ∼ Q ∈ P(R), and for all x, y ∈ R,

ϕ0(x) =

ˆ x

−∞
w(F (t))dt, ψ0(y) =

ˆ y

−∞
w(G(t))dt.

Here, we abbreviatew(·) ≡ w(·, θ) in the one-dimensional case. It can be deduced from Gangbo
and McCann (1996) that (ϕ0, ψ0) forms an optimal pair of Kantorovich potentials in the dual
| · |r-optimal transport problem (Villani, 2003) from P toQ. In particular, for r = 2, the limiting
variance in Theorem 8(i) reduces to the one obtained by del Barrio and Loubes (2019), who
derive central limit theorems for W 2

2 (Pn, Qm), in general dimension d ≥ 1. Their results are
not centered at W 2

2 (P,Q) due to the large bias of empirical Wasserstein distances in general
dimension, however, it was shown by del Barrio, Gordaliza, and Loubes (2019) that when
d = 1, these limit theorems may be centered at the population Wasserstein distance under
assumptions akin to condition (C). We also refer to Berthet, Fort, and Klein (2020) and the
recent work of Hundrieser et al. (2022) for distinct assumptions under which such a result can
be obtained.

Theorem 8(ii) proves the consistency of the bootstrap in estimating the distribution of
SWr

r,δ(Pn, Qm). Letting F ∗
nm denote the CDF of SWr

r,δ(P
∗
n , Q

∗
m)− SWr

r,δ(Pn, Qm), it follows
that an asymptotic (1− α)-confidence interval for SWr,δ(P,Q) is given by

C∗
nm =

[(
SWr

r,δ(Pn, Qm)− F ∗
nm(1− α/2)

) 1
r ,
(
SWr

r,δ(Pn, Qm) + F ∗
nm(α/2)

) 1
r

]
.

The CDF F ∗
nm is typically estimated via Monte Carlo simulation (Efron and Tibshirani, 1994).

The assumptions for the validity of C∗
nm are those of Theorem 8, and in addition, the condition

that SWr,δ(P,Q) > 0, which is necessary and sufficient for the limiting variance aσ2P + (1−
a)σ2Q in Theorem 8 to be positive. Failure of the bootstrap at the null SWr,δ(P,Q) = 0 is due
to the Sliced Wasserstein distance being a functional with first-order degeneracy (Munk and
Czado, 1998), for which corrections such as those of Chen and Fang (2019), or the m-out-of-n
bootstrap (Sommerfeld and Munk, 2018), yield consistent procedures, but are practically less
attractive as they introduce further tuning parameters.

We illustrate in the sequel how our finite sample confidence intervals can be combined
with the bootstrap to relax this assumption.

2.5.2 A Hybrid Bootstrap Approach

Let C∗
nm denote the preceding bootstrap confidence interval at level 1 − α/2, and let C†

nm

denote the assumption-light confidence interval for SWr,δ(P,Q) in equation (2.28) at level
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1− α/2. Assume that the number of Monte Carlo replications N therein is taken to diverge as
n,m→ ∞. We define the (1− α)-hybrid confidence interval as:

Cnm =

{
C†
nm, if 0 ∈ C†

nm,

C∗
nm, otherwise.

(2.30)

Roughly, we use the bootstrap interval if we are reasonably certain that P and Q are bounded
away from each other in Sliced Wasserstein distance, and fall back on the finite-sample interval
otherwise. The following simple result characterizes the asymptotic coverage and length of
the hybrid interval. In order to simplify our discussion, we write Cnm = [a

1/r
nm, b

1/r
nm] and we

focus on bounding the length of the confidence interval [anm, bnm] for the r-th power of the
r-Sliced Wasserstein distance. We also assume that the finite-sample interval C†

nm is defined
in terms of the DKW confidence band in Example 1.

Proposition 8. Let a, α ∈ (0, 1), δ ∈ (0, 1/2), and assume the same conditions as Theorem 8.
Then, the following holds assuming n

n+m → a when n,m→ ∞.

(i) (Coverage) We have,

lim inf
n,m→∞

P
(
SWr,δ(P,Q) ∈ Cnm

)
≥ 1− α. (2.31)

(ii) (Length) Let N ≍ nr
2 , and choose MN ≍ logN in the definition of C†

nm. Then, we have
with probability at least 1− α,

(bnm − anm) = O

((
log n

n

) r
2

+
SWr,δ(P,Q)√

n

)
.

Proposition 8 establishes the asymptotic coverage of Cnm under the same conditions as
Theorem 8. In particular, it removes the assumption SWr,δ(P,Q) > 0, which is needed for
the asymptotic coverage of the bootstrap interval C∗

nm. We note that many other existing
corrections of the bootstrap for functionals with first-order degeneracy, such as the m-out-of-n
bootstrap or the procedures outlined in Section 2.1 of Verdinelli and Wasserman (2024), involve
expanding the asymptotic length of the interval, leading to a loss of efficiency. In contrast,
Proposition 8 shows that with high (albeit, fixed) probability, the hybrid interval achieves the
rate-optimal asymptotic length both at the null SWr,δ(P,Q) = 0 and away from the null, up
to a polylogarithmic factor in N (which can be removed when d = 1). We emphasize that this
adapativity is obtained without tuning parameters, apart from the sequences MN , N whose
precise choice does not greatly alter the properties of Cnm. Once again, the choice of these
sequences is vacuous in the special case d = 1.

Though this methodology inherits benefits from both the bootstrap and finite-sample
confidence intervals, it is not assumption-free. In principle, it is possible to extend this procedure
by empirically testing whether the conditions of Theorem 8 are met, and to use the outcome
of such a test in the conditions of equation (2.30). While doing so may allow for certain
assumptions to be relaxed, it could become impractical: for instance, we do not know of a test
for the finiteness of the J∞,δ/2 functional which is free of tuning parameters.
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2.6 Conclusion and Discussion

Our aim in this chapter has been to develop assumption-light finite-sample confidence in-
tervals for the Sliced Wasserstein distance. After deriving minimax rates for estimating the
Sliced Wasserstein distance, which are of independent interest, we bounded the length of our
confidence intervals, showing that they achieve near minimax optimal length. Their length is
also shown to be adaptive to whether or not the underlying distributions are near the classical
null, as well as to their regularity, as measured by the magnitude of the functional SJr,δ . These
findings contrast asymptotic methods such as the bootstrap, whose validity we show is subject
to certain prohibitive assumptions on the underlying distributions, and whose asymptotic
length does not enjoy the same adaptivity as that of our finite-sample intervals.

This chapter leaves open the problem of statistical inference for Wasserstein distances in
dimension greater than one, which we will return to in later chapters below. Indeed, our work
has hinged upon the representation of the one-dimensional Wasserstein distance as the Lr
distance between quantile functions, which is unavailable in general dimension. For the same
reason, our work does not shed light on statistical inference for other modifications of the
Wasserstein distance based on projections of distributions to low-dimensions greater than one,
such as those summarized in Section 2.2.3. We have shown that the Sliced Wasserstein distance
can be estimated at dimension-independent rates, and it is of interest to understand how this
finding changes for other low-dimensional modifications of the Wasserstein distance.

2.A Preliminary Technical Results

In this section, we collect several preliminary results which will frequently be used in the
sequel. We begin with the following straightforward Lemma, which follows from Appendix A
of Bobkov and Ledoux (2019).

Lemma 2. Let P ∈ P(Rd), r ≥ 1, and δ ∈ (0, 1/2). Let F−1
θ denote the quantile function of

Pθ = πθ#P for all θ ∈ Sd−1. If SJr,δ(P ) < ∞, then F−1
θ |[δ,1−δ] is absolutely continuous for

µ-almost all θ ∈ Sd−1.

Furthermore, we describe the following characterization of distributions falling in the
collections Kr,ρ(b) and Kr(b).

Lemma 3. Let δ ∈ (0, 1/2) and r, ρ, b ≥ 1. Then, for all distributions P ∈ Kr,ρ(b),ˆ
Sd−1

∣∣F−1
θ (a)

∣∣rdµ(θ) ≤ b(2/δ)r/ρ, a ∈ {δ, 1− δ}.

Furthermore, for all distributions P ∈ Kr(b), we have

sup
θ∈Sd−1

∣∣F−1
θ (a)

∣∣ ≤ (2b

δ

) 1
r

, a ∈ {δ, 1− δ}.

Proof of Lemma 3. The claim is a simple consequence of Markov’s inequality. Given
θ ∈ Sd−1, it must hold that (a) F−1

θ (δ) < 0 or (b) F−1
θ (1− δ) > 0. In the former case, since
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Fθ(F
−1
θ (δ)) ≥ δ, we have

δ ≤ P
{
X⊤θ ≤ F−1

θ (δ)
}
= P

{
−X⊤θ ≥ |F−1

θ (δ)|
}

≤ P
{
|X⊤θ| ≥ |F−1

θ (δ)|
}
≤ EX [|X⊤θ|ρ]

|F−1
θ (δ)|ρ

. (2.32)

while in the latter case, Fθ(F−1
θ (1− δ)/21/ρ) ≤ 1− δ, therefore

δ ≤ P

{
X⊤θ ≥

F−1
θ (1− δ)

21/ρ

}
≤ P

{
|X⊤θ| ≥

|F−1
θ (1− δ)|
21/ρ

}
≤ 2E[|X⊤θ|ρ]

|F−1
θ (1− δ)|ρ

(2.33)

We deduce,

max
a∈{δ,1−δ}

∣∣F−1
θ (a)

∣∣ ≤ (2E[|X⊤θ|ρ]
δ

) 1
ρ

. (2.34)

Indeed, when both (a) and (b) hold, the above display follows from equations (2.32) and (2.33).
When only (a) holds, it is clear that |F−1

θ (δ)| ≥ |F−1
θ (1− δ)|, thus the above display follows

from equation (2.33), and similarly when only case (b) holds. Thus, since the above display
holds for any θ ∈ Sd−1, we deduce that for both a ∈ {δ, 1− δ},

ˆ
Sd−1

∣∣F−1
θ (a)

∣∣rdµ(θ) ≤ (2

δ

) r
ρ
ˆ
Sd−1

E[|X⊤θ|ρ]
r
ρdµ(θ) ≤

(
2

δ

) r
ρ

b,

where we used the assumption P ∈ Kr,ρ(b).

To prove the second claim, one similarly has the following bound when P ∈ Kρ(b), for
a ∈ {δ, 1− δ},

sup
θ∈Sd−1

∣∣F−1
θ (a)

∣∣ ≤ sup
θ∈Sd−1

(
2E[|X⊤θ|ρ]

δ

) 1
ρ

≤

(
2

δ
E

[
sup

θ∈Sd−1

|X⊤θ|ρ
]) 1

ρ

=

(
2

δ
E [∥X∥ρ]

) 1
ρ

≤
(
2b

δ

) 1
ρ

.

2.B Proof of Propositions 2 and 4

We shall begin by proving Proposition 2(i) and Proposition 4(ii). As we shall explain, Proposi-
tion 2(ii) will then follow as a special case of Proposition 4(ii), and Proposition 4(i) will follow
from Proposition 2(i). Our proofs will make use of Examples 1 and 2 which appear in Section 2.4
of the main text, and of their corresponding proofs in Section 2.G. We shall also make use of
the following Lemma, which is proven in Section 2.B.1.
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Lemma 4. Let δ ∈ (0, 1/2). Then, for any r̄ ∈ [r, r + 1], there exists a constant Br > 0
depending only on r such that for all θ ∈ Sd−1 and all δ ≥ 2(r + 2)/n,

max
a∈{δ,1−δ}

E
[∣∣F−1

θ,n(a)
∣∣r̄] ≤ Br

1 + max
a∈{ δ

2
,1− δ

2}

∣∣F−1
θ (a)

∣∣r̄ +(E
∣∣X⊤θ

∣∣2
δ

) r̄
2

 .

In the above result and throughout this section, recall that F−1
θ,n (resp. G−1

θ,n, F−1
θ , G−1

θ )
denotes the quantile function of the distribution Pθ,n = πθ#Pn (resp. Qθ,m = πθ#Qm, Pθ =
πθ#P,Qθ = πθ#Q), for any θ ∈ Sd−1. Finally, throughout the remainder of this section, the
symbol “≲” is used to hide universal constants depending only on r.

Proof of Proposition 2(i). The claim is trivial if SJr,δ/2(P ) = ∞, thus assume otherwise.
We shall begin bounding the expectation of the following quantity

Zn(θ) =W r
r,δ(Pθ,n, Pθ),

for any fixed θ ∈ Sd−1. The result will then follow by integration over Sd−1. We begin with
the following key high probability bound.

Lemma 5. Let y0 =
√
δ/4 and Cr > 0 a constant depending only on r. Then, for all y ∈ (0, y0],

we have
esssup
θ∈Sd−1

P
(
Zn(θ) ≥ Cry

rJr,δ/2(Pθ)
)
≤ 2n+ 1

16
e−

ny2

16 ,

where the essential supremum is taken with respect to the measure µ.

Lemma 5 is proven in Section 2.B.2. Now, let Tθ = Cry
r
0Jr,δ/2(Pθ), so that

E[Zn(θ)] = E[Zn(θ) · I(Zn(θ) > Tθ)] + E[Zn(θ) · I(Zn(θ) ≤ Tθ)]. (2.35)

To bound the first term, notice first that

Zn(θ) =
1

1− 2δ

ˆ 1−δ

δ

∣∣F−1
θ,n(u)− F−1

θ (u)
∣∣rdu ≲ max

a∈{δ,1−δ}

∣∣F−1
θ,n(a)

∣∣r + ∣∣F−1
θ (a)

∣∣r.
Now, let s = 1/(1− 1/η), where η = r̄/r and r̄ ∈ (r, r + 1]. Then, by Hölder’s inequality, we
have uniformly in θ ∈ Sd−1,

E
[
Zn(θ) · I(Zn(θ) > Tθ)

]
≤ ∥Zn(θ)∥Lη(P) ∥I(Zn(θ) > Tθ)∥Ls(P)

≲ max
a∈{δ,1−δ}

(∥∥F−1
θ,n(a)

∥∥r̄
Lr̄(P) +

∣∣F−1
θ (a)

∣∣r̄) 1
η ∥I(Zn(θ) > Tθ)∥Ls(P)

≲

(
1 + max

a∈{ δ
2
,1− δ

2}

∣∣F−1
θ (a)

∣∣r̄ + (E|X⊤θ|2

δ

) r̄
2

) 1
η (

2n+ 1

16

) 1
s

e−
ny20
16s (2.36)
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≤

(
1 + max

a∈{ δ
2
,1− δ

2}

∣∣F−1
θ (a)

∣∣r + (E|X⊤θ|2

δ

) r
2

)(
2n+ 1

16

) 1
s

e−
ny20
16s ,

where we invoked Lemmas 3–5 in equation (2.36). Therefore, using the fact that s ≥ 1,
P ∈ Kr(b), and invoking Lemma 3, we obtain

ˆ
Sd−1

E
[
Zn(θ) · I(Zn(θ) > Tθ)

]
dµ(θ) ≲ (b/δr/2)ne−

ny20
16s ≲ bne−c0nδ/δr/2, (2.37)

for a universal constant c0 > 0 depending only on r. We further bound the second term in
equation (2.35). Setting tθ = Tθ ∧ CrJr,δ/2(Pθ)

(
16
n log

(
2n+1
16

))r/2, we arrive at

E
[
Zn(θ) · I(Zn(θ) < Tθ)

]
=

ˆ ∞

0
P
(
Zn(θ) · I(Zn(θ) < Tθ) ≥ x

)
dx

≤
ˆ Tθ

0
P
(
Zn(θ) ≥ x

)
dx

≤ tθ +

ˆ Tθ

tθ

P
(
Zn(θ) ≥ x

)
dx

≤ tθ +
2n+ 1

16

ˆ Tθ

tθ

exp

{
− n

16

(
x

Jr,δ/2(Pθ)Cr

)2/r
}
dx

= tθ +
r(2n+ 1)CrJr,δ/2(Pθ)

16

(
4√
n

)r ˆ ∞√
log( 2n+1

16 )
e−y

2
yr−1dy

≲ tθ +
r(2n+ 1)CrJr,δ/2(Pθ)

16

(
4√
n

)r ˆ ∞√
log( 2n+1

16 )
e−y

2/2dy,

where we used the change of variable y =
√
n
4

(
x

Jr,δ(Pθ)Cr

)1/r
, and where the final inequality

holds for all n larger than a universal constant depending only on r. It follows that

E
[
Zn(θ) · I(Zn(θ) < Tθ)

]
≲ tθ +

Jr,δ/2(Pθ)

nr/2
≲ Jr,δ/2(Pθ)

[
1

n
log

(
2n+ 1

16

)]r/2
.

Putting this fact together with equation (2.37), we have by the Fubini-Tonelli Theorem,

E
[
SWr

r,δ(Pn, P )
]
=

ˆ
Sd−1

E[Zn(θ)]dµ(θ)

≲ SJr,δ/2(P )

(
log n

n

) r
2

+ bne−c0nδ/δr/2.

The claim now follows since E
[
SWr,δ(Pn, P )

]
≤
(
E
[
SWr

r,δ(Pn, P )
]) 1

r .



Chapter 2. Minimax Confidence Intervals for the Sliced Wasserstein Distance 51

Proof of Proposition 4(ii). As we shall show, the assumption SWr,δ(P,Q) ≥ Γ implies
that the deviation

∆nm = SWr,δ(Pn, Qm)− SWr,δ(P,Q)

is of same order as
Dnm = SWr

r,δ(Pn, Qm)− SWr
r,δ(P,Q).

To bound this quantity, define for all θ ∈ Sd−1,

aθ = min
{
F−1
θ (δ), F−1

θ,n(δ), G
−1
θ (δ), G−1

θ,m(δ)
}
,

bθ = max
{
F−1
θ (1− δ), F−1

θ,n(1− δ), G−1
θ (1− δ), G−1

θ,m(1− δ)
}
,

M(θ) = max
{∣∣F−1

θ (δ/2)
∣∣, ∣∣G−1

θ (δ/2)
∣∣, ∣∣F−1

θ (1− δ/2)
∣∣, ∣∣G−1

θ (1− δ/2)
∣∣, 1},

and

Znm(θ) = (bθ − aθ)
r−1

ˆ 1−δ

δ

[
|F−1
θ,n(u)− F−1

θ (u)|+ |G−1
θ,m(u)−G−1

θ (u)|
]
du.

The bulk of our proof is now contained in the following result.

Lemma 6. We have,

|Dnm| ≤
r

1− 2δ

ˆ
Sd−1

Znm(θ)dµ(θ).

Assume further that P,Q ∈ Kr(b). Let y0 = δ/2. Then, there exists a universal constant A > 0
such that for all y ∈ (0, y0]

sup
θ∈Sd−1

P(|Znm(θ)| ≥ AM r(θ)y) ≤ 4 exp(−2(n ∧m)y2).

Let A, y0 > 0 be as in Lemma 6. Similarly as in the proof of Proposition 2, let Tθ =
AM r(θ)y0. Then, we have,

E[Znm(θ)] = E
[
Znm(θ)I(Znm(θ) ≥ Tθ)

]
+ E

[
Znm(θ)I(Znm(θ) < Tθ)

]
. (2.38)

Set s = 1/(1− 1/η), where again η = r̄/r and r̄ ∈ (r, r + 1], so that by Hölder’s inequality,
we have uniformly in θ ∈ Sd−1,

E
[
Znm(θ) · I(Znm(θ) ≥ Tθ)

]
≤ ∥Znm(θ)∥Lη(P) ∥I(Znm(θ) ≥ Tθ)∥Ls(P)

≲
(
∥aθ∥r̄Lr̄(P) + ∥bθ∥r̄Lr̄(P)

) 1
η
exp(−2(n ∧m)y20/s)

≲

(
M r̄(θ) +

(
E|X⊤θ|2

δ

) r̄
2

+

(
E|Y ⊤θ|2

δ

) r̄
2

) 1
η

exp(−2(n ∧m)y20/s)
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≲

(
M r(θ) +

(
E|X⊤θ|2

δ

) r
2

+

(
E|Y ⊤θ|2

δ

) r
2

)
exp(−2(n ∧m)y20/s), (2.39)

where we invoked Lemmas 4 and 6. Now, notice that
´
Sd−1 M

r(θ)dµ(θ) ≲ b/δr/2 by Lemma 3,
since P,Q ∈ Kr(b). Therefore, integrating both sides of the above display with respect to µ
leads to ˆ

Sd−1

E
[
Znm(θ)I(Znm(θ) ≥ Tθ)

]
dµ(θ) ≲ exp(−c1(n ∧m)δ2)b/δr/2,

for a constant c1 > 0. We now bound the second term in equation (2.38). We again use Lemma 6
to obtain ˆ

Sd−1

E
[
Znm(θ) · I(Znm(θ) < Tθ)

]
dµ(θ)

=

ˆ
Sd−1

ˆ ∞

0
P
(
Znm(θ) · I(Znm(θ) < Tθ) ≥ x

)
dxdµ(θ)

≤
ˆ
Sd−1

ˆ Tθ

0
P
(
Znm(θ) ≥ x

)
dxdµ(θ)

≤ 4

ˆ
Sd−1

ˆ Tθ

0
exp

{
−2(n ∧m)

(
x

AM r(θ)

)2
}
dxdµ(θ)

≲
1√
n ∧m

ˆ
Sd−1

M r(θ)dµ(θ) ≲
b

δr/2
√
n ∧m

.

Putting this fact together with equation (2.39), and applying the Fubini-Tonelli Theorem and
Lemma 6, we arrive at

E|Dnm| ≲
1

1− 2δ
E
[ˆ

Sd−1

Znm(θ)dµ(θ)

]
=

1

1− 2δ

ˆ
Sd−1

E
[
Znm(θ)

]
dµ(θ) ≲

b

δr/2(1− 2δ)
√
n ∧m

. (2.40)

Finally, the numerical inequality |xr − yr| ≥ yr−1|x− y| for all x, y > 0 implies

E|Dnm| ≥ SWr−1
r,δ (P,Q)E|∆nm| ≥ Γr−1E|∆nm|, (2.41)

so that E|∆nm| ≲ Γ1−rb(n ∧m)−1/2/(δr/2(1− 2δ)), as claimed.

Proof of Proposition 2(ii). Introduce an i.i.d. sample X ′
1, . . . , X

′
n ∼ P independent of

X1, . . . , Xn, and let Pn = 1
n

∑n
i=1 δX′

i
. It follows from convexity of the mapping (P,Q) 7→

SWr,δ(P,Q), similarly as in the proof of Theorem 4.3 of Bobkov and Ledoux (2019), that

E
[
SWr

r,δ(Pn, P )
]
≤ E

[
SWr

r,δ(Pn, P
′
n)
]
.
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The claim now follows from equation (2.40) with P = Q, which implies the bound

E
[
SWr

r,δ(Pn, P
′
n)
]
≲

bn−1/2

δr/2(1− 2δ)
,

so that, E
[
SWr,δ(Pn, P

′
n)
]
≲ b1/rn−1/2r/(

√
δ(1− 2δ)1/r).

Proof of Proposition 4(i). The claim is immediate from Proposition 2(i), by the triangle
inequality.

It remains to prove Lemmas 4–6.

2.B.1 Proof of Lemma 4

We shall make use of Bennett’s inequality, which we recall as follows using the notation of
Pollard (2002).

Lemma 7 (Bennett’s Inequality). Let Z1, . . . , Zn be i.i.d. random variables bounded above by 1,
and such that E[Z1] = µ ∈ R, Var[Z1] = v > 0. Then,

P

{
n∑
i=1

(Zi − µ) ≥ x

}
≤ exp

{
− x2

2W
ψ
( x
W

)}
,

for all x ≥ 0, where W ≥ nv is arbitrary, and where for all t ≥ −1,

ψ(t) =
(1 + t) log(1 + t)− t

t2/2
, for t ̸= 0, and ψ(0) = 1.

Turning back to the proof, fix θ ∈ Sd−1. Set mθ = E(|X⊤θ|2), and

xθ = 2
[
|F−1
θ (δ/2)| ∨ |F−1

θ (1− δ/2)| ∨ ℓ
√
mθ/δ ∨ 1

]
,

for a constant ℓ > 0 to be determined below. In particular, for all x ≥ xθ ,

Fθ(x) ≥ 1− δ/2, and Fθ(−x) ≤ δ/2.

Then, for all x ≥ xθ ,

P(−F−1
θ,n(δ) > x) ≤ P(Fθ,n(−x) > δ)

≤ P(Fθ,n(−x)− Fθ(−x) > δ/2)

≤ exp

{
−(δn)2

8Wθ
ψ

(
nδ

2Wθ

)}
,
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for any given Wθ ≥ nVar[I(X⊤θ ≤ −x)] = nFθ(−x)(1− Fθ(−x)), by Bennett’s inequality.
Now, from Markov’s inequality, one also has

Fθ(−x) = P(X⊤θ ≤ −x) = P(−X⊤θ ≥ x) ≤ P(|X⊤θ| ≥ x) ≤ mθ/x
2,

thus, we may take Wθ = nmθ/x
2. Furthermore,

(δn)2

8Wθ
ψ

(
nδ

2Wθ

)
=

(δn)2

8Wθ

(1 + nδ
2Wθ

) log(1 + nδ
2Wθ

)− nδ
2Wθ

( nδ
2Wθ

)2/2

=Wθ

[(
1 +

nδ

2Wθ

)
log

(
1 +

nδ

2Wθ

)
− nδ

2Wθ

]
≥ nmθ

x2

[
x2δ

2mθ
log

(
1 +

x2δ

2mθ

)
− x2δ

2mθ

]
≥ n

[
δ

2
log

(
1 +

x2δ

2mθ

)
− δ

2

]
≥ nδ

4
log

(
1 +

x2δ

2mθ

)
,

where the last inequality holds for all x ≥ xθ upon choosing the constant ℓ =
√
2(e2 − 1) in

the definition of xθ . Therefore, for all such x,

P(−F−1
θ,n(δ) > x) ≤

(
1 +

x2δ

2mθ

)−nδ
4

Applying a similar argument, we obtain that for all x ≥ xθ ,

P(F−1
θ,n(1− δ) > x) ≤ P(1− Fθ,n(x) > δ)

≤ P(Fθ(x)− Fθ,n(x) > δ/2) ≤
(
1 +

x2δ

2mθ

)−nδ
4

.

Now notice that
|F−1
θ,n(1− δ)| ≤ F−1

θ,n(1− δ) ∨ (−F−1
θ,n(δ)),

thus we arrive at

P(|F−1
θ,n(1− δ)| ≥ x) ≤ 2

(
1 +

x2δ

2mθ

)−nδ
4

, x ≥ xθ.

It follows that

E|F−1
θ,n(1− δ)|r̄ = r̄

ˆ ∞

0
xr̄−1P(|F−1

θ,n(1− δ)| ≥ x)dx

≲ xr̄θ +
ˆ ∞

xθ

xr̄−1P(|F−1
θ,n(1− δ)| ≥ x)dx
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≤ xr̄θ + 2

ˆ ∞

xθ

xr̄−1

(
1 +

x2δ

2mθ

)−nδ
4

dx

≤ xr̄θ + 2

ˆ ∞

√
mθ/δ

xr̄−1

(
1 +

x2δ

2mθ

)−nδ
4

dx, (Since ℓ > 1)

= xr̄θ + 2
(mθ

δ

) r̄
2

ˆ ∞

1
yr̄−1

(
1 +

y2

2

)−nδ
4

dy

≲ xr̄θ +
(mθ

δ

) r̄
2

ˆ ∞

1
yr̄−1−nδ

2 dy

= xr̄θ +
(mθ

δ

) r̄
2 1
nδ
2 − r̄

≤ xr̄θ +
(mθ

δ

) r̄
2
,

where we used the assumptions δ ≥ 2(r + 2)/n and r̄ ≤ r + 1 on the final line of the above
display. Therefore, E|F−1

θ,n(1− δ)|r̄ ≲ xr̄θ + (mθ/δ)
r̄
2 . Upon repeating the same argument for

the δ-quantile, we obtain

max
a∈{δ,1−δ}

E|F−1
θ,n(a)|

r̄ ≲ xr̄θ +
(mθ

δ

) r̄
2
≲ 1 + max

a∈{ δ
2
,1− δ

2
}
|F−1
θ (a)|r̄ +

(mθ

δ

) r̄
2
.

This proves the claim.

2.B.2 Proof of Lemma 5

Since SJr,δ/2(P ) < ∞, it follows from Lemma 2 that F−1
θ is absolutely continuous over

[δ/2, 1− δ/2] for µ-almost every θ ∈ Sd−1. We fix any such θ throughout the sequel.

To prove the claim, we shall make use of the following analogue of the relative VC inequality
described in Example 2 (Bousquet, Boucheron, and Lugosi, 2003). For any given θ ∈ Sd−1 and
ϵ ∈ (0, 1), we have

P
(
|Fθ,n(x)− Fθ(x)| ≤ νϵ,n

√
Fθ(x)(1− Fθ(x)), ∀x ∈ R

)
≥ 1− ϵ.

Notice here that the right-hand side of the inequality within the above probability involves
the population CDF Fθ rather than Fθ,n. Similarly as in Example 2 and Section 2.G, the above
bound implies that

P
(
F−1
θ (γϵ,n(u)) ≤ F−1

θ,n(u) ≤ F−1
θ (ηϵ,n(u)), ∀u ∈ (0, 1)

)
≥ 1− ϵ,

where, for all u ∈ (0, 1),

γϵ,n(u) =
2u+ ν2ϵ,n − νϵ,n

√
ν2ϵ,n + 4u(1− u)

2(1 + ν2ϵ,n)
,

ηϵ,n(u) =
2u+ ν2ϵ,n + νϵ,n

√
ν2ϵ,n + 4u(1− u)

2(1 + ν2ϵ,n)
.

(2.42)
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These functions are invertible over [0, 1], with inverses given by

η−1
ϵ,n(t) = t− νϵ,n

√
t(1− t), t ∈ [ηϵ,n(0), ηϵ,n(1)] =

[
ν2ϵ,n

1 + ν2ϵ,n
, 1

]
,

γ−1
ϵ,n(t) = t+ νϵ,n

√
t(1− t), t ∈ [γϵ,n(0), γϵ,n(1)] =

[
0,

1

1 + ν2ϵ,n

]
.

(2.43)

We shall further make use of the following elementary Lemma, proven in Section 2.B.3.

Lemma 8. Assume ϵ ∈ (0, 1) is chosen such that νϵ,n ≤ y0 :=
√
δ/4. Then, for all u ∈

[δ/2, 1− δ/2],
γϵ,n(u)

u
≥ 1

2
,

1− ηϵ,n(u)

1− u
≥ 1

2
.

In particular, for all x ∈ [δ/2, 1− δ/2], and all y ∈ [γϵ,n(x), ηϵ,n(x)],
x(1−x)
y(1−y) ≤

1
4 .

By Lemma 8, the inequalities γϵ,n(δ) ≥ δ/2 and ηϵ,n(1 − δ) ≤ 1 − δ/2 hold whenever
νϵ,n ≤ y0, and this last inequality is satisfied whenever ϵ ≥ ϵ0 :=

2n+1
16 exp(−ny20/16). For all

such ϵ, define the event

Eϵ ≡ Eϵ(θ) =
{
F−1
θ (γϵ,n(u)) ≤ F−1

θ,n(u) ≤ F−1
θ (ηϵ,n(u)), ∀u ∈ [δ, 1− δ]

}
.

Over the event Eϵ, we have

Zn(θ) =
1

1− 2δ

ˆ 1−δ

δ

∣∣F−1
θ,n(u)− F−1

θ (u)
∣∣rdu

≤ 1

1− 2δ

ˆ 1−δ

δ

[
F−1
θ (ηϵ,n(u))− F−1

θ (γϵ,n(u))
]r
du.

Now, recall that θ was chosen such that F−1
θ is absolutely continuous over [δ/2, 1 − δ/2],

whence
F−1
θ (ηϵ,n(u))− F−1

θ (γϵ,n(u)) =

ˆ ηϵ,n(u)

γϵ,n(u)

dt

pθ(F
−1
θ (t))

.

Now, since νϵ,n ≤ y0, we have for all u ∈ [δ, 1− δ],

ηϵ,n(u)− γϵ,n(u) =
νϵ,n
√
ν2ϵ,n + 4u(1− u)

(1 + ν2ϵ,n)

≤ 2νϵ,n
√
u(1− u) + ν2ϵ,n ≤ 3νϵ,n

√
u(1− u). (2.44)

Using Jensen’s inequality, we deduce that, over the event Eϵ,

(1− 2δ)Zn(θ)

≤
ˆ 1−δ

δ

(ˆ ηϵ,n(u)

γϵ,n(u)

1

pθ(F
−1
θ (t))

dt

)r
du
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≤
ˆ 1−δ

δ
(ηϵ,n(u)− γϵ,n(u))

r−1

ˆ ηϵ,n(u)

γϵ,n(u)

(
1

pθ(F
−1
θ (t))

)r
dtdu

=

ˆ 1−δ

δ

(ηϵ,n(u)− γϵ,n(u))
r−1

(u(1− u))r/2

ˆ ηϵ,n(u)

γϵ,n(u)

( √
t(1− t)

pθ(F
−1
θ (t))

)r
(u(1− u))r/2

(t(1− t))r/2
dtdu

≲ νr−1
ϵ,n

ˆ 1−δ

δ

1√
u(1− u)

ˆ ηϵ,n(u)

γϵ,n(u)

( √
t(1− t)

pθ(F
−1
θ (t))

)r
dtdu (By (2.44), Lem. 8)

≤ νr−1
ϵ,n

ˆ 1−δ/2

δ/2

(ˆ γ−1
ϵ,n(t)

η−1
ϵ,n(t)

1√
u(1− u)

du

)( √
t(1− t)

pθ(F
−1
θ (t))

)r
dt,

where we interchanged the order of integration, and used the fact that δ/2 ≤ γϵ,n(u) ≤
ηϵ,n(u) ≤ 1− δ/2 for all u ∈ [δ, 1− δ]. We further have
ˆ γ−1

ϵ,n(t)

η−1
ϵ,n(t)

1√
u(1− u)

du ≤
γ−1
ϵ,n(t)− η−1

ϵ,n(t)√
u∗t (1− u∗t )

, for u∗t ∈ argmin
η−1
ϵ,n(t)≤u≤γ−1

ϵ,n(t)

√
u(1− u).

By again applying Lemma 8, and equation (2.43), we obtain

γ−1
ϵ,n(t)− η−1

ϵ,n(t)√
u∗t (1− u∗t )

≤
νϵ,n
√
t(1− t)√

u∗t (1− u∗t )
≤ 1

2
νϵ,n.

We have thus shown

Zn(θ) ≲
νrϵ,n

1− 2δ

ˆ 1−δ/2

δ/2

( √
t(1− t)

pθ(F
−1
θ (t))

)r
dt = νrϵ,nJr,δ/2(Pθ).

Thus, setting ϵ = 2n+1
16 e−

ny2

16 for any y ∈ (0, y0], we have

P
(
Zn(θ) ≥ Cry

rJr,δ/2(Pθ)
)
≤ ϵ,

for a universal constant Cr > 0 depending only on r.

2.B.3 Proof of Lemma 8

For all u ∈ [δ/2, 1− δ/2], and all ϵ such that ν2ϵ,n ≤ δ/16, we have

γϵ,n(u)

u
≥ 1

1 + ν2ϵ,n
−
νϵ,n
√
ν2ϵ,n + 4u(1− u)− ν2ϵ,n

2u(1 + ν2ϵ,n)

≥ 1

1 + ν2ϵ,n
− νϵ,n

√
1− u√

u(1 + ν2ϵ,n)

≥ 1

1 + ν2ϵ,n
−

√
2
√
δ
√
1− u

4
√
δ(1 + ν2ϵ,n)
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≥ 1

1 + ν2ϵ,n
− 1

2
√
2(1 + ν2ϵ,n)

≥ 2
√
2− 1

2
√
2(1 + ν2ϵ,n)

≥ 2
√
2− 1

2
√
2(1 + 1/16)

≥ 1/2.

Similarly,

1− ηϵ,n(u)

1− u
≥ 1

1 + ν2ϵ,n
−
ν2ϵ,n + νϵ,n

√
ν2ϵ,n + 4u(1− u)

2(1− u)(1 + ν2ϵ,n)

≥ 1

1 + ν2ϵ,n
−
ν2ϵ,n + νϵ,n

√
u(1− u)

(1− u)(1 + ν2ϵ,n)

=
1− ν2ϵ,n/(1− u)

1 + ν2ϵ,n
− νϵ,n

√
u√

1− u(1 + ν2ϵ,n)

≥
1− ν2ϵ,n/δ

1 + ν2ϵ,n
−

√
2νϵ,n√

δ(1 + ν2ϵ,n)

≥ 1− 1/16

1 + ν2ϵ,n
− 1

2
√
2(1 + ν2ϵ,n)

≥ 2
√
2(1− 1/16)− 1

2
√
2(1 + 1/16)

≥ 1/2.

In particular, for all x ∈ [δ/2, 1− δ/2], and all y ∈ [γϵ,n(x), ηϵ,n(x)],

x(1− x)

y(1− y)
≤ x

γϵ,n(x)

1− x

1− ηϵ,n(x)
≤ 1

2
.

The claim follows.

2.B.4 Proof of Lemma 6

When r > 1, we have,

(1− 2δ)SWr
r,δ(Pn, Qm)

=

ˆ
Sd−1

ˆ 1−δ

δ

∣∣F−1
θ,n(u)−G−1

θ,m(u)
∣∣rdudµ(θ)

=

ˆ
Sd−1

ˆ 1−δ

δ

{
|F−1
θ (u)−G−1

θ (u)|r + r sgn(F̃−1
θ,n(u)− G̃−1

θ,m(u))

× |F̃−1
θ,n(u)− G̃−1

θ,m(u)|
r−1
{
(F−1

θ,n(u)− F−1
θ (u))−(G−1

θ,m(u)−G−1
θ (u))

}}
dudµ(θ),

by a Taylor expansion of the map (x, y) 7→ |x− y|r about
(
F−1
θ (u), G−1

θ (u)
)
, where F̃−1

θ,n(u)

(resp. G̃−1
θ,m(u)) is a real number on the line joining F−1

θ (u) and F−1
θ,n(u) (resp. G−1

θ (u) and
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G−1
θ,m(u)). We then have

|Dnm| ≤
r

1− 2δ

ˆ
Sd−1

ˆ 1−δ

δ
|F̃−1
θ,n(u)− G̃−1

θ,m(u)|
r−1

×
[
|F−1
θ,n(u)− F−1

θ (u)|+ |G−1
θ,m(u)−G−1

θ (u)|
]
dudµ(θ)

≤ r

1− 2δ

ˆ
Sd−1

(bθ − aθ)
r−1

×
ˆ 1−δ

δ

[
|F−1
θ,n(u)− F−1

θ (u)|+ |G−1
θ,m(u)−G−1

θ (u)|
]
dudµ(θ)

=
r

1− 2δ

ˆ
Sd−1

Znm(θ)dµ(θ).

This proves the first claim when r > 1, and the same conclusion holds trivially when r = 1 by
the triangle inequality. To prove the second claim, given θ ∈ Sd−1, define the following event
for any t ∈ (0, δ/2],

Et ≡ Et(θ) =
{
F−1
θ,n(u− t) ≤ F−1

θ (u) ≤ F−1
θ,n(u+ t), ∀u ∈ [δ, 1− δ]

}
∩
{
G−1
θ,m(u− t) ≤ G−1

θ (u) ≤ G−1
θ,m(u+ t), ∀u ∈ [δ, 1− δ]

}
.

A union bound together with the Dvoretzky-Kiefer-Wolfowitz inequality (Example 1) implies
that, for all t ∈ (0, δ/2], P(Et) ≥ 1− 4 exp(−2(n ∧m)t2). Now, for all such t, the following
inequalities hold over Et,

ˆ 1−δ

δ
|F−1
θ,n(u)− F−1

θ (u)|du

≤
ˆ 1−δ

δ

[
F−1
θ (u+ t)− F−1

θ (u− t)
]
du

=

ˆ 1−δ−t

δ−t
F−1
θ (u)du−

ˆ 1−δ+t

δ+t
F−1
θ (u)du

=

ˆ δ+t

δ−t
F−1
θ (u)du+

ˆ 1−δ+t

1−δ−t
F−1
θ (u)du

≤ 2t
[
|F−1
θ (δ − t)|+ |F−1

θ (δ + t)|+ |F−1
θ (1− δ + t)|+ |F−1

θ (1− δ − t)|
]

≤ 2t
[
|F−1
θ (δ/2)|+ |F−1

θ (1− δ/2)|
]
.

Over Et, we also have for all t ∈ (0, δ/2],
ˆ 1−δ

δ
|G−1

θ,n(u)−G−1
θ (u)|du ≤ 2t

[
|G−1

θ (δ/2)|+ |G−1
θ (1− δ/2)|

]
,

and,

aθ ≥ F−1
θ (δ − t) ∧G−1

θ (δ − t) ≥ F−1
θ (δ/2) ∧G−1

θ (δ/2),
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bθ ≤ F−1
θ

(
1− δ + t

)
∨G−1

θ (1− δ + t) ≤ F−1
θ (1− δ/2) ∨G−1

θ (1− δ/2).

Combining these facts, we deduce that for a universal constantA > 0, we have with probability
at least 1− 4 exp(−2(n ∧m)t2),

|Znm(θ)| ≤ AtM r(θ),

as was to be shown.

2.C Proof of Theorem 5

Throughout the proof, KL denotes the Kullback-Leibler divergence, and χ2 denotes the χ2-
divergence. In view of the identity Wr,δ(P,Q) =Wr(P

δ, Qδ) stated in Section 2.2.1, and its
natural analogue for the Sliced Wasserstein distance, together with the fact that all distributions
considered below are compactly supported, there will be no loss of generality in assuming
δ = 0 in what follows.

At a high-level, our general approach is to carefully construct two pairs of distributions
(P0, Q0), (P1, Q1) ∈ O(Γ; s1, s2) such that the corresponding product measures (P⊗n

0 ⊗Q⊗m
0 )

and (P⊗n
1 ⊗Q⊗m

1 ) are close in the KL distance, but such that SWr(P0, Q0) and SWr(P1, Q1)
are sufficiently different. In particular, if we can show that KL

(
P⊗n
0 ⊗Q⊗m

0 , P⊗n
1 ⊗Q⊗m

1

)
≤

ζ < ∞, then via an application of Le Cam’s inequality (see for instance, Theorem 2.2 of
Tsybakov (2008)), we obtain the minimax lower bound that,

Rnm(O(Γ; s1, s2); r) ≥ cζ |SWr(P0, Q0)− SWr(P1, Q1)|, (2.45)

where cζ > 0 is a constant depending only on ζ . We will use four separate constructions to
handle various cases of the Theorem.

Let ϵn = krn
−1/2, for a constant kr ∈ (0, 1), possibly depending on r, to be determined

below. We use the following pairs of distributions.

• Construction 1. For a vector A = (a, 0, . . . , 0) ∈ Rd, and for g > 0, we define:

P01 =
1

2
δ0 +

1

2
δA, Q01 =

1

2
δgA +

1

2
δ(1+g)A

P11 =

(
1

2
+ ϵn

)
δ0 +

(
1

2
− ϵn

)
δA, Q11 =

1

2
δgA +

1

2
δ(1+g)A.

• Construction 2. For γ2,∆ > 0 to be chosen in the sequel we let P02, P12, Q02, Q12 ∈
P(Rd) be the probability distributions of random vectors of the form (X, 0, . . . , 0) ∈ Rd,
with X respectively distributed according to the distributions

P
(1)
02 = U

(
0, γ

1/r
2

)
, Q

(1)
02 = U

(
∆γ

1
r
2 , (1 + ∆)γ

1
r
2

)

P
(1)
12 =

1+ϵn
2

U
(
0,
γ

1
r
2

2

)
+

1−ϵn
2

U
(γ 1

r
2

2
, γ

1
r
2

)
, Q

(1)
12 = U

(
∆γ

1
r
2 , (1 + ∆)γ

1
r
2

)
.
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• Construction 3. For 0 < s1 ≤ s2 we let P03, P13, Q03, Q13 ∈ P(Rd) be the probability
distributions of random vectors of the form (X, 0, . . . , 0) ∈ Rd, with X respectively
distributed according to the distributions

P
(1)
03 = U

(
0, s

1/r
1

)
, Q

(1)
03 = U

(
0, s

1/r
2

)
,

P
(1)
13 = U

(
0, s

1/r
1

)
, Q

(1)
13 = (1− ϵm)U

(
0, s

1/r
2

)
+ ϵmδs1/r2

.

• Construction 4. For 0 < s2 ≤ s1 we letP04, P14, Q04, Q14 ∈ Pr(Rd) be the probability
distributions of random vectors of the form (X, 0, . . . , 0) ∈ Rd, with X respectively
distributed according to the distributions

P
(1)
04 = U

(
0, s

1/r
1

)
, Q

(1)
04 = U

(
0, s

1/r
2

)
,

P
(1)
14 = (1− ϵn)U

(
0, s

1/r
1

)
+ ϵnδs1/r1

, Q
(1)
14 = U

(
0, s

1/r
2

)
.

Construction 1 uses pairs of distributions with infinite SJr , while Constructions 2-4 use pairs
of distributions with finite SJr . To compactly state our next result we define several terms,

tr :=

(ˆ
Sd−1

|θ1|rdµ(θ)
) 1

r

,

β := (s2/s1)
1/r, β̄ := 1/β,

∆β := β − 1, ∆β̄ := β̄ − 1.

With these definitions in place the following technical lemma describes the main features of
our constructions.

Lemma 9. There exists a choice of constant kr ∈ (0, 1) for which the following statements hold.

• Construction 1. Let g := Γ/
(´

Sd−1 |A⊤θ|rdµ(θ)
)1/r . Then, there exists a constant

c1 > 0, possibly depending on r, such that

SWr
r(P01, Q01) = Γr,

SWr
r(P11, Q11) ≥ Γr + c1ϵn.

Furthermore, there exists a choice of the vectorA for whichP01,Q01,P11,Q11 ∈ O(Γ;∞,∞).

• Construction 2. There exists a constant c2 > 0, possibly depending on r, such that

SWr
r(P02, Q02) = γ2(tr∆)r,

SWr
r(P12, Q12) ≥ γ2t

r
r

{
∆r + c2∆

r−1ϵn

}
.

Furthermore, P02, Q02, P12, Q12 ∈ O(0; γ2, γ2).
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• Construction 3. Assume that β̄ ∈ (0, 1]. Then,

SWr
r(P03, Q03) =

s2t
r
r|∆β̄|r

r + 1
,

SWr
r(P13, Q13) ≥

trrs2
r + 1

{
|∆β̄|r + r|∆β̄|r−1ϵm

}
.

Furthermore, P03, Q03, P13, Q13 ∈ O(0; s1, s2).

• Construction 4. Assume that β ∈ (0, 1]. Then,

SWr
r(P04, Q04) =

s1t
r
r|∆β|r

r + 1
,

SWr
r(P14, Q14) ≥

trrs1
r + 1

{
|∆β|r + r|∆β|r−1ϵn

}
.

Furthermore, P04, Q04, P14, Q14 ∈ O(0; s1, s2).

In each case, for some fixed universal constant ζ > 0 we have that,

KL
(
P⊗n
0i ⊗Q⊗m

0i , P⊗n
1i ⊗Q⊗m

1i

)
≤ ζ <∞, i = 1, 2, 3, 4.

Taking this result as given, we can now complete the proof of the Theorem. Using Con-
struction 1 with Γ = 0, we obtain from equation (2.45) that

Rnm(O(0;∞,∞); r) ≥ cζ |SWr(P01, Q01)− SWr(P11, Q11)| ≳ ϵ1/rn ≍ n−1/2r.

Reversing the roles of n and m we obtain the first claim of part (i) of the Theorem. Choosing Γ
to be a strictly positive constant, we instead obtain

Rnm(O(Γ;∞,∞); r) ≳ Γ

∣∣∣∣1− (1 + c1ϵn
Γr

) 1
r

∣∣∣∣ = c1krn
−1/2

rΓr−1
(1 + o(1)),

by a first-order Taylor expansion of the map x 7→ (1 + x)
1
r . The fact that Γ is bounded away

from zero then implies Rnm(O(Γ;∞,∞); r) ≳ n−1/2 which proves part (ii) of the theorem,
again upon reversing the roles of n and m. It thus only remains to prove the second claim of
part (i).

Without loss of generality we assume that n ≤ m in the remainder of the proof, noting
that, as above, we may always reverse the roles of n and m and repeat our constructions. We
consider four cases.

Case 1: −1 ≤ ∆β ≤ −ϵn. In this case, the condition ∆β ≤ 0 implies s1 ≥ s2. Since
n ≤ m, it therefore suffices to prove Rnm(O(0, s1, s2); r) ≳ s

1/r
1 ϵn. Furthermore, since β ≤ 1,

we may invoke Construction 4 to obtain

|SWr(P04, Q04)− SWr(P14, Q14)| ≥
s
1/r
1 tr|∆β|
(r + 1)1/r

[(
1 +

rϵn
|∆β|

) 1
r

− 1

]
≍ s

1/r
1 ϵn,

where we have used the assumption |∆β| ≥ ϵn in the last order assesment of the above display.
This fact together with equation (2.45) yields the desired lower bound for Case 1.
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Case 2: −ϵn < ∆β ≤ 0. The inequality s1 ≥ s2 continues to hold, thus it suffices to prove
Rnm(O(0; s1, s2); r) ≳ s

1/r
1 ϵn. Notice further that

s
1/r
2 ϵn = s

1/r
1 βϵn > s

1/r
1 (1− ϵn)ϵn = s

1/r
1 ϵn(1 + o(1)).

It will therefore suffice to prove Rnm(O(0; s1, s2); r) ≳ s
1/r
2 ϵn. We use Construction 2, and

choose γ2 = s2, and ∆ ∈ (0, 1] to be a constant larger than ϵn. We observe that all distributions
have SJr value at most s2 = min{s1, s2}. Furthermore,

∣∣SWr(P02, Q02)− SWr(P12, Q12)
∣∣ ≥ s

1/r
2 tr∆

{(
1 +

c2ϵn
∆

) 1
r − 1

}
.

Since ∆ ≥ ϵn, it is a straightforward observation that the factor in braces of the above display
is of order ϵn, thus we have shown∣∣SWr(P02, Q02)− SWr(P12, Q12)

∣∣ ≳ s1/r2 ϵn,

and this together with equation (2.45) yields the desired lower bound for Case 2.

Case 3: −1 ≤ ∆β̄ ≤ −ϵm and s
1/r
1 ϵn ≤ s

1/r
2 ϵm. In this case, it suffices to prove that

Rnm(O(0, s1, s2); r) ≳ s
1/r
2 ϵm. Notice that β̄ ≤ 1, hence we may use Construction 3 to obtain

|SWr(P03, Q03)− SWr(P13, Q13)| ≥
s
1/r
2 tr|∆β̄|
(r + 1)1/r

(1 + ϵm
|∆β̄|

) 1
r

− 1

 ≍ s
1/r
2 ϵm,

where we have used the assumption |∆β̄| ≥ ϵm in the last order assesment of the above display.
This fact together with equation (2.45) yields the desired lower bound for Case 1.

Case 4: −ϵm < ∆β̄ < 0 or s1/r1 ϵn > s
1/r
2 ϵm. Notice that if the condition ∆β̄ > −ϵm is

satisfied, it implies

s
1/r
1 ϵn = s

1/r
2 β̄ϵn > (1− ϵm)ϵns

1/r
2 ≥ (1− ϵm)ϵms

1/r
2 ≳ ϵms

1/r
2 .

For this case, it will thus suffice to prove Rnm(O(0; s1, s2); r) ≳ s
1/r
1 ϵn. Since ∆β̄ ≤ 0, we

observe that all distributions have SJr value at most s1 = min{s1, s2}. Invoking Construction
2 with γ2 = s1, the remainder of the argument follows similarly as in Case 2.

It remains to establish Lemma 9 and we turn our attention to this now.

2.C.1 Proof of Lemma 9

Bounding the KL divergence in each case is straightforward. We observe that for each 1 ≤ i ≤ 4,

KL(P⊗n
0i ⊗Q⊗m

0i , (P⊗n
1i ⊗Q⊗m

1i )) = nKL(P0i, P1i) +mKL(Q0i, Q1i)
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≤ nχ2(P0i, P1i) +mχ2(Q0i, Q1i).

The χ2 divergences in each construction can be computed in closed form. Doing so yields the
bounds:

KL
(
P⊗n
0i ⊗Q⊗m

0i , P⊗n
1i ⊗Q⊗m

1i

)
≲ nϵ2n, i = 1, 2, 4

KL
(
P⊗n
03 ⊗Q⊗m

03 , P⊗n
13 ⊗Q⊗m

13

)
≲ mϵ2m.

Together with the definition of ϵn, we obtain the desired bounds on the KL divergence.

As a second preliminary, let us verify that, for appropriate choice of various parameters, the
distributions we construct have appropriately bounded moments, and belong to the class Kr(b)
defined in equation (2.9). Notice first that the distributions P01, Q01, P11, Q11 have support
with diameter bounded above by (1 +G)a. Choosing a (possibly depending on G and hence
Γ) such that this expression is bounded above by b1/r ensures P01, Q01, P11, Q11 ∈ Kr(b). We
are guaranteed that such a choice exists by using the assumption Γr ≤ crb, which ensures that
Γ cannot be too large.

Furthermore, the distributions Pij , Qij for i = 2, 3, 4 and j = 0, 1 have supports with
diameter bounded above by s(1 + ∆) ≤ 2s. The assumption b ≥ (2s)1/r therefore guarantees
Pij , Qij ∈ Kr(b) for i = 2, 3, 4 and j = 0, 1.

We now consider each construction in turn, establishing the remaining claims. As a
preliminary technical result, it will be useful to study the Wasserstein distance between several
pairs of univariate distributions.

Lemma 10. 1. Let ∆ ≥ ϵ > 0, and define the distributions

ν =
1 + ϵ

2
U(0, 1/2) +

1− ϵ

2
U(1/2, 1),

and ρ = U(∆, 1 + ∆). Then,

W r
r (ν, ρ) ≥ ∆r +

r

4
ϵ∆r−1.

2. Given ξ ∈ (0, 1], ∆ξ = ξ − 1, define for all ϵ ∈ (0, 1],

ν = U(0, ξ), ρ = (1− ϵ)U(0, 1) + ϵδ1.

Then,

Wr(ν, ρ) ≥
1

r + 1

[
|∆ξ|r + rϵ|∆ξ|r−1

]
We prove this result in Section 2.C.1.1. Taking this result as given, we can now compute

the various Sliced Wasserstein distances and SJr evaluations.
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Computing the Sliced Wasserstein distances.

• Construction 1. For any θ ∈ Sd−1, letF−1
01,θ , F

−1
11,θ ,G

−1
01,θ andG−1

11,θ denote the respective
quantile functions of πθ#P01, πθ#P11, πθ#Q01, πθ#Q11. We have

F−1
01,θ(u) =

{
0 ∧A⊤θ, u ∈ (0, 1/2)

0 ∨A⊤θ, u ∈ [1/2, 1),

F−1
11,θ(u) =

{
0 ∧A⊤θ, u ∈ (0, 1/2 + ϵn)

0 ∨A⊤θ, u ∈ [1/2 + ϵn, 1),

G−1
01,θ(u) = G−1

11,θ =

{
gA⊤θ ∧ (1 + g)A⊤θ, u ∈ (0, 1/2)

gA⊤θ ∨ (1 + g)A⊤θ, u ∈ [1/2, 1).

Therefore,

SWr
r(P01, Q01)

=

ˆ
Sd−1

ˆ 1

0

∣∣F−1
01,θ(u)−G−1

01,θ(u)
∣∣rdudµ(θ)

=
1

2

ˆ
{θ∈Sd−1:A⊤θ≥0}

|gA⊤θ|rdµ(θ)

+
1

2

ˆ
{θ∈Sd−1:A⊤θ<0}

|A⊤θ − (1 + g)A⊤θ|rdµ(θ)

= gr
ˆ
Sd−1

|A⊤θ|rdµ(θ) = Γr.

Furthermore,

SWr
r(P11, Q11)

=

ˆ
Sd−1

ˆ 1

0

∣∣F−1
11,θ(u)−G−1

11,θ(u)
∣∣rdudµ(θ)

=

ˆ
Sd−1

(ˆ 1/2

0
|0 ∧A⊤θ − gA⊤θ ∧ (1 + g)A⊤θ|rdu

+

ˆ 1/2+ϵn

1/2
|0 ∧A⊤θ − gA⊤θ ∨ (1 + g)A⊤θ|rdu

+

ˆ 1

1/2+ϵn

|0 ∨A⊤θ − gA⊤θ ∨ (1 + g)θ⊤A|rdu

)
dµ(θ)

= (1− ϵn)g
r

ˆ
Sd−1

|A⊤θ|rdµ(θ)

+ ϵn

ˆ
Sd−1

|0 ∧A⊤θ − gA⊤θ ∨ (1 + g)A⊤θ|rdµ(θ)

= (1− ϵn)g
rIrr + ϵn

ˆ
Sd−1

|0 ∧A⊤θ − gA⊤θ ∨ (1 + g)A⊤θ|rdµ(θ)
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= Γr + c1ϵn,

for a positive constant c1 > 0. It follows that SWr(P11, Q11) ≥ SWr(P01, Q01) ≥ Γ,
thus (P01, Q01), (P11, Q11) ∈ O(Γ;∞,∞), and∣∣SWr(P01, Q01)− SWr(P11, Q11)

∣∣ = ∣∣∣Γ−
(
Γr + c1ϵn

) 1
r

∣∣∣ .
• Construction 2. We use the first part of Lemma 10, and let ν = 1+ϵn

2 U(0, 1/2)

+1−ϵn
2 U(1/2, 1), and ρ = U(∆, 1 + ∆). Notice that if X ∼ ν, then γ1/r2 X ∼ P

(1)
12 ,

and if Y ∼ ρ, then γ
1/r
2 Y ∼ Q

(1)
02 . Therefore, by Proposition 7.16 of Villani (2003),

Wr(πθ#P12, πθ#Q12) = |θ1|γ1/r2 Wr(ν, ρ). Thus,

SWr
r(P12, Q12) =

ˆ
Sd−1

W r
r (πθ#P12, πθ#Q12)dµ(θ)

=

ˆ
Sd−1

|θ1|rγ2W r
r (ν, ρ)dµ(θ) ≥ γ2t

r
r

[
∆r +

r

4
∆r−1ϵn

]
,

by Lemma 10. Furthermore, it is easy to show that

SWr
r(P02, Q02) = γ2∆

r

ˆ
Sd−1

|θ1|rdµ(θ) = γ2(tr∆)r.

• Construction 3. We use the second part of Lemma 10. We set

ν = U(0, β̄), ρ = (1− ϵm)U(0, 1) + ϵmδ1.

Then, for all ϵ ∈ (0, 1],

Wr(ν, ρ) ≥
1

r + 1

[
|∆β̄|r + rϵm|∆β̄|r−1

]
We then obtain

SWr
r(P13, Q13) =

ˆ
Sd−1

|θ1|rs2W r
r (ν, ρ)dµ(θ)

≥ trrs2
r + 1

[
|∆β̄|r + rϵm|∆β̄|r−1

]
.

On the other hand, it is easy to see that

SWr
r(P03, Q03) =

s2t
r
r|∆β̄|r

r + 1
.

• Construction 4. We again use the second part of Lemma 10, setting

ν = U(0, β), ρ = (1− ϵ)U(0, 1) + ϵnδ1.

The rest follows by the same argument as for Construction 3.
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Computing the SJr evaluations. Our next step will be to compute the SJr functionals for
the various distributions we have constructed. We note that for Construction 1 our distributions
are allowed to have infinite SJr so we only need to consider Constructions 2-4. The calculations
for Construction 3 and 4 follow along very similar lines to those of Construction 2, which we
detail below.

• Construction 2. We have

SJr(Q02) = SJr(Q12) = SJr(P02)

≤
ˆ
Sd−1

ˆ 1

0

( √
u(1− u)

1/(|θ1|γ1/r2 )

)r
dudµ(θ)

≤
ˆ
(|θ1|γ1/r2 )rdµ(θ) ≤ γ2.

Furthermore,

SJr(Q13) ≤
ˆ
Sd−1

ˆ 1

0

( √
u(1− u)

(1− ϵn)/(|θ1|γ1/r2 )

)r
dudµ(θ)

≤ γ2
(1− ϵn)r

ˆ 1

0
[u(1− u)]

r
2du.

Choosing the constant kr > 0 to satisfy kr < 1−
(´ 1

0 [u(1− u)]
r
2du

) 1
r guarantees that

the above display is bounded above by γ2.

To complete the proof it remains to prove Lemma 10.

2.C.1.1 Proof of Lemma 10

We prove each of the two claims in turn.

Proof of Claim (1). Notice that the quantile functions of ν and ρ are respectively given by

F−1(u) =

{
u

1+ϵ , 0 ≤ u ≤ (1 + ϵ)/2,
1
2 + u−(1+ϵ)/2

1−ϵ , (1 + ϵ)/2 ≤ u ≤ 1
,

G−1(u) = (u+∆)I(0 ≤ u ≤ 1).

Thus,

W r
r (ν, ρ) =

ˆ 1

0
|F−1(u)−G−1(u)|rdu

=

ˆ 1+ϵ
2

0

∣∣∣∣∆+ u− u

1 + ϵ

∣∣∣∣r du+

ˆ 1

1+ϵ
2

∣∣∣∣∆+ u− 1

2
− u− (1 + ϵ)/2

1− ϵ

∣∣∣∣r du
= (I) + (II),
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say. We have,

(I) =
ˆ (1+ϵ)/2

0

[
∆+

ϵ

1 + ϵ
u

]r
du =

1 + ϵ

ϵ(r + 1)

{(
∆+

ϵ

2

)r+1
−∆r+1

}
.

Also,

(II) =
ˆ 1

(1+ϵ)/2

(
∆+

ϵ

1− ϵ
− u

ϵ

1− ϵ

)r
du

= − 1− ϵ

(r + 1)ϵ

{(
(∆ +

ϵ

1− ϵ
− ϵ

1− ϵ

)r+1

−
(
∆+

ϵ

1− ϵ
− (1 + ϵ)ϵ

2(1− ϵ)

)r+1
}

= − 1− ϵ

ϵ(r + 1)

{
∆r+1 −

(
∆+

ϵ

2

)r+1
}
.

Thus,

(I) + (II) =
{(

∆+
ϵ

2

)r+1
−∆r+1

}(
1 + ϵ

ϵ(r + 1)
+

1− ϵ

ϵ(r + 1)

}
=

2

ϵ(r + 1)

{(
∆+

ϵ

2

)r+1
−∆r+1

}
=

2

ϵ(r + 1)

{
∆r+1 +

r + 1

2
∆rϵ+

r(r + 1)

8
(∆ + ϵ̃)r−1ϵ2 −∆r+1

}
,

for some ϵ̃ ∈ (0, ϵ/2), by a first-order Taylor expansion. Therefore,

W r
r (ν, ρ) = ∆r +

r

4
(∆ + ϵ̃)r−1ϵ ≥ ∆r +

r

4
∆r−1ϵ,

and the claim follows. □

Proof of Claim (2). The respective quantile functions of ν and ρ are given by

F−1(u) =

{
u

1−ϵ , 0 ≤ u ≤ 1− ϵ,

1, 1− ϵ < u ≤ 1
, G−1(u) = ξuI(0 ≤ u ≤ 1).

Thus,

SWr
r(ν, ρ) =

ˆ ∣∣F−1(u)−G−1(u)
∣∣rdu

=

ˆ 1−ϵ

0

∣∣∣∣ u

1− ϵ
− ξu

∣∣∣∣r du+

ˆ 1

1−ϵ
|1− ξu|r du

=

ˆ 1−ϵ

0

[
u

1− ϵ
− ξu

]r
du+

ˆ 1

1−ϵ
[1− ξu]r du, (Since ξ ∈ (0, 1])

=
1− ϵ

r + 1
(−∆ξ + ϵξ)r +

1

ξ(r + 1)

[
(−∆ξ + ϵξ)r+1 − (−∆ξ)

r+1
]
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=
1

r + 1

[
(−∆ξ + ϵξ)r

(
1− ϵ+

−∆ξ + ϵξ

ξ

)
−

|∆ξ|r+1

ξ

]
=

1

ξ(r + 1)

[
(|∆ξ|+ ϵξ)r − |∆ξ|r+1

]
=

1

ξ(r + 1)

[
(|∆ξ|+ ϵξ)r − |∆ξ|r+1

]
≥ 1

ξ(r + 1)

[
|∆ξ|r + rϵξ|∆ξ|r−1 − |∆ξ|r+1

]
=

|∆ξ|r

r + 1
+
rϵ|∆ξ|r−1

r + 1
.

The claim follows. □

2.D Proof of Theorem 6

By the same argument as in the proof of Proposition 4, it will suffice to prove equation (2.18).
Let P,Q ∈ Kr,ρ(b). We prove the claim in five steps.

Step 0: Preparation. By the same argument as in the proof of Lemma 3, notice that there
exists a constant Cρ > 0 such that for any θ ∈ Sd−1,

∣∣F−1
θ (u)

∣∣ ∨ ∣∣G−1
θ (u)

∣∣ ≤ Cρ

(
bθ

u(1− u)

) 1
ρ

, u ∈ (0, 1),

where for X ∼ P , Y ∼ Q and each θ ∈ Sd−1,

bθ = E[|X⊤θ|ρ] + E[|Y ⊤θ|ρ].

Notice that the assumption P,Q ∈ Kr,ρ(b) for ρ > 2r implies that
´
b
r
ρ

θ dµ(θ) ≤ 2b. In
particular, bθ is finite for almost all θ ∈ Sd−1. These statements may be applied analogously to
the empirical measures Pn and Qm. Specifically, we have

∣∣F−1
θ,n(u)

∣∣ ∨ ∣∣G−1
θ,m(u)

∣∣ ≤ Cρ

(
bθ,nm

u(1− u)

) 1
ρ

, u ∈ (0, 1),

where we set
bθ,nm :=

ˆ
|x⊤θ|ρdPn(x) +

ˆ
|y⊤θ|ρdQm(y).

Combining these facts, we have for all u ∈ (0, 1),

∣∣F−1
θ (u)

∣∣ ∨ ∣∣G−1
θ (u)

∣∣ ∨ ∣∣F−1
θ,n(u)

∣∣ ∨ ∣∣G−1
θ,m(u)

∣∣ ≤ ψθ(u) := Cρ

(
bθ + bθ,nm
u(1− u)

) 1
ρ

.

We suppress the dependence of ψθ on n and m for ease of notation, but we emphasize that
ψθ(u) is a random variable.
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Our proof makes use of a uniform self-normalized concentration inequality for the empirical
quantile process, which was introduced in Section 2.B.2, as part of the proof of Lemma 5, and
also in Example 2. Specifically, for any ϵ ∈ (0, 1), let γϵ,n, ηϵ,n be the sequences given in
equation (2.42), with inverses given in equation (2.43), and defined in terms of the quantity

νϵ,n =

√
16

n
[log(16/ϵ) + log(2n+ 1)],

for any given ϵ ∈ (0, 1). Recall that for any θ ∈ Sd−1, the event

Aϵ =
{
u ∈ (0, 1) : F−1

θ (γϵ,n(u)) ≤ F−1
θ,n(u) ≤ F−1

θ (ηϵ,n(u))
}

satisfies P(Aϵ) ≥ 1− ϵ.

Step 1: First Reduction. Apply a similar first-order Taylor expansion as in the proof of
Lemma 6, to the cost function | · |r , to deduce that∣∣SWr

r(Pn, Qm)− SWr
r(P,Q)

∣∣
≤ r

ˆ
Sd−1

ˆ 1

0
|F̃−1
θ,n(u)− G̃−1

θ,m(u)|
r−1

×
[
|F−1
θ,n(u)− F−1

θ (u)|+ |G−1
θ,m(u)−G−1

θ (u)|
]
dudµ(θ),

for some F̃−1
θ,n(u) on the segment joining F−1

θ (u) and F−1
θ,n(u), and some G̃−1

θ,m(u) on the
segment joining G−1

θ (u) and G−1
θ,m(u). By definition of ψθ , we deduce∣∣SWr

r(Pn, Qm)− SWr
r(P,Q)

∣∣
≲
ˆ
Sd−1

ˆ 1

0
ψr−1
θ (u)

[
|F−1
θ,n(u)− F−1

θ (u)|+ |G−1
θ,m(u)−G−1

θ (u)|
]
dudµ(θ)

=

ˆ
Sd−1

ˆ 1/2

0
ψr−1
θ (u)

[
|F−1
θ,n(u)− F−1

θ (u)|+ |G−1
θ,m(u)−G−1

θ (u)|
]
dudµ(θ)

+

ˆ
Sd−1

ˆ 1

1/2
ψr−1
θ (u)

[
|F−1
θ,n(u)− F−1

θ (u)|+ |G−1
θ,m(u)−G−1

θ (u)|
]
dudµ(θ).

We shall bound the quantity

T =

ˆ
Sd−1

ˆ 1

1/2
ψr−1
θ (u)|F−1

θ,n(u)− F−1
θ (u)|dudµ(θ),

and a similar argument can be used to bound the remaining terms in the penultimate display.

Throughout the sequel, let ϵ ∈ (0, 1) be chosen such that νϵ,n ≤ 1. Let

β >

(
1

2
− r

ρ

)−1

> 0, (2.46)



Chapter 2. Minimax Confidence Intervals for the Sliced Wasserstein Distance 71

where we recall that ρ > 2r. Define δk = k−β/2 for all k ≥ 1. Notice that δ1 = 1/2.
Furthermore, let

K ≡ Kn = 1 ∨
⌊
(cνϵ,n)

− ρ
β(ρ−r)

⌋
for a constant c ≥ 8 to be specified below. We summarize a few algebraic facts in relation to
the sequences δk, ηϵ,n, γϵ,n, which we prove in Section 2.D.1.

Lemma 11. There exists a choice of the constant c ≥ 8, as well as a constant c1 > 0, both possibly
depending on β, ρ, r, such that for all n ≥ 1, and all ϵ ∈ (0, 1) for which νϵ,n ≤ 1, the following
properties hold.

(i) c1ν
ρ

ρ−r
ϵ,n ≥ δK . Furthermore, if K ≥ 2, then δK ≥ (cνϵ,n)

ρ
ρ−r /2.

(ii) 1− γϵ,n(1− δk) ≤ δk +
ν2ϵ,n

1+ν2ϵ,n
+ νϵ,n

√
δk for all k = 1, . . . ,K .

(iii) 1−δk
1+ν2ϵ,n

≤ ηϵ,n(1− δk) ≤ 1− δk + ν2ϵ,n + νϵ,n
√
δk, for all k = 1, . . . ,K .

(iv) ηϵ,n(1− δk) ≤ γϵ,n(1− δk+1), for all k = 1, . . . ,K − 1, if K ≥ 2.

With these facts in place, consider the decomposition

T =

ˆ
Sd−1

ˆ 1

1/2
ψr−1
θ (u)|F−1

θ,n(u)− F−1
θ (u)|dudµ(θ) =

ˆ
Sd−1

Tθdµ(θ), (2.47)

where we recall that δ1 = 1/2, and we set

Tθ =

ˆ 1

1/2
|F−1
θ,n(u)− F−1

θ (u)|ψr−1
θ (u)du = T ∗

θ,K +
K−1∑
k=1

Tθ,k, θ ∈ Sd−1, (2.48)

Tθ,k =

ˆ 1−δk+1

1−δk
|F−1
θ,n(u)− F−1

θ (u)|ψr−1
θ (u)du, k = 1, . . . ,K − 1, (2.49)

T ∗
θ,K =

ˆ 1

1−δK
|F−1
θ,n(u)− F−1

θ (u)|ψr−1
θ (u)du. (2.50)

In the following two steps, we bound the preceding two terms for any fixed θ ∈ Sd−1 and
k = 1, . . . ,K − 1. The symbol “≲” will always hide constants which do not depend on θ and k.

Step 2: Bounding T ∗
θ,K . We have,

T ∗
θ,K =

ˆ 1

1−δK
|F−1
θ,n(u)− F−1

θ (u)|ψr−1
θ (u)du ≲

ˆ 1

1−δK
ψrθ(u)du

≲ (bθ + bθ,nm)
r
ρ

ˆ 1

1−δK
(1− u)

− r
ρdu

≲ (bθ + bθ,nm)
r
ρ δ

1− r
ρ

K ≲ (bθ + bθ,nm)
r
ρ νϵ,n,

where the final inequality follows by Lemma 11(i).
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Step 3: Bounding Tθ,k in Probability. The bulk of our work will now go into bounding
Tθ,k, for any given θ ∈ Sd−1 and k = 1, . . . ,K − 1. Notice that this case is vacuous when
K = 1. The following derivations are performed over the event Aϵ. By its definition, we have
for any k = 1, . . . ,K − 1,

Tθ,k ≤
ˆ 1−δk+1

1−δk

[
F−1
θ (ηϵ,n(u))− F−1

θ (γϵ,n(u))
]
ψr−1
θ (u)du

≤ ψr−1
θ (1− δk+1)

ˆ 1−δk+1

1−δk

[
F−1
θ (ηϵ,n(u))− F−1

θ (γϵ,n(u))
]
du

= ψr−1
θ (1− δk+1)

[ˆ ηϵ,n(1−δk+1)

ηϵ,n(1−δk)
F−1
θ (u)

∂η−1
ϵ,n(u)

∂u
du

−
ˆ γϵ,n(1−δk+1)

γϵ,n(1−δk)
F−1
θ (u)

∂γ−1
ϵ,n(u)

∂u
du

]
= ψr−1

θ (1− δk+1)(Aθ,k +Bθ,k), (2.51)

where

Aθ,k =

ˆ ηϵ,n(1−δk+1)

ηϵ,n(1−δk)
F−1
θ (u)du−

ˆ γϵ,n(1−δk+1)

γϵ,n(1−δk)
F−1
θ (u)du,

Bθ,k =

ˆ ηϵ,n(1−δk+1)

ηϵ,n(1−δk)
F−1
θ (u)

(
∂η−1

ϵ,n(u)

∂u
− 1

)
du

−
ˆ γϵ,n(1−δk+1)

γϵ,n(1−δk)
F−1
θ (u)

(
∂γ−1

ϵ,n(u)

∂u
− 1

)
du.

Step 3.1: BoundingAθ,k. Consider the decomposition

Aθ,k=

(ˆ γϵ,n(1−δk+1)

ηϵ,n(1−δk)
+

ˆ ηϵ,n(1−δk+1)

γϵ,n(1−δk+1)
−
ˆ ηϵ,n(1−δk)

γϵ,n(1−δk)
−
ˆ γϵ,n(1−δk+1)

ηϵ,n(1−δk)

)
F−1
θ (u)du.

Using Lemma 11(iv) and the fact that ηϵ,n ≥ γϵ,n, the four lower bounds of integration in the
above display are less than their respective upper bounds. Therefore,

Aθ,k =

(ˆ ηϵ,n(1−δk+1)

γϵ,n(1−δk+1)
−
ˆ ηϵ,n(1−δk)

γϵ,n(1−δk)

)
F−1
θ (u)du

≤

(ˆ ηϵ,n(1−δk+1)

γϵ,n(1−δk+1)
+

ˆ ηϵ,n(1−δk)

γϵ,n(1−δk)

)
ψθ(u)du

≤ ψθ(ηϵ,n(1− δk+1))
[(
ηϵ,n(1− δk+1)− γϵ,n(1− δk+1)

)
+
(
ηϵ,n(1− δk)− γϵ,n(1− δk)

)]
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≤ ψθ(ηϵ,n(1− δk+1))

νϵ,n
√
ν2ϵ,n + 4δk+1

1 + ν2ϵ,n
+
νϵ,n
√
ν2ϵ,n + 4δk

1 + ν2ϵ,n


≲ ψθ(ηϵ,n(1− δk+1))

[
ν2ϵ,n + νϵ,n

√
δk

]
.

By Lemma 11(i), we deduce that

Aθ,k ≲ ψθ(ηϵ,n(1− δk+1))νϵ,n

[
δ

ρ−r
ρ

K + δ
1
2
k

]
≲ ψθ(ηϵ,n(1− δk+1))νϵ,n

√
δk,

where we used the assumption ρ > 2r. We next turn to bounding Bθ,k.

Step 3.2: Bounding Bθ,k. We have,

∂

∂u
η−1
ϵ,n(u) = 1− νϵ,n

2

[√
1− u

u
−
√

u

1− u

]
, u ∈ [ηϵ,n(1/2), ηϵ,n(1)] ,

∂

∂u
γ−1
ϵ,n(u) = 1 +

νϵ,n
2

[√
1− u

u
−
√

u

1− u

]
, u ∈ [γϵ,n(1/2), γϵ,n(1)] .

Since νϵ,n ≤ 1, notice that γϵ,n(1/2) and ηϵ,n(1/2) are bounded below by a positive universal
constant. Therefore, in the above display, the first terms in brackets are bounded above by
positive universal constants, uniformly over the stated ranges, leading to∣∣∣∣ ∂∂uη−1

ϵ,n(u)− 1

∣∣∣∣ ≲ νϵ,n
2

√
1

1− u
, u ∈ [ηϵ,n(1/2), ηϵ,n(1)] ,∣∣∣∣ ∂∂uγ−1

ϵ,n(u)− 1

∣∣∣∣ ≲ νϵ,n
2

√
1

1− u
, u ∈ [γϵ,n(1/2), γϵ,n(1)] .

Deduce that,

Bθ,k =

ˆ ηϵ,n(1−δk+1)

ηϵ,n(1−δk)
F−1
θ (u)

(
∂η−1

ϵ,n(u)

∂u
− 1

)
du

−
ˆ γϵ,n(1−δk+1)

γϵ,n(1−δk)
F−1
θ (u)

(
∂γ−1

ϵ,n(u)

∂u
− 1

)
du

≲ νϵ,n

ˆ ηϵ,n(1−δk+1)

ηϵ,n(1−δk)
|F−1
θ (u)|

√
1

1− u

du

2

+ νϵ,n

ˆ γϵ,n(1−δk+1)

γϵ,n(1−δk)
|F−1
θ (u)|

√
1

1− u

du

2

≤ 2νϵ,nψθ(ηϵ,n(1− δk+1))
√
1− γϵ,n(1− δk)

≲ νϵ,nψθ(ηϵ,n(1− δk+1))

√
δk + ν2ϵ,n + νϵ,n

√
δk (By Lemma 11(ii))
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≲ νϵ,nψθ(ηϵ,n(1− δk+1))

[√
δk + δ

ρ−r
ρ

k + δ
ρ−r
2ρ

+ 1
4

k

]
(By Lemma 11(i))

≲ νϵ,nψθ(ηϵ,n(1− δk+1))
√
δk,

where we again used the assumption ρ > 2r.

Step 4: Bounding Tθ in Probability. Combine the conclusions of Steps 3.1 and 3.2 with
equation (2.51) to deduce

K−1∑
k=1

Tθ,k

≲ νϵ,n

K−1∑
k=1

√
δkψ

r−1
θ (1− δk+1)ψθ(ηϵ,n(1− δk+1))

≲ νϵ,n

K−1∑
k=1

√
δkψ

r
θ(ηϵ,n(1− δk+1))

≲ νϵ,n(bθ + bθ,nm)
r
ρ

K−1∑
k=1

√
δk
[
1− ηϵ,n(1− δk+1)

]− r
ρ

≤ νϵ,n(bθ + bθ,nm)
r
ρ

K−1∑
k=1

√
δk

[
δk − ν2ϵn − νϵ,n

√
δk

]− r
ρ

(By Lem. 11(iii))

≤ νϵ,n(bθ + bθ,nm)
r
ρ

K−1∑
k=1

√
δk

[
δk −

(
δ

2(ρ−r)
ρ

K + δ
ρ−r
ρ

K δ
1
2
k

)
/4

]− r
ρ

(By Lem. 11(i))

≲ νϵ,n(bθ + bθ,nm)
r
ρ

K−1∑
k=1

δ
1
2
− r

ρ

k ,

where we again used the fact that ρ > 2r on the final line. By definition of β in equation (2.46),
the sequence δ

1
2
− r

ρ

k is summable, thus the summation in the final line of the above display
is bounded above by a finite constant depending only on r, ρ, β. Combine this fact with the
conclusion of Step 2 to deduce that, for a constant C = C(β, ρ, r), we have

Tθ ≤ C(bθ + bθ,nm)
r
ρ νϵ,n, (2.52)

over the high-probability event Aϵ, for all ϵ such that νϵ,n ≤ 1.

Step 4: Bounding Tθ in Expectation. We now wish to turn the preceding display into a
bound on the expectation E[Tθ]. Notice that E[bθ,nm] = bθ , thus by Markov’s inequality, we
have for all y > 0,

P(br/ρθ,nm ≥ b
r/ρ
θ y) ≤ E[bθ,nm]y−ρ/r/bθ ≤ y−ρ/r.
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Furthermore, by inverting the definition of νϵ,n in terms of ϵ, equation (2.52) implies that for
all 0 < u ≤ 1,

P
(
Tθ ≥ Cu(bθ + bθ,nm)

r/ρ
)
≤ 2n+ 1

16
exp

(
−nu

2

16

)
.

Combine the preceding two displays to deduce that for all 0 < u ≤ 1,

P
{
Tθ > Cub

r/ρ
θ + Cu(bθ/n)

r/ρ exp

(
(r/ρ)nu2

16

)}
= P

{
Tθ > Cub

r
ρ

θ + Cu

(
bθ
n

) r
ρ

e
(r/ρ)nu2

16 , b
r/ρ
θ,nm ≤ (bθ/n)

r/ρe
(r/ρ)nu2

16

}

+ P
{
Tθ > Cub

r/ρ
θ + Cu(bθ/n)

r/ρe
(r/ρ)nu2

16 , b
r/ρ
θ,nm > (bθ/n)

r/ρe
(r/ρ)nu2

16

}
≤ P

{
Tθ > Cu(b

r
ρ

θ + b
r
ρ

θ,nm)

}
+ P

{
b
r/ρ
θ,nm > (bθ/n)

r/ρ exp

(
(r/ρ)nu2

16

)}
≤ P

{
Tθ > Cu(bθ + bθ,nm)

r
ρ

}
+ P

{
b
r
ρ

θ,nm > (bθ/n)
r/ρ exp

(
(r/ρ)nu2

16

)}
≲ n exp

(
−nu

2

16

)
.

Let fn(u) = Cub
r/ρ
θ + Cu(bθ/n)

r/ρ exp
(
(r/ρ)nu2/16

)
. fn is strictly increasing over R+,

thus it is invertible with inverse f−1
n . Notice that f−1

n (0) = 0 and f−1
n (u) → ∞ as u → ∞.

Furthermore,

f ′n(u) ≲ b
r/ρ
θ + (bθ/n)

r/ρ
[
exp

(
(r/ρ)nu2/16

)
+ nu2 exp

(
(r/ρ)nu2/16

)]
.

Now, let tn =
√

16 logn
n and let n be sufficiently large to ensure tn ≤ 1. We have,

E
[
Tθ · I(Tθ ≤ fn(1))

]
=

ˆ fn(1)

0
P(Tθ ≥ x)dx

≤ fn(tn) +

ˆ fn(1)

fn(tn)
P(Tθ ≥ x)dx

= fn(tn) +

ˆ 1

tn

P(Tθ ≥ f(u))f ′(u)du

≲ fn(tn) + b
r/ρ
θ n

ˆ 1

tn

exp
(
− nu2/16

)
du

+

(
bθ
n

)r/ρ
n

ˆ 1

tn

exp
(
− n(1− r/ρ)u2/16

)
du
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+

(
bθ
n

)r/ρ
n2
ˆ 1

tn

u2 exp
(
− n(1− r/ρ)u2/16

)
du

≲ fn(tn) + b
r/ρ
θ

√
n exp(−nt2n/16)

+

(
bθ
n

)r/ρ√
n(1 +

√
ntn) exp

(
− n(1− r/ρ)t2n/16

)
,

where the bound on the final term can be obtained by integration by parts. Thus,

E
[
Tθ · I(Tθ ≤ fn(1))

]
≲ b

r
ρ

θ

√
log n

n
+
b
r/ρ
θ√
n

+

(
bθ
n

)r/ρ√
n log n · n

r
ρ
−1 ≲ b

r
ρ

θ

√
log n

n
.

Finally, in order to control E [Tθ · I(Tθ > fn(1))], we use the naive bound

Tθ =

ˆ 1

1/2
|F−1
θ,n(u)− F−1

θ (u)|ψr−1
θ (u)du

≲
ˆ 1

1/2
ψrθ(u)du ≲ (bθ,nm + bθ)

r
ρ

ˆ 1

1/2

du

(1− u)r/ρ
≲ (bθ,nm + bθ)

r
ρ .

Using the inequality 2r < ρ and Jensen’s inequality, we deduce

E
[
T 2
θ

]
≲ E[(bθ + bθ,nm)

2r/ρ] = b
2r
ρ

θ + E[bθ,nm]
2r
ρ = 2b

2r
ρ

θ .

Thus, using the Cauchy-Schwarz inequality, we arrive at

E
[
Tθ · I(Tθ > fn(1))

]
≤
√
E
[
T 2
θ

]
P
(
Tθ > fn(1)

)
≲ b

r
ρ

θ

√
n exp(−n/32).

We deduce that

E[Tθ] = E
[
Tθ · I(Tθ > fn(1))

]
+ E

[
Tθ · I(Tθ ≤ fn(1))

]
≲ b

r
ρ

θ (log n/n)
1/2.

Step 5: Conclusion. By the Fubini-Tonelli Theorem and the nonnegativity of Tθ , we deduce
from the above display that,

E[T ] = E
[ˆ

Sd−1

Tθdµ(θ)

]
=

ˆ
Sd−1

E [Tθ] dµ(θ) ≲ (log n/n)1/2
ˆ
Sd−1

b
r/ρ
θ dµ(θ) ≤ b(log n/n)1/2,

where the final inequality follows from the assumption thatP ∈ Kr,ρ(b). The claim follows.
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2.D.1 Proof of Lemma 11

Part (i) is trivial from the definition of K . To prove parts (ii)–(iv), note that for all k ≥ 1,

γϵ,n(1− δk) =
2(1− δk) + ν2ϵ,n − νϵ,n

√
ν2ϵ,n + 4δk(1− δk)

2(1 + ν2ϵ,n)

≥ 1− δk
1 + ν2ϵ,n

− νϵ,n
√
δk. (2.53)

Therefore,

γϵ,n(1− δk) ≥ 1− δk −
ν2ϵ,n

1 + ν2ϵ,n
− νϵ,n

√
δk,

which proves claim (ii). Furthermore,

1− δk
1 + ν2ϵ,n

≤ ηϵ,n(1− δk) =
2(1− δk) + ν2ϵ,n + νϵ,n

√
ν2ϵ,n + 4δk(1− δk)

2(1 + ν2ϵ,n)

≤ (1− δk) +
1

2

[
2ν2ϵ,n + νϵ,n

√
4δk

]
= (1− δk) + ν2ϵ,n + νϵ,n

√
δk, (2.54)

which proves claim (iii). To prove claim (iv), it follows from equations (2.53)–(2.54) that it
suffices to show

1− δk+1

1 + ν2ϵ,n
− νϵ,n

√
δk+1 ≥ (1− δk) + ν2ϵn + νϵ,n

√
δk.

This assertion is equivalent to

δk − δk+1 ≥ νϵ,n

[√
δk+1 +

√
δk

]
+ ν2ϵ,n

[
2− δk + ν2ϵn + νϵ,n

√
δk + νϵ,n

√
δk+1

]
,

which, in turn, will be satisfied if the following inequality holds,

δk − δk+1 ≥ 2νϵ,n
√
δk + 5ν2ϵ,n.

Using a first-order Taylor expansion of the map x 7→ x−β , notice that δk − δk+1 ≥ β(k +
1)−(1+β)/2. This fact together with property (i) implies that it is enough to show

β

2
(k + 1)−(1+β) ≥ 2(2δK)

ρ−r
ρ

c

k−
β
2

√
2

+
5

c2
(2δK)

2 ρ−r
ρ ,

for which, in turn, it suffices to show

β

2
(k + 1)−(1+β) ≥ 2k

−β
(

3
2
− r

ρ

)
c
√
2

+
5

c2
k
−2β ρ−r

ρ .
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By definition of β in condition (2.46), we have

1 + β < β

(
3

2
− r

ρ

)
∨ 2β

ρ− r

ρ
,

thus for a sufficiently large choice of c, depending only on β, ρ, r, the penultimate display
holds for all k ≥ 1. The claim follows.

2.E Proof of Theorem 7

We begin by formally stating assumptions B1-B3, referenced in the statement of Theorem 7.

B1 γϵ,n(u), ηϵ,n(u), viewed as functions of u ∈ [0, 1], are nondecreasing, differentiable,
invertible with differentiable inverses, and are also respectively nondecreasing and
nonincreasing functions of ϵ ∈ (0, 1) and n ≥ 1.

B2 There exists a constantK1 > 0 such that for all f, g ∈ {γτ/N,n, ητ/N,n, ι : τ ∈ {ϵ, ϵ∧α}},
with ι the identity function on [0, 1], we have δ/2 ≤ f(δ), f(1− δ) ≤ 1− δ/2, and

sup
δ/2≤u≤1−δ/2

∣∣∣∣∂g−1(f(u))

∂u
− 1

∣∣∣∣ ≤ K1κε,n.

B3 There exists a constant K2 > 1 such that for all t ∈ [δ/2, 1− δ/2] and all γε,n(t) ≤ u ≤
ηε,n(t) we have

1

K2
≤
γ−1
ε,n(u)− η−1

ε,n(u)

ηε,n(t)− γε,n(t)
≤ K2.

Proof of Theorem 7. Throughout the proof, the symbol “≲” is used to hide constants
possibly depending on K1,K2, δ0, r. Furthermore, the symbol κN is used to denote a random
variable depending only on θ1, . . . , θN , whose definition may change from line to line, but
which always satisfies Eµ⊗N [κN ] ≤ CN−1/2rI(d ≥ 2), where C > 0 denotes a constant
possibly depending on K1,K2, δ, b, r. We prove the claim in five steps.

Step 0: Setup. With probability at least 1 − ϵ, uniformly in j = 1, . . . , N and u ∈ (0, 1),
we have both

F−1
θj ,n

(
γϵ/N,n(u)

)
≤ F−1

θj
(u) ≤ F−1

θj ,n

(
ηϵ/N,n(u)

)
, (2.55)

and,
G−1
θj ,m

(
γϵ/N,m(u)

)
≤ G−1

θj
(u) ≤ G−1

θj ,m

(
ηϵ/N,m(u)

)
. (2.56)

All derivations which follow will be carried out on the event that the above two inequalities are
satisfied, which has probability at least 1− ϵ. For notational simplicty, we will write a = α/N ,
e = ϵ/N , and we recall that ε = e ∧ a.
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Recall that for all θ ∈ {θ1, . . . , θN}, Fθ,n, Gθ,m denote the empirical CDFs of Pθ and Qθ
respectively, and F−1

θ,n , G−1
θ,m their corresponding quantile functions. We may write

C(N)
nm =

[(
1

1− 2δ

ˆ
Sd−1

ˆ 1−δ

δ
Arθ,nm(u)dudµN (θ)

) 1
r

,

(
1

1− 2δ

ˆ
Sd−1

ˆ 1−δ

δ
Br
θ,nm(u)dudµN (θ)

) 1
r

]
,

where
Aθ,nm(u) =

[
F−1
θ,n

(
γa,n(u)

)
−G−1

θ,m

(
ηa,m(u)

)]
∨
[
G−1
θ,m

(
γa,m(u)

)
− F−1

θ,n

(
ηa,n(u)

)]
∨ 0,

and

Bθ,nm(u)=
[
F−1
θ,n

(
ηa,n(u)

)
−G−1

θ,m

(
γa,m(u)

)]
∨
[
G−1
θ,m

(
ηa,m(u)

)
− F−1

θ,n

(
γa,n(u)

)]
.

We will first show that∣∣∣∣ 1

1− 2δ

ˆ
Sd−1

ˆ 1−δ

δ
Arθ,nm(u)dudµN (θ)−

[
SW

(N)
r,δ (P,Q)

]r∣∣∣∣≲ψε,nm+φε,nm+κN .

A similar argument can be used to bound this expression with Aθ,nm replaced by Bθ,nm, and
will lead to the claim.

We will assume without loss of generality that r > 1 in what follows. As will be clear from
the proof, the arguments of Steps 2 and 4 alone may easily be used to prove the claim when
r = 1.

Step 1: Taylor Expansion Setup. Let u ∈ [δ, 1 − δ], and θ ∈ {θ1, . . . , θN}. By Taylor
expansion of the map (x, y) ∈ R2 7→ (x − y)r, there exists F̃−1

θ,n(u) (resp. G̃−1
θ,m(u)) on the

segment joining F−1
θ,n(γa,n(u)) and F−1

θ (u) (resp. G−1
θ (u) and G−1

θ,m(ηa,m(u))) such that[
F−1
θ,n(γa,n(u))−G−1

θ,m(ηa,m(u))
]r

=
[
F−1
θ (u)−G−1

θ (u)
]r

+ ξnm(u),

where

ξθ,nm(u) = r
(
F̃−1
θ,n(u)− G̃−1

θ,m(u)
)r−1

×{(
F−1
θ,n

(
γa,n(u)

)
− F−1

θ (u)
)
−
(
G−1
θ,m

(
ηa,m(u)

)
−G−1

θ (u)
)}

.

Likewise, there existsF−1
θ,n(u) (resp. G−1

θ,m(u)) on the segment joiningF−1
θ (u) andF−1

θ,n

(
ηa,n(u)

)
(resp. G−1

θ,m

(
γa,m(u)

)
and G−1

θ (u)) such that[
G−1
θ,m(γa,m(u))− F−1

θ,n

(
ηa,n(u)

)]r
=
[
G−1
θ (u)− F−1

θ (u)
]r

+ ζθ,nm(u),
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where

ζθ,nm(u) = r
(
G−1
θ,m(u)− F−1

θ,n(u)
)r−1

×{(
F−1
θ,n

(
ηa,n(u)

)
− F−1

θ (u)
)
−
(
G−1
θ,m

(
γa,m(u)

)
−G−1

θ (u)
)}

.

Now, consider the numerical inequality
∣∣(ar + b) ∨ ((−a)r + d) ∨ 0 − |a|r

∣∣ ≤ 3(|b| + |d|),
for all a ∈ R, b, d ∈ R, Taking a = (F−1

θ − G−1
θ ), b = ξθ,nm and d = ζθ,nm, this inequality

implies∣∣∣∣∣ 1

1− 2δ

ˆ
Sd−1

ˆ 1−δ

δ
Arθ,nm(u)dudµN (θ)−

[
SW

(N)
r,δ (P,Q)

]r ∣∣∣∣∣
≤ 1

1− 2δ

ˆ
Sd−1

ˆ 1−δ

δ

∣∣∣∣[(F−1
θ (u)−G−1

θ (u)
)r

+ ξθ,nm(u)
]

∨
[(
G−1
θ (u)− F−1

θ (u)
)r

+ ζθ,nm(u)
]
∨ 0−

∣∣F−1
θ (u)−G−1

θ (u)
∣∣r∣∣∣∣dudµN (θ)

≲
ˆ
Sd−1

ˆ 1−δ

δ
|ζθ,nm(u)|dudµN (θ) +

ˆ
Sd−1

ˆ 1−δ

δ
|ξθ,nm(u)|dudµN (θ). (2.57)

It will now suffice to bound the second term of the above display, and a similar bound will hold
for the first. Note that ˆ

Sd−1

ˆ 1−δ

δ
|ξθ,nm(u)|dudµN (θ) ≤ r(I + J ),

where,

I =

ˆ
Sd−1

ˆ 1−δ

δ

∣∣F̃−1
θ,n(u)− G̃−1

θ,m(u)
∣∣r−1∣∣F−1

θ,n

(
γa,n(u)

)
− F−1

θ (u)
∣∣dudµN (θ) (2.58)

J =

ˆ
Sd−1

ˆ 1−δ

δ

∣∣F̃−1
θ,n(u)− G̃−1

θ,m(u)
∣∣r−1∣∣G−1

θ,m

(
ηa,m(u)

)
−G−1

θ (u)
∣∣dudµN (θ). (2.59)

It will suffice to prove that I ≲ ψε,nm and J ≲ φε,nm, up to terms depending only on N . We
consider the cases SJr,δ/2(P )∨ SJr,δ/2(Q) = ∞ and SJr,δ/2(P )∨ SJr,δ/2(Q) <∞ seperately.

Step 2: Bounding I and J when SJr,δ/2(P ) ∨ SJr,δ/2(Q) = ∞. We have,

I ≲
ˆ
Sd−1

(
sup

δ≤u≤1−δ

∣∣∣F̃−1
θ,n(u)− G̃−1

θ,m(u)
∣∣∣r−1

)
×(ˆ 1−δ

δ

∣∣∣F−1
θ,n(γa,n(u))− F−1

θ (u)
∣∣∣ du) dµN (θ).

We will bound each factor in the above integral, beginning with the second. Using inequality
(2.55), since e ≥ ε, we have for all u ∈ [δ, 1− δ] and θ ∈ {θ1, . . . , θN},

|F−1
θ,n(γa,n(u))− F−1

θ (u)|

≤
[
F−1
θ

(
γ−1
ε,n(γa,n(u))

)
− F−1

θ (u)
]
+
[
F−1
θ (u)− F−1

θ

(
η−1
ε,n(γa,n(u))

)]
.
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Now, write xn = γ−1
ε,n(γa,n(δ)) and yn = η−1

ε,n(γa,n(1− δ)). By condition B2 and the definition
of κε,n, we have

|xn − δ| ∨ |yn − 1− δ| ≤ κε,n, (2.60)

which, combined with the assumption that κε,n ≤ δ
2 ∧ (1− 2δ), also implies

δ ≤ xn ≤ 1− δ ≤ yn ≤ 1− δ/2.

Thus, for all θ ∈ {θ1, . . . , θN},
ˆ 1−δ

δ

[
F−1
θ

(
γ−1
ε,n(γa,n(u))

)
− F−1

θ (u)
]
du

=

ˆ yn

xn

F−1
θ (u)

(
∂γ−1

a,n(γε,n(u))

∂u

)
du−

ˆ 1−δ

δ
F−1
θ (u)du

≤
ˆ yn

xn

F−1
θ (u)du+K1κε,n

ˆ yn

xn

|F−1
θ (u)|du−

ˆ 1−δ

δ
F−1
θ (u)du, (By B2)

≤
ˆ yn

1−δ
F−1
θ (u)du−

ˆ xn

δ
F−1
θ (u)du+K1κε,n|F−1

θ (yn)|

≲ (yn − 1 + δ)
[
|F−1
θ (yn)| ∨ |F−1

θ (1− δ)|
]

+ (xn − δ)
[
|F−1
θ (δ)| ∨ |F−1

θ (xn)|
]
+ κε,n|F−1

θ (yn)|

≲ (yn − 1 + δ + κε,n)|F−1
θ (1− δ/2)|+ (xn − δ)|F−1

θ (δ)|.

Since P ∈ K2(b), the quantiles in the above display are bounded above by a universal multiple
of (b/δ)1/2, by Lemma 3. Thus, together with equation (2.60), we arrive at

ˆ 1−δ

δ

[
F−1
θ

(
γ−1
ε,n(γa,n(u))

)
− F−1

θ (u)
]
du ≲ κε,n(b/δ)

1/2,

We similarly have,
ˆ 1−δ

δ

[
F−1
θ (u)− F−1

θ

(
η−1
ε,n(γa,n(u))

)]
du ≲ κε,n(b/δ)

1/2.

Combining these facts, we obtain

I ≲ κε,n(b/δ)1/2
ˆ
Sd−1

sup
δ≤u≤1−δ

∣∣∣F̃−1
θ,n(u)− G̃−1

θ,m(u)
∣∣∣r−1

dµN (θ). (2.61)

We now bound the second factor in the above display. Since we have F̃−1
θ,n(u) ∈ [F−1

θ,n(γa,n(u)), F
−1
θ (u)]

and G̃−1
θ,m(u) ∈ [G−1

θ (u), G−1
θ,m(ηa,m(u))], we deduce that for any u ∈ [δ, 1− δ],∣∣∣F̃−1

θ,n(u)− G̃−1
θ,m(u)

∣∣∣ (2.62)

≤
∣∣∣G−1

θ (u)− F−1
θ (u)

∣∣∣+ ∣∣∣F−1
θ (u)− F̃−1

θ,n(u)
∣∣∣+ ∣∣∣G̃−1

θ,m(u)−G−1
θ (u)

∣∣∣
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≤
∣∣∣G−1

θ (u)− F−1
θ (u)

∣∣∣
+
∣∣∣F−1
θ (u)− F−1

θ

(
η−1
ε,n(γa,n(u))

)∣∣∣+ ∣∣∣G−1
θ

(
γ−1
ε,m(ηa,m(u))

)
−G−1

θ (u)
∣∣∣. (2.63)

It follows thatˆ
Sd−1

sup
δ≤u≤1−δ

∣∣∣F̃−1
θ,n(u)− G̃−1

θ,m(u)
∣∣∣r−1

dµN (θ)

≲
{
SW

(r−1)
∞,δ (P,Q) + Uε,n(P ) + Uε,m(Q)

}
+ κN .

We conclude this section of the proof by combining the above display with equation (2.61). We
then have

I ≲ κε,n(b/δ)1/2
{
SW

(r−1)
∞,δ (P,Q) + Uε,n(P ) + Uε,m(Q) + κN

}
≲ ψε,nm + κN ,

and by a symmetric argument,
J ≲ φε,nm + κN .

Step 3: Bounding I and J when SJr,δ/2(P )∨SJr,δ/2(Q) < ∞. By means of Hölder’s
inequality, we have

I ≤
ˆ
Sd−1

ˆ 1−δ

δ

∣∣F̃−1
θ,n(u)− G̃−1

θ,m(u)
∣∣r−1∣∣F−1

θ,n(γa,n(u))− F−1
θ (u)

∣∣dudµN (θ)
≤
(ˆ

Sd−1

ˆ 1−δ

δ

∣∣F̃−1
θ,n(u)− G̃−1

θ,m(u)
∣∣rdudµN (θ)) r−1

r

×(ˆ
Sd−1

ˆ 1−δ

δ

∣∣F−1
θ,n

(
γa,n(u)

)
− F−1

θ (u)
∣∣rdudµN (θ)) 1

r

≲

(ˆ
Sd−1

ˆ 1−δ

δ

∣∣F̃−1
θ,n(u)− G̃−1

θ,m(u)
∣∣rdudµN (θ)) r−1

r

×(ˆ
Sd−1

ˆ 1−δ

δ

[
F−1
θ

(
γ−1
ε,n(γa,n(u))

)
− F−1

θ

(
η−1
ε,n(γa,n(u))

)]r
dudµN (θ)

) 1
r

=

(ˆ
Sd−1

ˆ 1−δ

δ

∣∣F̃−1
θ,n(u)− G̃−1

θ,m(u)
∣∣rdudµN (θ)) r−1

r

×(ˆ
Sd−1

ˆ γa,n(1−δ)

γa,n(δ)

[
F−1
θ

(
γ−1
ε,n(u)

)
− F−1

θ (η−1
ε,n(u))

]r(∂γ−1
a,n(u)

∂u

)
dudµN (θ)

) 1
r

≤
(ˆ

Sd−1

ˆ 1−δ

δ

∣∣F̃−1
θ,n(u)− G̃−1

θ,m(u)
∣∣rdudµN (θ)) r−1

r

×(ˆ
Sd−1

ˆ γa,n(1−δ)

γa,n(δ)

[
F−1
θ

(
γ−1
ε,n(u)

)
− F−1

θ (η−1
ε,n(u))

]r
(1 +K1κε,n)dudµN (θ)

) 1
r

,
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where we used condition B2 on the final line. We now reason similarly as in Section 2.B.2.
Since SJr,δ/2(P ) < ∞, it follows from Lemma 2 that F−1

θ is absolutely continuous over
[δ/2, 1− δ/2] for µ-almost every θ ∈ Sd−1. We thus have for have almost surely that for each
θ ∈ {θ1, . . . , θN},

ˆ γa,n(1−δ)

γa,n(δ)

[
F−1
θ

(
γ−1
ε,n(u)

)
− F−1

θ (η−1
ε,n(u))

]r
du

=

ˆ γa,n(1−δ)

γa,n(δ)

(ˆ γ−1
ε,n(u)

η−1
ε,n(u)

dt

pθ(F
−1
θ (t))

)r
du

≤
ˆ γa,n(1−δ)

γa,n(δ)
(γ−1
ε,n(u)− η−1

ε,n(u))
r−1

ˆ γ−1
ε,n(u)

η−1
ε,n(u)

(
1

pθ(F
−1
θ (t))

)r
dtdu

≤
ˆ 1−δ/2

δ/2

(ˆ ηε,n(t)

γε,n(t)
(γ−1
ε,n(u)− η−1

ε,n(u))
r−1du

)(
1

pθ(F
−1
θ (t))

)r
dt

≤
ˆ 1−δ/2

δ/2

(
sup

γε,n(t)≤u≤ηε,n(t)
(γ−1
ε,n(u)− η−1

ε,n(u))
r−1

)
ηε,n(t)− γε,n(t)

[pθ(F
−1
θ (t))]r

dt

≲
ˆ 1−δ/2

δ/2

(
ηε,n(t)− γε,n(t)

pθ(F
−1
θ (t))

)r
dt ≲

ˆ 1−δ/2

δ/2

(
κ̃ε,n(t)

pθ(F
−1
θ (t))

)r
dt,

where we repeatedly used assumption B3 on the final line. We thus arrive at,

I ≲
(ˆ

Sd−1

ˆ 1−δ

δ

∣∣F̃−1
θ,n(u)− G̃−1

θ,m(u)
∣∣rdudµN (θ)) r−1

r [
Vε,n(P )

] 1
r + κN . (2.64)

By using similar calculations as in equations (2.62) and (2.64) to bound the first factor in the
above display, we have

ˆ
Sd−1

ˆ 1−δ

δ

(
F̃−1
θ,n(u)− G̃−1

θ,m(u)
)r
dudµN (θ)

≲ SWr
r,δ(P,Q) +

ˆ
Sd−1

ˆ 1−δ

δ

∣∣F−1
θ (u)− F−1

θ

(
η−1
ε,n(γa,n(u))

)∣∣rdudµN (θ)
+

ˆ
Sd−1

ˆ 1−δ

δ

∣∣G−1
θ

(
γ−1
ε,m(γa,m(u))

)
−G−1

θ (u)
∣∣rdudµN (θ)

≲ SWr
r,δ(P,Q) + Vε,n(P ) + Vε,m(Q) + κN ,

Putting these facts together with equation (2.64), we arrive at

I ≲
(
SWr

r,δ(P,Q) + Vε,n(P ) + Vε,m(Q)
) r−1

r
[
Vε,n(P )

] 1
r + κN = ψε,nm + κN .

Finally, by a symmetric argument, we also have J ≲ φε,nm + κN .
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Step 4: Conclusion. Returning to equation (2.57), we have shown
ˆ
Sd−1

ˆ 1−δ

δ
|ξnm(u)|dudµN (θ) ≲ ψε,nm + φε,nm + κN .

By the same arguments, we may obtain the same upper bound, up to universal constant factors,
on the integral

´
Sd−1

´ 1−δ
δ |ζnm(u)|dudµN (θ) in equation (2.57). We deduce that, for some

c1 > 0 (possibly depending on r), we have(
1

1− 2δ

ˆ
Sd−1

ˆ 1−δ

δ
Arnm(u)dudµN (θ)

) 1
r

≥
{[

SW
(N)
r,δ (P,Q)

]r − c1
(
ψε,nm + φε,nm + κN

)} 1
r

≥
{
SWr

r,δ(P,Q)− c1
(
ψε,nm + φε,nm + κN

)} 1
r
.

By the same arguments, there exists a constant c2 > 0 such that(
1

1− 2δ

ˆ
Sd−1

ˆ 1−δ

δ
Br
nm(u)dudµN (θ)

) 1
r

≤
{
SWr

r,δ(P,Q) + c2
(
ψε,nm + φε,nm + κN

)} 1
r .

The claim follows by choosing c = c1 ∨ c2.

2.F Proof of Theorem 8

The proof of this result has two main components. In Lemma 13 we show that the Sliced
Wasserstein distance is Hadamard differentiable under certain conditions. Theorem 8 then
follows via an application of the functional delta method.

Hadamard Differentiability of the Sliced Wasserstein Distance. Throughout this sub-
section, for a metric space (T, ρ), C[T ] denotes the set of real-valued continuous functions de-
fined onT , endowed with the supremum norm, and ℓ∞(T ) = {f : T → R : supt∈T |f(t)| <∞} .
Let D[I] denote the space of càdlàg functions defined over an interval I = [a1, a2] ⊆ R, en-
dowed with the supremum norm. We will make use of the following result from van der Vaart
and Wellner (1996) (Lemma 3.9.20), regarding the Hadamard differentiability of the quantile
function at a fixed point u ∈ (a1, a2). Let Dψ denote the set of nondecreasing maps A ∈ D[I]
such that the set {x ∈ I : A(x) ≥ u} is nonempty for any given u ∈ (0, 1), and define the map

ψ : Dψ ⊆ D[I] → R, ψ : A 7→ A−1(u) = inf{x ∈ I : A(x) ≥ u}. (2.65)

Lemma 12 (van der Vaart and Wellner (1996)). Let A ∈ Dψ satisfy the following two properties.

(i) A is differentiable at a point ξu ∈ (a1, a2) such that A(ξu) = u.



Chapter 2. Minimax Confidence Intervals for the Sliced Wasserstein Distance 85

(ii) A has strictly positive derivative at ξu.

Then, ψ is Hadamard-differentiable at A tangentially to the set of functions H ∈ D[I] which are
continuous at ξu, with Hadamard derivative given by

ψ′
A(H) = −H(ξu)

A′(ξu)
.

Now, defineH = R×Sd−1, identified with the set of half-spaces inRd. LetD = ℓ∞(H), and
let D0 denote the subspace of D consisting of maps F : H → R such that F (·, θ) ∈ C[R] for all
θ ∈ Sd−1. Furthermore, define Dϕ as the subset of maps F : H → R such that F (·, θ) ∈ D[R]
is a CDF for all θ ∈ Sd−1. Define the map

ϕ : D2
ϕ → R+, ϕ : (F,G) 7→ 1

1− 2δ

ˆ
Sd−1

ˆ 1−δ

δ

∣∣F−1(u, θ)−G−1(u, θ)
∣∣rdudµ(θ),

for a fixed constant δ ∈ [0, 1/2), where we interchangeably employ the notation F−1(u, θ) =
F−1
θ (u) = inf{x ∈ R : Fθ(x) ≥ u} and F (·, θ) = Fθ(·) in this section only.

The Hadamard differentiability of ϕ, tangentially to D0, is established below.

Lemma 13. Assume the same conditions as in Theorem 8. Then, the map ϕ is Hadamard differen-
tiable at (F,G), tangentially to D0, with Hadamard derivative given by

ϕ′ : D2
0 → R,

ϕ′(H1, H2) =
r

1− 2δ

ˆ
Sd−1

ˆ 1−δ

δ
sgn

(
F−1(u, θ)−G−1(u, θ)

)
×

∣∣F−1(u, θ)−G−1(u, θ)
∣∣r−1

(
H2(G

−1(u, θ), θ)

qθ(G−1(u, θ))
− H1(F

−1(u, θ), θ)

pθ(F−1(u, θ))

)
dudµ(θ).

Proof of Lemma 13. Let (H1k)
∞
k=1, (H2k)

∞
k=1 ⊆ D be sequences satisfying F + tkH1k, G+

tkH2k ∈ Dϕ for all k ≥ 1, and such that Hjk converges uniformly to Hj ∈ D0, j = 1, 2. Let
tk ↓ 0 as k → ∞, and define for all k ≥ 1,

∆k =
1

tk(1− 2δ)

ˆ
Sd−1

ˆ 1−δ

δ

{∣∣(F + tkH1k)
−1(u, θ)− (G+ tkH2k)

−1(u, θ)
∣∣r

−
∣∣F−1(u, θ)−G−1(u, θ)|r

}
dudµ(θ).

We will prove that the limit of ∆k exists when taking k → ∞. For all r > 1, the map
(x, y) ∈ R2 7→ |x − y|r is continuously differentiable. Thus, for all u ∈ [δ, 1 − δ] and
all θ ∈ Sd−1, there exists F̃−1

k (u, θ) (resp, G̃−1
k (u, θ)) on the line joining F−1(u, θ) (resp.

G−1(u, θ)) and (F + tkH1k)
−1(u, θ) (resp. (G+ tkH2k)

−1(u, θ)) such that

∆k =
r

tk(1− 2δ)

ˆ
Sd−1

ˆ 1−δ

δ
φ
(
F̃−1
k (u, θ); G̃−1

k (u, θ)
)

×
{[

(F + tkH1k)
−1(u, θ)− F−1(u, θ)

]
−
[
(G+ tkH2k)

−1(u, θ)−G−1(u, θ)
]}
dudµ(θ),

(2.66)
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where φ(x; y) = sgn(x− y)|x− y|r−1. We will now argue that each of the limits

B1(u, θ) = lim
k→∞

B1k(u, θ), B1k(u, θ) = φ
(
F̃−1
k (u, θ); G̃−1

k (u, θ)
)
,

B2(u, θ) = lim
k→∞

B2k(u, θ), B2k(u, θ) =
(F + tkH1k)

−1(u, θ)− F−1(u, θ)

tk
,

B3(u, θ) = lim
k→∞

B3k(u, θ), B3k(u, θ) =
(G+ tkH2k)

−1(u, θ)−G−1(u, θ)

tk
,

exist for (λ ⊗ µ)-almost every (u, θ) ∈ [δ, 1 − δ] × Sd−1. Throughout the sequel, we write
Iθ = [F−1(δ/2, θ), F−1(1− δ/2, θ)] for all θ ∈ Sd−1. By Lemma 3, there exist finite constants
a1 < a2, depending on δ and the finite second moments of P and Q, such that

⋃
θ∈Sd−1 Iθ ⊆

[a1, a2]. We fix I = [a1, a2] in what follows.

Regarding the limit B1, we make use of the following observation, which we prove below
in Section 2.F.1. The conclusion of this assertion is stronger than necessary, but will be needed
again in the sequel.

Lemma 14. Assume the same conditions as Theorem 8. Then, for all u ∈ [δ, 1− δ], we have as
k → ∞,

sup
θ∈Sd−1

|(F + tkH1k)
−1(u, θ)− F−1(u, θ)| → 0,

sup
θ∈Sd−1

|(G+ tkH2k)
−1(u, θ)−G−1(u, θ)| → 0.

Notice further that the map φ is continuous in both of its arguments, therefore we obtain
from Lemma 14 that

B1(u, θ) = φ
(
F−1(u, θ);G−1(u, θ)

)
,

for (λ⊗ µ)-almost every (u, θ).

We now turn to the limit B2. Recall that A := F (·, θ) is absolutely continuous for any
given θ ∈ Sd−1. For any fixed u ∈ [δ, 1 − δ], the existence of B2(u, θ) would be implied
by the Hadamard differentiability of the map ψ in equation (2.65) at A, tangentially to D0,
sufficient conditions for which are given by conditions (i) and (ii) of Lemma 12. Condition
(i) is immediately satisfied for almost all u ∈ [δ, 1 − δ] due to the absolute continuity of A.
Furthermore, the assumption J∞,δ/2(P ) <∞ implies that pθ is nonzero at A−1(u) for almost
every u ∈ [δ, 1 − δ], implying that condition (ii) of Lemma 12 is satisfied for all such u. We
deduce from Lemma 12 the limit

B2(u, θ) = −H1(A
−1(u), θ)

pθ(A−1(u))
= −H1(F

−1(u, θ), θ)

pθ(F−1(u, θ))
,

for (λ⊗ µ)-almost every (u, θ). We similarly obtain, almost everywhere,

B3(u, θ) = −H2(G
−1(u, θ), θ)

qθ(G−1(u, θ))
.
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With these facts in place, the claim will follow from the Dominated Convergence Theorem if
we are able to interchange the limit as k → ∞ with the integrations in equation (2.66). To this
end, it will suffice to show that there exists K ≥ 1 such that

esssup
θ∈Sd−1

esssup
δ≤u≤1−δ

sup
k≥K

|B2k(u, θ)| <∞. (2.67)

A similar argument may then be used to obtain the same conclusion with B2k replaced by
B3k. These facts will imply, in particular, that the maps (F + tkH1k)

−1 and (G+ tkH2k)
−1

are uniformly bounded over [δ, 1− δ]× Sd−1, which, together with the continuity of φ, then
also implies that the above display holds with B2k replaced by B1k.

It thus remains to prove equation (2.67). We shall make use of the following properties.

Lemma 15. Under the assumptions of Theorem 8, the following assertions hold.

(i) The family {F (·, θ)}θ∈Sd−1 is uniformly absolutely continuous over I , in the sense that for
all t > 0, there exists ϵ(t) > 0 such that for any [α, β] ⊆ I , we have

(β − α) ≤ ϵ(t) =⇒ sup
θ∈Sd−1

∣∣F (α, θ)− F (β, θ)
∣∣ ≤ t.

(ii) We have,

γ := inf
θ∈Sd−1

inf
δ/2≤u≤1−3δ/4

[
F−1(u+ δ/4, θ)− F−1(u, θ)

]
> 0.

(iii) There exists a constant K ≥ 1 such that for all k ≥ K , u ∈ [δ, 1− δ], and θ ∈ Sd−1,

F−1(3δ/4, θ) ≤ (F + tkH1k)
−1(u, θ) ≤ F−1(1− δ/4, θ).

(iv) In particular, (F + tkH1k)
−1(u, θ)− γ ∈ Iθ for all θ ∈ Sd−1.

Now, for all u ∈ [δ, 1− δ] and θ ∈ Sd−1, write

ξθ,u = F−1(u, θ), ξθ,uk = (F + tkH1k)
−1(u, θ). (2.68)

For all k ≥ 1, let ϵk := ϵ(tk) be the constant corresponding to the choice t = tk in the statement
of Lemma 15(i). This defines a sequence (ϵk)k≥1, which we may assume is nonincreasing, and
satisfies ϵk < γ for all k ≥ K , without loss of generality. By definition of the quantile function,
we have

(F + tkH1k)(ξθ,uk − ϵk, θ) ≤ u ≤ (F + tkH1k)(ξθ,uk, θ).

We use these inequalities to bound ξθ,uk − ξθ,u. Assume first that ξθ,uk < ξθ,u. Then, by
absolute continuity of F (·, θ) for all θ ∈ Sd−1, we have

0 ≤ (F + tkH1k)(ξθ,uk, θ)− F (ξθ,u, θ) = tkH1k(ξθ,uk, θ)−
ˆ ξθ,u

ξθ,uk

pθ(x)dx.
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By Lemma 15(iii), we have [ξθ,uk, ξθ,u] ⊆ Iθ for all k ≥ K , u ∈ [δ, 1 − δ], and θ ∈ Sd−1.
Therefore, we obtain

0 ≤ tkH1k(ξθ,uk, θ)− (ξθ,u − ξθ,uk)J
−1
∞,δ/2(Pθ).

On the other hand, if ξθ,uk ≥ ξθ,u, we have

0 ≥ (F + tkH1k)(ξθ,uk − ϵk)− F (ξθ,u)

=
[
F (ξθ,uk − ϵk)− F (ξθ,uk)

]
+
[
F (ξθ,uk)− F (ξθ,u)

]
+ tkH1k(ξθ,uk − ϵk)

= −
ˆ ξθ,uk

ξθ,uk−ϵk
pθ(x)dx+

ˆ ξθ,uk

ξθ,u

pθ(x)dx+ tkH1k(ξθ,uk − ϵk)

≥ −tk + (ξθ,uk − ξθ,u)J
−1
∞,δ/2(Pθ) + tkH1k(ξθ,uk − ϵk),

where on the final line, we lower bounded the first term as follows. Since ϵk < γ, we have
ξθ,uk−ϵk ∈ Iθ ⊆ I by Lemma 15(iv). Again, we also have ξθ,uk ∈ I by Lemma 15(iii). Therefore,
by the definition of ϵk = ϵ(tk), Lemma 15(i) can be applied to obtain the stated lower bound.
Combine the preceding two displays to deduce,

|B2k(u, θ)| =
∣∣∣∣ξθ,uk − ξθ,u

tk

∣∣∣∣ ≤ (1 + |H1k(ξθ,uk)|+ |H1k(ξθ,uk − ϵk)|) J∞,δ/2(Pθ)

≤ (1 + ∥H1k∥∞ + ∥H2k∥∞) sup
θ∈Sd−1

J∞,δ/2(Pθ).

Now, recall that for j = 1, 2, Hjk converges uniformly to Hj ∈ D0 ⊆ ℓ∞(H). It must also
follow that, up to modifying the value of K ≥ 1, the function Hjk is bounded, uniformly in
k ≥ K . This fact combined with our assumption on P implies that the right-hand side of the
above display is bounded above by a finite constant not depending on k, u, θ. Equation (2.67)
readily follows, leading to the claim.

Proof of Theorem 8. The claim consists of two statements, to be proven in parallel. Since
the set of half-spaces H forms a separable Vapnik-Chervonenkis class, it is Donsker, implying
that the empirical process Gnm =

√
nm
n+m(Pn − P,Qm − Q) converges weakly in D2 =

ℓ∞(H)× ℓ∞(H),

sup
h∈BL1(D2)

∣∣∣E[h(Gnm)]− E[h(G(P,Q))]
∣∣∣ −→ 0, (2.69)

to a process G(P,Q) := (
√
aGP ,

√
1− aGQ), where GP and GQ denote independent P - and

Q-Brownian bridges respectively, and where we identify the set H with the set of indicator
functions over H. Under this abuse of notation, notice that the process GP takes the form
GP (x, θ) = G ◦ F (x, θ) for a standard Brownian Bridge G, for all (x, θ) ∈ H. By assumption,
for all θ ∈ Sd−1, F (·, θ) is continuous, and since almost all sample paths of G are continuous,
we deduce that almost every sample path of GP (·, θ) is also continuous. We deduce that
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GP takes values in D0 almost surely, and similarly for GQ = G ◦ G, where G is a standard
Brownian Bridge independent of G.

Furthermore, Theorem 3.6.3 of van der Vaart and Wellner (1996) implies the same conditional
limiting distribution for the bootstrap empirical process G∗

nm =
√

nm
n+m(P ∗

n − Pn, Q
∗
m −Qm),

sup
h∈BL1(D2)

∣∣∣E[h(G∗
nm)

∣∣X1, . . . , Xn, Y1, . . . , Ym
]
− E

[
h(G(P,Q))

]∣∣∣→ 0,

E
[
h(G∗

nm)|X1, . . . , Xn, Y1, . . . , Ym
]∗−E

[
h(G∗

nm)|X1, . . . , Xn, Y1, . . . , Ym
]
∗ → 0,

(2.70)

in outer probability, where h ranges over BL1(D2). Now, the Hadamard differentiability of ϕ
(Lemma 13) together with equation (2.69) and the functional delta method (see for instance
Theorems 3.9.4 of van der Vaart and Wellner (1996)) implies

sup
h∈BL1(R)

∣∣∣∣E [h(√ nm

n+m

(
ϕ(Pn, Qm)− ϕ(P,Q)

))]
− E

[
h
(
ϕ′
(
G(P,Q)

)) ]∣∣∣∣→ 0. (2.71)

Likewise, the delta method for the bootstrap (Theorem 3.9.11 of van der Vaart and Wellner
(1996)) and equations (2.69) and (2.70) imply

sup
h∈BL1(R)

∣∣∣∣E [h(√ nm

n+m
(ϕ(P ∗

n , Q
∗
m)− ϕ(Pn, Qm))

) ∣∣∣∣X1, . . . , Xn, Y1, . . . , Ym

]
− E

[
h
(
ϕ′
(
G(P,Q)

)) ]∣∣∣∣ −→ 0, (2.72)

in outer probability. A combination of equations (2.71) and (2.72) readily leads to part (ii) of
the claim. In view of equation (2.71), part (i) of the claim will follow upon showing that the
random variable ϕ′(G(P,Q)) is equal in distribution to N(0, aσ2P + (1− a)σ2Q). In the sequel,
write for all u ∈ [δ, 1− δ],

wP (u) =

ˆ
Sd−1

w(u, θ)

pθ(F
−1
θ (u))

dµ(θ), wQ(u) =

ˆ
Sd−1

w(u, θ)

qθ(G
−1
θ (u))

dµ(θ).

Notice that

ϕ′(G(P,Q))

=

ˆ
Sd−1

ˆ 1−δ

δ
w(u, θ)

(√
1− aGQ(G

−1
θ (u), θ)

qθ(G
−1
θ (u))

−
√
aGP (F

−1
θ (u), θ)

pθ(F
−1
θ (u))

)
dudµ(θ)

=

ˆ
Sd−1

ˆ 1−δ

δ
w(u, θ)

(√
1− aG(u)

qθ(G
−1
θ (u))

−
√
aG(u)

pθ(F
−1
θ (u))

)
dudµ(θ)

=
√
1− a

ˆ 1−δ

δ
wQ(u)G(u)du−

√
a

ˆ 1−δ

δ
wP (u)G(u)du,

where, on the final line, the interchange of order of integration is valid P-almost surely. Indeed,
the sample paths ofG andG are almost surely continuous, whence bounded over [δ, 1−δ], which
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in turn implies that the functions w(u, θ)G(u)/pθ(F
−1
θ (u)) and w(u, θ)G(u)/qθ(G

−1
θ (u)) are

almost surely bounded, due to the assumptions placed on P and Q. We now make use of the
following fact, which is proven below for completeness.

Lemma 16. Let f : [δ, 1− δ] → R be a Lebesgue-measurable and bounded function. Then, the
random variable

´ 1−δ
δ f(u)G(u)du has Gaussian distribution with mean zero and variance

Var

[ˆ 1−δ

δ
f(u)G(u)du

]
=

ˆ 1−δ

0

(ˆ 1−δ

δ∨t
f(u)du

)2

dt−
(ˆ 1−δ

0

ˆ 1−δ

δ∨t
f(u)dudt

)2

.

By Lemma 16 and the independence of G and G, we obtain that ϕ′(G(P,Q)) has Gaussian
distribution with mean zero and variance

Var
[
ϕ′(G(P,Q))

]
= a

[ˆ 1−δ

0

(ˆ 1−δ

δ∨t
wP (u)du

)2

dt−
(ˆ 1−δ

0

ˆ 1−δ

δ∨t
wP (u)dudt

)2
]

+ (1− a)

[ˆ 1−δ

0

(ˆ 1−δ

δ∨t
wQ(u)du

)2

dt−
(ˆ 1−δ

0

ˆ 1−δ

δ∨t
wQ(u)dudt

)2
]
.

Finally, notice that
ˆ 1−δ

δ∨t
wP (u)du =

ˆ 1−δ

δ∨t

ˆ
Sd−1

w(u, θ)

pθ(F
−1
θ (u))

dµ(θ)du

=

ˆ
Sd−1

ˆ 1−δ

δ∨t

w(u, θ)

pθ(F
−1
θ (u))

dudµ(θ)

=

ˆ
Sd−1

ˆ F−1
θ (1−δ)

F−1
θ (δ∨t)

w(Fθ(x), θ)dxdµ(θ),

where, once again, the interchange of the order of integration is valid due to the uniform
boundedness of the integrands almost everywhere. A similar computation holds with wP
replaced by wQ, thus Var[ϕ′(G(P,Q))] = aσ2P + (1− a)σ2Q, and the claim follows.

It remains to prove Lemmas 14–16.

2.F.1 Proof of Lemma 14

Let u ∈ [δ, 1− δ]. We prove the claim for F , and an identical argument may then be used forG.
We use the abbreviations in equation (2.68). Let ϵ > 0 be an arbitrary real number satisfying

ϵ < inf
θ∈Sd−1

[
F−1(1− δ/2, θ)− F−1(1− δ, θ)

]
.

The infimum on the right-hand side is strictly positive by Lemma 15(ii), whose proof below
is a consequence of the uniform integrability of {pθ}θ∈Sd−1 , and does not require the present
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result. By definition of ϵ, we have ξθ,u, ξθ,u + ϵ ∈ Iθ , thus, by absolute continuity of F (·, θ),

inf
θ∈Sd−1

[
F (ξθ,u + ϵ, θ)− u

]
= inf

θ∈Sd−1

ˆ ξθ,u+ϵ

ξθ,u

pθ(x)dx

≥ ϵ inf
θ∈Sd−1

essinf
ξθ,u≤x≤ξθ,u+ϵ

pθ(x)

≥ ϵ inf
θ∈Sd−1

essinf
x∈Iθ

pθ(x) > 0,

where the strict inequality follows from the fact that supθ J∞,δ/2(Pθ) <∞. After repeating a
symmetric argument, we deduce

sup
θ∈Sd−1

F (ξθ,u − ϵ, θ) < u < inf
θ∈Sd−1

F (ξθ,u + ϵ, θ). (2.73)

On the other hand, by definition of quantile, we have for all ϵ > 0 that,

sup
θ∈Sd−1

(F + tkH1k)(ξθ,uk − ϵ, θ) ≤ u ≤ inf
θ∈Sd−1

(F + tkH1k)(ξθ,uk, θ).

Recall that H1k converges in ℓ∞(H) to H1 ∈ ℓ∞(H), thus there exists C > 0 such that

sup
θ∈Sd−1

F (ξθ,uk − ϵ, θ)− Ctk ≤ u ≤ inf
θ∈Sd−1

F (ξθ,uk, θ) + Ctk.

Since tk ↓ 0, the above display contradicts equation (2.73) for all large enough k if ξθ,uk <
ξθ,u − ϵ, or if ξθ,uk > ξθ,u + ϵ. We have therefore shown that for all ϵ > 0 small enough, there
exists a sufficiently large K ≥ 1 such that for all k ≥ K , supθ |ξθ,uk − ξθ,u| ≤ ϵ, thus leading
to the claim.

2.F.2 Proof of Lemma 15

Consider the family F = {pθ}θ∈Sd−1 . F is assumed to be uniformly integrable with respect
to the Lebesgue measure over R, and hence is also uniformly integrable with respect to the
finite measure ν = λ|I (that is, the restriction of the Lebesgue measure to the bounded interval
I). Since ν does not possess any atoms, uniform integrability of F is equivalent to F having
uniformly absolutely continuous integrals, by Proposition 4.5.3 of Bogachev (2007). Thus, for
any t > 0, there exists ϵ(t) > 0 such that for any interval [α, β] ⊆ I for which β − α ≤ ϵ(t),
we have

sup
θ∈Sd−1

∣∣F (α, θ)− F (β, θ)
∣∣ ≤ t.

This proves property (i). For part (ii), choose t < δ/4 and fix the corresponding value of ϵ(t).
Let u ∈ [δ/2, 1− δ/4], and choose a sequence θj ∈ Sd−1 such that for all j ≥ 1,∣∣F−1(u+ δ/4, θj)− F−1(u, θj)

∣∣ ≤ 1

j
+ inf
θ∈Sd−1

∣∣F−1(u+ δ/4, θ)− F−1(u, θ)
∣∣. (2.74)

Let αj = F−1(u, θj) and βj = F−1(u + δ/4, θj). Clearly, F (βj , θj) − F (αj , θj) = δ/4 > t,
thus from the uniform absolute continuity of {Fθ} in part (i), it must hold that

βj − αj = F−1(u+ δ/4, θj)− F−1(u, θj) > ϵ(t).
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Since this property holds for all j ≥ 1, we deduce from equation (2.74) that

inf
θ∈Sd−1

∣∣F−1(u+ δ/4, θ)− F−1(u, θ)
∣∣ ≥ ϵ(t)/2.

Since ϵ(t) did not depend on u, we finally arrive at

γ = inf
δ/2≤u≤1−δ/4

inf
θ∈Sd−1

∣∣F−1(u+ δ/4, θ)− F−1(u, θ)
∣∣ ≥ ϵ(t)/2 > 0,

which proves the second claim. To prove the third and fourth, notice simply that

(F + tkH1k)
−1(δ, θ)

≥ F−1(δ, θ)− sup
θ∈Sd−1

∣∣F−1(δ, θ)− (F + tkH1k)
−1(δ, θ)

∣∣
≥ F−1(3δ/4, θ) + γ − sup

θ∈Sd−1

∣∣F−1(δ, θ)− (F + tkH1k)
−1(δ, θ)

∣∣.
By Lemma 14, recall that there existsK ≥ 1 such that supθ∈Sd−1

∣∣F−1(δ, θ)−(F+tkH1k)
−1(δ, θ)

∣∣ ≤
γ, thus for all such k, we have

(F + tkH1k)
−1(δ, θ) ≥ F−1(3δ/4, θ).

Similarly, up to modifying the value of K , we have for all k ≥ K ,

(F + tkH1k)
−1(1− δ, θ) ≤ F−1(1− δ/4, θ). (2.75)

The claim follows from here.

2.F.3 Proof of Lemma 16

We first prove the claim for step functions f . Let M ≥ 1 be an integer and define a partition of
[δ, 1−δ] via δ = s0 < · · · < sM+1 = 1−δ. Let α0, . . . , αM ∈ R and set f =

∑M
i=0 αiI[si,si+1).

Clearly, we may always rewrite f in terms of any refinement of the partition s0, . . . , sM+1.
Indeed, for any K ≥ 1 and any set of real numbers 0 = t0 < · · · < tK+1 = 1− δ containing
{s0, . . . , sM+1}, we may find real numbers a0, . . . , aK contained in {α0, . . . , αM} such that
f =

∑K
k=0 akI[tk,tk+1). We must have a0 = 0 when t0 = 0 < δ. Since G is almost surely

continuous over [δ, 1 − δ], and the function f is piecewise continuous, fG is almost surely
Riemann integrable. Therefore, for any choice of the partition {t0, . . . , tK+1} with vanishing
mesh as K → ∞, we have

ˆ 1−δ

δ
f(u)G(u)du = lim

K→∞

K+1∑
k=1

G(tk−1)(tk − tk−1)ak−1. (2.76)

Notice that,

K+1∑
k=1

G(tk−1)(tk − tk−1)ak−1
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=

K+1∑
k=1

G(tk−1)

 K∑
j=k−1

aj(tj+1 − tj)−
K∑
j=k

aj(tj+1 − tj)


=

K∑
k=0

G(tk)

K∑
j=k

aj(tj+1 − tj)−
K+1∑
k=1

G(tk−1)

K∑
j=k

aj(tj+1 − tj)

=
K∑
k=1

G(tk)
K∑
j=k

aj(tj+1 − tj)−
K∑
k=1

G(tk−1)
K∑
j=k

aj(tj+1 − tj)

=
K∑
k=1

(G(tk)−G(tk−1))
K∑
j=k

aj(tj+1 − tj)

=

K∑
k=1

(G(tk)−G(tk−1))

ˆ 1−δ

tk

f(x)dx.

Now, since f is bounded, the function t ∈ [0, 1−δ] 7→
´ 1−δ
δ∨t f(x)dx is continuous and bounded,

thus for any partition as in equation (2.76), we obtain
ˆ 1−δ

δ
f(u)G(u)du

= lim
K→∞

K+1∑
k=1

(G(tk)−G(tk−1))

ˆ 1−δ

tk

f(x)dx =

ˆ 1−δ

0

ˆ 1−δ

δ∨t
f(x)dxdG(t),

where convergence in the final equality is understood to hold in probability (see, for instance,
Proposition 2.13 of Revuz and Yor (2013)). It now follows from Proposition 2.2.1 of Denker
(1985) that the random variable on the right-hand side of the above display has mean-zero
Gaussian distribution, with variance

ˆ 1−δ

0

(ˆ 1−δ

δ∨t
f(u)du

)2

dt−
(ˆ 1−δ

0

ˆ 1−δ

δ∨t
f(u)dudt

)2

,

which leads to the claim when f is a step function.

Assume now that f is a Lebesgue measurable bounded function. By Theorem 4.3 of Stein
and Shakarchi (2009), there exists a sequence of step functions fn converging pointwise to
f , Lebesgue-almost everywhere on [δ, 1 − δ]. In view of the preceding result, we have in
probability,∣∣∣∣∣

ˆ 1−δ

δ
f(u)G(u)du−

ˆ 1−δ

0

ˆ 1−δ

t∨δ
f(u)dudG(t)

∣∣∣∣∣
≤
ˆ 1−δ

δ
|fn − f ||G|+

ˆ 1−δ

0

(ˆ 1−δ

δ∨t
|fn − f |

)
dG(t).

Since f is bounded, we may clearly take the functions fn to be uniformly bounded. Furthermore,
since G is P-almost surely bounded on the comapct set [δ, 1−δ], the first term on the right-hand
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side of the above display vanishes by the Dominated Convergence Theorem, while the second
vanishes in probability by Theorem 2.12 of Revuz and Yor (2013). Deduce that the identity´
f(u)G(u)du =

´ 1−δ
0

´ 1−δ
t∨δ f(u)dudG(t) holds, with convergence holding in probability. The

claim then follows as before, by Denker (1985).

2.G Proofs of Additional Results

2.G.1 Proof of Proposition 7

Given θ ∼ µ, we have

W r
r (Pθ, Qθ) =

1

1− 2δ

ˆ 1−δ

δ

∣∣F−1
θ (u)−G−1

θ (u)
∣∣rdu

≲ max
a∈{δ,1−δ}

∣∣F−1
θ (a)

∣∣r + max
a∈{δ,1−δ}

∣∣G−1
θ (a)

∣∣r.
Therefore, it follows from Lemma 3 that

sup
P,Q∈K2r(b)

Varµ
[
W r
r,δ(Pθ, Qθ)

]
≤ sup

P,Q∈K2r(b)

ˆ
Sd−1

W 2r
r (Pθ, Qθ)dµ(θ) ≤ b(4/δ)r.

Thus, denoting SN = SW
(N)
r,δ (P,Q), S = SWr,δ(P,Q) and ∆N =MN/

√
N , we obtain

P
(
S ̸∈ C(N)

nm

)
= P

(
S ̸∈ C(N)

nm , |Sr − SrN | > ∆N

)
+ P

(
S ̸∈ C(N)

nm , |Sr − SrN | ≤ ∆N

)
≤ P

(
|Sr − SrN | > ∆N

)
+ P

((
{Sr ≤ LN,nm −∆N} ∪ {UN,nm +∆N ≤ Sr}

)
∩ {|Sr − SrN | ≤ ∆N}

)
≤ P

(
|Sr − SrN | > ∆N

)
+ P

(
SrN ̸∈ C(N)

nm

)
= P

(
|Sr − SrN | > ∆N

)
+ E

[
P
(
SN ̸∈ C(N)

nm

∣∣∣ θ1, . . . , θN)]
≤

Varθ∼µ
[
W r
r,δ(Pθ, Qθ)

]
N∆2

N

+ α ≤ bc/δr

M2
N

+ α,

for a constant c > 0 depending only on r, as claimed.

2.G.2 Proof of Corollary 1

Under the stated conditions on ϵ, δ, it can be seen by direct verification that conditions B1–B3
and the remaining conditions of Theorem 7 hold for the confidence bands of Examples 1–2, for
constants K1,K2 possibly depending on α. In what follows, the symbol “≲” is used to hide
constants possibly depending on α, b, δ0 and r.
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Suppose first that SJr, δ
2
(P ) ∨ SJr, δ

2
(Q) = ∞. Then, we use the bound

ψε,nm ≲
(
SW

(r−1)
∞,δ (P,Q)+Uε,n(P )+Uε,m(Q)

)κε,n√
δ

≲

(
max

a∈{δ/2,1−δ/2}
sup
Sd−1

∣∣F−1
θ (a)

∣∣r−1
)
κε,n√
δ
≲
κε,n

δr/2
,

by Lemma 3, under the assumption P,Q ∈ K2(b). A similar argument can be used to bound
φε,nm, leading to

λ(C(N)
nm ) ≤

{
SWr

r,δ(P,Q) + c
(
ψε,nm + φε,nm + κN

)}1/r
− SWr,δ(P,Q)

≤ c1/r
(
ψε,nm + φε,nm + κN

)1/r
≲ κ1/r

N +
1√
δ

(
κ1/rε,n + κ1/rε,m

)
,

with probability at least 1−ϵ. Parts (i) and (ii) now follow from Lemma 1 in the case SJr, δ
2
(P )∨

SJr, δ
2
(Q) = ∞.

Suppose now that SJr, δ
2
(P ) ∨ SJr, δ

2
(Q) <∞. Using the shorthand notations

∆ = Vε,n(P ) + Vε,m(Q), S = SWr,δ(P,Q),

we have the bounds ψε,nm, φε,nm ≲ (Sr +∆)
r−1
r ∆

1
r , whence

λ(C(N)
nm ) ≲ κ

1
r
N +

{
Sr + (Sr +∆)

r−1
r ∆

1
r

} 1
r − S,

with probability at least 1− ϵ. If Sr ≲ ∆, the right-hand side of the above display is clearly of
order κ1/r

N +∆1/r . Likewise, if Sr ≳ ∆, we obtain similarly as in equation (2.41),

λ(C(N)
nm ) ≲ κ

1
r
N + S

[{
1 + (1 + (∆/Sr))

r−1
r (∆/Sr)

1
r

} 1
r − 1

]
≤ κ

1
r
N + S(1 + (∆/Sr))

r−1
r (∆/Sr)

1
r

≲ κ
1
r
N +∆

1
r ,

with probability at least 1− ϵ. The conclusion of the above display thus holds irrespective of S
and ∆. The claim now follows by substituting the expressions for Vε,n(P ) stated in Lemma 1
for each of parts (i) and (ii).

2.G.3 Proof of Corollary 2

We reason similarly as in the proof of Corollary 1. By Theorem 7, we have with probability at
least 1− ϵ,

λ(Cnm) ≤
{
SWr

r,δ(P,Q) + c
(
ψε,nm + φε,nm + κN

)}1/r
− SWr,δ(P,Q)
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≲ SW1−r
r,δ (P,Q)

(
ψε,nm + φε,nm + κN

)
≤ Γ1−r(ψε,nm + φε,nm + κN

)
,

since SWr,δ(P,Q) ≥ Γ. The claim now follows by invoking similar bounds on ψε,nm and
φε,nm as in the proof of Corollary 1.

2.G.4 Proof of Proposition 8

Notice that σP , σQ > 0 whenever SWr,δ(P,Q) > 0. In view of Theorem 8, it is then a standard
result that the percentile bootstrap interval C∗

nm satisfies

lim inf
n,m→∞

P(SWr,δ(P,Q) ∈ C∗
nm) ≥ 1− α/2, (2.77)

under the assumptions of Theorem 8 and the assumption SWr,δ(P,Q) > 0 (see, for instance,
Lemma 23.3 of van der Vaart (1998)). Therefore, when these assumptions hold, we have

P(SWr,δ(P,Q) ̸∈ Cnm)

= P(SWr,δ(P,Q) ̸∈ C∗
nm, 0 ̸∈ C†

nm) + P(SWr,δ(P,Q) ̸∈ C†
nm, 0 ∈ C†

nm)

≤ P(SWr,δ(P,Q) ̸∈ C∗
nm) + P(SWr,δ(P,Q) ̸∈ C†

nm) ≤ α+ o(1),

where on the final line, we use equation (2.77) and Proposition 7. Notice that the assumptions
of Proposition 7 are satisfied, since K2 ⊆ K2r . On the other hand, when SWr,δ(P,Q) = 0, we
obtain

P(SWr,δ(P,Q) ̸∈ Cnm)

= P(SWr,δ(P,Q) ̸∈ C∗
nm, 0 ̸∈ C†

nm) + P(SWr,δ(P,Q) ̸∈ C†
nm, 0 ∈ C†

nm)

≤ 2P(0 ̸∈ C†
nm) ≤ α+ o(1).

This proves the stated asymptotic coverage property of the confidence intervalCnm. In order to
bound its length, note that it is a direct consequence of Theorem 8 that the bootstrap quantiles
F ∗
nm(α/2) and F ∗

nm(1− α/2) are of the order Op(n−1/2) as n/(n+m) → a ∈ (0, 1). Thus,

b∗nm − a∗nm = Op(n
−1/2),

where we write C∗
nm = [(a∗nm)

1/r, (b∗nm)
1/r]. Furthermore, under the conditions of Theorem 8,

and for N ≍ nr
2 and MN ≍ logN , it can be deduced from Theorem 7 and Corollary 1 that

when SWr,δ(P,Q) = 0, we have

b†nm − a†nm = Op

((
log n

n

) r
2

)

where we write C†
nm = [(a†nm)1/r, (b

†
nm)1/r]. Finally, as in the above proof of coverage of

Cnm, when SWr,δ(P,Q) > 0 we have Cnm = C∗
nm with probability at least 1− α/2− o(1),

while when SWr,δ(P,Q) = 0 we have Cnm = C†
nm with probability at least 1− α/2− o(1).
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Combine these facts to deduce that for any ϵ > 0, there exist constants C, n0 > 0 such that for
all n ≥ n0,

bnm − anm ≤ C

((
log n

n

) r
2

+
SWr,δ(P,Q)√

n

)
with probability at least 1− α/2− ϵ. Choosing ϵ = α/2 leads to the claim.

The proof is straightforward. We have,

P
(
η0 ̸∈ C(N)

nm

)
≤ P

(
ℓ̄(N)
nm (η0) > ϵ

)
≤ P

(
ℓ̄(N)
nm (η0) > ϵ0

)
= P

(
ℓ̄(N)
nm (η0) > SWr,δ(P, Pη0)

)
.

The claim now follows from Proposition 7.

2.G.5 Proof of Example 2

We begin by proving the validity of the inequality in equation (2.23). Let A be a collection
of sets, and let SA(n) denote the shattering number (Vapnik, 2013) of A. The relative VC
inequality is then given by

P

(
sup
A∈A

|Pn(A)− P (A)|√
Pn(A)

≥ t

)
≤ 4SA(2n)e

−nt2/4, t > 0.

Letting A = {(−∞, x] : x ∈ R} and A = {[x,∞) : x ∈ R} respectively, we obtain

P

(
sup
x∈R

|Fn(x)− F (x)|√
Fn(x)

≥ t

)
≤ 4(2n+ 1)e−nt

2/4,

P

(
sup
x∈R

|Fn(x)− F (x)|√
1− Fn(x)

≥ t

)
≤ 4(2n+ 1)e−nt

2/4,

for all t > 0. By a union bound and the fact that u(1− u) ≥ 1
2(u ∧ (1− u)) for all u ∈ [0, 1],

we arrive at

P

(
sup
x∈R

|Fn(x)− F (x)|√
Fn(x)(1− Fn(x))

≥ t

)
≤ 8(2n+ 1)e−

nt2

16 .

Setting t = να,n :=
√

16
n [log(16/α) + log(2n+ 1)], we deduce that with probability at least

1− α/2,
|Fn(x)− F (x)| ≤ να,n

√
Fn(x)(1− Fn(x)), ∀x ∈ R. (2.78)

This proves the validity of equation (2.23).

We now invert equation (2.78) to obtain the functions γα,n and ηα,n which lead to a quantile
confidence band. We will require the following definitions of lower CDF and upper quantile
function,

F (x) := lim
y→x−

F (y) = P(X1 < x), F
−1

(u) = inf
{
x ∈ R : F (x) > u

}
,
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with empirical analogues given by

Fn(x) := lim
y→x−

Fn(y) =
1

n

n∑
i=1

I(Xi < x), F−1
n (u) = inf

{
x ∈ R : Fn(x) > u

}
.

Notice that F and F−1 are right continuous, whereas F and F−1 are left continuous. Further-
more, we make use of the following elementary inequalities relating quantile functions and
CDFs,

Fn(x) ≥ u =⇒x ≥ F−1
n (u), (2.79)

Fn(x) ≤ u =⇒x ≤ F−1
n (u), (2.80)

F (x) ≥ u⇐⇒x ≥ F−1(u), (2.81)

F (x) ≤ u⇐⇒x ≤ F
−1

(u). (2.82)

We now turn to the proof. The calculations which follow are elementary, but tedious. Let
v = F (x). By equation (2.78), we have with probability at least 1− α/2 that for all x ∈ R,

Fn(x) + να,n
√
Fn(x)(1− Fn(x)) ≥ v ≥ Fn(x)− να,n

√
Fn(x)(1− Fn(x))

=⇒ Fn(x)(1− Fn(x))ν
2
α,n ≥ (v − Fn(x))

2

=⇒ (Fn(x)− Fn(x)
2)ν2α,n ≥ v2 − 2vFn(x) + Fn(x)

2

=⇒ Fn(x)
2(1 + ν2α,n)− Fn(x)

(
2v + ν2α,n

)
+ v2 ≤ 0

=⇒ Fn(x) ≥
2v + ν2α,n
2(1 + ν2α,n)

−

√
[2v + ν2α,n

]2 − 4(1 + ν2α,n)v
2

2(1 + ν2α,n)

=⇒ Fn(x) ≥
2v + ν2α,n
2(1 + ν2α,n)

−
να,n

√
ν2α,n + 4v(1− v)

2(1 + ν2α,n)
= γα,n(v)

=⇒ x ≥ F−1
n (γα,n(v)), (By (2.79))

=⇒ x ≥ F−1
n (γα,n(F (x))).

Now, let u ∈ (0, 1). Setting x = F−1(u) and using the fact that F ◦ F−1(u) ≥ u by
equation (2.81), the above display implies

F−1(u) ≥ F−1
n (γα,n(F ◦ F−1(u))) ≥ F−1

n (γα,n(u)),

uniformly in u ∈ (0, 1), with probability at least 1− α/2.

We now turn to an upper confidence bound on F−1(u). Upon taking limits from the left in
equation (2.78), we obtain

Fn(x)− να,n

√
Fn(x)(1− Fn(x)) ≤ F (x) ≤ Fn(x) + να,n

√
Fn(x)(1− Fn(x))

uniformly in x ∈ R, on the same event of probability at least 1− α/2. Thus, letting v = F (x),
we have

ν2α,nFn(x)(1− Fn(x)) ≥ (Fn(x)− v)2
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=⇒ ν2α,nFn(x)− ν2α,nFn(x)
2 ≥ Fn(x)

2 − 2vFn(x) + v2

=⇒ Fn(x)
2(1 + ν2α,n)− (ν2α,n + 2v)Fn(x) + v2 ≤ 0

=⇒ Fn(x) ≤
ν2α,n + 2v

2(1 + ν2α,n)
+

√
[2v + ν2α,n

]2 − 4(1 + ν2α,n)v
2

2(1 + ν2α,n)

=⇒ Fn(x) ≤
ν2α,n + 2v + να,n

√
ν2α,n + 4v(1− v)

2(1 + ν2α,n)
= ηα,n(v)

=⇒ x ≤ F−1
n (ηα,n(v)), (By (2.80))

=⇒ x ≤ F−1
n (ηα,n(F (x))).

Therefore, setting x = F
−1

(u) for u ∈ (0, 1), and using the fact that F ◦ F−1
(u) ≤ u by

equation (2.82), we obtain

F
−1

(u) ≤ F−1
n

(
ηα,n(F (F

−1
(u))

)
≤ F−1

n

(
ηα,n(u)

)
.

Upon taking limits from the right, this implies

F−1(u) ≤ F−1
n

(
ηα,n(u)

)
,

uniformly in u with probability at least 1− α/2. We conclude that

P
(
F−1
n

(
γα,n(u)

)
≤ F−1(u) ≤ F−1

n

(
ηα,n(u)

)
, ∀u ∈ (0, 1)

)
≥ 1− α/2.

The validity of equation (2.24) follows.



Chapter 3

Sharp Rates for Empirical Optimal
Transport with Smooth Costs

3.1 Introduction

In this chapter, we return our attention to the study of the multidimensional Wasserstein
distance, and more generally, to a broad class of optimal transport divergence functionals Tc.
Our goal will be to characterize the expected convergence rate of empirical estimators of such
optimal transport costs. Though this question has already been studied in great generality in
the literature, our aim in this chapter will be to highlight some unexpected phenomena that
arise when the cost function is smooth.

For concreteness, we focus throughout on the optimal transport problem over the Euclidean
space Rd for some integer d ≥ 1. Let X ,Y ⊆ Rd, and P ∈ P(X ) and Q ∈ P(Y). Given a
nonnegative cost function c : X × Y → R, recall that the optimal transport cost based on c is
defined by

Tc(P,Q) = inf
π∈Π(P,Q)

ˆ
c(x, y)dπ(x, y),

where Π(P,Q) denotes the set of couplings between P and Q. In statistical contexts, the
measures P and Q are typically unknown, and it is necessary to estimate the optimal transport
cost between them on the basis of i.i.d. observations1 X1, . . . , Xn ∼ P and Y1, . . . , Yn ∼ Q.
A canonical choice is the plugin estimator Tc(Pn, Qn), obtained by replacing P and Q by their
corresponding empirical measures:

Pn =
1

n

n∑
i=1

δXi , Qn =
1

n

n∑
i=1

δYi .

We call this quantity the empirical optimal transport cost, and we seek sharp upper and lower
bounds on the expected gap between the empirical optimal transport cost and its population

1The two sample sizes are assumed to be equal in this chapter for ease of exposition.
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counterpart:
∆n(c) = E

∣∣Tc(Pn, Qn)− Tc(P,Q)
∣∣. (3.1)

We highlight the dependence of ∆n on c because a key finding of our work is that the rate
of decay of ∆n is driven by properties of the cost, and can improve significantly when c is
smooth.

To illustrate the phenomena we have in mind, we turn to perhaps the most widely-used
cost functions: those of the form cp(x, y) = ∥x− y∥p, p ≥ 1, which give rise to the p-
Wasserstein distances Wp = T 1/p

cp . The convergence rate of the empirical p-Wasserstein
distance Wp(Pn, Qn) to its population counterpart Wp(P,Q) is a well-studied problem; for
instance, assuming for simplicity of exposition that X = Y is a compact set, Fournier and
Guillin (2015) prove that there exists a constant Cd > 0, depending only on d and X , such that

EWp(Pn, P ) ≤
[
EW p

p (Pn, P )
] 1
p ≤ Cdn

−1/d, (3.2)

whenever d > 2p. Since Wp is a metric, it follows that

E
∣∣Wp(Pn, Qn)−Wp(P,Q)

∣∣ ≤ EWp(Pn, P ) + EWp(Qn, Q) ≤ 2Cdn
−1/d. (3.3)

The n−1/d rate in equation (3.3) is well known to be inherent to statistical optimal transport
problems. In particular, it was shown by Niles-Weed and Rigollet (2022) that, up to polylog-
arithmic factors, no estimator of Wp(P,Q) improves on the rate in equation (3.3) uniformly
over all pairs of measures (P,Q). Nevertheless, one of the main contributions of this chapter
is to show that this bound is only tight when P = Q, and can otherwise be improved up to
quadratically. Indeed, our results imply the bound

∆n(cp) = E
∣∣W p

p (Pn, Qn)−W p
p (P,Q)

∣∣ ≲ {n−p/d, 1 ≤ p ≤ 2

n−2/d, 2 ≤ p <∞,
(3.4)

which, as we shall see, entails

E
∣∣Wp(Pn, Qn)−Wp(P,Q)

∣∣ ≲ δ1−p0

{
n−p/d, 1 ≤ p ≤ 2

n−2/d, 2 ≤ p <∞
, if Wp(P,Q) ≥ δ0 > 0. (3.5)

Whenever p > 1, equations (3.4) and (3.5) provide a significant sharpening of the naive estimate
in equation (3.3). We show that such improvements arise due to the Hölder smoothness of
the cost cp, and in fact, similar rates of convergence for ∆n(c) are enjoyed by a much broader
collection of smooth cost functions. Beyond smoothness assumptions on c, we establish our
main results under the following broad structural condition, which is presumed throughout
the sequel,

(H0) The cost function c : X × Y → R is nonnegative, and takes the form c(x, y) =
h(x− y) where h : Rd → R+ is convex, even, and lower semi-continuous.

Before summarizing our main results and comparing them to further existing literature, we
begin with an idealized example which illustrates the role of these conditions.
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3.1.1 Example: Location Families

For simplicity, we limit this example to upper bounding the following one-sample analogue of
∆n(c),

E|Tc(Pn, Q)− Tc(P,Q)|.

We also continue to assume for simplicity that X = Y is a convex and compact set. Let c be
any cost function such that condition (H0) holds, and assume there exists α ∈ (1, 2] such that
h ∈ C α(X ).

Let P,Q ∈ P(X ) be any two measures differing only by a location transformation with
respect to a fixed vector z0 ∈ Rd, in the sense that Q = T0#P := P (T−1

0 (·)), where T0(z) =
z+ z0 and # denotes the pushforward operator. In this example, it is simple to find an optimal
coupling between P and Q. Indeed, recall that h is convex and even under (H0), thus for all
π ∈ Π(P,Q), Jensen’s inequality implies

ˆ
h(x− y)dπ(x, y) ≥ h

(ˆ
xdP (x)−

ˆ
ydQ(y)

)
= h(z0).

Thus, Tc(P,Q) ≥ h(z0), and the lower bound is achieved by the coupling π = (Id, T0)#P ,
implying that T0 is an optimal transport map from P to Q. On the other hand, for all couplings
πn ∈ Π(Pn, P ), γn = (Id, T0)#πn is a (typically suboptimal) coupling between Pn and Q,
whence

Tc(Pn, Q) ≤
ˆ
c(z, y)dγn(z, y) =

ˆ
c(z, T0(x))dπn(z, x).

Since we assumed that the Hölder norm Λ := ∥h∥Cα(X ) is finite, h is close to its first-order
Taylor expansion. Specifically, we obtain from the above display,

Tc(Pn, Q) ≤
ˆ [

h(x− T0(x)) + ⟨∇h(x− T0(x)), z − x⟩+ Λ ∥z − x∥α
]
dπn(z, x). (3.6)

Due to the marginal constraints in the definition of πn, equation (3.6) is tantamount to

Tc(Pn, Q) ≤ Tc(P,Q) +

ˆ
⟨∇h(z0), ·⟩d(Pn − P ) + Λ

ˆ
∥x− z∥α dπn(x, z). (3.7)

The final term of the above display is manifestly the ∥·∥α-transport cost between Pn and P ,
with respect to a possibly suboptimal coupling πn ∈ Π(Pn, P ). Since it holds for any choice of
πn, taking the infimum over such couplings leads to

Tc(Pn, Q) ≤ Tc(P,Q) +

ˆ
⟨∇h(z0), ·⟩d(Pn − P ) + ΛWα

α (Pn, P ). (3.8)

The second term on the right-hand side of the above display is a mean-zero sample average,
and hence typically decays at the rate n−1/2 in probability. Equation (3.8) thus provides an
upper bound on Tc(Pn, Q)− Tc(P,Q) which is primarily driven by the rate of convergence of
the empirical measure under the optimal transport cost with respect to ∥·∥α, which we refer to
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as the α-transport cost in the sequel. By equation (3.2), we arrive at the following one-sided
estimate whenever d ≥ 5,

E
[
Tc(Pn, Q)− Tc(P,Q)

]
≤ ΛE

[
Wα
α (Pn, P )

]
≤ ΛCdn

−α/d. (3.9)

Although equation (3.9) does not imply an upper bound in expected absolute value, it captures
the main features of our problem; as we shall see, a simple extension of the above derivations
leads to the bound

E
∣∣Tc(Pn, Q)− Tc(P,Q)

∣∣ ≤ C0n
−α/d, for all d ≥ 5, (3.10)

for a large enough constant C0 > 0 depending on d,X and Λ. Equation (3.10) shows that, for
the class of cost functions under consideration, the rate of convergence of the empirical optimal
transport cost is largely driven by the smoothness of c when P and Q differ merely in mean.
In particular, notice that the cost h(x) = ∥x∥p satisfies h ∈ C p for all p ≥ 1, which implies
the previously announced result (3.4) in the special case of one-sample location families.

This fast rate of convergence in equation (3.10) arose in the present example because the
first-order term in the Taylor expansion (3.6) is negligible, leading to a rate driven only by its
remainder. While this argument cannot easily be extended to general measures P and Q, its
conclusion turns out to be generic, as we now describe.

3.1.2 Our Contributions

The primary contribution of this chapter is to provide sharp upper and lower bounds on ∆n(c)
for smooth costs satisfying condition (H0). In this setting, our main result informally states
that whenever h ∈ C α for some α > 0,

∆n(c) ≲

{
n−α/d, 0 ≤ α ≤ 2

n−2/d, 2 ≤ α <∞
, for all d ≥ 5. (3.11)

This upper bound is stated formally in Theorem 9 under the assumption that P and Q admit
bounded support. Under additional conditions on c, we extend this result to measures P
and Q with unbounded support, satisfying appropriate tail assumptions, in Theorem 11 and
Corollary 5. As in equation (3.5), our results have natural implications for the convergence rate
of empirical Wasserstein distances, which we discuss in Corollary 4. In view of Section 3.1.1,
the convergence rate (3.11) admits a natural interpretation: the first order term in a formal
expansion of the empirical optimal transport cost is typically negligible when d ≥ 5, leading to a
rate that improves with the smoothness parameter α ∈ (0, 2). When α ≥ 2, the quadratic term
in this expansion is not negligible, thus faster rates do not occur without stronger conditions.

At the heart of our proofs is the Kantorovich dual formulation of the optimal transport
problem—summarized in Section 3.1.4—which allows us to reduce the problem of bounding
∆n(c) to that of bounding the expected suprema of empirical processes indexed by collections
of sufficiently regular Kantorovich potentials. While characterizing the regularity of these
potentials is routine when P and Q are compactly supported (Gangbo and McCann (1996),
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Appendix C), the bulk of our efforts lies in the case where they admit unbounded support. In
this setting, one of our key technical contributions is to provide quantitative L∞ estimates
on the displacement induced by the optimal coupling between any two measures satisfying
appropriate tail conditions (Theorem 10). For instance, the following is a special case of our
result for the p-transport cost.

Theorem (Informal). Let P,Q ∈ P(Rd) and p > 1. Let Q be a σ2-sub-Gaussian mea-
sure (Boucheron, Lugosi, and Massart, 2013) and P have finite p-th moment, and assume there
exist constants c1, c2 > 0 such that P (Bx,1) ≥ c1 exp(−c2 ∥x∥2) for all x ∈ Rd. Then, for any
optimal coupling π between P and Q with respect to the cost cp(x, y) = ∥x− y∥p,

∥y∥ ≲ σ(∥x∥+ 1), for π-a.e. (x, y). (3.12)

In particular, if there exists an optimal transport map T from P to Q with respect to cp, then

∥T (x)∥ ≲ σ(∥x∥+ 1), for P -a.e. x.

Analogues of equation (3.12) have previously been derived by Colombo and Fathi (2021)
in the special case where P is a Gaussian measure and p = 2, and we further discuss these
results below the statement of Theorem 10. As we shall see, equation (3.12) leads to estimates
on the local Lipschitz constants of Kantorovich potentials between any two, possibly atomic
probability measures, and forms the basis of our main results when P and Q have unbounded
support. These results are quantitative analogues of the fact, proved by Gangbo and McCann
(1996), that Kantorovich potentials are locally Lipschitz under mild smoothness conditions on
c.

In Section 3.4.1 we explicitly construct measures P and Q for which inequality (3.11) is
achieved up to universal constants, inspired by the example in Section 3.1.1. While this result
proves that our upper bounds cannot generally be improved, it does not preclude the possibility
that there exists another estimator T̂n, i.e. a measurable function of X1, Y1, . . . , Xn, Yn, for
which the quantityE|T̂n−Tc(P,Q)| scales at a faster rate than that of equation (3.11), uniformly
over pairs of measures P,Q. We prove in Section 3.4.2 that, in an information theoretic sense,
such an improvement is not possible up to polylogarithmic factors.

Though we prove inequality (3.11) for all d ≥ 5, notice that it does not generally hold for
all d ≥ 1. Indeed, it is a simple observation that the empirical optimal transport cost cannot
generally achieve a faster rate of convergence than n−1/2 (Niles-Weed and Rigollet, 2022). The
probabilistic behavior of the empirical costs is therefore qualitatively different in low dimension.
While our proof techniques for bounded measures can be extended to the case d ≤ 4, they do
not appear to yield tight results for certain values of α > 0; see Remark 1 below. Similarly, our
techniques for unbounded measures do not generally appear to be tight in the low-dimensional
case. Since our goal in this chapter is to obtain sharp convergence rates, we assume in what
follows that d ≥ 5, where we are able to establish exact results.

Outline of the remainder of the chapter In Sections 3.1.3 and 3.1.4, we review prior
work and recall some important preliminary results on the duality theory of transport costs.
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Section 3.2 contains our main results for compactly supported measures. In Section 3.3, we
extend these results to the unbounded case. Lower bounds appear in Section 3.4. The proofs of
certain intermediary results from Sections 3.2–3.4 are respectively deferred to Appendices 3.A–
3.C.

3.1.3 Related Work

Upper bounds on the expected deviation ∆n(c) are available in the literature for several special
cases. The closest to our setting is the quadratic cost c2(x, y) = ∥x− y∥2, for which Chizat et al.
(2020) prove that ∆n(c2) ≲ n−2/d when P and Q are compactly supported. Their proof hinges
upon the Knott-Smith optimality criterion, which allows them to relate ∆n(c2) to suprema of
empirical processes indexed by convex potentials, which are in fact globally Lipschitz since
P and Q are assumed compact. Empirical processes indexed by globally Lipschitz convex
functions are well-studied (Bronshtein, 1976; Guntuboyina and Sen, 2012), and lead to their
result. Our results extend theirs in two directions: we replace c2 by any smooth cost, and
we remove the condition that the measures be compactly supported. When P and Q are
compactly supported and α = 2, our proof strategy mirrors that of Chizat et al. (2020): though
the potentials arising for other costs are not necessarily convex, it is still possible to use existing
empirical process theory bounds to obtain sharp rates. On the other hand, when P and Q have
unbounded support, the relevant potentials may not even be globally Lipschitz, and our proof
requires significant new techniques.

Faster rates of convergence for estimating optimal transport costs are achievable under
strong conditions on X and Y . For instance, when c is a metric raised to a power p ≥ 1, the
bound ∆n(c) ≲ n−1/2 is known to hold when X and Y are countable (Sommerfeld and Munk,
2018; Tameling, Sommerfeld, and Munk, 2019) or one-dimensional (Munk and Czado, 1998;
Freitag and Munk, 2005; Bobkov and Ledoux, 2019; del Barrio, Gordaliza, and Loubes, 2019)
(see also Chapter 2). In both of these cases, the corresponding empirical p-Wasserstein distance
is known to exhibit distinct convergence rates depending on whether P and Q are vanishingly
close or not, similar to our findings in equation (3.5). While these two examples form important
special cases, their underlying proof techniques are closely tied to characterizations of the
optimal transport problem which are only available for discrete and one-dimensional measures,
and do not shed more general light on the behaviour of Tc(Pn, Qn).

Though the naive bound in equation (3.3) is loose for p > 1 when Wp(P,Q) is bounded
away from zero, Liang (2019) and Niles-Weed and Rigollet (2022) show that it cannot generally
be improved by more than a polylogarithmic factor when no separation conditions are placed
on P and Q. Recall that this upper bound arose from the convergence rate of Pn under the
p-Wasserstein distance in equation (3.2). The study of such convergence rates was initiated
by Dudley (1969) in the special case p = 1, who also used arguments from empirical process
theory, due to the dual characterization of W1 as a supremum over Lipschitz functions (Villani,
2003). For p > 1, distinct techniques have been used to study this problem in great generality
by Boissard and Le Gouic (2014); Fournier and Guillin (2015); Bobkov and Ledoux (2019); Weed
and Bach (2019); Singh and Póczos (2019); Lei (2020), and references therein. Dudley (1969)
also derived deterministic lower bounds on the quality of approximating P by any discrete



Chapter 3. Sharp Rates for Empirical Optimal Transport with Smooth Costs 106

measure supported on n points under W1—we build upon these results to obtain our lower
bounds on ∆n(c) in Section 3.4.1.

Another line of work has sought to understand optimal rates of estimation for Wasserstein
distances when the densities—rather than the cost—are smooth. These works (Liang, 2021; Singh
et al., 2018; Niles-Weed and Berthet, 2022) show that the plugin empirical estimatorWp(Pn, Qn)
for Wp(P,Q) is suboptimal if P and Q have smooth densities, but that replacing Pn and Qn
by appropriate nonparametric density estimators suffices to obtain optimal rates of estimation.
Under similar conditions on P and Q, it is also possible to construct appropriate smooth
estimators of the optimal map between P and Q (Hütter and Rigollet, 2021). Our work takes
a quite different perspective: rather than adding additional conditions on P and Q, we show
that the rates of convergence of empirical estimators improve under additional smoothness
conditions on the cost.

3.1.4 Notation and Further Background on the Optimal Transport Problem

Our proofs make repeated use of the Kantorovich dual formulation of the optimal transport
problem, described in Section 1.3. In what follows, we state several additional properties related
to the Kantorovich duality which can be deduced from (Villani, 2008, Chapter 5), and will be
used repeatedly throughout this chapter.

Define for all ϕ ∈ L1(P ) and ψ ∈ L1(Q) the functional

JP,Q(ϕ, ψ) =

ˆ
ϕdP +

ˆ
ψdQ.

The regularity condition (H0) is sufficient to imply that the Kantorovich duality

Tc(P,Q) = sup
(ϕ,ψ)∈Φc(P,Q)

JP,Q(ϕ, ψ), (3.13)

holds, where we recall that Φc(P,Q) is defined in equation (1.10). If we further assume
c(x, y) ≤ c1(x) + c2(y) for some c1 ∈ L1(P ) and c2 ∈ L1(Q), then the supremum in
equation (3.13) is achieved by a pair of optimal Kantorovich potentials (ϕ0, ψ0), which we
recall can always be taken to be of the form

ψ0(y) = ϕc0(y) = inf
x∈X

{
c(x, y)− ϕ0(x)

}
, y ∈ Y.

Recall that when the cost function is taken to be of the form c(x, y) = −x⊤y, the defi-
nition (1.11) of c-conjugate reduces to ψc0 = −(−ϕ0)∗, where we recall that for any convex
function h on Rd, h∗(y) = supx∈Rd{x⊤y−h(x)} denotes its Legendre-Fenchel transform. It is
well-known that if h is also lower semi-continuous and not identically infinite, the supremum
in the definition of h∗(y) is achieved by a point in its subdifferential; specifically, one has the
relation

y ∈ ∂h(x) ⇐⇒ x ∈ ∂h∗(y) ⇐⇒ x⊤y = h(x) + h∗(y).
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To derive analogous notions for c-concave functions, define the c-superdifferential of a c-concave
function f : X → R by

∂cf = {(x, y) ∈ X × Y : c(v, y)− f(v) ≥ c(x, y)− f(x), ∀v ∈ X} .

Furthermore, let ∂cf(x) = {y ∈ Rd : (x, y) ∈ ∂cf} and ∂cf(B) =
⋃
x∈B ∂

cf(x), for all
B ⊆ X . The following Lemma summarizes the main properties of c-concave functions which
we shall require. Some of the statements which follow are weaker than necessary, but sufficient
for our purposes.

Lemma 17. Let f : X → R := R ∪ {−∞} be c-concave, and assume condition (H0).

(i) (Villani (2008), Proposition 5.8) We have, f cc = f .

(ii) (Villani (2003), Remark 1.13) Assume the cost c is bounded. Then, the supremum in the
Kantorovich dual problem (1.9) is achieved by a c-concave function ϕ ∈ L1(P ) such that
0 ≤ ϕ ≤ ∥c∥∞ and −∥c∥∞ ≤ ϕc ≤ 0.

(iii) (Gangbo and McCann (1996), Theorem 2.7) ∂cf is c-cyclically monotone, in the sense that
for any permutation σ on k ≥ 1 letters and any (x1, y1), . . . , (xk, yk) ∈ ∂cf ,

k∑
j=1

c(xj , yj) ≤
k∑
j=1

c(xσ(j), yj).

(iv) (Gangbo and McCann (1996), Proposition C.4) Assume further that h is superlinear. For any
given x ∈ Rd, assume there exists a neighborhood of x over which f is bounded. Then, the
c-superdifferential ∂cf(x) is nonempty. Therefore, if f is locally bounded over Rd, it holds
that for all x, y ∈ Rd,

y ∈ ∂cf(x) ⇐⇒ x ∈ ∂cf c(y) ⇐⇒ c(x, y) = f(x) + f c(y).

In particular,

f(x) = inf
y∈∂cf(x)

{
c(x, y)− f c(y)

}
, f c(y) = inf

x∈∂cfc(y)

{
c(x, y)− f(x)

}
.

Furthermore, if f is in fact an optimal Kantorovich potential for the optimal transport
problem from P to Q, and if Tc(P,Q) <∞, then for any optimal coupling π ∈ Π(P,Q),
supp(π) ⊆ ∂cf .

3.2 Upper Bounds for Compactly Supported Measures

We begin by bounding the rate of convergence of the empirical optimal transport cost in the
special case where X , Y and Z = X − Y = {x − y : x ∈ X , y ∈ Y} satisfy the following
condition.

(S1) X ,Y ⊆ Rd are convex and compact sets with nonempty interior. Furthermore, we
have X ,Y,Z ⊆ B0,1.
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The assumption of compactness of X and Y will be relaxed in the following section, under
concentration and anticoncentration conditions on the measures. Once X and Y are assumed
compact, notice that the final assumption of (S1) can always be satisfied up to rescaling and
recentering. Furthermore, we recall that the supports of P and Q are merely assumed to be
contained in X and Y , and thus need not be convex themselves.

We shall also assume throughout this section that the cost c satisfies condition (H0) and
the following smoothness condition.

(H1) There exists α ∈ (0, 2] and a convex open set Z1 such that Z ⊆ Z1 ⊆ B0,2,
and h ∈ C α(Z1). Furthermore, we have 0 ≤ h ≤ 1 on Z1. We write Λ :=
1 ∨ ∥h∥Cα(Z1)

<∞.

For any measures P ∈ P(X ) andQ ∈ P(Y), recall thatX1, . . . , Xn ∼ P and Y1, . . . , Yn ∼ Q
denote i.i.d. samples, with corresponding empirical measures Pn = 1

n

∑n
i=1 δXi and Qn =

1
n

∑n
i=1 δYi . The main result of this section is now stated as follows.

Theorem 9. Assume conditions (S1), (H0), and (H1). Then, there exists a constant C > 0
depending only on d, α,X ,Y,Z1 such that

sup
P∈P(X )
Q∈P(Y)

EP,Q
∣∣Tc(Pn, Qn)− Tc(P,Q)

∣∣ ≤ CΛn−α/d.

Theorem 9 proves that the convergence rates anticipated in Section 3.1.1, for measures
differing only in mean, in fact hold for all compactly supported measures. In particular, the
n−α/d rate of convergence is achievable as soon as h ∈ C α, for α ∈ (0, 2], though is not
generally claimed to improve further when α > 2. For instance, the quadratic cost ∥·∥2 lies in
C∞, but one cannot hope for a faster convergence rate than n−2/d. Indeed, we derive matching
lower bounds in Section 3.4 under closely related assumptions on the cost function c, which
imply that the upper bound of Theorem 9 is generally unimprovable.

A careful investigation of our proof reveals that Theorem 9 in fact continues to hold
for nonconvex costs h. We nevertheless prefer to retain the assumption of convexity in
condition (H0) since it is required for the remainder of our main results; in particular, we do
not claim that the convergence rate in Theorem 9 is sharp when h is not convex.

By letting α vanish, Theorem 9 suggests that the empirical optimal transport cost does
not generally converge at any polynomial rate for cost functions which fail to be uniformly
Hölder continuous. Indeed, absent any smoothness assumptions on c, Tc(Pn, Qn) may not
even converge in L1(P), as can be seen by taking c to be the Hamming metric. In this case,
Tc(Pn, Qn) is simply the Total Variation distance between Pn and Qn, which almost surely
equals unity when P and Q are absolutely continuous with respect to the Lebesgue measure.

As discussed in Section 3.1, perhaps the most widely-used cost functions satisfying condi-
tions (H0) and (H1) are norms over Rd raised to a power greater than one. We illustrate the
conclusion of Theorem 9 for such an example.
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Corollary 3 (Powers of ℓr Norms). LetX ,Y satisfy condition (S1), and define the cost cp,r(x, y) =
∥x− y∥pℓr for all x ∈ X , y ∈ Y and p, r ≥ 1. Let P ∈ P(X ), Q ∈ P(Y).

(i) We have for all p, r ≥ 1, E
∣∣Tcp,r(Pn, Qn) − Tcp,r(P,Q)| ≲ n−(2∧p∧r)/d. In particular,

specializing to r = 2,

E
∣∣W p

p (Pn, Qn)−W p
p (P,Q)

∣∣ ≲ {n−p/d, 1 ≤ p < 2

n−2/d, 2 ≤ p <∞.

(ii) If X ,Y ⊆ Rd are disjoint, then for all p ≥ 1 and r ≥ 2,

E
∣∣Tcp,r(Pn, Qn)− Tcp,r(P,Q)

∣∣ ≲ n−2/d.

The proof is deferred to Section 3.A.1. Corollary 3(i) follows from the fact that ∥·∥pℓr ∈
C 2∧p∧r(Z1) for any bounded open set Z1, for all p, r ≥ 1. When r ≥ 2, notice that ∥·∥ℓr is
smooth away from the origin, so that the condition ∥·∥pℓr ∈ C 2(Z1) can be satisfied for any
p ≥ 1 whenever the closed set Z ⊆ Z1 does not contain the point zero. This observation leads
to Corollary 3(ii). This last point implies the rather surprising fact that for all measures P
and Q admitting disjoint and compact support, one has

E
∣∣W1(Pn, Qn)−W1(P,Q)

∣∣ ≲ n−2/d. (3.14)

When the measures P and Q are not vanishingly close, Corollary 3 also translates into conver-
gence rates for empirical Wasserstein distances.

Corollary 4 (Wasserstein Distances). Let p ≥ 1. Let X ,Y satisfy condition (S1), and let
P ∈ P(X ), Q ∈ P(Y). Assume Wp(P,Q) ≥ δ0, for some constant δ0 > 0. Then,

E
∣∣Wp(Pn, Qn)−Wp(P,Q)

∣∣ ≲ δ1−p0

{
n−p/d, 1 ≤ p < 2

n−2/d, 2 ≤ p <∞.
(3.15)

Proof. By the numerical inequality |x− y|≤y1−p|xp − yp| for all x, y ≥ 0, p ≥ 1, one has

E|Wp(Pn, Qn)−Wp(P,Q)| ≤ δ1−p0 E
∣∣W p

p (Pn, Qn)−W p
p (P,Q)

∣∣.
The claim thus follows from Corollary 3.

3.2.1 Proof of Theorem 9

We divide our argument into three cases.

3.2.1.1 Case 1: α = 2

Under conditions (S1), (H0) and (H1), it follows from Lemma 17(ii) that there exist Kantorovich
potentials ϕn : X → R and ψn : Y → R such that Tc(Pn, Qn) = JPn,Qn(ϕn, ψn) and
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|ϕn|, |ψn| ≤ 1. Furthermore, since P and Q are compactly supported, it follows immediately
from the definition of the c-conjugate that (ϕn, ψn) ∈ Φc(P,Q), whence

Tc(P,Q) = sup
(ϕ,ψ)∈Φc(P,Q)

JP,Q(ϕ, ψ)

≥ JP,Q(ϕn, ψn) = JPn,Qn(ϕn, ψn) +

ˆ
ϕnd(P − Pn) +

ˆ
ψnd(Q−Qn). (3.16)

On the other hand, recalling that Tc(Pn, Qn) = JPn,Qn(ϕn, ψn), we derive

Tc(Pn, Qn)− Tc(P,Q) ≤
ˆ
ϕnd(Pn − P ) +

ˆ
ψnd(Qn −Q). (3.17)

Our goal is now to bound the empirical processes arising on the right-hand side of the above
display. Due to the compactness of X and Y , it can be deduced from Gangbo and McCann
(1996) that ϕn and ψn are Lipschitz and semi-concave. The following Lemma is an analogue of
their results with explicit constants, whose proof is included in Section 3.A.2 for completeness.

Lemma 18. Assume conditions (S1) and (H0), and that condition (H1) holds with α = 2. Then
the maps

ϕ̃n : x ∈ X 7−→ ϕn(x)−
Λ

2
∥x∥2 , ψ̃n : y ∈ Y 7−→ ψn(y)−

Λ

2
∥y∥2

are concave and (2Λ)-Lipschitz. Furthermore, |ϕ̃n|, |ψ̃n| ≤ 2Λ.

For any L,U > 0, let FL,U (K) denote the set of L-Lipschitz convex functions f : K → R
over a convex set K ⊆ Rd, such that |f | ≤ U . Recalling the convexity of X and Y under
condition (S1), define

∆n = sup
f∈F1,1(X )

ˆ
fd(Pn − P ) + sup

g∈F1,1(Y)

ˆ
gd(Qn −Q).

By Lemma 18, we have (−ϕ̃n/2Λ) ∈ F1,1(X ) and (−ψ̃n/2Λ) ∈ F1,1(Y), thus together with
equation (3.17) we obtain

Tc(Pn, Qn)− Tc(P,Q) ≤ 2Λ∆n +
Λ

2

ˆ
∥·∥2 d

(
(Pn − P ) + (Qn −Q)

)
. (3.18)

On the other hand, lower bounds on Tc(Pn, Qn)−Tc(P,Q) are simple to obtain. As before, there
exists a pair of optimal Kantorovich potentials (ϕ0, ψ0) ∈ Φc(P,Q) such that |ϕ0| ∨ |ψ0| ≤ 1
and Tc(P,Q) = JP,Q(ϕ0, ψ0). Therefore,

Tc(Pn, Qn) ≥ JPn,Qn(ϕ0, ψ0) = Tc(P,Q) +

ˆ
ϕ0d(Pn − P ) +

ˆ
ψ0d(Qn −Q).

Combining the previous two displays, we deduce

E
∣∣Tc(Pn, Qn)− Tc(P,Q)

∣∣ ≤ 2ΛE[∆n] +
Λ

2
E
∣∣∣∣ˆ ∥·∥2 d

(
(Pn − P ) + (Qn −Q)

)∣∣∣∣
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+E
∣∣∣∣ˆ ϕ0d(Pn − P )

∣∣∣∣+E
∣∣∣∣ˆ ψ0d(Qn −Q)

∣∣∣∣ ≲ Λ
(
E[∆n] + n−1/2

)
,

(3.19)

where the final bound is a straightforward consequence of Chebyshev’s inequality, and where
we have used the fact that |ϕ0|, |ψ0| ≤ 1. It thus remains to bound E[∆n]. This last is a sum of
expected suprema of empirical processes indexed by convex Lipschitz functions, upper bounds
for which can be obtained via Dudley’s chaining technique (Dudley, 2014) in terms of the metric
entropy of the class FL,U (K). Specifically, recall that for all ϵ > 0, the ϵ-metric entropy of a
set A contained in a metric space (X , η) is the logarithm of the ϵ-covering number N(ϵ, A, η)
of (A, η), defined by

N(ϵ, A, η) = inf
{
N ≥ 1 : ∃{x1, . . . , xN} ⊆ X ,∀x ∈ A,∃1 ≤ i ≤ N : η(x, xi) ≤ ϵ

}
.

The following version of Dudley’s bound will be sufficient for our purposes, and can be deduced
for instance from Lemma 16 of von Luxburg and Bousquet (2004) (see also Lemma 3.2 of van
de Geer (2000)).

Lemma 19 (von Luxburg and Bousquet (2004)). Let G be a set of real-valued measurable
functions on Rd. Then,

E

[
sup
g∈G

ˆ
gd(Pn − P )

]
≲ E

[
inf
τ>0

{
τ +

1√
n

ˆ ∞

τ

√
logN(ϵ,G, L2(Pn))dϵ

}]
. (3.20)

Tight bounds on the metric entropy of the class FL,U (K) are well known, and were first
obtained in general dimension d by Bronshtein (1976) (see also Dudley (2014)). The following
is a version of Bronshtein’s result stated in Theorem 1 of Guntuboyina and Sen (2012) with
explicit dependence on the constants L and U , which we shall also use in Section 3.3.

Lemma 20 (Bronshtein (1976)). There exist universal constants C, ϵ0 > 0 such that for every
L,U > 0 and b > a, we have for all ϵ ≤ ϵ0(U + L(b− a)),

logN
(
ϵ,FL,U ([a, b]d), L∞) ≤ C

(
U + L(b− a)

ϵ

) d
2

.

Notice that, by condition (S1),

N(·,F1,1(X ), L2(Pn)) ≤ N(·,F1,1(X ), L∞) ≤ N(·,F1,1([−1, 1]d), L∞),

and the same upper bound holds for the covering number N(·,F1,1(Y), L2(Qn)). Combine
these facts with equation (3.19) and with Lemmas 19–20 to deduce that for any τ > 0,

E
∣∣Tc(Pn, Qn)− Tc(P,Q)

∣∣ ≲ Λ

[
n−1/2 + τ +

1√
n

ˆ ∞

τ
ϵ−

d
4 dϵ

]
≲ Λ

[
n−1/2 + τ +

τ1−
d
4

√
n

]
,

(3.21)

where we have used the assumption d ≥ 5. Choosing τ ≍ n−2/d leads to the claimed bound,

E
∣∣Tc(Pn, Qn)− Tc(P,Q)

∣∣ ≲ Λn−2/d.
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3.2.1.2 Case 2: 1 < α < 2

We prove the claim using a smooth approximation of the cost h, thereby appealing to the result
of Case 1. Let K : Rd → R+ be an even, smooth mollifier with support lying in B0,1. For
σ > 0, write Kσ(x) = σ−dK(x/σ). Define the modified cost function cσ(x, y) = hσ(x− y),
where hσ = h ⋆ Kσ.

Lemma 21. Assume conditions (S1), (H0)–(H1) hold for some α ∈ (1, 2). Then, there exist
universal constants C > 0 and ϵ ∈ (0, 1) such that for all σ ∈ (0, ϵ), the following statements
hold.

(i) We have, ∥h− hσ∥L∞(Z) ≤ Λσα.

(ii) The cost function cσ itself satisfies condition (H0), and satisfies condition (H1) in the sense
that there exists an open set Z̃1 ⊇ Z contained in B0,2 such that hσ ≤ 1 on Z̃1 and

∥hσ∥C 2(Z̃1)
≤ Λσ := CΛσα−2.

The proof of Lemma 21 appears in Section 3.A.3. Notice that

sup
P̃∈P(X )

Q̃∈P(Y)

|Tc(P̃ , Q̃)− Tcσ(P̃ , Q̃)| ≤ ∥h− hσ∥L∞(Z) ,

thus Lemma 21(i) implies

E
∣∣Tc(Pn, Qn)− Tc(P,Q)

∣∣
≤ E

∣∣Tc(Pn, Qn)− Tcσ(Pn, Qn)
∣∣+ E

∣∣Tcσ(Pn, Qn)− Tcσ(P,Q)
∣∣+ E

∣∣Tcσ(P,Q)− Tc(P,Q)
∣∣

≤ 2Λσα + E
∣∣Tcσ(Pn, Qn)− Tcσ(P,Q)

∣∣.
On the other hand, by Lemma 21(ii), we may apply the result of Case 1 to obtain,

E
∣∣Tcσ(Pn, Qn)− Tcσ(P,Q)

∣∣ ≲ Λσα−2n−2/d.

Altogether, we deduce that for any σ ∈ (0, ϵ),

E
∣∣Tc(Pn, Qn)− Tc(P,Q)

∣∣ ≲ Λ
[
σα + σα−2n−

2
d

]
.

Choosing σ ≍ n−1/d leads to an upper bound scaling at the rate Λn−α/d on the right-hand
side of the above display, as claimed.

3.2.1.3 Case 3: 0 < α ≤ 1

When α ∈ (0, 1], the claim follows by a simpler argument than that of Case 1. For any bounded
set K ⊆ Rd and L > 0, define the α-Hölder ball Cα(K;L) = {f ∈ Cα(K) : ∥f∥Cα(K) ≤ L},
and let ϕn and ψn be defined as in Case 1. When α < 2, Lemma 18 no longer guarantees that
these potentials are semi-concave, however the following Hölder estimate is easily derived,
and stated without proof.
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Lemma 22. Assume conditions (S1) and (H0), and that condition (H1) holds with α ∈ (0, 1].
Then, ϕn ∈ Cα(X ; Λ) and ψn ∈ Cα(Y; Λ) for all n ≥ 1.

By an analogous reduction as in Case 1, we therefore have for any τ > 0,

E
∣∣Tc(Pn, Qn)− Tc(P,Q)

∣∣ ≲ Λ

[
n−1/2 + τ +

1√
n

ˆ ∞

τ

√
logN(ϵ, Cα([−1, 1]d; 1), L∞)dϵ

]
.

By Theorem 2.7.1 of van der Vaart and Wellner (1996), one has

logN(ϵ, Cα([−1, 1]d; 1), L∞) ≲ ϵ−d/α, ϵ > 0,

implying that the right-hand side of the penultimate display is of order Λn−α/d if τ ≍ n−α/d

and d ≥ 5 > 2α. The claim follows.

Remark 1. Though Theorem 11 is only stated when d ≥ 5, a simple extension of our proof
yields the rate n−1/2 whenever d ≤ 4 and α = 2, up to a logarithmic factor when d = 4; this
follows by taking τ = 0 in equation (3.21). A similar extension can be made when α ∈ (0, 1].
On the other hand, our mollification step for the case α ∈ (1, 2) does not appear to yield
a sharp convergence rate when d < 2α < 5. After a preprint of this chapter was made
publicly available, the work of Hundrieser, Staudt, and Munk (2022) has extended Theorem 9,
by showing that in all dimensions d ≥ 1, and for all α ∈ (0, 2], the upper bound

E
∣∣Tc(Pn, Qn)− Tc(P,Q)

∣∣ ≲

n−α/d, 2α < d

n−α/d log n, 2α = d

n−1/2, 2α > d

(3.22)

holds under the same assumptions as those of Theorem 9. In particular, this result recovers our
Theorem 9 when d ≥ 5.

3.3 Upper Bounds for Unbounded Measures under Tail Condi-
tions

We now turn to upper bounding the rate of convergence of the empirical optimal transport
cost for measures P,Q ∈ P(Rd) with unbounded support, under suitable tail conditions. We
shall assume that the cost function c satisfies the following smoothness assumption, which is a
suitable generalization of condition (H1) to the present setting.

(H2) h ∈ C 2
loc(Rd), and there exist p,Λ ≥ 1 such that ∥h∥C 2(B0,r)

≤ Λrp for all r ≥ 1.

Notice that unlike in Section 3.2, we limit our exposition to costs lying in C 2
loc rather than C α

loc

for all α ∈ (0, 2]. As we shall see, our main result is nevertheless sufficiently general to cover
the costs h(x) = ∥x∥p for all p > 1, via an approximation argument.

Our upper bounds in Section 3.2 hinged upon Lemma 18, which provided quantitative
estimates on the Lipschitz and semi-concavity constants of optimal Kantorovich potentials, for
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any sufficiently smooth cost function over a compact set. In contrast, we now only assume a
local Hölder estimate on c in assumption (H2), thus the optimal Kantorovich potentials between
two measures on Rd will generally not be globally Lipschitz or semi-concave. While these
properties nevertheless hold locally under rather general conditions (Gangbo and McCann,
1996), we are not aware of existing quantitative estimates under the conditions required for
our development. One of our key technical contributions in this section is to obtain such
quantitative bounds, which we now describe before stating our main result. We begin with the
following straightforward generalization of Lemma 18, whose proof appears in Section 3.B.1.

Lemma 23. Let c be a cost function satisfying conditions (H0) and (H2) with h superlinear. Given
two measures P,Q ∈ P(Rd), let π ∈ Π(P,Q) be an optimal coupling with respect to c, and
assume there exists a locally bounded c-concave function ϕ : Rd → R such that supp(π) ⊆ ∂cϕ.
Let r ≥ 1, and let

Λr = Λsup
{
∥x− y∥p : x ∈ B0,r, y ∈ ∂cϕ(B0,r)

}
.

Then, there exist universal constants c1, c2 > 0 such that the map

x ∈ B0,r 7→ ϕ(x)− c1Λr ∥x∥2 ,

is concave, and Lipschitz with parameter c2rΛr .

Lemma 23 shows that the local Lipschitz and semi-concavity constants for a Kantorovich
potential ϕ are largely driven by the maximal displacement induced by the coupling π over
points lying in B0,r . We will show how L∞ estimates on these displacements can be obtained
under the following conditions on P,Q.

(i) Super-Gaussian Anticoncentration. We will say a measure P is (γ, b)-super-Gaussian
for some γ, b > 0 if for any x ∈ Rd,

P (Bx) ≥ b · P(Z ∈ Bx), where Z ∼ N(0, γ2).

(ii) Sub-Weibull Concentration. A measureQ is said to be (σ, β)-sub-Weibull (Kuchibhotla
and Chakrabortty, 2022; Vladimirova et al., 2020) for some σ > 0 and 0 < β ≤ 2 if

ˆ
exp

[
1

2

(
∥y∥
σ

)β]
dQ(y) ≤ 2.

The assumption of super-Gaussianity implies an anticoncentration bound for the underlying
measure, in the sense that it cannot place significantly less probability mass than a Gaussian
distribution in any unit-radius ball. In Section 3.B.9, we show that a measure is super-Gaussian
whenever it admits a regular Lebesgue density in the sense of Polyanskiy and Wu (2016).
For instance, Polyanskiy and Wu show that for any probability measure P with finite first
moment, the mixture distribution Kτ ⋆ P admits a regular density, where Kτ is the N(0, τ2Id)
density for some τ > 0. Any such measure is thus also super-Gaussian. We also note that
absolute continuity is not necessary for super-Gaussianity; for example, given any (possibly



Chapter 3. Sharp Rates for Empirical Optimal Transport with Smooth Costs 115

atomic) measure ρ ∈ P(Rd), any super-Gaussian measure P , and any λ ∈ (0, 1), the measure
λρ+ (1− λ)P is also super-Gaussian.

On the other hand, the sub-Weibull condition is a concentration assumption which gen-
eralizes the well-known sub-Gaussian and sub-exponential conditions, which respectively
correspond to the cases β = 2 and β = 1 up to rescaling of the constant σ (Boucheron, Lugosi,
and Massart, 2013). Indeed, it is a straightforward consequence of Markov’s inequality that if
Y has (σ, β)-sub-Weibull distribution for some β ∈ (0, 2] and σ > 0, then for all u > 0,

P(∥Y ∥ ≥ u) ≤ 2 exp

{
−1

2

(u
σ

)β}
. (3.23)

Finally, we shall require the following condition on the cost function c.

(H3) We have h(0) = 0. Furthermore, there exist constants p > 1, κ ≥ 1, and a convex
differentiable function ω : (1,∞) → (1,∞) such that

h(z) = ω(∥z∥), and 1

κ
∥z∥p−1 ≤ ω′(∥z∥) ≤ κ ∥z∥p−1 for all ∥z∥ > 1.

Condition (H3) implies that the function h is superlinear, with order of growth comparable to
that of ∥·∥p for some p > 1. Aside from the assumption h(0) = 0, which can always be satisfied
by translation, we emphasize that condition (H3) does not constrain the behaviour of h near
zero, but is nevertheless stronger than the conditions assumed in Section 3.2. Therefore, we
provide several examples of cost functions satisfying these two conditions before turning to
our main results.

The most important example of a cost satisfying our assumptions is, of course, ∥·∥p for p ≥ 2.
However, when p ∈ (1, 2), the cost ∥·∥p does not satisfy condition (H2); to study this case, we
will employ an approximation argument with the cost function hϵ(x) = (∥x∥2 + ϵ2/p)p/2 − ϵ,
which satisfies (H2)–(H3) for any ϵ > 0 and p > 1. This cost function has been of interest in
its own right in the optimal transport literature, as it forms an approximation of ∥·∥p which
satisfies the celebrated Ma-Trudinger-Wang regularity conditions even when p ̸= 2 (Ma,
Trudinger, and Wang, 2005; Li, Santambrogio, and Wang, 2014).

Conditions (H2)–(H3) also hold for costs that have different power-type behaviors at the
origin and infinity, such as h(z) = λp∥z∥p + λq∥z∥q for p > q ≥ 2, which arise in the study
of modified transport problems with congestion costs (Brasco, Carlier, and Santambrogio, 2010;
Carlier, Jimenez, and Santambrogio, 2008).

More generally, conditions (H2)–(H3) are satisfied by any twice continuously differentiable
convex cost function of the form

h(x) ∝

{
∥x∥p, ∥x∥ > 1

h0(x), ∥x∥ ≤ 1,

where h0(0) = 0 and p ≥ 2. This family includes, for instance, smooth approximations of the
truncated cost h(x) = ∥x∥pI(x ∈ Bc

0), and ℓp analogues of Huber’s loss function.
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While the smoothness condition (H2) will be needed in order to appeal to Lemma 23,
assumption (H3) is sufficient to obtain the following result, which plays a central role in
our development.

Theorem 10. Let P,Q ∈ P(Rd) and assume Q is (σ, β)-sub-Weibull. Let c be a cost function
satisfying conditions (H0) and (H3), and let π ∈ Π(P,Q) have c-cyclically monotone support.
Then, there exists a constant C > 0 depending on d, p, β, κ such that for any c-concave function
ϕ satisfying supp(π) ⊆ ∂cϕ,

sup
y∈∂cϕ(x)

∥y∥ ≤ Cσ

{
(∥x∥+ 1) ∨ sup

∥x−y∥≤2

[
log

(
1

P (By)

)] 1
β

}
, x ∈ Rd. (3.24)

In particular, if P is (γ, b)-super-Gaussian, h is strictly convex, and Tc(P,Q) < ∞, then the
unique optimal transport map T pushing P forward onto Q satisfies for P -a.e. x ∈ Rd,

∥T (x)∥ ≤ C ′σ(∥x∥+ 1)
2
β , (3.25)

for a constant C ′ > 0 depending on d, κ, p, β, γ, b.

We defer the proof to Section 3.3.2. Theorem 10 implies that any optimal transport plan
between P and Q does not move probability mass from any point x ∈ Rd by more than a
polynomial of ∥x∥. To obtain this result, we required an anticoncentration assumption on the
source measure P and a concentration assumption on the target measure Q, ensuring that
their tails are sufficiently comparable to avoid large transports of mass. It is easy to see that
assumptions of this nature are necessary: for instance, if P were compactly supported and Q
were supported over Rd, any transport plan in Π(P,Q) would couple a nonzero amount of
mass from the bounded support of P with points lying at an arbitrarily far distance.

In the special case where Q is sub-Gaussian, its tails are no heavier than those of a super-
Gaussian measure P . Equation (3.25) shows that the optimal transport map from P to Q grows
at most linearly in this regime, irrespective of the order of growth p of the cost function. This
bound is clearly unimprovable in general, as can be seen by taking P = Q.

Our proof of Theorem 10 is inspired by its non-quantitative analogues proven by Gangbo
and McCann (1996), and by Colombo and Fathi (2021) who derived analogous quantitative
bounds for the special case where P is a Gaussian measure and h(x) = ∥x∥2. Unlike Colombo
and Fathi (2021), our result holds for any cost function satisfying conditions (H0) and (H3), and
for general measures P,Q which are not presumed to be absolutely continuous with respect to
the Lebesgue measure. We shall require this level of generality in the sequel, when Theorem 10
will be invoked for P and Q replaced by their empirical counterparts.

Equipped with Theorem 10, we are ready to state the main result of this section.

Theorem 11. Assume conditions (H0), (H2) and (H3) hold. Assume further that P,Q ∈ P(Rd)
are both (σ, β)-sub-Weibull, and (γ, b)-super-Gaussian. Then, there exists a constant C > 0
depending on σ, β, γ, b, κ, p, d such that

E
∣∣Tc(Pn, Qn)− Tc(P,Q)

∣∣ ≤ CΛn−
2
d .
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Theorem 11 shows that, for C 2
loc convex costs with polynomial rate of growth, the n−2/d

rate of convergence obtained for compactly supported measures in Section 3.2 carries over to
unboundedly supported measures, with tails satisfying suitable concentration and anticon-
centration conditions. While Theorem 11 does not provide upper bounds for C α

loc costs when
α < 2, it is sufficiently general to deduce the following special case.

Corollary 5. Assume P,Q ∈ P(Rd) satisfy the same conditions as Theorem 11. Then, for all
p > 1,

E
∣∣W p

p (Pn, Qn)−W p
p (P,Q)

∣∣ ≲ {n−p/d, 1 < p ≤ 2

n−2/d, 2 ≤ p <∞.

For the regime p ≥ 2, this result follows as a direct consequence of Theorem 11, while for
the regime 1 < p < 2, we achieve the claim by using a smooth uniform approximation of ∥·∥p
which satisfies the conditions of Theorem 11. The proof is deferred to Section 3.B.7.

By reasoning identically as in Corollary 4, one can also deduce a convergence rate for
empirical Wasserstein distances between measures with unbounded support. In particular,
equation (3.15) continues to hold for all P,Q ∈ P(Rd) satisfying the conditions of Theorem 11,
and satisfying Wp(P,Q) ≥ δ0 > 0.

3.3.1 Proof of Theorem 11

As in the proof of Theorem 9, we shall reduce the problem of bounding the L1(P) convergence
rate of Tc(Pn, Qn) to that of bounding the supremum of an empirical process. Unlike in
Theorem 9, the relevant empirical process in this section will be indexed by locally semi-
concave Lipschitz functions, with quantitative local Lipschitz and semi-concavity moduli
obtained in part by appealing to Theorem 10. Our proof proceeds with eight steps, the first five
of which carry out this reduction, and the last three of which bound the resulting empirical
process. Throughout the proof,C,C ′, Ci, ci > 0, i ≥ 0, denote constants possibly depending on
σ, β, γ, b, κ, p, d, which do not depend on Λ or otherwise on c, P and Q, and whose value may
change from line to line. Likewise, the symbols ≲ and ≍ hide constants possibly depending on
the former quantities. All intermediary results appearing in the sequel are proven in Section 3.B.

Step 0: Setup. Let Lj = [−3j , 3j ]d for all j ≥ 0. For all j ≥ 1, let Ij1, . . . , Ijmd
denote

the md := 3d − 1 cubes of side-length 2 · 3j−1 forming the natural partition of Lj \ Lj−1. For
notational convenience, set I0 ≡ I0k = L0 for all k = 1, . . . ,md, and define

Ij := Lj \ Lj−1 =

md⋃
k=1

Ijk, j ≥ 1.

Note that {Ij : j ≥ 0} and {Ijk : j ≥ 0, 1 ≤ k ≤ md} are partitions of Rd, up to measure-zero
intersections. We also write ℓj = supx∈Ij ∥x∥ =

√
d3j for all j ≥ 0.

Let F denote the set of convex functions over Rd. Recall that Fm,u(I) denotes the set of
m-Lipschitz convex functions over a convex set I ⊆ Rd, which are uniformly bounded over I
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by u > 0. Let M = (Mj : j ≥ 0) and U = (Uj : j ≥ 0) denote sequences of nonnegative real
numbers, and let

KM,U =
{
f : Rd → R : (−f)|Ijk ∈ FMj ,Uj (Ijk), j ≥ 0, 1 ≤ k ≤ md

}
. (3.26)

Step 1: Extension of Kantorovich Potentials. Let

Rn = max
1≤i≤n

∥Xi∥ ∨ ∥Yi∥ .

Conditions (H0) and (H3) imply that h(z) ≤ κ ∥z∥p for all z ∈ Rd, thus h is bounded above
by Rn := κ(2Rn)

p over B0,2Rn . It can then be deduced from Lemma 17(ii) that there exist
potentials fn : supp(Pn) → [−Rn, 0] and gn : supp(Qn) → [0, Rn] such that (fn, gn) ∈
Φc(Pn, Qn) and (fn, gn) is optimal for the optimal transport problem from Pn to Qn. We
extend the domain of fn and gn to Rd using the following construction. Define for all y ∈ Rd,

ηn(y) = inf
x∈supp(Pn)

{
c(x, y)− fn(x)

}
∧Rn,

and for all x, y ∈ Rd,

ϕn(x) = ηcn(x) = inf
y∈Rd

{
c(x, y)− ηn(y)

}
, ψn(y) = ηccn (y) = inf

x∈Rd

{
c(x, y)− ηcn(x)

}
.

Lemma 24. Given an optimal coupling πn between Pn and Qn, the following hold.

(i) For all x, y ∈ Rd, ϕn(x) + ψn(y) ≤ c(x, y).

(ii) ϕn(x) = fn(x) for all x ∈ supp(Pn), and ψn(y) = gn(y) for all y ∈ supp(Qn). In
particular,

Tc(Pn, Qn) =
ˆ
ϕndPn +

ˆ
ψndQn.

(iii) For all x ∈ Rd, |ϕn(x)| ∨ |ψn(x)| ≤ Rn.

(iv) For all (x, y) ∈ supp(πn), (x, y) ∈ ∂cϕn and (y, x) ∈ ∂cψn.

By Lemma 24(iii), ϕn and ψn are bounded, so ϕn ∈ L1(P ) and ψn ∈ L1(Q). This fact
combined with Lemma 24(i) guarantees that (ϕn, ψn) ∈ Φc(P,Q), whence

T (P,Q) = sup
(ϕ,ψ)∈Φc(P,Q)

ˆ
ϕdP +

ˆ
ψdQ

≥
ˆ
ϕndP +

ˆ
ψndQ = Tc(Pn, Qn) +

ˆ
ϕnd(P − Pn) +

ˆ
ψnd(Q−Qn).

(3.27)

It remains to bound the last two terms on the right-hand side of the above display. We shall do
so by first proving that ϕn, ψn ∈ KM,U with high probability, for suitable sequences M and U .
We focus on ϕn, and a symmetric argument can be used for ψn.
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By Lemma 23, recall that the Lipschitz and semi-concavity moduli of ϕn|Ijk are largely
driven by the magnitude of the c-superdifferential ∂cϕn(Ijk). The bulk of our effort will go
into bounding this quantity. In fact, it will suffice to bound that of ∂cϕn(Lj), for all j ≥ 0. To
do so, we proceed with the following step, in view of invoking Theorem 10 with the measures
Pn and Qn.

Step 2: Global Concentration and Local Anticoncentration ofPn, Qn. Fix ρ = 2p
β ∨ d

4 ,
and set

V1,n =

ˆ
exp

(
∥x∥β

2ρσβ

)
dPn(x), V2,n =

ˆ
exp

(
∥y∥β

2ρσβ

)
dQn(y).

By Jensen’s inequality, notice that
ˆ

exp

(
∥x∥β

2ρV1,nσβ

)
dPn(x) ≤ V

1/V1,n
1,n ≤ 2, (3.28)

implying thatPn is (σ(ρV1,n)1/β, β)-sub-Weibull. Similarly,Qn is (σ(ρV2,n)1/β, β)-sub-Weibull,
implying that both are (σ(ρVn)

1/β, β)-sub-Weibull when Vn = V1,n + V2,n.

We further show that Pn satisfies a high-probability anticoncentration bound in a suffi-
ciently small region about the origin. Specifically, define the integer

Jn =

⌊
1

2
log3

(
γ2

4d
log n

)⌋
, (3.29)

and the event

An =

Jn⋂
j=0

{
inf
x∈Lj

inf
∥x−y∥≤2

Pn(By) ≥
C1

2
exp(−ℓ2j/γ2)

}
,

where we recall that the parameter γ arises from the super-Gaussianity assumption on P
and Q. The following result is proven using elementary tools from empirical process theory.

Lemma 25. There exists a sufficiently large choice of the constant C1 > 0, depending only on γ,
such that P(Acn) ≲ 1/n.

Step 3: Bounding ∂cϕn. Step 2 will allow us to bound ∂cϕn(Lj) whenever 0 ≤ j ≤ Jn
by invoking Theorem 10. On the other hand, Pn may place insufficient mass outside the box
LJn to appeal to Theorem 10 when j > Jn, thus we treat this case separately below.

• Regime 1: 0 ≤ j ≤ Jn. By Step 2,Qn is (σ(ρVn)1/β, β)-sub-Weibull, and supp(πn) ⊆
∂cϕn by Lemma 24(iv). Therefore, by Theorem 10, we have for all 0 ≤ j ≤ Jn,

sup
y∈∂cφn(Lj)

∥y∥ ≲ V
1
β
n

{
(ℓj + 1) ∨ sup

∥x−y∥≤2

[
log

(
1

Pn(By)

)] 1
β

}
.

Over the event An, we therefore have uniformly in 0 ≤ j ≤ Jn,

sup
y∈∂cϕn(Lj)

∥y∥ ≲ V
1
β
n

[
ℓj + 1 + ℓ2j/γ

2
] 1
β∧1 ≲ V

1
β
n ℓ

2
β∧1

j ≲ V
1
β
n 3jq1 ,
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for a large enough exponent q1 ≥ 1.
• Regime 2: Jn < j < ∞. In this regime, it will suffice to provide a crude bound on
∂cϕn(Lj). We begin with the following result, which is a quantitative generalization of
Proposition C.4 of Gangbo and McCann (1996).
Proposition 9. LetR, r ≥ 4. Let ϕ : Rd → R be a c-concave function such that |ϕ| ≤ R
over B0,r . Then, under conditions (H0) and (H3), we have

sup
y∈∂cϕ(B0,r/2)

∥y∥p−1 ≤ Cp,κ(r
p−1 +R),

for a constant Cp,κ > 0 depending only on p and κ.
By Proposition 9, it will suffice to bound |ϕn(x)| uniformly over x ∈ Lj , for all j ≥ Jn.
Recall from Lemma 24 that |ϕn(x)| ≤ Rn, thus it suffices to bound Rn. Define Dn =
σ(4 log n)1/β and the event A′

n = {Rn ≤ Dn}. Apply a union bound together with the
sub-Weibull assumption on P and Q to deduce that

P((A′
n)

c) ≲ n exp

{
−1

2

(
Dn

σ

)β}
≲

1

n
. (3.30)

Over the event A′
n, we therefore have |ϕn(x)| ≤ Rn ≲ Dp

n for all x ∈ Rd. Combined
with Proposition 9, we deduce

sup
y∈∂cϕn(Lj)

∥y∥ ≲
[
ℓj +D

p
p−1
n

]
≲ (log n)

p
β(p−1) 3j ≲ (3j log n)q2 ,

for a large enough exponent q2 > 0.

In summary, the following holds over the event An ∩A′
n, uniformly in j ≥ 0,

sup
y∈∂cϕn(Lj)

∥y∥ ≤ Hj := C2

{
3jq1V

1
β
n , 0 ≤ j ≤ Jn

(3j log n)q2 , j > Jn.

Step 4: Bounding the Lipschitz and Semi-Concavity Moduli of ϕn. Define for a large
enough constant C3 > 0,

ξn(x) = C3 ∥x∥2
∞∑
j=0

Hp
j I(x ∈ Ij),

and set ϕ̃n(x) = 1
Λϕn(x) − ξn(x). Under condition (H3), it follows from Lemma 23 that

ϕ̃n|Ijk is C4H
p
j ℓj-Lipschitz and concave for all j ≥ 0 and k = 1, . . . ,md. Furthermore, the

map ϕ̃n − ϕ̃n(0) is bounded over Lj , and hence also over Ijk, by C5H
p
j ℓ

2
j . Thus, there exist

sufficiently large exponents ri ≥ 1, 1 ≤ i ≤ 4, such that if M=(Mj)
∞
j=0, U=(Uj)

∞
j=0, where

Mj = C

{
3jr1 , 0 ≤ j ≤ Jn

(3j log n)r2 , j > Jn.
, Uj = C ′

{
3jr3 , 0 ≤ j ≤ Jn

(3j log n)r4 , j > Jn.
,
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then V
− p

β
n

(
ϕ̃n − ϕ̃n(0)

)
∈ KM,U , over the event An ∩A′

n.

Step 5: Empirical Process Reduction. We deduce from Step 4 that, over An ∩A′
n,∣∣∣∣ˆ ϕnd(Pn − P )

∣∣∣∣ = Λ

∣∣∣∣ˆ ϕ̃nd(Pn − P ) +

ˆ
ξnd(Pn − P )

∣∣∣∣
≤ Λ

∣∣∣∣ˆ (ϕ̃n − ϕ̃n(0))d(Pn − P )

∣∣∣∣+ Λ

∣∣∣∣ˆ ξnd(Pn − P )

∣∣∣∣
≤ ΛV

p
β
n sup

f∈KM,U

ˆ
fd(Pn − P ) + Λ

∣∣∣∣ˆ ξnd(Pn − P )

∣∣∣∣ .
Apply the same argument over the event

En = An ∩A′
n ∩

Jn⋂
j=0

{
inf
x∈Ij

inf
∥x−y∥≤2

Qn(By) ≥
C1

2
exp(−ℓ2j/γ2)

}

to deduce similarly that V −p/β
n (ψ̃n − ψ̃n(0)) ∈ KM,U , where ψ̃n(y) = 1

Λψn(y)− ξn(y), up to
increasing the constants C,C ′, C3 > 0, and that P(Ec

n) ≲ 1/n. We thus have, over En,∣∣∣∣ˆ ψnd(Qn −Q)

∣∣∣∣ ≤ ΛV
p
β
n sup

g∈KM,U

ˆ
gd(Qn −Q) + Λ

∣∣∣∣ˆ ξnd(Qn −Q)

∣∣∣∣ . (3.31)

In the sequel, we write

Xn =

∣∣∣∣ˆ ξnd(Pn − P )

∣∣∣∣+ ∣∣∣∣ˆ ξnd(Qn −Q)

∣∣∣∣ , and,

∆n = sup
f∈KM,U

ˆ
fd(Pn − P ) + sup

g∈KM,U

ˆ
gd(Qn −Q),

so that,

E
{
IEn

[∣∣∣∣ˆ ϕnd(Pn − P )

∣∣∣∣+ ∣∣∣∣ˆ ψnd(Qn −Q)

∣∣∣∣]}≲ ΛE
[
V

p
β
n ∆n

]
+ ΛE[Xn]

≤ Λ

(
E
[
V

2p
β
n

]
E
[
∆2
n

])1/2

+ ΛE[Xn]

Since P and Q are (σ, β)-sub-Weibull, and since ρ ≥ 2p/β, it readily follows from Jensen’s
inequality that EV 2p/β

n ≤ 2. Deduce that

E
{
IEn

[∣∣∣∣ˆ ϕnd(Pn − P )

∣∣∣∣+ ∣∣∣∣ˆ ψnd(Qn −Q)

∣∣∣∣]} ≲ Λ
√

E [∆2
n] + ΛE [Xn] . (3.32)

Step 6: Metric Entropy Bound. Key to bounding E[∆2
n] is the following upper bound on

the L2(Pn) metric entropy of the class KM,U .
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Proposition 10. There exists C5 > 0 such that for all ϵ > 0,

logN(ϵ,KM,U , L
2(Pn)) ≤ C5 · V

d
4
n ϵ

− 2
d .

Proof. Using Lemma 20, we prove the following result in Section 3.B.5, inspired by Corollary
2.7.4 of van der Vaart and Wellner (1996).

Lemma 26. For all ϵ > 0,

logN(ϵ,KM,U , L
2(Pn)) ≲

(
1

ϵ

) d
2

 ∞∑
j=0

md∑
k=1

(Uj + diam(Ijk)Mj)
2d
d+4 Pn(Ijk)

d
d+4

 4+d
4

.

In particular, Lemma 26 implies,

logN(ϵ,KM,U , L
2(Pn)) ≲

(
1

ϵ

) d
2

 ∞∑
j=0

(
Uj + 3jMj

) 2d
d+4 Pn(Ij)

d
d+4

 4+d
4

.

By Markov’s inequality, notice that for all j ≥ 0,

Pn(Ij) ≤ Pn(B
c
3j−1) ≲

´
exp

(
∥x∥β
2ρσβ

)
dPn(x)

exp
(
3(j−1)β/2ρσβ

) ≤ Vn exp(−c13jβ),

so that

logN(ϵ,KM,U , L
2(Pn)) ≲

(
1

ϵ

) d
2

V
d
4
n

 ∞∑
j=0

(
Uj + 3jMj

) 2d
d+4 exp(−c13jβ)

 4+d
4

≲

(
1

ϵ

) d
2

V
d
4
n

(
Jn∑
j=0

(
3jr1 + 3j3jr3

) 2d
d+4 exp(−c13jβ)

+

∞∑
j=Jn+1

(
(3j log n)r2 + 3j(3j log n)r4

) 2d
d+4 exp(−c13jβ)

) 4+d
4

.

We deduce that there exist constants c2, c3 > 0 such that

logN(ϵ,KM,U , L
2(Pn))

≲

(
1

ϵ

) d
2

V
d
4
n

 Jn∑
j=0

3jc2 exp(−c33jβ) + (log n)c2
∞∑

j=Jn+1

3jc2 exp(−c33jβ)

 4+d
4

.

Notice that
∑∞

j=0 3
jc2 exp(−c33jβ) <∞, thus the first summation on the right-hand side of

the above display is finite. For the second summation, notice that there exists J0 > 0 such that
for all j ≥ J0, 3jc2 ≤ exp(c43

jβ) where c4 = c3/2. Thus, since Jn ≍ log logn, we obtain

logN(ϵ,KM,U , L
2(Pn))
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≲

(
1

ϵ

) d
2

V
d
4
n

1 + (log n)c2
∞∑

j=Jn+1

exp(−c43jβ)

 4+d
4

≲

(
1

ϵ

) d
2

V
d
4
n

[
1 + (log n)c2 exp

(
− c4(3

(Jn+1)β + 1)
)] 4+d

4
≲

(
1

ϵ

) d
2

V
d
4
n .

This proves Proposition 10.

Step 7: Chaining. Equipped with Proposition 10, we are now in a position to bound the
expected (squared) supremum of the empirical process indexed by KM,U . We begin by noting
the following.

Lemma 27. It holds that

E

( sup
f∈KM,U

ˆ
fd(Pn − P )

)2
 ≲ (log n)2r4

n
+ E

[
sup

f∈KM,U

ˆ
fd(Pn − P )

]2
.

By combining Lemma 27 with Lemma 19 and Proposition 10, we deduce that for all τ > 0,

E

( sup
f∈KM,U

ˆ
fd(Pn − P )

)2
 ≲ (log n)2r4

n
+

τ + EV
d
4
n√
n

ˆ ∞

τ

(
1

ϵ

) d
4

dϵ

2

.

Since P and Q are (σ, β)-sub-Weibull, and since ρ ≥ d/4, we again have by Jensen’s inequality
that E[V d/4

i,n ] ≤ 2 for both i = 1, 2, implying that E[V d/4
n ] ≤ c5. Choosing τ ≍ n−2/d in

the above display thus leads to a bound scaling at the rate n−4/d. Upon repeating the same
argument for Qn, we obtain √

E[∆2
n] ≲ n

−2/d. (3.33)
Step 8: Conclusion. Let (ϕ0, ψ0) ∈ Φc(P,Q) be a pair of optimal Kantorovich potentials
between P and Q. It follows similarly as in the proof of Theorem 9 that

Tc(Pn, Qn)− Tc(P,Q) ≥
ˆ
ϕ0d(Pn − P ) +

ˆ
ψ0d(Qn −Q) =: Γn.

Combine the above display with equations (3.27), (3.32) and (3.33) to deduce

E
∣∣Tc(Pn, Qn)− Tc(P,Q)

∣∣
≤ E|Γn|+ E

[ˆ
ϕnd(Pn − P )

]
+ E

[ˆ
ψnd(Qn −Q)

]
≲ E|Γn|+ Λ

{
E[Xn] +

√
E[∆2

n]
}
+ E

[
IEc

n

ˆ
ϕnd(Pn − P )

]
+ E

[
IEc

n

ˆ
ψnd(Qn −Q)

]
≲ E|Γn|+ Λ

{
E[Xn] +

√
E[∆2

n]
}
+

√
P(Ec

n)E[R2
n]

≲ E|Γn|+ Λ
{
E[Xn] + n−2/d

}
+ n−1/2(log n)c1 . (3.34)

The quantities Γn and Xn are simple to bound in expectation, as we now show.
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Lemma 28. For any ϵ > 0, E|Γn| ∨ E[Xn] ≲ nϵ−
1
2 .

Since d ≥ 5, combining equation (3.34) with Lemma 28 leads to the claim.

3.3.2 Proof of Theorem 10

Fix x ∈ Rd. If ∂cϕ(x) is empty, then there is nothing to show, thus suppose otherwise. Choose
yx ∈ ∂cϕ(x). Let Kp = 2(3κ2)1/(p−1), and notice that we may assume

∥yx∥ ≥ 4(Kp + 1)(∥x∥+ 1), (3.35)

as otherwise we are done. In particular, this assumption implies ∥yx − x∥ ≥ 4, thus the
following ball is non-empty

U =
{
u ∈ Rd : ∥u− yx∥ ≤ ∥x− yx∥ − 1

}
.

Furthermore, define ξ = (yx − x)/ ∥yx − x∥, and note that the ball S := Bx+2ξ of radius 1
centered at x+ 2ξ is contained in U .

If ∂cϕ(S) = ∅, then the condition supp(π) ⊆ ∂cϕ implies P (S) = 0, in which case the
right-hand side of equation (3.24) is infinite and the claim is trivial. Thus, assume otherwise,
and pick u ∈ S for which ∂cϕ(u) is nonempty. Notice that ∥x− u∥ ≤ 3. Furthermore,
let yu ∈ ∂cϕ(u) be arbitrary. Since ϕ is c-concave, the set ∂cϕ is c-cyclically monotone by
Lemma 17(iii). In particular,

c(x, yx)− c(u, yx) ≤ c(x, yu)− c(u, yu).

Thus, using condition (H3),

c(x, yu)− c(u, yu) ≥ ω(∥x− yx∥)− ω(∥u− yx∥) (Since ∥x− yx∥ ∧ ∥u− yx∥ ≥ 1)

≥ ω(∥x− yx∥)− ω(∥x− yx∥ − 1) (Since u ∈ U and ω is increasing)
≥ ω′(∥x− yx∥ − 1) (By convexity of ω)

≥ 1

κ
(∥x− yx∥ − 1)p−1 (By condition (H3))

≥ 1

κ2p−1
∥x− yx∥p−1 . (Since ∥x− yx∥ ≥ 4)

Now, conditions (H0) and (H3) imply thath(z) ≤ κ for all z ∈ B0,1. Furthermore, the preceding
display combined with equation (3.35) implies that c(x, yu) > κ, whence ∥x− yu∥ ≥ 1. We
may thus again apply conditions (H0) and (H3) to obtain,

c(x, yu)− c(u, yu) ≤ ⟨∇h(x− yu), x− u⟩ ≤ ω′(∥x− yu∥) ∥x− u∥ ≤ 3κ ∥x− yu∥p−1 .

We deduce that ∥x− yx∥ ≤ Kp ∥x− yu∥ , whence,

∥yx∥ ≤ Kp ∥x− yu∥+ ∥x∥ ≤ Kp ∥yu∥+ ∥x∥ (Kp + 1) ≤ Kp ∥yu∥+
1

4
∥yx∥ ,
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where the last inequality is due to equation (3.35). We thus have ∥yu∥ ≥ C ∥yx∥ for a constant
C > 0 depending only on d, p, κ. It follows that,

∂cϕ(S) ⊆
{
v ∈ Rd : ∥v∥ ≥ C ∥yx∥

}
.

Given Y ∼ Q, we deduce from the sub-Weibull condition on Q that

Q(∂cϕ(S)) ≤ P (∥Y ∥ ≥ C ∥yx∥) ≲ exp

(
−C

β ∥yx∥β

2σβ

)
.

On the other hand, using the fact that supp(π) ⊆ ∂cϕ, one has

Q(∂cϕ(S)) = π(Rd × ∂cϕ(S)) ≥ π(S × ∂cϕ(S)) = P (S),

so that,

exp

(
−C

β ∥yx∥β

2σβ

)
≳ Q(∂cϕ(S)) ≥ P (S) ≥ inf

y:∥x−y∥≤2
P (By). (3.36)

The first claim follows. To prove the second claim, recall from the definition of (γ, b)-super-
Gaussianity that for all y ∈ Rd such that ∥x− y∥ ≤ 2,

P (By) ≥
b√
2πγ2

L(By) inf
z∈By

exp(−∥z∥2/2γ2) ≥ C1 exp(−∥x∥2/C1),

for a constantC1 > 0 depending on d, b, γ. By Lemma 17(iv), since Tc(P,Q) <∞, any optimal
coupling π between P and Q lies in the support of a c-concave potential ϕ. We may therefore
apply equation (3.36) to deduce that, for some constant C ′ > 0, any such coupling satisfies

∥y∥ ≤ C ′σ(∥x∥+ 1)
2
β , π-a.e. (x, y).

Furthermore, sinceP is absolutely continuous with respect to the Lebesgue measure, notice that
the conditions of Gangbo and McCann (1996), Theorem 1.2, are satisfied under conditions (H0)
and (H3) and the strict convexity of h. Therefore, there exists a unique optimal transport map
T from P to Q, so that the measure π in the above display may be taken to be (Id, T )#P . The
claim follows.

3.4 Lower Bounds

In this section, we derive two lower bounds which imply that the rates of convergence derived
in Sections 3.2 and 3.3 are typically unimprovable. In Section 3.4.1, we obtain lower bounds
on the rate of convergence of the empirical optimal transport cost, while in Section 3.4.2, we
derive a minimax lower bound which implies that, up to polylogarithmic factors, no estimator
of Tc(P,Q) can achieve a faster rate of convergence than the empirical estimator uniformly
over all pairs of measures P,Q.
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In order to state our lower bounds, we require an assumption on the maximal Hölder
exponent α ∈ (0, 2] achievable by the cost h. To state such an assumption, recall that our
upper bounds were based, for instance, on the condition Λ = 1 ∨ ∥h∥Cα(Z1)

<∞, for some
α ∈ (0, 2], which in particular implies that for all z, z0 ∈ Z ,

h(z)− h(z0) ≤

{
Λ ∥z − z0∥α , α ≤ 1

⟨∇h(z0), z − z0⟩+ Λ ∥z − z0∥α , α > 1
.

We shall assume the following dual condition throughout this section.

(H4) X and Y are convex sets with nonempty interior, and are such that h is differentiable
over Z = X −Y . Furthermore, there exist λ > 0, α ∈ (0, 2], and z0 = x0 − y0 ∈ Z
such that x0 ∈ int(X ), y0 ∈ int(Y), and for all z ∈ Z ,

h(z)− h(z0) ≥

{
λ ∥z − z0∥α , α ≤ 1

⟨∇h(z0), z − z0⟩+ λ ∥z − z0∥α , α > 1
.

Notice that condition (H4) implies that X and Y have positive Lebesgue measure over Rd. The
presence of this assumption can be anticipated from the fact that empirical optimal transport
costs may achieve improved rates of convergence when X and Y have intrinsic dimension less
than d (Weed and Bach, 2019). It is straightforward to verify that conditions (H0) and (H4) are
satisfied by the cost h(x) = ∥x∥p when 1 ≤ p ≤ 2 with α = p and z0 = 0. These conditions
are also satisfied for 2 < p < ∞ and α = 2, whenever there exists a neighborhood of zero
which is not contained in Z . We also note that condition (H4) is satisfied with α = 2 by any
differentiable and (2λ)-strongly convex function h over Z .

Finally, we assume throughout this section thatXi is independent of Yj for all 1 ≤ i, j ≤ n.
Though this condition is not needed to derive our upper bounds, we do not preclude the
possibility that they may be sharpened under particular dependence structures between the
samples from P and Q.

3.4.1 Lower Bounds for the Empirical Optimal Transport Cost

We begin with the following lower bound on the rate of convergence of the empirical optimal
transport cost.

Proposition 11. Assume conditions (H0) and (H4). Then,

sup
P∈P(X )
Q∈P(Y)

EP,Q
∣∣Tc(Pn, Qn)− Tc(P,Q)

∣∣ ≳ λn−α/d.
Proposition 11 implies that the upper bounds in Theorems 9, 11, and Corollaries thereafter

cannot generally be improved, provided that the Hölder exponentα therein is chosen maximally
in the sense of condition (H4). As we now show, our lower bound is constructive, and is
typically achieved by absolutely continuous measures differing by a location translation, as in
Example 3.1.1.
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Proof. We prove the claim assuming α ∈ (1, 2], and an analogous argument may be used when
α ∈ (0, 1]. Since x0 ∈ int(X ) and y0 ∈ int(Y), there exists ϵ > 0 such that X0 := Bx0,ϵ ⊆ X
and Y0 := By0,ϵ ⊆ Y . Define the measures

P =
L|X0

L(X0)
, Q =

L|Y0

L(Y0)
,

where recall that L is the Lebesgue measure on Rd. By construction, Q = T0#P where
T0(x) = x+ z0. Since h is convex, it follows by the same argument as in Example 3.1.1 that
T0 is an optimal transport map from P to Q.

Let γn denote an optimal coupling between Pn and Q with respect to the cost c. Then, by
condition (H4),

Tc(Pn, Q)− Tc(P,Q) =

ˆ [
c(x, y)− c(x, T0(x))

]
dγn(x, y)

=

ˆ [
h(y − x)− h(z0)

]
dγn(x, y)

≥
ˆ [

⟨∇h(z0), y − x− z0⟩+ λ ∥y − x− z0∥α
]
dγn(x, y)

=

ˆ [
⟨∇h(z0), y − x⟩+ λ ∥y − x∥α

]
dπn(x, y),

where πn = (Id, T−1
0 )#γn ∈ Π(Pn, P ). It follows that

Tc(Pn, Q)− Tc(P,Q) ≥
ˆ

⟨∇h(z0), y − x⟩dπn(x, y) + λWα
α (Pn, P )

≥
ˆ

⟨∇h(z0), ·⟩d(P − Pn) + λWα
1 (Pn, P ).

The first order term on the final line of the above display clearly has mean zero, whence

E
[
Tc(Pn, Q)− Tc(P,Q)

]
≥ λEWα

1 (Pn, P ) ≥ λ
[
EW1(Pn, P )

]α
≳ λn−α/d,

where the final inequality follows from Proposition 2.1 of Dudley (1969), due to the absolute
continuity of P with respect to the Lebesgue measure on Rd. Finally, since h is continuous
and Z0 = X0 − Y0 is compact, h is bounded over Z0. Thus, by Lemma 17(ii), there exists a
pair of Kantorovich potentials (ϕn, ψn) such that Tc(Pn, Q) = JPn,Q(ϕn, ψn), whence

Tc(Pn, Qn) ≥ JPn,Qn(ϕn, ψn) = Tc(Pn, Q) +

ˆ
ψnd(Qn −Q).

Since the random variables X1, . . . , Xn are independent of Y1, . . . , Yn, ψn is also independent
of Y1, . . . , Yn, whence

E
[ˆ

ψnd(Qn −Q)

∣∣∣∣X1, . . . , Xn

]
= 0.

It readily follows that ETc(Pn, Qn) ≥ ETc(Pn, Q), so that
E
∣∣Tc(Pn, Qn)−Tc(P,Q)

∣∣ ≥ E
[
Tc(Pn, Qn)−Tc(P,Q)

]
≥ E

[
Tc(Pn, Q)−Tc(P,Q)

]
≳ λn−α/d.

The claim follows.
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3.4.2 Minimax Lower Bounds

We next turn to deriving a minimax lower bound on the rate of estimating the optimal transport
cost between two probability measures. Unlike Proposition 11, our next result will require both
condition (H4) and the smoothness condition (H1) from Section 3.2.

Theorem 12. Assume conditions (H0), (H1) and (H4). Then, there exists a constant C > 0
depending on λ,Λ, d,X ,Y, α such that

inf
T̂n

sup
P∈P(X )
Q∈P(Y)

EP,Q
∣∣T̂n − Tc(P,Q)

∣∣ ≥ C(n log n)−α/d,

where the infimum is over all Borel-measurable functions T̂n of X1, . . . , Xn and Y1, . . . , Yn.

Theorem 12 shows that the convergence rates exhibited throughout this chapter for the
empirical optimal transport cost estimator cannot be improved by any other estimator uniformly
over all pairs of measures in P(X ) × P(Y), up to a polylogarithmic factor. Minimax lower
bounds scaling at the rate (n log n)−1/d have previously been established for the problem of
estimating p-Wasserstein distances by Niles-Weed and Rigollet (2022) (Theorem 11), and we
build upon their techniques to prove Theorem 12. The proof is deferred to Section 3.C.

3.A Omitted Proofs from Section 3.2

3.A.1 Proof of Corollary 3

Throughout the proof, C > 0 denotes a constant depending only on d, p, r, whose value may
change from line to line.

The proof is elementary, but tedious. To prove the first claim, it suffices to show that
∥·∥pℓr ∈ C 2∧r∧p(B0,2). It is clear that ∥·∥ℓr and ∥·∥pℓ1 are Lipschitz for any r, p ≥ 1, thus it
suffices to assume p, r > 1. In this case, ∥·∥pℓr is differentiable, and for all l = 1, . . . , d,

∂ ∥x∥pℓr
∂xl

= pxl|xl|r−2 ∥x∥p−rℓr
. (3.37)

Next, we show that ∂∥·∥
p
ℓr

∂xl
is Hölder continuous over B0,2 with suitable exponent, uniformly in

l. Let x, y ∈ B0,2, and assume without loss of generality that ∥x∥ℓr ≤ ∥y∥ℓr . Then,∣∣∣xl|xl|r−2 ∥x∥p−rℓr
− yl|yl|r−2 ∥y∥p−rℓr

∣∣∣
≤
∣∣∣xl|xl|r−2 ∥x∥p−rℓr

− xl|xl|r−2 ∥y∥p−rℓr

∣∣∣+ ∣∣∣xl|xl|r−2 ∥y∥p−rℓr
− yl|yl|r−2 ∥y∥p−rℓr

∣∣∣
= |xl|r−1

∣∣∣∥x∥p−rℓr
− ∥y∥p−rℓr

∣∣∣+ ∥y∥p−rℓr

∣∣xl|xl|r−2 − yl|yl|r−2
∣∣ .

For the first term, notice that

|xl|r−1
∣∣∣∥x∥p−rℓr

− ∥y∥p−rℓr

∣∣∣ ≤ ∥x∥r−1
ℓr

(
∥y∥p−rℓr

− ∥x∥p−rℓr

)
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≤ ∥y∥p−1
ℓr

− ∥x∥p−1
ℓr

≤ C ∥y − x∥1∧(p−1) .

Furthermore, letting ϵx = sgn(xl) and ϵy = sgn(yl), we have,

∥y∥p−rℓr

∣∣xl|xl|r−2 − yl|yl|r−2
∣∣

= ∥y∥p−rℓr

∣∣ϵx|xl|r−1 − ϵy|yl|r−1
∣∣

≤ ∥y∥p−rℓr

(∣∣ϵx|xl|r−1 − ϵx|yl|r−1
∣∣+ ∣∣ϵx|yl|r−1 − ϵy|yl|r−1

∣∣)
≤ ∥y∥p−rℓr

(∣∣|xl|r−1 − |yl|r−1
∣∣+ |yl|r−1 |ϵx − ϵy|

)
≤ ∥y∥p−rℓr

(∣∣|xl|r−1 − |yl|r−1
∣∣+ 2|xl − yl|r−1

)
. (3.38)

We now consider several cases. If p ≥ r, then we readily obtain

∥y∥p−rℓr

∣∣xl|xl|r−2 − yl|yl|r−2
∣∣ ≤ C

(
|xl − yl|1∧(r−1) + 2|xl − yl|r−1

)
≤ C|xl − yl|1∧(r−1).

If instead p < r ≤ 2, then from equation (3.38), we obtain

∥y∥p−rℓr

∣∣xl|xl|r−2 − yl|yl|r−2
∣∣ ≤ 3 ∥y∥p−rℓr

|xl − yl|r−1

≤ 3 ∥y∥p−rℓr
(|xl|+ |yl|)r−p|xl − yl|p−1 ≤ C|xl − yl|p−1.

Finally, if p < r and r > 2, we have from equation (3.38),

∥y∥p−rℓr

∣∣xl|xl|r−2 − yl|yl|r−2
∣∣ ≤ ∥y∥p−rℓr

(
(r − 1)(|xl| ∨ |yl|)r−2|xl − yl|+ 2|xl − yl|r−1

)
≤ C ∥y∥p−rℓr

(|xl|+ |yl|)r−2|xl − yl|

≤ C ∥y∥p−rℓr
(|xl|+ |yl|)r−p|xl − yl|p−1 ≤ C|xl − yl|p−1.

The preceding displays readily imply that for all l, ∂ ∥·∥pℓr /∂xl ∈ C 1∧(r−1)∧(p−1)(B0,2), imply-
ing that ∥·∥pℓr ∈ C 2∧r∧p(B0,2). The first claim now follows by applying Theorem 9. To prove
the second claim, notice that when r ≥ 2, the map in equation (3.37) is differentiable with
respect to xl over any open subset of B0,2 which does not contain the origin, with derivative

∂2 ∥x∥pℓr
∂x2l

= p
∂

∂xl
xl|xl|r−2 ∥x∥p−rℓr

= p ∥x∥p−2r
ℓr

|xl|r−2
[
(p− r)|xl|r + (r − 1) ∥x∥rℓr

]
.

Recall that for all positive semidefinite matrices A ∈ Rd×d, the 1-Schatten norm of A is equal
to its trace, so that ∥A∥∞ ≲ tr(A). Thus, for any ϵ > 0,

sup
x∈B0,2\B0,ϵ

∥∥∇2 ∥x∥pℓr
∥∥
∞ ≲ sup

x∈B0,2\B0,ϵ

d∑
l=1

∣∣∣∣∣∂2 ∥x∥
p
ℓr

∂x2l

∣∣∣∣∣ ≲ sup
x∈B0,2\B0,ϵ

d∑
l=1

∥x∥p−rℓr
|xl|r−2 <∞.

It readily follows that ∥·∥pℓr ∈ C 2(B0,2 \B◦
0,ϵ), with Hölder norm depending only on d, r, p, ϵ.

Now, since X ,Y are convex by condition (S1), so is the set Z = X − Y , and since X and Y
are closed and disjoint, there must exist ϵ > 0 such that B0,ϵ ∩ Z = ∅. Choose any convex
open set Z1 containing Z , and contained in B0,2 \B◦

0,ϵ/2, to deduce that condition (H1) holds
with α = 2, and with Λ depending only on d, p, r,X ,Y . The claim follows.
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3.A.2 Proof of Lemma 18

The proof is analogous to that of Proposition C.2 of (Gangbo and McCann, 1996), and is included
for completeness. We prove the claim for ϕ̃n, noting that a symmetric argument can be used
for the map ψ̃n. Define the modified cost function

hΛ : z ∈ Z 7→ h(z)− Λ

2
∥z∥2 .

By condition (H1) with α = 2, ∇h is Λ-Lipschitz over Z , implying that for all z1, z2 ∈ Z ,

⟨∇hΛ(z1)−∇hΛ(z2), z1 − z2⟩ = ⟨∇h(z1)−∇h(z2), z1 − z2⟩ − Λ ∥z1 − z2∥2 ≤ 0.

It follows that −∇hΛ is monotone, whence hΛ is concave (Hiriart-Urruty and Lemaréchal
(2004), Theorem 4.1.4). Now, notice that for all x ∈ X ,

ϕ̃n(x) = inf
y∈Y

{c(x, y)− ψn(y)} −
Λ

2
∥x∥2

= inf
y∈Y

{
h(x− y)− Λ

2

[
∥x− y∥2 − ∥y∥2 + 2⟨x, y⟩

]
− ψn(y)

}
= inf

y∈Y

{
hΛ(x− y) +

Λ

2

[
∥y∥2 − 2⟨x, y⟩

]
− ψn(y)

}
.

By concavity of hΛ, the last line of the above display is an infimum of concave functions of x.
It follows that ϕ̃n is concave. To prove that ϕ̃n is Lipschitz, let x ∈ X and let (yk) ⊆ Y be a
sequence such that

ϕ̃n(x) ≥ c(x, yk)− ψn(yk)−
Λ

2
∥x∥2 − k−1.

Then, for all x′ ∈ X and k ≥ 1,

ϕ̃n(x
′)− ϕ̃n(x) ≤

[
c(x′, yk)− ψn(yk)−

Λ

2
∥x′∥2

]
−
[
c(x, yk)− ψn(yk)−

Λ

2
∥x∥2

]
+ k−1

= h(x′ − yk)− h(x− yk)−
Λ

2

[
∥x′∥2 − ∥x∥2

]
+ k−1

≤
(
sup
z∈Z

∥∇h(z)∥
)
∥x′ − x∥ − Λ

2
(∥x′∥ − ∥x∥)(∥x′∥+ ∥x∥) + k−1

≤
(
sup
z∈Z

∥∇h(z)∥+ Λ

)
∥x′ − x∥+ k−1 ≤ 2Λ∥x′ − x∥+ k−1.

Since k is arbitrary, the Lipschitz property follows upon repeating a symmetric argument to
upper bound ϕ̃n(x)− ϕ̃n(x

′). Finally, since |ϕn| ≤ 1, |ϕ̃n| ≤ 2Λ as Λ ≥ 1.

3.A.3 Proof of Lemma 21

To prove the first part, recall that condition (H1) implies h ∈ C α(Z1) with 1 < α < 2, and
Λ ≥ ∥h∥Cα(Z1)

. For any z ∈ Z , let Az := {u ∈ Rd : z − u ∈ Z1}. Since Z is compact and
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Z1 is open, there exists ϵ > 0 such that for all z ∈ Z , B0,ϵ ⊆ Az . In particular, if σ < ϵ, then
u ∈ Az for all z ∈ Z and u in the support of Kσ .

Moreover, we have by a first-order Taylor expansion that for all z ∈ Z and u ∈ Az ,

h(z − u)− h(z) = −⟨∇h(z − tu), u⟩,

for some t ∈ (0, 1). By convexity of Z1, we have z − tu ∈ Z1. It follows that

|h(z − u)− h(z) + ⟨∇h(z), u⟩| ≤ |⟨∇h(z)−∇h(z − tu), u⟩| ≤ Λ ∥u∥α .

Finally, the fact that K is even implies that
´
uKσ(u)du = 0. Combining these facts, we

obtain

|hσ(z)− h(z)| =
∣∣∣∣ˆ [h(z − u)− h(z)

]
Kσ(u)du

∣∣∣∣
≤
∣∣∣∣ˆ [h(z − u)− h(z) + ⟨∇h(z), u⟩

]
Kσ(u)du

∣∣∣∣+ ∣∣∣∣ˆ ⟨∇h(z), u⟩Kσ(u)du

∣∣∣∣
(3.39)

≤ Λ

ˆ
∥u∥αKσ(u)du ≤ Λσα , (3.40)

since the support of Kσ lies in B0,σ . This proves the first claim.

To prove the second part, it is easy to see that the cost hσ is convex, even, and lower
semi-continuous by assumption on h, thus hσ satisfies assumption (H0). Now, let Z̃1 be an
open set such that Z ⊆ Z̃1 and such that cl(Z̃1) ⊆ Z1. After possibly decreasing the value
of ϵ > 0, we may again ensure that Bz,ϵ ⊆ Z1 for all z ∈ Z̃1. We shall now prove that hσ
satisfies assumption (H1) with the Hölder norm ∥hσ∥C 2(Z̃1)

≤ CΛσα−2 as long as σ < ϵ. That
hσ ≤ 1 on Z̃1 is immediate, so it suffices to show that hσ has the requisite Hölder norm.

Define for any given z ∈ Z and all u ∈ Rd,

h̃(u) = h(u)− h(z)− ⟨∇h(z), u− z⟩, h̃σ = h̃ ⋆ Kσ.

As before, for any z ∈ Z̃1 and any u ∈ Rd such that ∥u− z∥ ≤ ϵ, we have u ∈ Z1, whence a
first-order Taylor expansion leads to

|h̃(u)| ≤ Λ ∥z − u∥α .

We thus obtain for all z ∈ Z̃1,

∥∇2hσ(z)∥∞ = ∥∇2h̃σ(z)∥∞

≤
ˆ

|h̃(u)|∥∇2Kσ(z − u)∥∞du

= σ−d−2

ˆ
|h̃(u)|∥∇2K((z − u)/σ)∥∞du



Chapter 3. Sharp Rates for Empirical Optimal Transport with Smooth Costs 132

≤ Λσ−d−2

ˆ
∥z − u∥α ∥∇2K((z − u)/σ)∥∞du

= Λσα−2

ˆ
∥u∥α ∥∇2K(u)∥∞du ≤ CΛσα−2 ,

for some constant C depending only on K . This proves the second claim.

3.B Omitted Proofs from Section 3.3

3.B.1 Proof of Lemma 23

Let f : x ∈ B0,r 7→ ϕ(x) − c1Λr∥x∥2. Under condition (H2), recall that for all R > 0,
∥h∥C 2(B0,R) ≤ ΛRp. Set

R = sup{∥x− y∥ : x ∈ B0,r, y ∈ ∂cϕ(B0,r)},

and let Λr = ΛRp. It then follows by the same argument as in the proof of Lemma 18 that the
map

hΛr : z ∈ B0,R 7→ h(z)− Λr
2

∥z∥2

is concave. Now, the assumptions on c in Lemma 17(iv) are satisfied under conditions (H0), (H2),
and under the assumption of superlinearity of h, thus the assumption of local boundedness on
ϕ ensures that ∂cϕ(x) is nonempty for all x ∈ B0,r , and that ϕ admits the representation

ϕ(x) = inf
y∈∂cϕ(B0,r)

{
c(x, y)− ϕc(y)

}
.

It follows that

f(x) = inf
y∈∂cϕ(B0,r)

{c(x, y)− ϕc(y)} − Λr
2

∥x∥2

= inf
y∈∂cϕ(B0,r)

{
hΛr(x− y) +

Λr
2

[
∥y∥2 − 2⟨x, y⟩

]
− ϕc(y)

}
.

Notice that ∥x− y∥ ≤ R for all x, y appearing in the infimum of the final line in the above
display, thus hΛr is defined and concave therein. Similarly as in Lemma 18, the last line of the
above display is thus an infimum of concave functions of x, implying that f is concave. To
prove that f is Lipschitz, let x ∈ B0,r and choose a sequence (yk) ⊆ Y such that

f(x) ≥ c(x, yk)− ϕc(yk)−
Λr
2

∥x∥2 − k−1.

Then, for all x′ ∈ B0,r and k ≥ 1,

f(x′)− f(x) ≤
[
c(x′, yk)− ϕc(yk)−

Λr
2
∥x′∥2

]
−
[
c(x, yk)− ϕc(yk)−

Λr
2

∥x∥2
]
+ k−1

= h(x′ − yk)− h(x− yk)−
Λr
2

[
∥x′∥2 − ∥x∥2

]
+ k−1
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≤

(
sup

z∈B0,R

∥∇h(z)∥

)
∥x′ − x∥+ Λr

2
(∥x′∥ − ∥x∥)(∥x′∥+ ∥x∥) + k−1

≤

(
sup

z∈B0,R

∥∇h(z)∥+ rΛr

)
∥x′ − x∥+ k−1

≤ 2rΛr∥x′ − x∥+ k−1.

The claim readily follows.

3.B.2 Proof of Lemma 24

Part (i) is immediate by definition of c-conjugate. For part (ii), note that for any x ∈ supp(Pn),

ϕn(x) = inf
y∈Rd

{
c(x, y)− ηn(y)

}
≥ inf

y∈Rd

{
c(x, y)−

[
c(x, y)− fn(x)

]}
= fn(x). (3.41)

Similarly, for any y ∈ supp(Qn), since (fn, gn) ∈ Φc(Pn, Qn),

ψn(y) = inf
x∈Rd

{
c(x, y)− ϕn(x)

}
≥ inf

x∈Rd

{
c(x, y)−

[
c(x, y)− ηn(y)

]}
= ηn(y)

= inf
x∈supp(Pn)

{
c(x, y)− fn(x)

}
∧Rn

≥ gn(y) ∧Rn = gn(y) ,

where the final equality uses that gn maps into [0, Rn]. Since Pn and Qn are finitely supported,
either of the above inequalities is strict if and only ifˆ

ϕndPn +

ˆ
ψndQn >

ˆ
fndPn +

ˆ
gndQn = Tc(Pn, Qn),

in violation of the optimality of (fn, gn). Therefore ϕn and ψn agree with fn and gn on
supp(Pn) and supp(Qn), and

Tc(Pn, Qn) =
ˆ
ϕndPn +

ˆ
ψnQn. (3.42)

To prove part (iii), note that ηn is nonnegative over Rd, since fn is nonpositive over
supp(Pn). Therefore, for any x ∈ Rd,

ϕn(x) = inf
y∈Rd

{
c(x, y)− ηn(y)

}
≤ h(0)− ηn(x) ≤ 0.

Furthermore, since ηn is bounded above by Rn,

ϕn(x) ≥ inf
y∈Rd

{
c(x, y)−Rn

}
≥ −Rn, (3.43)
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Thus, |ϕn(x)| ≤ Rn. Similarly, since ϕn is nonpositive, ψn is nonnegative, and for all y ∈ Rd,

ψn(y) = inf
x∈Rd

{
c(x, y)− ϕn(x)

}
≤ h(0)− ϕn(y) ≤ Rn,

where we used equation (3.43). Thus, |ψn(x)| ≤ Rn as well.

Finally, to prove part (iv), equation (3.42) and the primal definition of Tc(Pn, Qn) < ∞
imply ˆ [

c(x, y)− ϕn(x)− ψn(y)
]
dπn(x, y) = 0.

By part (i), the integrand of the above display is nonnegative, thus

c(x, y) = ϕn(x) + ψn(y), for all (x, y) ∈ supp(πn).

Since ϕn and ψn are bounded by part (iii), it must then follow from Lemma 17(iv) that for any
(x, y) satisfying the above display, (x, y) ∈ ∂cϕn(x) and (y, x) ∈ ∂cψn(y).

3.B.3 Proof of Lemma 25

Let B denote the set of all balls in Rd. Recall that B has Vapnik-Chervonenkis dimension d+2,
thus the Vapnik-Chervonenkis inequality (Vapnik and Chervonenkis, 1968) implies that for all
u > 0,

P
(
sup
B∈B

|Pn(B)− P (B)| ≥ u

)
≲ nd+2 exp

(
−nu

2

32

)
. (3.44)

By the assumption of (γ, b)-super-Gaussianity, we have for all ∥y − x∥ ≤ 2,

P (By) ≳
ˆ
By

exp
(
− ∥u∥2 /(2γ2)

)
du ≳ exp

(
− ∥x∥2 /γ2

)
,

so that, for all 0 ≤ j ≤ Jn,

inf
x∈Ij

inf
∥x−y∥≤2

P (By) ≥ C1 exp(−ℓ2j/γ2).

Thus setting u = C1 exp(−ℓ2j/γ2)/2 in equation (3.44) for all 0 ≤ j ≤ Jn, and applying a
union bound, leads to

P (Acn) ≲ n
d+2Jn exp

{
− C2

1

128
n exp(−2ℓ2Jn/γ

2)

}
= nd+2Jn exp

{
−C

2
1

√
n

128

}
≲

1

n
. (3.45)

The claim follows.
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3.B.4 Proof of Proposition 9

The proof proceeds using a similar argument as that of Proposition C.4 of Gangbo and McCann
(1996). Under conditions (H0) and (H3), it follows from Lemma 17(iv) that ∂cϕ(x) is nonempty
for all x ∈ Br/2. For any y ∈ ∂cϕ(x), we have

ϕ(x) = c(x, y)− ϕc(y).

Let v = x−y. If ∥v∥ ≤ r there is nothing to prove, so assume otherwise, and define ξ = 1− r
2∥v∥ .

Our assumption implies that ξ ∈ [1/2, 1]. Furthermore, define

u = x+ (ξ − 1)v = x− r

2

(
v

∥v∥

)
.

Then, the penultimate display leads to

h(v)− h(ξv) = c(x, y)− c(u, y) = c(x, y)−ϕc(y)− [c(u, y)−ϕc(y)] ≤ ϕ(x)−ϕ(u) ≤ 2R.

This fact, together with the convexity and differentiability of h away from zero, under condi-
tion (H3), implies

r

2
⟨∇h(ξv), v/ ∥v∥⟩ ≤ 2R.

On the other hand, by condition (H3) we have h(0) = 0, thus by convexity of h,

h(ξv)

∥ξv∥
≤
〈
∇h(ξv), ξv

∥ξv∥

〉
≤ 4R

r
.

In particular, since h(z) ≳ κ−1 ∥z∥p for all ∥z∥ ≥ 2 under condition (H3), we have ∥ξv∥p−1 ≲
4R/r, thus since ξ ≥ 1/2 and r ≥ 1, ∥v∥p−1 ≲ R, and hence

∥y∥p−1 ≲ ∥x∥p−1 +R.

The claim follows.

3.B.5 Proof of Lemma 26

Let M̄jk =Mj and Ūjk = Uj for all j ≥ 0 and k = 1, . . . ,md. Fix an enumerationD1, D2, . . .
(resp. M̄1, M̄2, . . . and Ū1, Ū2, . . . ) of the set {Ijk : j ≥ 0, 1 ≤ k ≤ md} (resp. (M̄jk), (Ūjk)).
Given a sequence (aj)

∞
j=1 of positive real numbers, let pj = N(ϵaj ,FM̄j ,Ūj

(Dj), L
∞) and let

fj,1, . . . , fj,pj be a ϵaj-cover for FM̄j ,Ūj
(Dj) in L∞. By Lemma 20, we have

log pj ≲

(
Ūj + diam(Dj)M̄j

ϵaj

) d
2

.

Now, it can be directly verified that the set
∞∑
j=1

fj,kj : kj ∈ {1, . . . , pj}, j ≥ 0


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forms an ϵ
(∑∞

j=1 a
2
jPn(Dj)

)1/2
-cover of KM,U in L2(Pn), which is of size

∏∞
j=1 pj . Thus,

logN

ϵ
 ∞∑
j=1

a2jPn(Dj)

1/2

,KM,U , L
2(Pn)

 ≤
∞∑
j=1

log pj ≲
∞∑
j=1

(
Ūj + diam(Dj)M̄j

ϵaj

) d
2

.

Now, set
aj =

(
Ūj + diam(Dj)M̄j

) d
d+4Pn(Dj)

− 2
d+4 .

Then

∞∑
j=1

(
Ūj + diam(Dj)M̄j

aj

) d
2

=
∞∑
j=1

(
Ūj + diam(Dj)M̄j

) 2d
d+4 Pn(Dj)

d
d+4 ,

and,
∞∑
j=1

a2jPn(Dj) ≤
∞∑
j=1

(
Ūj + diam(Dj)M̄j

) 2d
d+4 Pn(Dj)

d
d+4 .

We deduce that for all ϵ > 0,

logN
(
ϵ,KM,U , L

2(Pn)
)
≲

 ∞∑
j=1

a2jPn(Dj)

 d
4 ∞∑
j=1

(
Ūj + diam(Dj)M̄j

ϵaj

) d
2

≲

(
1

ϵ

) d
2

 ∞∑
j=1

(
Ūj + diam(Dj)M̄j

) 2d
d+4 Pn(Dj)

d
d+4

 4+d
4

.

The claim follows.

3.B.6 Proof of Lemma 27

To prove the claim, it suffices to show that the variance of the supremum of the empirical
process is of the order (log n)2r4/n. By Boucheron, Lugosi, and Massart (2013, Theorem 11.1),
it holds that

Var

[
sup

f∈KM,U

ˆ
fd(Pn − P )

]
≤ 1

n2

n∑
i=1

E

[
sup

f∈KM,U

(
f(Xi)− Ef(Xi)

)2]

≲
1

n
E

[
sup

f∈KM,U

f2(X1)

]

=
1

n

∞∑
j=0

ˆ
Lj

(
sup

f∈KM,U

f2(x)

)
dP (x)
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≤ 1

n

∞∑
j=0

U2
j P (Lj)

≲
1

n

∞∑
j=0

(3j log n)2r4 exp(−c13jβ)

≲
(log n)2r4

n
.

The claim readily follows.

3.B.7 Proof of Lemma 28

We begin with E|Γn|. Since the quantity
´
ϕ0d(Pn − P ) remains unchanged if a constant is

added to the map ϕ0, there is no loss of generality in assuming ϕ0(0) = 0. By Theorem 10 and
Lemma 23 it must then follow that ϕ0(x) ≲ 1 + ∥x∥q for a sufficiently large exponent q ≥ 1,
implying that

E[ϕ0(X)2] ≲ 1 + E[∥X∥2q] ≤ C,

where the final inequality holds because P is (σ, β)-sub-Weibull, and thus admits (2q)-th
moment bounded above by a constant depending only on q, σ and β, for all q ≥ 1. Therefore,
by Markov’s inequality,

E
∣∣∣∣ˆ ϕ0d(Pn − P )

∣∣∣∣ = ˆ ∞

0
P
(∣∣∣∣ˆ ϕ0d(Pn − P )

∣∣∣∣ ≥ u

)
du ≤ n−1/2 +

ˆ ∞

n− 1
2

C

nu2
du ≲

1√
n
.

Applying a similar argument to ψ0 leads to E|Γn| ≲ n−1/2.

Turning to Xn, notice that |ξn(x)| ≲ (log n ∥x∥)q′ for all x ∈ Rd, for a sufficiently large
constant q′ > 0, thus it follows similarly as before that E[Xn] ≲ (log n)q

′
n−1/2 ≲ nϵ−

1
2 for

any ϵ > 0.

3.B.8 Proof of Corollary 5

The claim is straightforward when p ≥ 2. To prove the claim when p ∈ (1, 2), abbreviate
hp(x) = ∥x∥p, and for all ϵ ∈ [0, 1] define the cost

hp,ϵ(x) =
(
∥x∥2 + ϵ

2
p

) p
2 − ϵ.

Lemma 29. We have for all p ∈ (1, 2) and all ϵ ∈ [0, 1],

1. ∥hp,ϵ − hp∥L∞ ≤ 2ϵ.

2. hp,ϵ satisfies condition (H2) with ∥h∥C 2(B0,r)
≤ Λϵr

p for all r ≥ 1, where Λϵ = c1ϵ
1− 2

p

for a universal constant c1 > 0. Furthermore, hp,ϵ satisfies condition (H3) with κ = 2
p
2
−1p.
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Lemma 29(i) implies

E
∣∣Thp(Pn, Qn)− Thp(P,Q)

∣∣ ≤ E
∣∣Thp,ϵ(Pn, Qn)− Thp,ϵ(P,Q)

∣∣+ 4ϵ,

which together with Lemma 29(ii) and Theorem 11 imply

E
∣∣Thp(Pn, Qn)− Thp(P,Q)

∣∣ ≲ ϵ1− 2
pn−

2
d + ϵ.

The right-hand side is minimized by choosing ϵ ≍ n−p/d, leading to the claim. It thus remains
to prove Lemma 29.

3.B.8.1 Proof of Lemma 29

Notice that for all x ∈ Rd,

|hp,ϵ(x)− hp(x)| =
∣∣∣∣( ∥x∥2 + ϵ

2
p

) p
2 − ϵ− ∥x∥p

∣∣∣∣ ≤ ( ∥x∥2 + ϵ
2
p

) p
2 − ∥x∥p + ϵ ≤ 2ϵ,

thus part (i) follows. To prove part (ii), choose the function ω(z) = (z2 + ϵ2/p)p/2 − ϵ. We
have h(0) = 0, and for all z > 1,

ω′(z) = p(z2 + ϵ2/p)
p
2
−1z,

so that hp,ϵ satisfies condition (H3) with κ = 21−
p
2 p. It remains to prove the Hölder estimate.

Clearly, hp,ϵ ∈ C 2
loc(Rd) for all ϵ > 0, and

∇2hp,ϵ(x) = p(p− 2)
(
∥x∥2 + ϵ

2
p

) p
2
−2
xx⊤ + p

(
∥x∥2 + ϵ

2
p

) p
2
−1
Id.

Therefore,∥∥∇2hp,ϵ(x)
∥∥

op ≲
(
∥x∥2 + ϵ

2
p

) p
2
−2

∥x∥2 +
(
∥x∥2 + ϵ

2
p

) p
2
−1
≲

{
ϵ
1− 2

p , ∥x∥ ≤ ϵ
1
p ,

∥x∥p−2 , ∥x∥ > ϵ
1
p .

We thus easily deduce that for all r ≥ 1,

∥hϵ∥C 2(B0,r)
≲ rp + ϵ

1− 2
p ≤ ϵ

1− 2
p rp,

and the claim follows.

3.B.9 On the Super-Gaussianity Assumption

We close this Section with a simple characterization of super-Gaussianity which was stated in
Section 3.3. Recall that we say a measure P is (γ, b)-super-Gaussian if P (Bx) ≥ b ·P(Z ∈ Bx)
for any x ∈ Rd, where Z ∼ N(0, γ2). Furthermore, we say that P admits a (γ1, γ2)-regular
density (Polyanskiy and Wu, 2016) for some γ1, γ2 > 0 if P admits a density f with respect to
the Lebesgue measure such that log f is differentiable and satisfies

∥∇ log f(x)∥ ≤ γ1 ∥x∥+ γ2, for all x ∈ Rd.

Lemma 30. Assume P admits a (γ1, γ2)-regular density. Then, there exist constants σ, b > 0
such that P is (σ, b)-super-Gaussian.
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3.B.9.1 Proof of Lemma 30

By a first-order Taylor expansion, we have for all x ∈ Rd,

| log f(x)− log f(0)| = |∇ log f(x̃)⊤x|,

for some ∥x̃∥ ≤ ∥x∥. Therefore,

| log f(x)− log f(0)| ≤ ∥∇ log f(x̃)∥∥x∥ ≤ γ1 ∥x∥2 + γ2 ∥x∥ ,

which entails

f(x) ≥ exp
{
log f(0)− γ1 ∥x∥2 − γ2 ∥x∥

}
= f(0) exp

{
− γ1 ∥x∥2 − γ2 ∥x∥

}
.

If ∥x∥ ≥ γ2, the above display is bounded below by f(0) exp(−(1 + γ1) ∥x∥2), while if
∥x∥ ≤ γ2, it is bounded below by f(0) exp(−γ1 ∥x∥2+ γ22). In either case, f is bounded below
by a constant multiple of the N(0, γ−1

1 ) density, thus the claim readily follows.

3.C Omitted Proofs from Section 3.4

3.C.1 Proof of Theorem 12

Our proof of Theorem 12 follows similarly as that of Niles-Weed and Rigollet (2022), Theorem
11, which establishes a minimax lower bound for estimating p-Wasserstein distances. Our key
extension of their proof technique is contained in the following result. Similarly as in the proof
of Proposition 11, we write T0(z) = z + z0, where z0 is defined in condition (H4).

Proposition 12. Assume the same conditions as Theorem 12. Given an integer m ≥ 1, let
u be the uniform distribution on [m]. Then, there exist universal constants C1, C2 > 0, a
constant Cλ,Λ > 0 depending on λ,Λ, α, and a random function F : [m] → X , such that for
any distribution q on [m], we have

C1λm
−α/dTV(q, u)− Cλ,Λ

√
χ2(q, u)

m
≤ Tc

(
F#q, (T0 ◦ F )#u

)
− h(z0)

≤ C2Λm
−α/d(χ2(q, u)

)α
d TV(q, u)1−

2α
d + Cλ,Λ

√
χ2(q, u)

m
,

with probability at least .9.

Proof. We prove the claim for α ∈ (1, 2]. An analogous argument may be used to prove the
claim when α ∈ (0, 1]. Recall the notation of condition (H4). Similarly as in the proof of
Proposition 11, there exists γ > 0 such that X0 = Bx0,γ ⊆ X and such that Y0 = T0(X0) ⊆ Y ,
where T0(z) = z+ z0. Now, it is a straightforward observation that N(ϵ,X0, ∥·∥) ≥ c′ϵ−d, for
all ϵ ∈ (0, 1) and for a constant c′ > 0 depending only on d, γ, which implies that the ϵ-packing
number of X under ∥·∥ is also greater than c′ϵ−d (Wainwright (2019), Lemma 5.5). Therefore,
there exists a set Gm = {x1, . . . , xm} ⊆ X0 such that ∥xi − xj∥ ≳ m−1/d for all i ̸= j. We let
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F be selected uniformly at random from the set of bijections Sm from [m] = {1, . . . ,m} to
Gm.

We begin by proving the lower bound. Let π̃ denote an optimal coupling between F#q and
(T0 ◦ F )#u, and let π = (Id, T−1

0 )#π̃ ∈ Π(F#q, F#u). We then have,

Tc(F#q, (T0 ◦ F )#u)− h(z0) =

ˆ [
h(y − x)− h(z0)

]
dπ̃(x, y)

=

ˆ [
h(y − x+ z0)− h(z0)

]
dπ(x, y)

≥
ˆ
⟨∇h(z0), y − x⟩dπ(x, y) + λ

ˆ
∥x− y∥α dπ(x, y),

(3.46)

by condition (H4). We next bound the term Γm =
´
⟨∇h(z0), y − x⟩dπ(x, y). Notice that

EF [Γm] =

〈
∇h(z0),

1

m!

∑
G∈Sm

m∑
j=1

(u(j)− q(j))G(j)

〉

=

〈
∇h(z0),

m∑
j=1

(u(j)− q(j))

(
1

m!

∑
G∈Sm

G(j)

)〉
.

The quantity 1
m!

∑
G∈Sm

G(j) takes on the same value for all j = 1, . . . ,m, thus we deduce
from the above display that EF [Γm] = 0. Similarly, notice that for any 1 ≤ j ̸= k ≤ m,

EF
[
⟨∇h(z0), F (j)⟩⟨∇h(z0), F (k)⟩

]
=

1

m!

∑
x∈Gm

∑
y∈Gm
y ̸=x

∑
G∈Sm
G(j)=x
G(k)=y

⟨∇h(z0), x⟩⟨∇h(z0), y⟩

=
1

m(m− 1)

∑
x ̸=y

⟨∇h(z0), x⟩⟨∇h(z0), y⟩ =:M1,1,

which is again constant in j, k. It follows that

EF

∑
j ̸=k

⟨∇h(z0), F (j)⟩⟨∇h(z0), F (k)⟩(q(j)− u(j))(q(k)− u(k))


=M1,1

∑
j ̸=k

(q(j)− u(j))(q(k)− u(k)) = −M1,1

m∑
j=1

(
q(j)− 1

m

)2

= −M1,1

m
χ2(q, u),

whence, letting M2 := EF
[
⟨∇h(z0), F (j)⟩2

]
, which itself is again constant in j, we obtain

VarF [Γn]=EF

 m∑
j=1

⟨∇h(z0), F (j)⟩(q(j)− u(j))

2
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=

m∑
j=1

EF
[
⟨∇h(z0), F (j)⟩2

]
(q(j)− u(j))2 − M1,1

m
χ2(q, u) =

M2 −M1,1

m
χ2(q, u).

Therefore, by Markov’s inequality, there exists a constant Cλ,Λ > 0 depending only on M2,
and hence only on λ,Λ, α, such that

P

(
|Γn| ≥ Cλ,Λ

√
χ2(q, u)

m

)
≤ .025. (3.47)

Thus, returning to equation (3.46), and recalling that for all x, y ∈ Gm, ∥x− y∥ ≳ m−1/dI(x ̸=
y), we deduce that for some C1 > 0, with probability at least .975,

Tc(F#q, (T0 ◦ F )#u)− h(z0) ≥ C1λm
−α

d Pπ(X ̸= Y ) + Γm

≥ C1λm
−α

d TV(F#q, F#u) + Γm

≥ C1λm
−α

d TV(q, u)− Cλ,Λ

√
χ2(q, u)

m
. (3.48)

We now prove the upper bound of the claim. Unlike before, we now let π denote an optimal
coupling between F#q and F#u, and π̃ = (Id, T0)#π ∈ Π(F#q, (T0 ◦ F )#u) a possibly
suboptimal coupling. By assumption (H1), we then have

Tc(F#q, (T0 ◦ F )#u)− h(z0) ≤
ˆ [

h(y − x)− h(z0)
]
dπ̃(x, y)

=

ˆ [
h(y − x+ z0)− h(z0)

]
dπ(x, y)

≤
ˆ
⟨∇h(z0), y − x⟩dπ(x, y) + Λ

ˆ
∥x− y∥α dπ(x, y)

= Γm + ΛWα
α (F#q, F#u). (3.49)

Now, by Niles-Weed and Rigollet (2022), Proposition 9, there exists a constant C2 > 0 such that

Wα
α (F#u, F#q) ≤ C2m

−α/d(χ2(q, u)
)α/d

TV(q, u)1−
2α
d .

After possibly modifying C2, it follows from Markov’s inequality that

P
(
Wα
α (F#u, F#q) ≤ C2Λm

−α/d(χ2(q, u)
)α/d

TV(q, u)1−
2α
d

)
≥ .975,

so that, together with equations (3.47) and (3.49), we have with probability at least .95,

Tc(F#u, (T0 ◦ F )#u)− h(z0) ≤ Cλ,Λ

√
χ2(q, u)

m
+ C2Λm

−α/d(χ2(q, u)
)α/d

TV(q, u)1−
2α
d .

Combining this fact with equation (3.48) and a union bound leads to the claim.
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We now prove the main Theorem. In what follows, let Dm denote the set of probability
distributions q on [m] satisfying χ2(q, u) ≤ 9. Also, given δ > 0, let D−

m,δ denote the subset
of distributions in Dm satisfying TV(q, u) ≤ δ, and by D+

m the subset of Dm satisfying
TV(q, u) ≥ 1/4. Furthermore, set

∆m =
C1λm

−α/d

16
,

and δ =
(

C1λ
288ΛC2

) 1

1− 2α
d . Since d ≥ 5 > 2α, we may assume that m is large enough to satisfy

∆m ≥ 2Cλ,Λ

√
9

m
,

Then, by Proposition 12, for all q ∈ D−
m,δ , we have with probability at least .9,

Tc
(
F#q, (T0 ◦ F )#u

)
− h(z0) ≤ C2Λm

−α/d(χ2(q, u)
)α

d TV(q, u)1−
2α
d + Cλ,Λ

√
χ2(q, u)

m

≤ C1λC2Λm
−α

d 9
α
d

288ΛC2
+ Cλ,Λ

√
9

m
≤ ∆m

2
+ Cλ,Λ

√
9

m
≤ ∆m.

Similarly, for all q ∈ D+
m, we have with probability at least .9,

Tc
(
F#q, (T0 ◦ F )#u

)
− h(z0) ≥ C1λm

−α/dTV(q, u)− Cλ,Λ

√
χ2(q, u)

m

≥ C1

4
λm−α/d − Cλ,Λ

√
9

m
≥ 4∆m − Cλ,Λ

√
9

m
≥ 3∆m.

Now, for any given estimator T̂n based on the independent samplesX1, . . . , Xn and Y1, . . . , Yn,
define the event A = {|T̂n − Tc(F#q, (T0 ◦ F )#u)| ≥ ∆m}. We have by Markov’s inequality,

sup
P∈P(X )
Q∈P(Y)

EP,Q
∣∣T̂n − Tc(P,Q)

∣∣
≥ ∆m sup

P∈P(X )
Q∈P(Y)

PP,Q
(
|T̂n − Tc(P,Q)| ≥ ∆m

)

≥ ∆m

2

 sup
q∈D−

m,δ

EFPF#q,(T0◦F )#u[A] + sup
q∈D+

m

EFPF#q,(T0◦F )#u[A]

 . (3.50)

Notice that for all q ∈ D−
m,δ , we have

EFPF#q,(T0◦F )#u[A]

≥ EFPF#q,(T0◦F )#u

(
T̂n ≥ h(z0) + 2∆m and Tc(F#q, (T0 ◦ F )#u) ≤ h(z0) + ∆m

)
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≥ EFPF#q,(T0◦F )#u

(
T̂n ≥ h(z0) + 2∆m

)
− PF

(
Tc(F#q, (T0 ◦ F )#u) > h(z0) + ∆m

)
≥ EFPF#q,(T0◦F )#u

(
T̂n ≥ h(z0) + 2∆m

)
− .1.

Similarly, for all q ∈ D+
m,

EFPF#q,(T0◦F )#u[A]

≥ EFPF#q,(T0◦F )#u

(
T̂n ≤ h(z0) + 2∆m and Tc(F#q, (Tv ◦ F )#u) ≥ h(z0) + 3∆m

)
≥ EFPF#q,(T0◦F )#u

(
T̂n ≤ h(z0) + 2∆m

)
− .1.

Returning to equation (3.50), we thus have,

inf
T̂n

sup
P∈P(X )
Q∈P(Y)

EP,Q
∣∣T̂n − Tc(P,Q)

∣∣ ≥ ∆m

2
inf
ψ

 sup
q∈D−

m,δ

Pq(ψ = 1) + sup
q∈D+

m

Pq(ψ = 0)− 0.2

 ,

where the infimum is over all tests based on the samples X1, . . . , Xn and Y1, . . . , Yn. By
Proposition 10 of Niles-Weed and Rigollet (2022), the infimum on the right-hand side of the
above display is bounded below by a constant if m ≍ n log n. The claim then follows by
definition of ∆m.



Chapter 4

Sequential Estimation of Optimal
Transport Costs

4.1 Introduction

We saw in the previous chapter that the risk of the empirical optimal transport cost Tc(Pn, Qn)
typically degrades exponentially with the dimension. Implicit in our proofs, however, is the
fact that this rate is driven entirely by the bias of the estimator: it is a simple observation
that the fluctuations of the empirical optimal transport cost typically scale at the parametric
rate, which is dimension-free. In fact, it can be shown using McDiarmid’s inequality that, for
bounded cost functions c, the empirical optimal transport cost is sub-Gaussian with parameter
O(1/n): there is a constant C > 0 such that for all δ ∈ (0, 1),

P

(
Tc(Pn, Qn)− ETc(Pn, Qn) ≥ C

√
log(1/δ)

n

)
≤ δ.

One of the main goals of this chapter will be to derive a sequential analogue of the above
concentration inequality. For example, we will see in Corollary 12 below that the following
time-uniform inequality holds for bounded costs c,

sP

(
∀n ≥ 1 : Tc(Pn, Qn)− ETc(Pn̄, Qn̄) ≥ C ′

√
log(1/δ) + log log n

n

)
≤ δ, (4.1)

where n̄ = ⌈n/2⌉, and C ′ > 0 depends only on ∥c∥∞. Bounds of the above type are sometimes
known as finite law of the iterated logarithm bounds (Jamieson et al., 2014), and as we shall see
in this chapter, they can be used to derive so-called confidence sequences for the population
optimal transport cost Tc(P,Q) whenever the bias of the empirical Wasserstein distance is of
the order O(n−1/2).

It turns out that the techniques needed to obtain inequality (4.1) rely on a single property
of optimal transport costs: their convexity, when viewed as functionals over the space of

144
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probability measures. Convexity is a property satisfied by many other natural functionals, such
as most commonly-used divergences over the space of probability measures (cf. Section 4.2.1
below). Therefore, we will take a broader perspective in this chapter, and provide a general
toolbox for performing rigorous sequential uncertainty quantification for convex functionals.

Problem Setting Let X ⊆ Rd. Throughout the sequel, we denote by Ψ : P(X )× P(X ) →
R+ a generic convex functional, that is, a functional satisfying the following condition: for all
measures µ1, µ2, ν1, ν2 ∈ P(X ) and all λ ∈ [0, 1],

Ψ
(
λµ1 + (1− λ)µ2, λν1 + (1− λ)ν2

)
≤ λΨ(µ1, ν1) + (1− λ)Ψ(µ2, ν2). (4.2)

Given two independent sequences (Xt)
∞
t=1 and (Ys)∞s=1 of i.i.d. observations arising respectively

from unknown distributions P,Q ∈ P(X ), we aim to construct a sequence of confidence
intervals (Cts)∞t,s=1 with the uniform coverage property

P
(
∀t, s ≥ 1 : Ψ(P,Q) ∈ Cts

)
≥ 1− δ, (4.3)

for some pre-specified level δ ∈ (0, 1). Such a sequence (Cts)
∞
t,s=1 is called a confidence

sequence, and differs from the standard notion of confidence interval through the uniformity in
times t, s of the probability in equation (4.3). As stated precisely in Section 4.3.3, the guarantee
(4.3) is equivalent to the requirement that for all stopping times (τ, σ),

P(Ψ(P,Q) ∈ Cτσ) ≥ 1− δ. (4.4)

The scope of potential applications of such confidence sequences is far-reaching. For instance, if
Ψ is a metric between probability measures, then a confidence sequence Cts directly gives rise
to a sequential two-sample test for the null hypothesis H0 : P = Q, where the null is rejected
when 0 ̸∈ Cts. Fixed-time, two-sample testing is a classical problem which continues to receive a
wealth of attention, but sequential, nonparametric two-sample testing is relatively less explored;
two exceptions include Balsubramani and Ramdas (2016), Lhéritier and Cazals (2018). We also
note that confidence sequences for divergences can sometimes lead to confidence sequences for
other estimands of interest, as illustrated in Section 4.4.5. Though our work is motivated by such
practical applications, our results can also be viewed from a purely theoretical standpoint as
deriving concentration inequalities for divergences, or other functionals, which hold uniformly
over time. We are not aware of analogous time-uniform concentration inequalities in the
literature for the majority of functionals studied explicitly in this chapter.

Our Contributions The primary contribution of our work is to provide a general recipe
for deriving confidence sequences for convex functionals Ψ. Our key observation is that the
process

Mts = Ψ(Pt, Qs)−Ψ(P,Q), t, s ≥ 1, (4.5)

is a partially-ordered reverse submartingale, with respect to the so-called exchangeable filtra-
tion introduced below. Here, Pt = (1/t)

∑t
i=1 δXi and Qs = (1/s)

∑s
i=1 δYj denote empirical

measures. A related property was previously identified by Pollard (1981) for suprema of empir-
ical processes. This reverse submartingale property allows us to apply maximal inequalities to
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(functions of) (Mts)
∞
t,s=1, which will lead to confidence sequences for Ψ(P,Q) based on the

plugin estimator Ψ(Pt, Qs). We note that this estimator is inconsistent for functionals requiring
the absolute continuity of the probability measures being compared, such as φ-divergences for
distributions supported over Rd. We therefore extend our results by showing that the process
in equation (4.5) continues to be a reverse submartingale in each of its indices when Pt and Qs
are replaced by their smoothed counterparts, Pt ⋆Kσ and Qs ⋆Kσ , where Kσ denotes a kernel
with bandwidth σ.

We illustrate these findings by deriving explicit confidence sequences for optimal transport
costs, the kernel Maximum Mean Discrepancy (MMD), Total Variation distance, and Kullback-
Leibler divergence, among others, some for distributions over finite alphabets and others for
arbitrary distributions. In all cases, we take care to track the effect of dimensionality, matching
the best known rates is non-sequential settings. To the best of our knowledge, there are no
other existing confidence sequences for these quantities, apart from the linear-time kernel
MMD (Balsubramani and Ramdas, 2016). We also derive a sequential analogue of the celebrated
Dvoretzky-Kiefer-Wolfowitz inequality (Dvoretzky, Kiefer, and Wolfowitz, 1956; Massart, 1990)
quite differently from both Howard and Ramdas (2022) and a recent preprint by Maillard (2021),
and demonstrate how these results can be used to obtain confidence sequences for convex
functionals which do not necessarily arise from divergences.

4.2 Background

4.2.1 IPMs, Optimal Transport Costs, and φ-Divergences

In this section, we provide several examples of convex divergences, which form the main
examples of functionals Ψ that we will appear in our development.

LetX ⊆ Rd and letA ⊆ P(X )×P(X ) be a set of pairs of probability measures. Throughout
this paper, we use the term divergence to refer to any map D : A → R which is nonnegative
and satisfiesD(P∥Q) = 0 if P = Q, for all (P,Q) ∈ A. When the divergenceD is convex, we
extend the domain of D from A to the entire set P(X )×P(X ) by letting D take the value ∞
wherever it is not defined—as such, convex divergences will always be understood as maps
D : P(X )× P(X ) → R+ := R+ ∪ {∞}.

Optimal transport costs Tc form one example of convex divergences, which of course are
of primary interest to us. The following are two other broad classes of convex divergences.

• Integral Probability Metrics (IPMs). Let J denote a set of Borel-measurable, real-
valued functions on X . The IPM (Müller, 1997) associated with J is given by

DJ (P∥Q) = sup
f∈J

ˆ
fd(P −Q). (4.6)

For instance, whenP andQ have supports contained in R, the class of indicator functions
J = {I(−∞,x] : x ∈ R} gives rise to the Kolmogorov-Smirnov distance, DJ (P∥Q) =
∥F −G∥∞. When J is the unit ball of a reproducing kernel Hilbert space, DJ is called
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the (kernel) Maximum Mean Discrepancy (Gretton et al. (2012); see also Section 4.4.2).
When J is the set of Borel-measurable maps f : Rd → R satisfying ∥f∥∞ ≤ 1, DJ
becomes the total variation distance ∥·−·∥TV. When the function space J is sufficiently
small, DJ (Pt∥Qs) is a consistent estimator of DJ (P∥Q), and will form the basis of our
confidence sequences. We refer to Sriperumbudur et al. (2012) for a study of convergence
rates for such plugin estimators.

• φ-Divergences. Let φ : R → R be a convex function, and let ν ∈ P(X ) be a σ-finite
measure which dominates both P and Q (for instance, ν = (P +Q)/2). Let p = dP/dν
and q = dQ/dν be the respective densities. Then, the φ-divergence (Ali and Silvey, 1966)
between P and Q is given by

Dφ(P∥Q) =

ˆ
q>0

φ

(
p

q

)
dQ+ P (q = 0) lim

x→∞

φ(x)

x
, (4.7)

with the convention that the second term of the above display is equal to zero whenever
P (q = 0) = 0, which is in particular the case if P ≪ Q. For instance, assuming the
latter condition holds, the Kullback-Leibler divergence KL(P∥Q) =

´
log
(
dP
dQ

)
dP

corresponds to the map φ(x) = x log x. The total variation distance is the unique
nontrivial IPM which is also a φ-divergence (Sriperumbudur et al., 2012). φ-divergences
also admit the variational representation

Dφ(P∥Q) ≥ sup
g∈J

ˆ [
gdQ− (φ∗ ◦ g)dP ], (4.8)

for any collection J of functions mapping X to R. Equality holds in the above dis-
play if and only if the subdifferential ∂φ(dQ/dP ) contains an element of J (Nguyen,
Wainwright, and Jordan, 2010).
Unlike most common IPMs and optimal transport costs, φ-divergences are typically unin-
formative when P is not absolutely continuous with respect to Q, as the expression (4.7)
becomes dominated by its second term. This fact sometimes prohibits the estimation of
φ-divergences via the plugin estimator D(Pt∥Qs)—for instance, Pt is almost surely not
absolutely continuous with respect to Qs when P and Q are both absolutely continuous
with respect to the Lebesgue measure. One exception is the situation where P and Q
are supported on countable sets, in which case Berend and Kontorovich (2013), Agrawal
and Horel (2020), Guo and Richardson (2020), Cohen, Kontorovich, and Wolfer (2020),
Han, Jiao, and Weissman (2015), Kamath et al. (2015), study concentration and conver-
gence rates of the empirical measure Pt under the Kullback-Leibler and Total Variation
divergences. We develop time-uniform bounds which build upon these results in Section
4.4.4. For distributions P and Q which are not countably-supported, distinct estimators
have been developed by Nguyen, Wainwright, and Jordan (2010), Póczos and Schneider
(2012), Sricharan, Raich, and Hero III (2010), Krishnamurthy et al. (2015), Rubenstein
et al. (2019), Singh and Póczos (2014), Wang, Kulkarni, and Verdú (2005), Berrett and
Samworth (2023), and references therein.

The following Lemma is standard, and stated without proof.
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Lemma 31. For any class J of Borel-measurable functions from Rd to R, the IPM generated
by J is convex. Furthermore, the φ-divergence generated by any convex function φ : R → R is
convex. Finally, for any nonnegative cost function c, the optimal transport cost Tc is convex.

Though our main focus is on the above divergences, our results also apply to one-sample
convex functionalsΦ : P(X ) → R, which satisfyΦ(λµ1+(1−λ)µ2) ≤ λΦ(µ1)+(1−λ)Φ(µ2)
for all λ ∈ [0, 1] and µ1, µ2 ∈ P(X ). Notice that for any fixed distributionQ ∈ P(X ), the map
Φ(P ) = D(P∥Q) is a convex functional—additional examples include the negative differential
entropy (cf. Section 4.4.5) and certain expectation functionals (cf. Section 4.4.2).

Maximal martingales inequalities form a key tool in the development of confidence se-
quences, thus we provide an overview in what follows. Let (Ω,F ,P) be a probability space,
over which all processes hereafter will be taken. Before discussing time-reversed concepts, it is
useful to first briefly overview standard martingales and filtrations.

4.2.2 Forward Filtrations, Martingales and Maximal Inequalities

A forward filtration is a sequence of σ-algebras (Ft)∞t=1 contained in F which is nondecreasing:

Ft ⊆ Ft+1, for all t ≥ 1.

Any process (St)∞t=1 on Ω is adapted to its canonical (forward) filtration (Ct)∞t=1 defined by
Ct = σ(S1, . . . , St), for all t ≥ 1. A (forward) martingale with respect to a (forward) filtration
(Ft)∞t=1 is a stochastic process (St)∞t=1 such that for all t ≥ 1, St is P-integrable, Ft-measurable,
and satisfies

E[St+1|Ft] = St, for all t ≥ 1.

Supermartingales and submartingales are respectively defined by replacing the equality in the
above display by ≤ and ≥. When it causes no confusion, we frequently abbreviate (St)

∞
t=1

and (Ft)∞t=1 by (St) and (Ft). The construction of confidence sequences typically relies on
maximal inequalities. A prominent example is Ville’s inequality (Ville, 1939), which states that
any nonnegative supermartingale (St) satisfies

P(∃t ≥ t0 : St ≥ u) ≤ E[St0 ]
u

, for all u > 0 and all integers t0 ≥ 1. (4.9)

Inequality (4.9) is a time-uniform extension of Markov’s inequality for nonnegative random
variables. The unbounded range in Ville’s inequality is made possible by nonnegativity, and
the fact that supermartingales have nonincreasing expectations—see for instance Howard et al.
(2020) for a formal proof. In contrast, submartingales admit nondecreasing expectations, and do
not generally satisfy an infinite-horizon inequality such as (4.9). Nonnegative submartingales
(St)

∞
t=1 instead satisfy Doob’s submartingale inequality (e.g. Durrett (2019), Theorem 4.4.2):

P(∃t ≤ T : St ≥ u) ≤ E[ST ]
u

for all u > 0 and any integer T ≥ 1. (4.10)

The prototypical example of a martingale is a sum St =
∑t

i=1Xi of i.i.d. random variables
(Xt)

∞
t=1 ⊆ X ⊆ Rd, with respect to its canonical filtration Ct = σ(X1, . . . , Xt). As described
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in Section 4.2.5, a wealth of existing works have developed confidence sequences for the
expected value of a sequence of i.i.d. random variables, on the basis of inequalities such as (4.9)
and (4.10).

4.2.3 Reverse Filtrations, Martingales and Maximal Inequalities

An alternate approach is to apply maximal inequalities to the sample mean itself, namely to
the process Rt = (1/t)

∑t
i=1Xi. This approach is relatively underexplored but turns out to be

well-suited to our goals. Unlike (St), the process (Rt) is a reverse martingale. To elaborate, a
reverse filtration is a nonincreasing sequence of σ-algebras (Ft)∞t=1 contained in F :

Ft ⊇ Ft+1 for all t ≥ 1.

A P-integrable process (Rt)∞t=1 is then said to be a reverse martingale with respect to (Ft)∞t=1

if for all t ≥ 1, Rt is Ft-measurable and

E[Rt|Ft+1] = Rt+1, for all t ≥ 1.

Reverse submartingales and supermartingales are defined analogously, with the above equality
respectively replaced by ≥ and ≤. The sample average Rt = (1/t)

∑t
i=1Xi defines a reverse

martingale with respect to its canonical reverse filtration
(
σ(Rt, Rt+1, . . . )

)∞
t=1

. (Rt) is also a
reverse martingale with respect to a richer filtration known as the symmetric or exchangeable
filtration (Pollard, 2002; Durrett, 2019).

Definition 1 (Exchangeable Filtration). Given a sequence of random variables (Xt)
∞
t=1, the ex-

changeable filtration is the reverse filtration (Et)∞t=1, where Et denotes the σ-algebra generated
by all real-valued Borel-measurable functions ofX1, X2, . . . which are permutation-symmetric
in their first t arguments.

Given a sequence (Xt)
∞
t=1 of exchangeable random variables, recall thatPt = (1/t)

∑t
i=1 δXi

denotes their empirical measure. It can be seen that the process (Pt(B))t≥1 is a reverse mar-
tingale with respect to the exchangeable filtration (Et)∞t=1, for any fixed Borel set B ⊆ Rd.
This property makes (Pt)∞t=1 into a so-called measure-valued reverse martingale (Kallenberg,
2006). In fact, the converse nearly holds true: if (Pt) is a measure-valued reverse martingale,
and if (Xt) is stationary, then (Xt) is exchangeable (Bladt and Shaiderman, 2023). Note that
the exchangeability condition is weaker than the i.i.d. assumption which we shall assume for
the majority of this paper. We will later see that, with some care, this measure-valued reverse
martingale gets effectively translated into a (real-valued) reverse submartingale property for
convex functionals.

A key technical tool for handling real-valued, reverse submartingales will be the following
analogue of Ville’s inequality (4.9), first proved by Doob (1940; Theorem 1.1, p. 458) for reverse
martingales; see also Lee (1990; Theorem 3, p. 112).

Theorem 13 (Ville’s Inequality for Nonnegative Reverse Submartingales). Let (Rt)∞t=1 be a
nonnegative reverse submartingale with respect to a reverse filtration (Ft)∞t=1. Then, for any
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integer t0 ≥ 1 and real number u > 0,

P
(
∃t ≥ t0 : Rt ≥ u

)
≤ E[Rt0 ]

u
.

Since Theorem 13 plays a central role in our development, we provide two self-contained
proofs in Section 4.B for completeness. As an example, it can be deduced from Theorem 13 that
for any sequence of exchangeable random variables (Xt)

∞
t=1,

P

(
sup
t≥1

∣∣∣∣∣1t
t∑
i=1

Xi

∣∣∣∣∣ ≥ u

)
≤ E|X1|

u
, (4.11)

for all u > 0. This can be seen as a strengthening of Markov’s inequality1, whose left-hand
side is P(|X1| ≥ u).

4.2.4 Partially Ordered Martingales

In order to handle the two-sample process (Mts) in equation (4.5), we also employ (reverse)
martingales indexed by N2. We endow N2 with the standard partial ordering, that is we write
(t, s) ≤ (t′, s′) for all (t, s), (t′, s′) ∈ N2 such that t ≤ t′ and s ≤ s′. The notation (t, s) <
(t′, s′) indicates that at least one of the componentwise inequalities holds strictly. The definitions
of filtration and martingale extend to this setting in the natural way: a forward (or reverse)
filtration is a sequence (Fts)t,s≥1 of σ-algebras which is nondecreasing (or nonincreasing) with
respect to the partial ordering, and a forward (or reverse) martingale (Sts)t,s≥1 (or (Mts)t,s≥1)
is an L1(P) process adapted to (Fts) which satisfies E[Sts|Ft′s′ ] = St′s′ for all (t, s) > (t′, s′)
(or E[Rts|Ft′s′ ] = Rt′s′ for all (t, s) < (t′, s′)). When the latter equalities are replaced by the
inequalities≤ and≥, (Mts) is respectively called a (reverse) supermartingale and submartingale.
We refer to Ivanoff and Merzbach (1999) for a survey.

Cairoli (1970) showed that a direct analogue of Ville’s inequality cannot hold for partially
ordered nonnegative martingales—the inequality P(∃t, s ≥ 1 : Sts ≥ u) ≤ E[S11]/u does not
generally hold for all u > 0. Distinct maximal inequalities for partially ordered forward and
reverse martingales have nevertheless been established by Christofides and Serfling (1990)
under suitable moment assumptions, and under the so-called conditional independence (CI)
assumption introduced by Cairoli and Walsh (1975). A reverse filtration (Fts)t,s≥1 is said to
satisfy the CI property if for all t, t′, s, s′ ≥ 1,

E
{
E[ · | Fts′ ]

∣∣ Ft′s} = E
{

· | F(t∨t′)(s∨s′)
}
, (4.12)

or equivalently, that Fts′ and Ft′s are conditionally independent given F(t∨t′)(s∨s′) (Merzbach,
2003). The following Ville-type inequality for partially ordered reverse submartingales can be
obtained by employing Corollary 2.9 of Christofides and Serfling (1990).

1In a separate line of work, we have built upon this observation to derive several other strictly sharper variants
of Markov’s inequality, and shown how they may be used to improve the power of a variety of batch and sequential
nonparametric testing procedures (Ramdas and Manole, 2023).
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Proposition 13. Let (Rts)t,s≥1 be a nonnegative reverse submartingale with respect to a
reverse filtration (Fts)t,s≥1 satisfying the conditional independence assumption. Assume that
for some α > 1, Rts ∈ Lα(P) for all t, s ≥ 1. Then, for all u > 0,

P(∃t ≥ t0, s ≥ s0 : Rts ≥ u) ≤
(

α

α− 1

)α E[Rαt0s0 ]
uα

.

The special case α = 2 was stated in Corollary 2.10 of Christofides and Serfling (1990). A
proof and further discussion of this result is given in Section 4.B.2, and forms the basis for our
two-sample results.

4.2.5 Time-Uniform Confidence Sequences

Confidence sequences are defined similarly as in (4.3) for estimands other than divergences.
Given a functional θ ≡ θ(P ) of interest, and an error level δ ∈ (0, 1), a (1 − δ)-confidence
sequence (Ct)∞t=1 based on an i.i.d. sequence of random variables (Xt)

∞
t=1 from P is a sequence

of sets Ct ∈ σ(X1, . . . , Xt) satisfying P(∃t ≥ 1 : θ ̸∈ Ct) ≤ δ. When θ is real-valued,
we say two sequences (ℓt) and (ut) are lower and upper confidence sequences if P(∃t ≥
1 : θ ≤ ℓt) ≤ δ and P(∃t ≥ 1 : θ ≥ ut) ≤ δ respectively. Confidence sequences were
pioneered by Robbins, Darling, Siegmund and Lai (Darling and Robbins, 1967; Robbins and
Siegmund, 1969; Lai, 1976), and new techniques have been recently developed that enable their
extensions to new, nonparametric settings (Kaufmann and Koolen, 2021; Howard et al., 2021).
This resurgence of interest in sequential analysis has been driven in part by its applications to
best-arm identification algorithms for multi-armed bandits (Jamieson et al., 2014; Kaufmann,
Cappé, and Garivier, 2016; Shin, Ramdas, and Rinaldo, 2021) and reinforcement learning
(Karampatziakis, Mineiro, and Ramdas, 2021), to name a few.

The mean of a distribution is perhaps the target of inference which has received the most
attention in prior work on confidence sequences. As described in Section 4.2.2, the process
St =

∑t
i=1(Xi − µ) forms a canonical example of a forward martingale, where µ denotes the

common (finite) mean of the i.i.d. random variables Xi. To obtain a confidence sequence for µ,
a maximal inequality such as that of Ville (see equation (4.9)) cannot be directly be applied to
(St), however, since it is not a nonnegative process. Inspired by the Cramér-Chernoff method
for deriving concentration inequalities, it is instead natural to consider the nonnegative process

Ut(λ) = exp(λSt), t ≥ 1,

for λ > 0. Here, we assume a tail assumption is placed on X1, such that it admits a finite
cumulant generating function satisfying log{E[exp(λ(X1 − µ))]} ≤ ϕ(λ), for some (say,
known) map ϕ : [0, λmax) → R, where λmax > 0. The exponential process (Ut(λ)) is a
nonnegative submartingale by Jensen’s inequality, and forms the basis of several confidence
sequences described below. A distinct line of work constructs confidence sequences for µ by
downweighting this process to recover a (super)martingale. For instance, it can be verified that

Lt(λ) = exp{λSt − tϕ(λ)}, t ≥ 1,
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is a nonnegative supermartingale with respect to the canonical filtration. Variants of the process
(Lt(λ)) appear in a long line of work aimed at deriving sequential concentration inequalities
for means—see Howard et al. (2020) for a comprehensive review of such approaches.

Applying a maximal martingale inequality to either (Ut(λ)) or (Lt(λ)) does not, on its
own, lead to satisfactory confidence sequences for µ. Infinite-horizon maximal inequalities
are not available for submartingales (Ut(λ)), and even for the supermartingale (Lt(λ)), a
direct application of Ville’s inequality leads to a confidence sequence for µ with nonvanishing
length. To obtain confidence sequences with lengths scaling at the optimal rateO(

√
log log t/t),

implied by the law of the iterated logarithm, it is instead common to use a variant of the “method
of mixtures”, for example by repeatedly applying a maximal inequality over geometrically-
spaced epochs in time—such methods are often known as peeling, chaining, or stitching.
Jamieson et al. (2014); Zhao et al. (2016) use stitching arguments based on (Ut(λ)) and Doob’s
submartingale inequality, while Garivier (2013); Kaufmann, Cappé, and Garivier (2016); Howard
et al. (2021), use (Lt(λ)) and Ville’s inequality. The resulting confidence sequences decay at
similar rates, though with varying constants and tail assumptions—see Howard et al. (2021);
Waudby-Smith and Ramdas (2024) for a comparison of such approaches.

We have found that the above framework cannot be easily extended to generic functionals,
of the type that we have in mind in this chapter. Our main results will instead hinge upon
reverse submartingales—a rarely used tool for deriving confidence sequences.

4.3 Confidence Sequences for Convex Functionals

Let (Xt)
∞
t=1 and (Ys)

∞
s=1 respectively denote independent sequences of i.i.d. observations from

two distributions P,Q ∈ P(X ), with support contained in a set X ⊆ Rd. Given convex
functionals Φ : P(X ) → R and Ψ : P(X )× P(X ) → R, the goal of this section is to derive
confidence sequences for Φ(P ) and Ψ(P,Q). Our primary interest is in the special case where
Ψ is a convex divergence D, and Φ = D(·∥Q) when Q is known, but we formulate our results
for arbitrary convex functionals in the interest of generality. We shall make use of the processes

Nt = Φ(Pt)− Φ(P ), Mts = Ψ(Pt, Qs)−Ψ(P,Q), t, s ≥ 1. (4.13)

We prove in Section 4.3.1, that (Mts)t,s≥1 and (Nt)t≥1 are reverse submartingales with respect
to suitable filtrations, whose choice is further discussed in Section 4.3.3. We then derive maximal
inequalities for these processes, from which lower confidence sequences will follow using an
epoch-based analysis. We follow a distinct strategy to obtain upper confidence sequences in
Section 4.3.2.

4.3.1 Lower Confidence Sequences via Reverse Submartingales

Let (EXt )∞t=1 and (EYs )∞s=1 denote the exchangeable filtrations associated with the sequences
(Xt)

∞
t=1 and (Ys)

∞
s=1 respectively, and define Ets = EXt

∨
EYs for all t, s ≥ 1. As stated in

Section 4.2.2, the sequences of empirical measures (Pt) and (Qs) form measure-valued reverse
martingales with respect to (EXt ) and (EYs ) respectively. This fact suggests that any convex
functional evaluated at (Pt, Qs) is a reverse submartingale, as we now show.
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Theorem 14. Let Φ,Ψ be convex functionals such that Φ(Pt),Ψ(Pt, Qs) ∈ L1(P) for all
t, s ≥ 1. Then,

(i) (Φ(Pt))t≥1 is a reverse submartingale with respect to (EXt ).

(ii) (Ψ(Pt, Qs))t,s≥1 is a partially ordered reverse submartingale with respect to (Ets).

Theorem 14(i) is known in the special case where Φ is the supremum of an empirical
processes—see for instance Pollard (1981) and Lemma 2.4.5 of van der Vaart and Wellner (1996).
Our proof below is inspired by these works, and in particular extends them to general convex
functionals and to partially ordered filtrations.

Notice that the processes in Theorem 14 lie in L1(P), and are therefore assumed to be
measurable. When this assumption is removed, it can be shown that there exist measurable
covers of the processes in Theorem 14 for which the result continues to hold—this is the approach
taken by van der Vaart and Wellner (1996) for suprema of empirical processes; see also Pollard
(1981) and Strobl (1995). With this modification, we believe that all subsequent claims in
this paper can be made to hold in outer probability, but we prefer to retain the measurability
condition to avoid being overwhelmed by technicalities. In particular, (Nt) and (Mts) are
tacitly assumed to be measurable throughout the sequel.

Proof of Theorem 14. We will prove Theorem 14(ii) and a similar argument can be used
to prove Theorem 14(i). For all t, s ≥ 1 Ψ(Pt, Qs) is invariant to permutations of X1, . . . , Xt

and of Y1, . . . , Ys. It follows that (Ψ(Pt, Qs)) is adapted to (Ets), thus it suffices to prove the
reverse submartingale property. Fix t, s ≥ 1. Define the (t + 1) different “leave-one-out”
empirical measures

P it =
1

t

 i−1∑
j=1

δXj +
t+1∑
j=i+1

δXj

 , i = 1, 2, . . . , t+ 1.

Then Pt+1 =
1
t+1

∑t+1
i=1 P

i
t , and the convexity of Ψ implies

Ψ(Pt+1, Qs) ≤
1

t+ 1

t+1∑
i=1

Ψ(P it , Qs).

Since Ψ(Pt+1, Qs) is E(t+1)s-measurable, we deduce that

Ψ(Pt+1, Qs) ≤
1

t+ 1

t+1∑
i=1

E[Ψ(P it , Qs)|E(t+1)s]. (4.14)

Since P t+1
t = Pt by definition, the claim will follow upon proving the key identity

E[Ψ(P it , Qs)|E(t+1)s] = E[Ψ(Pt, Qs)|E(t+1)s], i = 1, . . . , t. (4.15)

Notice that we can write E(t+1)s = EXt+1

∨
EYs = σ(I) where

I = {AX ∩AY : AX ∈ EXt+1, A
Y ∈ EYs }.
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I is clearly a π-system. To prove (4.15), it will thus suffice to prove that for any set A =
AX ∩AY , with AX ∈ EXt+1 and AY ∈ EYs , and for all 1 ≤ i ≤ t, we have E[Ψ(P it , Qs)IA] =
E[Ψ(Pt, Qs)IA], where IA : Ω → {0, 1} is the indicator function of A and IA = IAX IAY .

Notice that IAX is EXt+1-measurable, thus it is a function fAX of X1, X2, . . . which is
permutation symmetric inX1, . . . , Xt+1. For convenience, we write IAX = fAX (X1, X2, . . . ),
whence we may also write IA = IAY fAX (X1, X2, . . . ). Now, let τ : N → N be the permutation
such that τ(j) = j if j ̸∈ {t + 1, i} and τ(t + 1) = i, τ(i) = t + 1. By exchangeability of
X1, X2, . . . , and by their independence from Y1, Y2, . . . , we have (X1, Y1, X2, Y2, . . . )

d
=

(Xτ(1), Y1, Xτ(2), Y2, . . . ), whence,

E[Ψ(Pt, Qs)IA] = E[Ψ(P t+1
t , Qs)fAX (X1, X2, . . . )IAY ]

= E[Ψ(P it , Qs)fAX (Xτ(1), Xτ(2), . . . )IAY ].

Since fAX is permutation-symmetric in its first t+ 1 arguments, and the permutation τ fixes
all natural numbers greater or equal to t+ 2, we obtain

fAX (Xτ(1), Xτ(2), . . . , ) = fAX (X1, X2, . . . ),

implying that

E[Ψ(Pt, Qs)fAX (X1, X2, . . . )IAY ] = E[Ψ(P it , Qs)fAX (X1, X2, . . . )IAY ].

Equation (4.15) now follows. Returning to equation (4.14) we deduce that

Ψ(Pt+1, Qs) ≤ E[Ψ(Pt, Qs)|E(t+1)s].

A symmetric argument shows thatΨ(Pt, Qs+1) ≤ E[Ψ(Pt, Qs)|Et(s+1)], implying that (Ψ(Pt, Qs))
is a partially ordered reverse submartingale with respect to (Ets).

It is apparent from the proof that the convexity requirement is stronger than necessary. For
example, the following more general statement can be inferred from the proof of Theorem 14.
We record it formally as it may be of independent interest.

Proposition 14. Suppose (Rt)
∞
t=1 is an L1(P) process of the form Rt = ft(X1, . . . , Xt), for

some sequence of permutation invariant maps ft : X t → R. Suppose further that for all t ≥ 1,

Rt+1 ≤
1

t+ 1

t+1∑
i=1

ft(X1, . . . , Xi−1, Xi+1, . . . , Xt+1). (4.16)

Then, (Rt) is a reverse submartingale with respect to (EXt ). Furthermore, if the above display
holds with equality, (Rt) is a reverse martingale with respect to (EXt ).

We refer to condition (4.16) as the leave-one-out property. In Sections 4.4.2 and 4.4.6 we will
briefly make use of processes which cannot be expressed as evaluations of a convex functional
at the empirical measure, but which satisfy the leave-one-out property.
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Theorem 14 permits the use of maximal inequalities discussed in Sections 4.2.3 and 4.2.4 for
reverse submartingales. In view of generalizing the Cramér-Chernoff technique (Boucheron,
Lugosi, and Massart, 2013) to our sequential setup, we shall state our bounds under the
assumption that Nt and Mts admit finite cumulant generating functions over an interval
[0, λmax), and are upper bounded by known convex functions ψts, ψt : [0, λmax) → R,

log
{
E
[
exp(λMts)

]}
≤ ψts(λ), log

{
E
[
exp(λNt)

]}
≤ ψt(λ), t, s ≥ 1, λ ∈ [0, λmax).

(4.17)
We shall discuss in Section 4.4 how such tail assumptions may be replaced by tail assumptions
on the distributions P and Q themselves, for various special cases of functionals. Under
equation (4.17), we obtain the following result.

Proposition 15. Let Φ,Ψ be convex functionals such that the processes (Mts) and (Nt) satisfy
the bounds of equation (4.17). Then, for all u > 0, and all integers t0, s0 ≥ 1, the following
hold.

(i) (One-Sample) P(∃t ≥ t0 : Nt ≥ u) ≤ exp(−ψ∗
t0(u)).

(ii) (Two-Sample) P(∃t ≥ t0, s ≥ s0 :Mts ≥ u) ≤ e · exp(−ψ∗
t0s0(u)).

A proof of Proposition 15 appears in Section 4.C. In view of Theorem 14, Proposition 15(i)
is obtained through an application of the Cramér-Chernoff technique, together with Ville’s
inequality for reverse submartingales (Theorem 13). It can thus also be seen as an extension
of the supermartingale techniques in Howard and Ramdas (2022) to the reversed setting. In
Proposition 15(ii), an analogous bound is obtained for the two-sample case, though with the
additional factor e in the probability bound. The presence of such a factor greater than 1 is
necessary due to the aforementioned counterexample of Cairoli (1970) regarding maximal
inequalities for partially ordered martingales, though we do not know if the value e is sharp.
The bound itself is obtained via Proposition 13.

Inverting the probability inequalities of Proposition 15 leads to one- and two-sample
confidence sequences for Φ(P ) or Ψ(P,Q), though with lengths which are constant with
respect to t, s. To obtain confidence sequences scaling at rate-optimal lengths, we employ a
stitching construction inspired by those described in Section 4.2.5, together with Proposition 15.
Our result will depend on user-specified functions ℓ, g : [0,∞) → [1,∞), known as stitching
functions, which dictate the shape of the resulting confidence sequences below. We construct
these functions to satisfy

∞∑
k=1

1

ℓ(k)
≤ 1,

∞∑
j,k=1

e

g(k + j)
≤ 1, (4.18)

as well as ℓ(j) = ℓ(1) for all j ∈ [0, 1], and g(k) = g(2) for all k ∈ [0, 2]. Typical choices
include ℓ(k) = (1∨k)αζ(α) and g(k) = e(2∨k)α+1(ζ(α)− ζ(α+1)) (Borwein and Borwein
(1987), p. 305), where α > 1 and ζ(α) =

∑∞
k=1(1/k

α). For ease of exposition, we also insist
that the sequences 2−u log ℓ(u) and (2−u + 2−v) log g(u+ v) are chosen to be decreasing in
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each of the indices u, v ≥ 1, implying that ℓ(u), g(u) = o(exp(exp(u))). Our main result is
below.

Theorem 15. Let Φ,Ψ denote convex functionals for which the processes (Mts) and (Nt) satisfy
the bounds of equation (4.17). For any integer t ≥ 1, let t̄ = ⌈t/2⌉, and fix δ ∈ (0, 1).

(i) (One-Sample) Assume ψ∗
t is invertible for all t ≥ 1, and that the sequence

γt = (ψ∗
t̄ )

−1
(
log ℓ(log2 t) + log(2/δ)

)
, t ≥ 1

is nonincreasing. Then,

P
{
∃t ≥ 1 : Φ(Pt) ≥ Φ(P ) + γt

}
≤ δ/2.

(ii) (Two-Sample) Assume ψ∗
ts is invertible for all t, s ≥ 1, and that the sequence

γts = (ψ∗
t̄s̄)

−1
(
log g(log2 t+ log2 s) + log(2/δ)

)
, t, s ≥ 1

is nonincreasing with respect to the partial order on N2. Then,

P
{
∃t, s ≥ 1 : Ψ(Pt, Qs) ≥ Ψ(P,Q) + γts

}
≤ δ/2.

We begin by noting that for a fixed sample size n, if we denote γ̄n = (ψ∗
n)

−1 (log(2/δ)),
then the fixed-time Cramér-Chernoff concentration bound corresponding to part (i) is given by
(Boucheron, Lugosi, and Massart, 2013),

P
{
Φ(Pn) ≥ Φ(P ) + γ̄n

}
≤ δ/2,

and an analogous statement can also be made for part (ii) above. Thus, our time-uniform
bounds are essentially an iterated logarithm factor worse than the usual fixed-time bounds,
but now also apply at arbitrary stopping times.

Before further commenting on the above result, we instantiate it in the special case where
Nt and Mts are sub-Gaussian for all t, s ≥ 1. In Section 4.4, we illustrate how such a condition
can be satisfied under tail assumptions on the distributions P and Q themselves.

Corollary 6. Fix δ ∈ (0, 1), and recall that t̄ = ⌈t/2⌉.

(i) (One-Sample) Assume Nt is κ2t -sub-Gaussian for some κt > 0, and for all t ≥ 1. Choose ℓ
so that (κ2t̄ log ℓ(log2 t))t≥1 is nonincreasing. Then,

P

{
∃t ≥ 1 : Nt ≥ E (Nt̄) +

√
2κ2

t̄

[
log ℓ(log2 t) + log(2/δ)

]}
≤ δ/2,
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(ii) (Two-Sample) Assume Mts is σ2ts-sub-Gaussian for some σts > 0, and for all s, t ≥ 1.
Choose g so that (σ2t̄s̄ log g(log2 t+ log2 s))t,s≥1 is nonincreasing. Then,

P

{
∃t, s ≥ 1 :Mts ≥ E (Mt̄s̄) +

√
2σ2

t̄s̄

[
log g(log2 t+ log2 s) + log(2/δ)

]}
≤ δ/2.

Theorem 15(i) is proved by dividing time t ≥ 1 into geometrically increasing epochs of
the form [2j , 2j+1], j ≥ 0, over each of which we construct confidence boundaries at the
level δj/2 = δ/(2ℓ(j + 1)) ∈ (0, 1) using Proposition 15. Taking a union bound over these
boundaries leads to a miscoverage probability of at most

∑∞
j=0(δj/2) ≤ δ/2. The two-sample

process (Mts) is handled similarly, by instead forming two sequences of epochs. In Section 4.C,
we also state and prove a more general version of Theorem 15 in terms of epoch sizes different
than 2, which will be needed in Section 4.4.8.

Remark. Given a convex divergence D, Theorem 15(i) implies that (1 − δ/2)-upper
confidence sequences for the processesNX

t = D(Pt∥P ) andNY
s = D(Qs∥Q) are respectively

given by

γXt = (ψ∗
X,t̄)

−1
(
log ℓ(log2 t) + log(2/δ)

)
, γYs = (ψ∗

Y,s̄)
−1
(
log ℓ(log2 s) + log(2/δ)

)
,

where ψX,t is an upper bound on the cumulant generating function of NX
t , and similarly

for ψY,s. When D satisfies the triangle inequality, one may deduce the following two-sided
confidence sequence for D(P∥Q),

P
(
∀t, s ≥ 1 :|D(Pt∥Qs)−D(P∥Q)| ≤ γXt + γYs

)
≥ 1− P

(
∃t ≥ 1 : NX

t > γXt
)
− P

(
∃s ≥ 1 : NY

s > γYs
)
≥ 1− δ. (4.19)

Equation (4.19) is significant in that it provides a time-uniform bound for a partially ordered
reverse submartingale on the basis of two totally ordered reverse submartingales. Doing so
bypasses the nearly unavoidable factor e in condition (4.18), but may nevertheless be looser in
general due to the application of the triangle inequality. We also remark that equation (4.19)
does not require Pt to be independent of Qs, unlike Theorem 15(ii).

4.3.2 Upper Confidence Sequences via Affine Minorants

The lower confidence sequences derived in Theorem 15 hinged upon the reverse submartingale
property of the processes (Nt) and (Mts)—an inherently one-sided condition. We show in this
section how a different approach can be used to derive upper confidence sequences, motivated
both by technical and statistical considerations.

• On the technical side, it would seem natural to repeat the steps of Theorem 15 with
respect to the process (−Nt) to obtain an upper confidence sequence. However, (−Nt) is
a reverse supermartingale and thus cannot satisfy infinite-horizon (Ville-type) maximal
inequalities. Furthermore, the exponential process (exp(−Nt)) may generally be neither
a reverse supermartingale nor a submartingale, thus an analogue of Proposition 15 cannot
be derived.
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• On the statistical side, the plugin estimators Φ(Pt) and Ψ(Pt, Qs) are typically upward
biased in estimating Φ(P ) and Ψ(P,Q) respectively. This fact can be deduced from Corol-
lary 7 below, but can already be anticipated from the fact that E[Φ(Pt)] and E[Ψ(Pt, Qs)]
are nonincreasing sequences, since (Φ(Pt)) and (Ψ(Pt, Qs)) are reverse submartingales
(Theorem 14). This upward bias suggests that confidence sequences for D(P∥Q) of the
form [D(Pt, Q)− ℓt, D(Pt, Q) + ut] should typically be asymmetric, with the sequence
(ut) potentially decaying at a faster rate than (ℓt).

Our approach is summarized as follows. The convexity of Φ guarantees that it can be
minorized by an affine functional on P(X ). Notice that an affine functional evaluated at the
empirical measure is a sample average, and therefore a reverse martingale. Furthermore, when
a convex duality result guarantees that Φ is equal to the supremum over a set of minorizing
affine functionals, it can be shown that the difference Φ(Pt)− Φ(P ) is in fact minorized by a
mean-zero sample average, for which confidence sequences of length O(

√
log log t/t) can be

obtained in a standard way under appropriate tail conditions. Doing so leads to a time-uniform
lower bound on Φ(Pt)−Φ(P ), which is easily rephrased as an upper confidence sequence for
Φ(P ) scaling at a near-parametric rate.

While this intuition can be made rigorous for a broad collection of convex functionals, we
shall avoid doing so in full generality to avoid introducing additional terminology. We shall
instead assume that Φ and Ψ take the following form, which is sufficiently general to cover
the divergences of primary interest in our development,

Φ(µ) = sup
f∈FΦ

ˆ
fdµ, Ψ(µ, ν) = sup

(f,g)∈HΨ

ˆ
fdµ+

ˆ
gdν, (4.20)

for all µ, ν ∈ P(X ). Here, FΦ denotes a set of Borel-measurable functions on X , HΨ a set of
pairs of such functions, and we also write FΨ = {f : (f, g) ∈ HΨ} and GΨ = {g : (f, g) ∈
HΨ}. It is clear from equations (4.6), (1.9) and (4.8) that ifD is an IPM, φ-divergence, or optimal
transport cost, then the functionals Ψ = D and Φ = D(·∥Q) (for a fixed measure Q ∈ P(X ))
admit the representation (4.20)—for instance, in the case of IPMs generated by a function class
J , one may take FΦ = {f −

´
fdQ : f ∈ J } and HΨ = {(f,−f) : f ∈ J }. With this

notation in place, the following observation is straightforward.

Proposition 16. If Φ and Ψ admit the representation (4.20), and the suprema therein are
achieved for µ = P and ν = Q, respectively by fΦ ∈ FΦ and by (fΨ, gΨ) ∈ HΨ, then

1. The process (Nt)t≥1 is bounded below by

Rt =

ˆ
fΦd(Pt − P ),

which is a (mean-zero) reverse martingale with respect to the exchangeable filtration
(EXt ).

2. The process (Mts)t,s≥1 is bounded below by (RXt +RYs )t,s≥1, where

RXt =

ˆ
fΨd(Pt − P ), t ≥ 1, and RYs =

ˆ
gΨd(Qs −Q), s ≥ 1,
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are (mean-zero) reverse martingales with respect to (EXt ) and (EYs ) respectively.

We begin by noting that Proposition 16 implies the aforementioned upward bias of the
plugin estimators Φ(Pt),Ψ(Pt, Qs), including at arbitrary stopping times. Indeed, by the
optional stopping theorem (see for instance Durrett (2019), Theorem 4.8.3.), we can easily infer
the following fact that we record formally for reference.

Corollary 7. Assume the same conditions as Proposition 16, and that the processes (Rt), (RXt ), (R
Y
s )

therein are uniformly integrable. Then, for any stopping times τ and σ with respect to the canonical
forward filtrations (σ(X1, . . . , Xt))

∞
t=1 and (σ(Y1, . . . , Ys))

∞
s=1 respectively, we have

E[Φ(Pτ )] ≥ Φ(P ), E[Ψ(Pτ , Qσ)] ≥ Ψ(P,Q). (4.21)

Furthermore, Proposition 16 can readily be used to form upper confidence sequences for
Φ(P ) or Ψ(P,Q) on the basis of the reverse martingales (Rt), or (RXt ) and (RYs ). These
processes are simply sample averages, hence they can already be controlled using the existing
literature on sequential mean estimation (summarized in Section 4.2.5). Nevertheless, for the
purpose of being self-contained, we use reverse martingale techniques to derive such upper
confidence sequences under tail conditions on FΦ and HΨ, in Proposition 21 of Section 4.C.2.
The following special case of this result will be used repeatedly in Section 4.4.

Corollary 8. Assume the same conditions as Proposition 16. Assume further that for any h ∈
FΨ ∪ GΨ, diam(h(X )) ≤ B <∞, and define

κt =

√
log ℓ(log2 t) + log(4/δ)

t
, κts = κt + κs. (4.22)

Then, for any δ ∈ (0, 1), we have P(∃t, s ≥ 1 : Ψ(Pt, Qs) ≤ Ψ(P,Q)−Bκts) ≤ δ/2.

To summarize, under the assumptions and notation of Theorem 15 and Proposition 8, we
deduce that a two-sided, two-sample, (1− δ)-confidence sequence for Ψ(P,Q) is given by

Cts =
[
Ψ(Pt, Qs)− κts,Ψ(Pt, Qs) + γXt + γYs

]
, (4.23)

and similarly for the functional Φ.

4.3.3 On the Choice of Filtrations and Stopping Times

The majority of confidence sequences derived in past literature, such as those described in
Section 4.2.5, employ martingales with respect to the canonical, or “data-generating” filtration.
A notable exception is the work of Vovk (2021), which shows that the power of certain sequential
tests can be increased by coarsening the canonical filtration. It was similarly fruitful in our
work to distinguish the data-generating filtration, with respect to which our processes do not
appear to admit any martingale-type property, from a different filtration with respect to which
our processes do admit a (reverse) martingale property. To elaborate, let

DX
t = σ(X1, X2, . . . , Xt), DY

s = σ(Y1, Y2, . . . , Ys), t, s = 1, 2, . . .
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denote the canonical filtrations associated with each sequence of samples. Our bounds have
implicitly assumed that at any pair of times (t, s), the practitioner has access to the information
encoded by the data-generating filtration

Dts = DX
t

∨
DY
s , t, s = 1, 2, . . . (4.24)

The process (Mts) is naturally adapted to (Dts), but we are not aware of it satisfying a
martingale-type property with respect to this filtration in general2. It is, however, also adapted
to the exchangeable filtration Ets = EXt

∨
EYs , but unlike before, (Mts) is also a reverse sub-

martingale with respect to (Ets). Our paper reinforces the somewhat underappreciated view in
sequential analysis that filtrations should not be viewed as being “inherent” to the problem,
or as tedious formalism for ensuring measurability, but instead viewed as design tools—a
nonstandard choice of filtration can yield a powerful design tool.

Validity at Stopping Times. To better understand the underlying role of the filtration
(Dts), we shall now prove that the results of Theorem 15 can equivalently be stated as bounds
which hold at arbitrary stopping times with respect to (Dts). We focus on the two-sample case
in what follows.

In order to define a notion of stopping time which is suitable for our purposes, define the
set

N2
= N2 ∪ {(t,∞) : t ≥ 1} ∪ {(∞, s) : s ≥ 1} ∪ {(∞,∞)},

for some symbols (t,∞), (∞, s), (∞,∞). We endow N2 with the natural partial order, given
by that of N2 (described in Section 4.2.4), together with the following additional relations:
(t, s) ≤ (t′,∞) whenever t ≤ t′ and s ∈ N; (t, s) ≤ (∞, s′) whenever s ≤ s′ and t ∈ N;
u ≤ (∞,∞) for all u ∈ N2. A map η : Ω → N2 is said to be a stopping time with respect to a
filtration (Fts) if {η = (t, s)} ∈ Fts for all (t, s) ∈ N2.

Intuitively, the event {η = (t, s)} indicates that the data collection from each of P and
Q was terminated at times (t, s), whereas the event {η = (t,∞)} indicates that data was
collected from P until time t, but indefinitely so from Q. Likewise, the event {η = (∞,∞)}
indicates that neither of the two data collections were halted. With these definitions in place,
we arrive at the following general equivalence.

Proposition 17. Let (Ats)
∞
t,s=1 be a sequence of events adapted to a forward filtration

(Fts)∞t,s=1. Define for all t, s ≥ 1,

At∞ = lim sup
s→∞

Ats, A∞s = lim sup
t→∞

Ats, A∞∞ =

(
lim sup
t→∞

At∞

)
∪
(
lim sup
s→∞

A∞s

)
.

(4.25)
Then, for all δ ∈ (0, 1), the following statements are equivalent.

(i) P
(⋃∞

t,s=1Ats

)
≤ δ.

2Nevertheless, under some conditions, it can be deduced from Theorem 14 that there exists a bivariate canonical
filtration (Fts) and a process (M̃ts), which has the same distribution as (Mts), such that (M̃ts) is a reverse
submartingale with respect to (Fts) rather than (Ets)—see Theorem B of Rzeszut and Trojan (2020).
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(ii) For any stopping time (τ, σ) with respect to (Fts), we have P(Aτσ) ≤ δ.

(iii) For any random time (T, S), not necessarily a stopping time, we have P(ATS) ≤ δ.

The proof of Proposition 17 is given in Section 4.C.3. Analogues of Proposition 17 for
one-sample processes have previously been given by Howard et al. (2021), Ramdas et al.
(2020), and Zhao et al. (2016), so our result is an extension of theirs to partially ordered
processes. In our setting, recall thatMts is (Dts

∧
Ets)-measurable. While Proposition 17 could

be reformulated in reverse time, so that (Fts) can be taken to be the modeling filtration (Ets),
it is most interpretable to take it to be the data-generating filtration (Dts). Doing so, under the
assumptions of Theorem 15, leads for instance to the bound

P
{
Ψ(P,Q) ∈ Cτσ

}
≥ 1−δ for all stopping times η = (τ, σ) with respect to (Dts), (4.26)

where Cts denotes the two-sided interval (4.23), understood with conventions for infinities
which can be deduced from equation (4.25).

Alternate Data-Generating Filtrations. Though we presumed the data-generating
filtration (4.24) throughout our development, slightly tighter confidence sequences can be
obtained if the user has access to additional information. For instance, our confidence sequences
hold uniformly over arbitrary pairs of time (t, s), but such flexibility is unnecessary if the
practitioner knows the order in which sample points from P and Q arrive. We illustrate two
such examples below, focusing on lower confidence sequences:

(i) Paired Samples. When the observations Xt and Yt are presumed to arrive at the same
time, in pairs (Xt, Yt), the data-generating filtration may be replaced by

Dt = σ(Xt, Yt), t = 1, 2, . . .

In this case, following along similar lines as before, the following two-sample bound may
be established, and is tighter than that of Theorem 15(ii),

P
{
∃t ≥ 1 : Ψ(Pt, Qt) ≥ Ψ(P,Q) + (ψ∗

tt)
−1
(
log ℓ(log2 t) + log(1/δ)

)}
≤ δ. (4.27)

Unlike Theorem 15, we note that the bound (4.27) can be taken to hold without assuming
that (Xt) and (Ys) are independent of each other.

(ii) Samples Ordered by External Randomization. As a generalization of the previous
point, assume the observations Xt and Ys arrive in a possibly random order which is
independent of the data. Specifically, let (ιn)n≥1 denote a sequence of random variables
taking values in {0, 1}, which are independent of (Xt) and (Ys), but possibly dependent
on an external source of randomness U , say distributed uniformly on [0, 1]. Let t(n) =∑n

i=1 ιn, and s(n) = n−tn so that at any time n ≥ 1, the practitioner observes ιnXt(n)+
(1−ιn)Ys(n). In this case, one has access to the filtration In = σ(U, ι1, ι2, . . . , ιn), n ≥ 1,
which determines the order in which the sample points Xt, Ys arrive, as well as to the
data-generating filtration

Dn = DX
t(n)

∨
DY
s(n), n ≥ 1, (4.28)
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where DX
t(n) and DY

s(n) are defined similarly as follows:

DX
t(n) = {A ∈ F : A ∩ {t(n) = t} ∈ DX

t , ∀t ≥ 1}, where DX
t = σ(U,X1, . . . , Xt).

(4.29)

Note that we could have assumed that the sequence (ιn) is fully deterministic, in exchange
for simpler notation. However, there are many situations, like clinical trials, in which
we may wish to use external randomization (encoded by U ) to determine how to obtain
the next data point; for example, Efron (1971) shows how to adaptively randomize
participants while encouraging balance between t(n) and s(n). Under this setting, it
can be shown that (Ψ(Pt(n), Qs(n)))n≥1 is a reverse submartingale, and assuming for
simplicity that ψn = ψn0 = ψ0n, one may obtain the confidence sequence

P
{
∃n ≥ 1 : Ψ(Pt(n), Qs(n)) ≥ Ψ(P,Q) + (ψ∗

n̄)
−1
(
log ℓ(log2 n) + log(1/δ)

)}
≤ δ.

In contrast to the above two settings, our confidence sequence Cts satisfies the guarantee (4.3),
which is uniform over pairs (t, s) ∈ N2, and therefore yields valid coverage even if the orderings
t(n) and s(n) depend arbitrarily on the samples observed from P and Q.

4.4 Explicit Corollaries for Common Divergences

We now specialize the confidence sequence Cts to several examples of divergences including
IPMs (Sections 4.4.1, 4.4.2), optimal transport costs (Section 4.4.3), φ-divergences (Section 4.4.4),
and divergences smoothed by convolution (Section 4.4.5). Moving beyond divergences, we
also derive time-uniform generalization error bounds for binary classification problems (Sec-
tion 4.4.6), and confidence sequences for multivariate means (Section 4.4.7). These special
cases will illustrate how our framework can be used to port existing fixed-time concentration
inequalities to time-uniform ones, typically at the expense of iterated logarithmic factors. In
these cases, any improvements to existing fixed-time concentration inequalities would typically
carry over to our time-uniform setting. Though our focus is on non-asymptotic bounds, in
Section 4.4.8, we also show how Theorem 15 can be used to derive a one-sided analogue of the
classical law of the iterated logarithm, for several divergences between an empirical and true
underlying measure. We defer all proofs to Section 4.D.

4.4.1 Kolmogorov-Smirnov Distance

Theorem 15 leads to a sequential analogue of the classical Dvoretzky-Kiefer-Wolfowitz (DKW)
inequality (Dvoretzky, Kiefer, and Wolfowitz, 1956; Massart, 1990), based on distinct techniques
than those of Howard and Ramdas (2022) and Maillard (2021). Let P be any distribution over
R with cumulative distribution function (CDF) F . Let Ft(x) = (1/t)

∑n
i=1 I(Xi ≤ x) denote

the empirical CDF of F .

Corollary 9. For any δ ∈ (0, 1),

P

(
∃t ≥ 1 : ∥Ft − F∥∞ ≥

√
π

t
+ 2

√
2

t

[
log ℓ(log2 t) + log(1/δ)

])
≤ δ.
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Notice that Corollary 9 involves the term log(1/δ), as opposed to the term log(2/δ) which
appears in the classical DKW inequality. This is due to the one-sidedness of the bounds in
Theorem 15. The price to pay is the additional additive term

√
π/t, which is an upper bound

on the expectation of ∥F⌈t/2⌉ − F∥∞.

Corollary 9 and Proposition 21 give rise to a sequential analogue of the celebrated Kolmogorov-
Smirnov two-sample test. In what follows, Q denotes a second distribution over R with CDF
G, and empirical CDF Gs(y) = (1/s)

∑s
i=1 I(Yi ≤ y). Recall also the sequence (κts) defined

in equation (4.22).

Corollary 10. Given δ ∈ (0, 1), set

γts =
√
π/t+

√
π/s+ 2

√
2ts

t+ s

[
log g(log2 t+ log2 s) + log(2/δ)

]
.

Then,
P
(
∀t, s ≥ 1 : −γts ≤ ∥F −G∥∞ − ∥Ft −Gs∥∞ ≤ κts

)
≥ 1− δ.

In particular, the sequential Kolmogorov-Smirnov test which rejects the null hypothesis H0 : P =
Q when ∥Ft −Gs∥∞ > γts has type-I error controlled at δ/2.

We now turn our attention to another popular IPM that is based on reproducing kernels.

4.4.2 Maximum Mean Discrepancy, V-Statistics, and U-Statistics

The kernel Maximum Mean Discrepancy (MMD) is an IPM measuring the distance between
embeddings of distributions in a reproducing kernel Hilbert space (RKHS). We provide a brief
definitions in what follows, and refer the reader to Schölkopf and Smola (2018) for further
details. Let K : Rd × Rd → R+ be a Mercer kernel, that is a symmetric and continuous
function such that for any finite set of points x1, . . . , xn ∈ Rd, the matrix (K(xi, xj))

n
i,j=1 is

positive semidefinite. The RKHS H corresponding to K is the closure of the set

H0 =

{
k∑
i=1

αiK(·, xi) : αi ∈ R, xi ∈ Rd, k ≥ 1

}
,

endowed with the inner product and norm

⟨f, g⟩H =
k∑
i=1

k′∑
j=1

αiβjK(xi, yj), ∥f∥H =
√

⟨f, f⟩H,

where f =
∑k

i=1 αiK(·, xi) and g =
∑k′

j=1 βjK(·, yj) denote the expansions of any two
functions f, g ∈ H0. The MMD is defined as the IPM over the unit ball J = {f ∈ H : ∥f∥H ≤
1} of H. The plugin estimator of the MMD admits the following representation, which makes
its computation straightforward

MMD(Pt, Qs) =

√√√√ 1

t2

t∑
i,j=1

K(Xi, Xj) +
1

s2

s∑
i,j=1

K(Yi, Yj)−
2

st

t∑
i=1

s∑
j=1

K(Xi, Yj).

(4.30)
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In particular, if s = t and the data are available in pairs Zt = (Xt, Yt) for all t ≥ 1, as in
Section 4.3.3(1), the above expression may be rewritten as a square root of a second-order
V-Statistic,

MMD(Pt, Qt) =

√√√√ 1

t2

t∑
i,j=1

J(Zi, Zj), (4.31)

where J((x, y), (x′, y′)) = K(x, x′)+K(y, y′)−2K(x, y′), for anyx, x′, y, y′ ∈ Rd. Assuming
the kernelK is bounded, we derive a sequential concentration bound for this statistic as follows.

Corollary 11. Let P,Q ∈ P(Rd). Assume that sup{K(x, y) : x, y ∈ Rd} ≤ B <∞. For any
δ ∈ (0, 1), define

γts = 2
√
2B(t−

1
2 + s−

1
2 ) + 4

√
B(t+ s)

ts

[
log g(log2 t+ log2 s) + log(2/δ)

]
,

and let (κts) be the sequence defined in equation (4.22). Then,

P
(
∀t, s ≥ 1 : −γts ≤ MMD(P,Q)−MMD(Pt, Qs) ≤ 2

√
Bκts

)
≥ 1− δ.

Assuming that the stitching function g is bounded above by a polynomial, Corollary 11
provides a confidence sequence for MMD(P,Q) scaling at the rateO(

√
log log(t ∨ s)/(t ∨ s)).

Up to the iterated logarithmic factor, we recover the fixed-time rate obtained by Gretton et al.
(2012) (Theorem 7), which was shown to be minimax optimal by Tolstikhin, Sriperumbudur,
and Schölkopf (2016). In the setting of equal sample sizes t = s (cf. Section 4.3.3(1)), it is well-
known that the V-StatisticMMD2(Pt, Qt) has first-order degeneracy, so thatMMD2(Pt, Qt) =
Op(1/t)whenP = Q (Lee, 1990). On the other hand, the bound |MMD2(Pt, Qt)−MMD2(P,Q)| =
Op(1/

√
t) is tight when P,Q are fixed and P ̸= Q. On the squared scale, the bound of Corol-

lary 11 adapts to these distinct rates of convergence, since it implies that with probability at
least 1− δ,

∀t ≥ 1, |MMD2(Pt, Qt)−MMD2(P,Q)| = O

(
MMD(P,Q)

√
log log t

t
+

log log t

t

)
.

(4.32)
Above, the right-hand side decays at the rate O(

√
(log log t)/t) in general, but improves to

O ((log log t)/t) when P = Q. Similar considerations are discussed by Gretton et al. (2012).

While the plugin estimator MMD(Pt, Qs) is typically upwards biased, the squared MMD
also admits a widely-used unbiased estimator (Gretton et al., 2012) obtained by replacing the
V-Statistics in equations (4.30) and (4.31) by U-Statistics. We derive confidence sequences for
MMD2(P,Q) based on this estimator in Section 4.D.2. The bounds therein do not adapt to
the distinct rates of convergence described above, however, therefore we recommend those of
Corollary 11 in practice.

We conclude this section with a more general discussion of sequential inference based on
U- and V-Statistics, for expectation functionals of the form

Φ : P(Rd) → R, Φ(P ) =

¨
h(x, y)dP (x)dP (y),
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where h : Rd × Rd → R is a symmetric function. Following Lee (1990); Serfling (2009), the U-
and V-Statistics corresponding to Φ are respectively defined by

Ut = E[h(X1, X2)|EXt ] =
2

t(t− 1)

∑
1≤i<j≤t

h(Xi, Xj), Vt = Φ(Pt) =
1

t2

t∑
i,j=1

h(Xi, Xj).

The above representation immediately implies that (Ut) is a reverse martingale whenever it is
integrable—a fact which can equivalently be derived from the leave-one-out property (4.16),
which holds for (Ut) with equality. Notice that this property holds irrespective of the kernel h,
so long as it is symmetric. On the other hand, the following can be said about (Vt).

Proposition 18. Assume that h : X × X → R+ is a continuous, symmetric, positive definite
kernel over a compact set X ⊆ Rd. Then

√
Φ(·) is a convex functional, thus (

√
Vt) and (Vt)

are reverse submartingales with respect to (EXt ).

The proof is in Section 4.D.2. We do not generally expect the above result to hold for
any symmetric kernel h, because the functional Φ is akin to a quadratic form, which may be
nonconvex if its kernel is not positive semidefinite. Under the above results, a straightforward
generalization of Theorem 15 can be used to derive two-sided confidence sequences for Φ(P )
centered at Ut for all symmetric h, or lower confidence sequences for

√
Φ(P ) and Φ(P ) based

on (Vt) for all positive definite h (which may be coupled with upper confidence sequences
similarly as in Section 4.3.2). While these considerations make (Ut)-based confidence sequences
seem attractive, we recall that (Vt)-based confidence sequences sometimes have the advantage
of providing rate-optimal inference even when Φ is degenerate.

4.4.3 Optimal Transport Costs

Let c : X × X → R+ be a nonnegative cost function, and assume for simplicity that c is
bounded above over X by ∆ := supx,y∈X c(x, y) <∞. We derive confidence sequences for
the optimal transport cost Tc(P,Q), which will depend on an upper bound αc,ts for the bias of
the empirical plugin estimator,

E
[
Tc(Pt, Qs)

]
− Tc(P,Q) ≤ αc,ts. (4.33)

For instance, one may takeαc,ts to scale as (t∧s)−1/2 whenX is one-dimensional (cf. Chapter 2),
finite (Sommerfeld and Munk, 2018; Forrow et al., 2018) or more generally, of intrinsic dimension
less than or equal to three (Hundrieser, Staudt, and Munk, 2022). In these cases, the bias term
αc,ts will be negligible in the confidence sequence we construct below. More generally, our
results in Chapter 3 imply that one may take αc,ts ≲ (t ∧ s)−α/d for d ≥ 5 when c is an
α-Hölder smooth cost for some α ∈ [1, 2]. In this case, the bias will be of leading order, and
our confidence sequence below becomes primarily of theoretical interest.

Corollary 12. Let c : X ×X → R+ be a lower semi-continuous cost function bounded above by
∆, assume that equation (4.33) is satisfied, and recall that t̄ = ⌈t/2⌉. Furthermore, let (κts) be
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the sequence defined in equation (4.22). Then, for any δ ∈ (0, 1),

P
(
∀t, s ≥ 1 : −αc,t̄s̄ − 2∆

√
2(t+ s)

ts

[
log g(log2 t+ log2 s) + log(2/δ)

]
≤ Tc(P,Q)− Tc(Pt, Qs) ≤ ∆κts

)
≥ 1− δ.

Corollary 12 exhibits a confidence sequence for Tc(P,Q) whose length is typically domi-
nated by the expected deviation bound αc,t̄s̄. The potentially severe dependence on dimension-
ality in these rates can limit the applicability of Corollary 12 in high-dimensional problems.
Section 4.4.5 derives confidence sequences for smoothed 1-Wasserstein distances, which admit
significantly improved dimension dependence.

4.4.4 φ-Divergences over Finite Sets

Let P be a probability distribution supported on a set X = {a1, . . . , ak} of finite cardinality
k ≥ 2. Set pj = P ({aj}) for all j = 1, . . . , k. In this setting, we write the empirical measure
as

Pt =
1

t

t∑
i=1

δXi =
1

t

k∑
j=1

Cjδaj , where Cj =

t∑
i=1

I(Xi = aj), j = 1, . . . , k.

The vector (C1, . . . , Ck) can be viewed as a random sample from a multinomial experiment
with t trials and k categories with probabilities (p1, . . . , pk). Concentration inequalities for
φ-divergences Dφ between the empirical measure and the finitely-supported true distribution
P have received significant attention in the offline setting. Here, we show how such results
can be used together with Theorem 15 to obtain time-uniform bounds on Dφ(Pt∥P ). We focus
on the Kullback-Leibler divergence and Total Variation distance in what follows.

Kullback-Leibler Divergence. Tight upper bounds on the moment generating function
of the scaled Kullback-Leibler divergence tKL(Pt∥P ) have recently been derived by Guo and
Richardson (2020) (see also Agrawal (2020)), who prove

E[exp(λtKL(Pt∥P ))] ≤ Gk,t(λ) :=
∑

x1,...,xk

(
t

x1, . . . , xk

) k∏
i=1

[λxi/t+ (1− λ)pi]
xi , (4.34)

for all λ ∈ [0, 1]. Guo and Richardson (2020) show that this upper bound is nearly tight, in
the sense that it nearly matches the scaling in k and t of the moment generating function of
the limiting distribution of tKL(Pt∥P ). Furthermore, the value of Gk,t(λ) does not depend
on P (Guo and Richardson (2020), Proposition 1). Nevertheless, Gk,t cannot easily be used
in Theorem 15, since the optimization problem supλ∈[0,1]

{
λu−Gk,t(λ)

}
, for any u > 0, is

non-convex. Guo and Richardson (2020) instead derive several closed-form sequences (λt)
which approximately solve this maximization problem. We derive a sequential analogue of
their bounds in terms of a generic choice of such a sequence. The following result is obtained
by repeating a similar stitching argument as that of the proof of Theorem 15.
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Proposition 19. Let δ ∈ (0, 1), and let P be a distribution supported on a finite set of size
k ≥ 2. Let (λt)∞t=1 ⊆ [0, 1/2] be a sequence of real numbers such that

γt =
2

λtt
log

(
Gk,⌊t/2⌋(2λt)ℓ(log2 t)

δ

)
, t ≥ 1,

is a nonincreasing sequence in t. Then, P {∃t ≥ 1 : KL(Pt∥P ) ≥ γt} ≤ δ.

It can be seen that the fitted probability vector (C1/t, . . . , Ck/t) is precisely the maximum
likelihood estimator of (p1, . . . , pk), and that the scaled Kullback-Leibler divergence tKL(Pt∥P )
is a multiple of the log-likelihood ratio of (p1, . . . , pk). Proposition 19 therefore leads to a
confidence sequence for the probability vector p on the basis of the classical likelihood ratio
statistic.

Total Variation Distance. We now similarly derive time-uniform bounds for the discrete
Total Variation distance ∥Pt − P∥TV := 1

2

∑k
j=1 |(Cj/t)− pj |. The following Corollary fol-

lows from Theorem 15 using elementary tail bounds for the Total Variation distance (see for
instance Berend and Kontorovich (2013)), together with an expectation bound due to Kamath
et al. (2015).

Corollary 13. For all δ ∈ (0, 1), we have

P

{
∃t ≥ 1 : ∥Pt − P∥TV ≥

√
k

πt
+ 2

(
2k

t

) 3
4

+ 2

√
2

t

[
log ℓ(log2 t) + log(1/δ)

]}
≤ δ.

Up to a polylogarithmic factor, the bound of Corollary 13 scales at the parametric rate of
convergence when the alphabet size k is fixed. For general distributions with uncountable
support, such rates are not achievable under the Total Variation distance due to the lack of ab-
solute continuity of Pt with respect to P . The following subsection studies a notable exception,
in which parametric rates are retained when the measures are smoothed by convolution with a
kernel admitting fixed bandwidth.

4.4.5 Smoothed Divergences and Differential Entropy

Let K : Rd → R+ denote a smoothing kernel, that is, a nonnegative and continuous function
satisfying

´
Rd K(x)dx = 1. Given a bandwidth σ > 0, let Kσ be the probability measure

admitting density Kσ(x) = (1/σd)K(x/σ) with respect to the Lebesgue measure. Let D
denote a convex divergence, and define its smoothed counterpart by

Dσ : (P,Q) 7−→ D(P ⋆Kσ∥Q ⋆Kσ).

It can be directly verified that Dσ is itself a convex divergence, due to the linearity of the
convolution operator. Theorem 15 can therefore be used to derive a confidence sequence for
Dσ(P∥Q) based on the plugin estimator Dσ(Pt∥Qs). We emphasize that this estimator is
sensible even if the original divergence D requires absolute continuity of the distributions
being compared, as is the case for φ-divergences. In such cases, Dσ forms a proxy of D
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which can be estimated using the empirical plugin estimator. We refer to Goldfeld et al.
(2020) for upper bounds on EDσ(Pt, P ) under a wide range of divergences D. Smoothing
by Gaussian convolution has also recently been studied as a means of regularizing optimal
transport problems, and thereby reducing the curse of dimensionality in estimating Wasserstein
distances. For instance, Goldfeld and Greenewald (2020), Goldfeld, Greenewald, and Kato (2020)
show that that the empirical measure converges to P at the parametric rate under W σ

1 , in
expectation, contrasting the unavoidable t−1/d rate for this problem under W1 itself (Singh
and Póczos, 2019).

Motivated by these two applications, we show in what follows how Theorem 15 can be
used to derive confidence sequences for the smoothed Total Variation distance, and for the
smoothed 1-Wasserstein distance. The results which follow are obtained by first deriving upper
bounds on the moment generating functions of Dσ(Pt∥P ), and second, invoking the upper
bounds of Goldfeld et al. (2020) on the expectation of this quantity. In order to appeal to their
results, we assume in what follows that K(x) = e−∥x∥22/2/

√
2π is taken to be the standard

Gaussian kernel.

We first recall a tail assumption which will be used in the sequel. Given a metric d on X ,
we say a measure P ∈ P1(X ) satisfies the T1(τ2) inequality with respect to d, for some τ > 0,
if

Td(µ, P ) ≤
√
2τ2KL(µ∥P ), for all µ ∈ P1(X ).

Such inequalities are at the heart of the transportation method for deriving fixed-time con-
centration inequalities—we refer to Gozlan and Léonard (2010) for a survey. For our purposes,
transportation inequalities are known to provide a natural tail assumption on P in order to
guarantee sub-Gaussian concentration of empirical Wasserstein distances: Niles-Weed and
Rigollet (2022) (Theorem 6) prove that P satisfies T1(τ2) if and only if W1(Pt, P ) is (τ2/t)-
sub-Gaussian. By extending their result to smoothed Wasserstein distances, we arrive at the
following.

Proposition 20 (Smoothed Divergences). Let δ ∈ (0, 1), σ > 0, and let P ∈ P(Rd).

(i) (Total Variation Distance) Assume P is τ2-sub-Gaussian for some τ > 0. Then,

P

(
∃t ≥ 1 : ∥Pt − P∥σTV ≥ cd√

t
+ 4

√
2

t

[
log ℓ(log2 t) + log(1/δ)

])
≤ δ,

where cd =
√
2
(

1√
2
+ τ

σ

) d
2
e

3d
16 .

(ii) (W1 Distance) Assume P satisfies the T1(τ2) inequality with respect to ∥·∥2, for some
τ > 0. Then, W σ

1 (Pt, P ) is (τ2/t)-sub-Gaussian, and for all δ ∈ (0, 1),

P

(
∃t ≥ 1 :W σ

1 (Pt, P ) ≥
Cd√
t
+ 2

√
τ2

t

[
log ℓ(log2 t) + log(1/δ)

])
≤ δ, (4.35)

where Cd = 2
√
dσ2

(
1√
2
+ τ

σ

)
cd.
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Extensions of Proposition 20 to the two-sample setting are straightforward and omitted for
brevity. Proposition 20(i) yields a confidence sequence for the smoothed Total Variation under
a mere moment condition. Such a result could not have been obtained by our framework in
the absence of smoothing, except in the special case of Section 4.4.4 where P was assumed to
have countable support. Proposition 20(ii) contrasts our earlier Corollary 12, which implied
a confidence sequence for the 1-Wasserstein distance scaling at the rate O(t−1/d) for d ≥ 3.
Smoothing removes the dimension dependence from the rate itself when σ is held fixed,
although the constant Cd continues to grow exponentially in d. It can be deduced from
Theorem 1 of Goldfeld et al. (2020), combined with equation (4.45), below that exponential
dimension dependence in this constant is necessary, although the optimal constant is not
known. Any sharpening of these constants in future work could directly be used to update the
time-uniform bound in Proposition 20.

Inspired by Weed (2018), we briefly close this subsection by illustrating how Proposition 20
can further be used to obtain sequential bounds for the smoothed differential entropy of P ,
h(P ⋆Kσ) = −

´
log(P ⋆ Kσ)dP ⋆Kσ , using the fact that it is Lipschitz with respect to the

W1 metric (Polyanskiy and Wu, 2016).

Corollary 14. Let δ ∈ (0, 1), σ > 0, and P ∈ P([−1, 1]d). Then,

P
(
∀t ≥ 1 :|h(Pt ⋆Kσ)− h(P ⋆Kσ)|

≤ 3

σ2

√
d

t

[
log ℓ(log2 t) + log(4/δ)

]
+

√
dCd√
tσ2

)
≥ 1− δ.

Notice that the mapping P 7→ −h(P ⋆ Kσ) is convex, therefore a confidence sequence
for the smoothed differential entropy could also have been obtained by directly appealing
to Theorem 15, assuming a bound on the cumulant generating function of h(Pt ⋆ Kσ) were
available. Beyond this approach and the bound of Corollary 14, we are not aware of other
existing sequential concentration inequalities for this problem.

4.4.6 Sequential Generalization Error Bounds for Binary Classification

Theorem 15 can be used to derive generalization error bounds for classification or regression
problems that are valid at stopping times. We illustrate the special case of binary classification.
Let X be a topological space, P be a Borel probability distribution over X × {−1, 1}, and
(Xt, Yt)

∞
t=1 a sequence of i.i.d. observations from P . Let F be a collection of Borel-measurable

functions from X to {−1, 1}, and define the population and empirical classification risks by

R(f) = P(f(X) ̸= Y ), and Rt(f) =
1

t

t∑
i=1

I(f(Xi) ̸= Yi), f ∈ F .

High-probability bounds on the supremum of the empirical process supf∈F |R(f)−Rt(f)|
for fixed times t ≥ 1 are well-studied, and can lead to conservative confidence intervals for the
generalization error R(f̂t) of any data-dependent classifier f̂t ∈ F , such as an empirical risk
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minimizer, or an approximate one obtained by stochastic optimization. Such bounds necessarily
depend on the complexity ofF , as measured for instance by population or empirical Rademacher
complexities, respectively defined by

Rt(F) = Eεt,Xt

[
sup
f∈F

1

t

∣∣∣∣∣
t∑
i=1

ϵif(Xi)

∣∣∣∣∣
]
, R̂t(F) = Eεt

[
sup
f∈F

1

t

∣∣∣∣∣
t∑
i=1

ϵif(Xi)

∣∣∣∣∣
]
.

Here, we denote Xt = (X1, . . . , Xt) and εt = (ϵ1, . . . , ϵt), where (ϵt)
∞
t=1 denotes a sequence

of i.i.d. Rademacher random variables (taking values ±1 with equal probability). We obtain the
following bound which is uniform both over hypotheses f ∈ F and over time t ≥ 1.

Corollary 15. Let δ ∈ (0, 1), and recall that t̄ = ⌊t/2⌋ for all t ≥ 1.

1. The population Rademacher complexity provides a time-uniform generalization error bound:

P

(
∀t ≥ 1 : sup

f∈F
|Rt(f)−R(f)| ≤ Rt̄(F) + 2

√
2

t

[
log ℓ(log2 t) + log(1/δ)

])
≥ 1−δ.

2. The empirical Rademacher complexity (R̂t(F)) is a reverse submartingale with respect to
(EXt ), and we have:

P
(
∀t ≥ 1 : Rt̄(F) ≥ R̂t(F)− 4

√
2

t

[
log ℓ(log2 t) + log(1/δ)

])
≥ 1− δ.

In particular, if τ is an arbitrary stopping time and f̂t is an arbitrary data-dependent
classifier, then P

(
|Rτ (f̂τ )−R(f̂τ )| ≤ Rτ̄ (F) + 2

√
(2/τ)[log ℓ(log2 τ) + log(1/δ)]

)
≥ 1− δ.

We are not aware of other such generalization bounds that hold at stopping times.

Corollary 15 is comparable to the following well-known fixed-time bound which can be
deduced, for instance, from the proof of Theorem 3.5 of Mohri, Rostamizadeh, and Talwalkar
(2018):

P

(
sup
f∈F

|Rt(f)−R(f)| ≤ Rt(F) +
√
log(2/δ)/2t

)
≥ 1− δ.

Once again, we observe that our time-uniform bound only loses iterated logarithmic factors
and small universal constants in comparison to the above display. When the population
Rademacher complexity Rt(F) is unavailable in closed form, Corollary 15(ii) may be used to
provide a time-uniform lower bound on this quantity in terms of its empirical counterpart.
We obtain this result in Section 4.D.6 by noting that R̂t satisfies the leave-one-out property in
equation (4.16), although it cannot easily be written as the evaluation of a convex functional at
the empirical measure. We leave open the question of providing upper confidence sequences
on Rt(F), which combined with Corollary 15(i) would lead to a fully empirical bound for the
classification risk.

The proof of Corollary 15(i) shows that analogous time-uniform concentration inequalities
can be obtained for general suprema of empirical processes over uniformly bounded function
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classes, up to modifying the expectation bound Rt̄(F), which yields time-uniform inference
for the risk of arbitrary estimators with respect to a bounded loss function, in terms of their
empirical risk.

4.4.7 Sequential Estimation of Multivariate Means

We next show how Theorem 15 can be used to derive confidence sequences for the mean µ
of a multivariate distribution P ∈ P(Rd). In the special case d = 1, our results show how
our reverse submartingale techniques can recover known confidence sequences for univariate
sequential mean estimation (summarized in Section 4.2.5), up to constant factors.

Let (Xt)
∞
t=1 be a sequence of i.i.d. random variables with meanµ, and letµt = (1/t)

∑t
i=1Xi.

We state our bounds in terms of a general norm ∥·∥ on Rd, whose dual norm is denoted by
∥·∥⋆ = sup∥λ∥=1⟨λ, ·⟩. Assume further that there exists λmax > 0 and a convex function
ψ : [0, λmax) → R such that

sup
ν∈Sd−1

⋆

log
(
EX∼P [exp (λ⟨ν,X − µ⟩)]

)
≤ ψ(λ), λ ∈ [0, λmax), (4.36)

where Sd−1
⋆ = {x ∈ Rd : ∥x∥⋆ = 1}. For instance, when ψ(λ) = λ2σ2/2, the above definition

reduces to that of a (σ2, λ−1
max)-sub-exponential random vector given in Vershynin (2018) when

λmax <∞, or of a σ2-sub-Gaussian random vector when λmax = ∞. Finally, for any γ > 0,
let Nγ denote the γ-covering number (van der Vaart and Wellner, 1996) of Sd−1

⋆ with respect
to the norm ∥ · ∥⋆.

Corollary 16. Assume P satisfies the tail assumption (4.36). Then, for all γ ∈ [0, 1), δ ∈ (0, 1),

P
{
∃t ≥ 1 : ∥µt − µ∥ ≥ 1

1− γ
(ψ∗)−1

(
log ℓ(log2 t) + log(1/δ) + logNγ

⌈t/2⌉

)}
≤ δ.

Above, γ = 1/2 is a reasonable default value. We first illustrate the result of Corollary 16
in the special case when d = 1 and P is 1-sub-Gaussian. If the norm ∥·∥ is taken to be the
absolute value, notice that one may choose γ = 0 and Nγ = 2, thus Corollary 16 implies

∀t ≥ 1 : |µt−µ| ≤ 2

√
1

t

[
log ℓ(log2 t) + log(2/δ)

]
, with probability at least 1− δ. (4.37)

Equation (4.37) is comparable to state-of-the-art confidence sequences for univariate means,
summarized in Section 4.2.5. For example, Theorem 1 of Howard et al. (2021) provides a one-
sided bound for means of 1-sub-Gaussian random variables, which together with a union bound
leads to the two-sided confidence sequence

∀t ≥ 1 : |µt−µ| ≤ k1

√
1

t

[
log ℓ(log2 t) + log(2/δ)

]
, with probability at least 1−δ, (4.38)

where k1 = 21/4+2−1/4
√
2

≈ 1.8. It can be seen from the preceding two displays that our
confidence sequence is wider by a mere factor of 2/1.8 ≈ 1.1 compared to that of Howard et al.
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(2021). In fact, Corollary 16 is a special case of a more general result that can be deduced from
Theorem 17 in Section 4.C.1, for which there are tuning parameters that we did not optimize
here, so the factor 1.1 could presumably be lowered further. More importantly though, our
result applies more generally to means of multivariate distributions, for which we do not know
of any other confidence sequences in the literature beyond those of Abbasi-Yadkori, Pal, and
Szepesvari (2011). The latter paper only has sub-Gaussian bounds decaying at the

√
log t/t

rate, instead of our
√

log log t/t rate.

As a multivariate example, suppose now that P is (σ2, α)-sub-exponential, so that ψ(λ) =
λ2σ2/2 with λmax = 1/α. When ∥·∥ is taken to be the Euclidean norm ∥·∥2, one may derive
the bound

∀t ≥ 1 : ∥µt − µ∥2 ≤ 2

{√
2σ2γt, t : 0 ≤ γt <

σ2

2α2 ,

γtα+ σ2

2α , t : σ2

2α2 ≤ γt,
, with probability at least 1− δ,

where γt = (2/t)[log ℓ(log2 t) + log(1/δ) + d log 5]. In particular, we recover the optimal
dependence on both d and t from the fixed-time setting, up to iterated logarithmic factors.

4.4.8 An Upper Law of the Iterated Logarithm for sub-Gaussian Divergences

We now show how our finite-sample results can be used to derive an asymptotic statement
which mirrors the classical (upper) law of the iterated logarithm (LIL; Stout (1970)) for sums of
i.i.d. random variables.

Corollary 17. Let D be a convex divergence such that D(Pt∥P ) is (σ2/t)-sub-Gaussian for all
t ≥ 1 and some σ > 0. Assume ED(Pt∥P ) = o(

√
(log log t)/t). Then,

lim sup
t→∞

tD(Pt∥P )√
2tσ2 log log t

≤ 1, a.s.

Corollary 17 establishes an upper LIL for convex divergences admitting the same constant
as the classical LIL, which states that for any sequence of mean-zero i.i.d. random variables
(Xt)

∞
t=1 admitting finite variance σ2 > 0,

lim sup
t→∞

1√
2tσ2 log log t

t∑
i=1

Xi = 1, a.s.

Obtaining a matching lower bound in Corollary 17 would, for instance, necessitate anti-
concentration bounds on the process D(Pt∥P ), and is therefore beyond the scope of this work.
The sub-Gaussianity assumption can also likely be weakened, but given again that our purpose
was not asymptotics, we leave this for future work. Though results analogous to Corollary 17
have possibly appeared in past literature for various divergences, we are only aware of the
LILs for the Kolmogorov-Smirnov statistic derived by Smirnov (1944), for the 1-Wasserstein
distance in dimension d = 1 (del Barrio et al., 1999), and for certain von Mises differentiable
functionals (Serfling, 2009).
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Adaptations of the proofs of Corollaries 9, 11, 13, and 20 respectively imply that Corollary
17 holds when D is taken to be the Kolmogorov-Smirnov distance, the Maximum Mean
Discrepancy with bounded kernel, the Total Variation distance for distributions supported on a
finite set, or the Total Variation and 1-Wasserstein distances smoothed by Gaussian convolution
under suitable tail assumptions on P . The conditions of Corollary 17 can also be verified for the
transportation cost W p

p , for any p ≥ 1 satisfying p > d/2, under suitable moment assumptions
on P (Fournier and Guillin, 2015; Niles-Weed and Rigollet, 2022). To the best of our knowledge,
this functional is not known to be von Mises differentiable without further assumptions on
the connectedness of the support or absolute continuity of P (see Goldfeld et al. (2024) and
Chapter 7 below).

4.A Additional Lemmas

We begin by recalling McDiarmid’s inequality (Wainwright, 2019). We say that a map G :
Rt → R satisfies the bounded differences property with parameters (L1, . . . , Lt) ∈ Rt+ if for
every x1, . . . , xt, x′1, . . . , x′t ∈ R and all i = 1, . . . , t,

|G(x1, . . . , xt)−G(x1, . . . , xi−1, x
′
i, xi+1, . . . , xt)| ≤ Li.

Theorem 16 (McDiarmid’s Inequality). Assume G satisfies the bounded differences property
with parameters (L1, . . . , Lt) and that X1, . . . , Xt are independent random variables. Then, for
all u ≥ 0,

P
(∣∣G(X1, . . . , Xt)− EG(X1, . . . , Xt)

∣∣ ≥ u
)
≤ 2 exp

{
− 2u2∑t

i=1 L
2
i

}
.

In several of the proofs for Section 4.4, we will show that the processes Φ(Pt, Q) or
Ψ(Pt, Qs) satisfy the bounded differences property, when viewed as functions of the samples
therein. The following standard result will then imply that these processes are sub-Gaussian
(see for instance Rigollet and Hütter (2015), Lemma 1.5, for a statement with the exact constants
used below).

Lemma 32. Let P be a distribution over R such that for X ∼ P and σ > 0, E[X] = 0 and

P(|X| > u) ≤ 2e−u
2/2σ2

, u > 0.

Then, P is (8σ2)-sub-Gaussian.

4.B Proofs from Section 4.2

4.B.1 Proofs of Theorem 13

Theorem 13 was proven for instance by Lee (1990), Theorem 3, p. 112. Due to its centrality in
our work, we provide two self-contained proofs of this result below. The first proof follows



Chapter 4. Sequential Estimation of Optimal Transport Costs 174

directly from Doob’s submartingale inequality (see equation (4.10)). The second proof is a
restatement of Lee’s original proof, which we include for reference in the following subsection.

First Proof (via Doob’s submartingale inequality). For any integer T ≥ t0, define the
process St = RT−t+t0 , for all t0 ≤ t ≤ T , as well as the forward filtration Gt = FT−t+t0 . Since
(Rt) is a reverse submartingale, we have E[Rt|Ft+1] ≥ Rt+1, whence for all t0 + 1 ≤ t ≤ T ,

E[St|Gt−1] = E[RT−t+t0 |FT−t+t0+1] ≥ RT−t+t0+1 = St−1.

It follows that (St)Tt=t0 forms a forward submartingale with respect to (Gt)Tt=t0 . Applying
Doob’s submartingale inequality, we therefore obtain

P(∃t0 ≤ t ≤ T : St ≥ u) ≤ E[ST ]
u

,

for all u > 0. Equivalently,

P(∃t0 ≤ s ≤ T : Rs ≥ u) ≤ E[Rt0 ]
u

.

Notice that the event within the probability on the left-hand side of the above display is
monotonically increasing with T , converging to the event {∃s ≥ t0 : Rs ≥ u}. Taking
T → ∞, we thus have

P(∃s ≥ t0 : Rs ≥ u) ≤ E[Rt0 ]
u

,

which proves the claim. □

Second Proof (first principles). Let T ≥ t0, u > 0, and define the disjoint sets

At = {Rt ≥ u} ∩
T⋂

j=t+1

{Rj < u}, t = t0, t0 + 1, . . . , T,

where t represents the last time (in the range t0, t0 + 1, . . . , T ) at which Rt was larger than u.
We have,

P(∃t0 ≤ t ≤ T : Rt ≥ u) =

T∑
t=t0

P (At) ≤
1

u

T∑
t=t0

ˆ
At

RtdP ≤ 1

u

T∑
t=t0

ˆ
At

E[Rt0 |Ft]dP,

where the first inequality follows because Rt > u on At, and the second inequality follows
by the reverse submartingale property of (Rt). Note that Rj is Fj-measurable and hence also
Ft-measurable for t ≤ j due to the reversed nature of the filtrations. Thus, At ∈ Ft, whence´
At

E[Rt0 |Ft]dP =
´
At
Rt0dP and we obtain

P(∃t0 ≤ t ≤ T : Rt ≥ u) ≤ 1

u

T∑
t=t0

ˆ
At

Rt0dP ≤ 1

u
E[Rt0 ],

where the last step utilizes the nonnegativity of Rt and the fact that the events {At}Tt=t0 are
disjoint by construction. The claim now follows as before by taking T → ∞, noting that
the right-hand side remains fixed while the left-hand side is the probability of an increasing
sequence of events whose limit is {∃t ≥ t0 : Rt ≥ u}.
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4.B.2 Proof of Proposition 13

Let (Fts)t,s≥1 be a reverse filtration. Under the conditional independence condition (4.12) on
(Fts), Christofides and Serfling (1990) establish a maximal inequality for partially ordered
reverse submartingales, which we state below before proving Proposition 13. We will require
the following notation. Let 1 ≤ t0 ≤ T, 1 ≤ s0 ≤ S, and let {Cts : t, s ≥ 0} be a nondecreasing
array of nonnegative numbers. Given a reverse submartingale (Rts)t,s≥1 with respect to (Fts),
a general bound will be given on P(A), where for any u > 0,

A =

 max
t0≤t≤T
s0≤s≤S

CtsRts ≥ u

 =
T⋃
t=t0

S⋃
s=s0

Ats,

where Ats = {RtsCts ≥ u} ∩
T⋂

j=t+1

S⋂
k=s+1

{RjkCjk < u}.

(4.39)

This decomposition into the sets Ats is analogous to that in the proof of Ville’s inequality for
reverse submartingales (Section 4.B.1). Unlike that result, however, the lack of total ordering on
N2 prevents the sets Ats from being disjoint; for instance A43 and A34 could both potentially
happen. Christofides and Serfling (1990) instead form a partition (B

(1)
ts )t,s≥1 of A, defined

recursively by the following algorithm.

Let D0 = ∅, m := 1

For j = t0 to T
For k = s0 to S

B
(1)
jk := Ajk \

⋃
l<m

Dl

Dm := Ajk, m := m+ 1.

A second partition (B
(2)
ts )t,s≥1 is further formed by changing the order of the for-loops in the

above display. Specifically,

B
(1)
ts = Ats \


 t−1⋃
j=t0

S⋃
k=s0

Ajk

 ∪

 s−1⋃
k=s0

Atk

 ,

B
(2)
ts = Ats \


 s−1⋃
k=s0

T⋃
j=t0

Ajk

 ∪

 t−1⋃
j=t0

Ajs

 ,

with the convention that an empty union is equal to the empty set. Notice that for j = 1, 2,
the sets (B

(j)
ts )t,s≥1 are mutually disjoint, and

⋃
t,s≥1B

(j)
ts = A. Further, unlike (Ats), the

sequence (B(j)
ts ) is not adapted to (Fts), but instead satisfies B(1)

ts ∈ Fts0 and B(2)
ts ∈ Ft0s. We

are now in a position to state their bound.



Chapter 4. Sequential Estimation of Optimal Transport Costs 176

Lemma 33 (Christofides and Serfling (1990), Corollary 2.9). Let (Rts) be a nonnegative reverse
submartingale with respect to (Fts), and assume (Fts) satisfies the conditional independence
condition (4.12). Furthermore, let {Cts : t, s ≥ 0} be a nondecreasing array of nonnegative
numbers. Then, for all u > 0,

uP

 max
t0≤t≤T
s0≤s≤S

CtsRts ≥ u


≤

{
T∑
t=t0

S∑
s=s0

(Cts − C(t−1)s)E[Rts]−
S∑

s=s0

Ct0s

ˆ
(
⋃T

t=t0
B

(1)
ts )c

Rt0sdP

}

∧

{
T∑
t=t0

S∑
s=s0

(Cts − Ct(s−1))E[Rts]−
T∑
t=t0

Cts0

ˆ
(
⋃S

s=s0
B

(2)
ts )c

Rts0dP

}
.

In the special case where Cts = I(t ≥ t0, s ≥ s0) for all 0 ≤ t ≤ T, 0 ≤ s ≤ S, Lemma 33
reduces to the following bound

P

 max
t0≤t≤T
s0≤s≤S

Rts ≥ u

 ≤ 1

u

[
S∑

s=s0

Ct0sE[Rt0s]−
S∑

s=s0

Ct0s

ˆ
(
⋃T

t=t0
B

(1)
ts )c

Rt0sdP

]

=
1

u

S∑
s=s0

ˆ
⋃T

t=t0
B

(1)
ts

Rt0sdP.

(4.40)

This simplification of Lemma 33 turns out to be simple to show, and we provide a self-contained
proof before using it to prove Proposition 13 below.

Proof of Inequality (4.40). We have for any s0 ≤ s ≤ S,

uP

(
T⋃
t=t0

B
(1)
ts

)
= u

T∑
t=t0

P(B(1)
ts )

≤
T∑
t=t0

ˆ
B

(1)
ts

RtsdP

≤
T∑
t=t0

ˆ
B

(1)
ts

E[Rt0s|Fts]dP

=

T∑
t=t0

ˆ
B

(1)
ts

E
{
E[Rt0s|Ft0s] | Fts0

}
dP (By the CI condition)

=

T∑
t=t0

ˆ
B

(1)
ts

E[Rt0s|Ft0s]dP (Since B(1)
ts ∈ Fts0)

=

T∑
t=t0

ˆ
B

(1)
ts

Rt0sdP =

ˆ
⋃T

t=t0
B

(1)
ts

Rt0sdP.
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The claim follows by taking a summation over s0 ≤ s ≤ S on both sides.

Lemma 33 leads to the following proof of Proposition 13, which generalizes Corollary 2.10
of Christofides and Serfling (1990).

Proof of Proposition 13. Let T ≥ t0, S ≥ s0. By inequality (4.40),

uαP

 sup
t0≤t≤T
s0≤s≤S

Rts ≥ u

 ≤
S∑

s=s0

ˆ
⋃T

t=t0
B

(1)
ts

Rαt0sdP

≤
S∑

s=s0

ˆ
⋃T

t=t0
B

(1)
ts

(
max
s0≤s≤S

Rαt0s

)
dP

=

ˆ
A

(
max
s0≤s≤S

Rαt0s

)
dP

≤ E
(

max
s0≤s≤S

Rαt0s

)
≤
(

α

α− 1

)α
E[Rαt0s0 ],

where the last inequality follows from Doob (1953), Theorem 3.4, page 317. Taking T, S → ∞
on both sides of the above display leads to the claim.

4.C Proofs from Section 4.3

4.C.1 Proofs from Subsection 4.3.1

Proof of Proposition 15. To prove part (i), Theorem 14 implies that (Nt) forms a reverse
submartingale with respect to (EXt ). Furthermore, the map x ∈ R 7→ exp{λx} is convex and
monotonic for any fixed λ ∈ [0, λmax), so Jensen’s inequality implies that the process

Lt(λ) = exp(λNt), t ≥ 1,

is also a reverse submartingale with respect to (EXt ). By Theorem 13, we obtain for all u > 0,

P
(
∃t ≥ t0 : Nt ≥ u

)
≤ inf

λ∈[0,λmax)
P
(
∃t ≥ t0 : Lt(λ) ≥ eλu

)
≤ inf

λ∈[0,λmax)
E [exp(−λu)Lt0(λ)]

≤ inf
λ∈[0,λmax)

exp
{
− λu+ ψt0(λ)

}
= exp

{
− ψ∗

t0(u)
}
, (4.41)

as claimed. To prove Proposition 15(ii), recall that Ets = EXt
∨
EYs is a σ-algebra generated by

a union of independent σ-algebras. It follows that the filtration (Ets) satisfies the conditional
independence property (4.12), by Cairoli and Walsh (1975), example (a), page 114 (see also
Christofides and Serfling (1990)). Furthermore, similarly as in part (i), the process

Lts(λ, α) = exp(λMts/α), t, s ≥ 1,
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is a partially ordered reverse submartingale for any fixed choice of λ ∈ [0, λmax) and α > 1.
Notice also that Lts(λ, α) ∈ Lα(P), thus we may apply Proposition 13 to obtain

P(∃t ≥ t0, s ≥ s0 :Mts ≥ u) = inf
λ∈[0,λmax)

P
(
∃t ≥ t0, s ≥ s0 : Lts(λ, α) ≥ exp(λu/α)

)
≤
(

α

α− 1

)α
inf

λ∈[0,λmax)
exp(−λu)E

[
Lαt0s0(λ, α)

]
=

(
α

α− 1

)α
inf

λ∈[0,λmax)
exp(−λu)E [exp(λMt0s0)]

≤
(

α

α− 1

)α
exp(−ψ∗

t0s0(u)).

Taking the infimum over α > 1 on both sides of the above display leads to the claim.

We now turn to proving a more general version of Theorem 15. Let η, ξ > 1 be fixed
constants which determine the sizes of the geometric epochs used in the proofs. Furthermore,
given t, s ≥ 1, we use the shorthand notation t̄ = ⌈t/⌈η⌉⌉ and s̄ = ⌈s/⌈ξ⌉⌉.

Theorem 17. Let Φ,Ψ be convex functionals, and let δ ∈ (0, 1).

(i) (One-Sample) Assume ψ∗
t is invertible for all t ≥ 1, and if η is not an integer, assume

(ψ∗
t )

−1(λ) is a decreasing (resp. increasing) sequence in t (resp. λ). Set

γt = (ψ∗
t̄ )

−1
(
log ℓ(logη t) + log(1/δ)

)
.

Assume further that (γt) is a nonincreasing sequence. Then,

P
{
∃t ≥ 1 : Φ(Pt) ≥ Φ(P ) + γt

}
≤ δ.

(ii) (Two-Sample) Assume ψ∗
ts is invertible for all t, s ≥ 1, and if η (resp ξ) is not an integer,

assume ψ∗
ts(λ) is decreasing in t (resp. in s), and increasing in λ. Set

γts = (ψ∗
t̄s̄)

−1
(
log g(logη t+ logξ s) + log(1/δ)

)
.

Assume further that (γts) is a nonincreasing sequence in each of its indices. Then,

P {∃t, s ≥ 1 : Ψ(Pt, Qs) ≥ Ψ(P,Q) + γts} ≤ δ.

Proof of Theorems 15 and 17. The proofs of claims (i) and (ii) of Theorem 17 are similar,
thus we only prove (ii). Theorem 15 will then follow by setting η = ξ = 2. Let uj = ⌈ηj⌉ and
vk = ⌈ξk⌉ for all j, k ∈ N0. Since γts is decreasing in t and s, we have

P (∃t, s ≥ 1 :Mts ≥ γts)

≤ P

 ⋃
j∈N0

⋃
k∈N0

{
∃t ∈ {uj , . . . , uj+1}, s ∈ {vk, . . . , vk+1} :Mts ≥ γts

}
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≤ P

 ⋃
j∈N0

⋃
k∈N0

{
∃t ∈ {uj , . . . , uj+1}, s ∈ {vk, . . . , vk+1} :Mts ≥ γuj+1vk+1

} .

Now, uj+1 ≤ uj⌈η⌉ (resp. vk+1 ≤ vk⌈ξ⌉), with equality if η (resp. ξ) is an integer. Therefore,
by definition of t̄, s̄, and by the fact that (ψ∗

ts)
−1 is decreasing in t (resp. s) when η (resp. ξ) is

not an integer, we have

γuj+1vk+1
≥ (ψ∗

ujvk
)−1
(
log g

(
logη(uj+1) + logξ(vk+1)

)
+ log(1/δ)

)
.

Since (ψ∗
ts)

−1(λ) is increasing in λ when η or ξ are not integers, we deduce

γuj+1vk+1
≥ (ψ∗

ujvk
)−1
(
log g(j + k + 2) + log(1/δ)

)
.

Applying a union bound together with Proposition 15 then leads to

P (∃t, s ≥ 1 :Mts ≥ γts)

≤ e

∞∑
j=0

∞∑
k=0

exp
{
−ψ∗

ujvk

(
(ψ∗

ujvk
)−1
(
log g(j + k + 2) + log(1/δ)

))}
≤ e

∞∑
j=0

∞∑
k=0

exp
{
−
(
log g(j + k + 2) + log(1/δ)

)}
= δ

∞∑
j=0

∞∑
k=0

e

g(j + k + 2)
≤ δ,

as claimed.

Proof of Corollary 6. We only prove the claim for (Mts)
∞
t,s=1, as the proof for (Nt)

∞
t=1 is

similar. Since Mts is σ2ts-sub-Gaussian, we have for all λ ∈ R+,

E {exp (λMts)} = E {exp [λ(Mts − E(Mts))]} exp {λE(Mts)}

≤ exp

{
λ2σ2ts
2

}
exp {λE(Mts)} ,

whence, an upper bound on the CGF of Mts is given by ψts(λ) = λ2σ2
ts

2 + λE(Mts). Thus, for
any x ≥ E(Mts) and any γ ∈ R+,

ψ∗
ts(x) =

(x− E(Mts))
2σ−2
ts

2
, (ψ∗

ts)
−1(γ) = E(Mts) +

√
2γσ2ts.

The claim now follows from Theorem 15. □
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4.C.2 Proofs from Subsection 4.3.2

We state and prove the following stronger version of Corollary 8.

Proposition 21. Assume that the processes (Nt) and (Mts) satisfy the conditions of Proposi-
tion 16, and fix δ ∈ (0, 1). Assume further that there exists λmax > 0 and convex functions
ψΦ, ψΨ, ϕΨ such that for all λ ∈ [0, λmax),

sup
f∈FΦ

log
{
E
[
eλ(f(X)−Ef(X))

]}
≤ ψΦ(λ),

sup
f∈FΨ

log
{
E
[
eλ(f(X)−Ef(X))

]}
≤ ψΨ(λ), sup

g∈GΨ

log
{
E
[
eλ(g(Y )−Eg(Y ))

]}
≤ ϕΨ(λ).

Assume further that the Legendre-Fenchel transforms ψ∗
Φ, ψ

∗
Ψ, ϕ

∗
Ψ are invertible, with nonde-

creasing inverses.

(i) (One-Sample) We have

P
{
∃t ≥ 1 : Φ(Pt) ≤ Φ(P )− (ψ∗

Φ)
−1

(
2

t

[
log ℓ(log2 t) + log(2/δ)

])}
≤ δ/2.

(ii) (Two-Sample) Define

κXt = (ψ∗
Ψ)

−1

(
2

t

[
log ℓ(log2 t) + log

(
4

δ

)])
,

κYs = (ϕ∗Ψ)
−1

(
2

s

[
log ℓ(log2 s) + log

(
4

δ

)])
.

Then, we have

P
(
∃t, s ≥ 1 : Ψ(Pt, Qs) ≤ Ψ(P,Q)− κXt − κYs

)
≤ δ/2. (4.42)

When it exists, the cumulant generating function of any mean-zero random variableZ scales
quadratically near zero—specifically, it is easy to check that limλ→0 log(E exp(λZ))/(λ2/2) =
Var(Z). Thus, the inverse of its Legendre-Fenchel transform typically scales as the square root
function near zero. The upper confidence sequences in Proposition 21 thus typically scale at
the parametric rate up to a necessary iterated logarithmic factor.

Proof of Proposition 21. To prove part (i), define for this proof only,

ηt = (ψ∗
Φ)

−1

(
2

t

[
log ℓ(log2 t) + log(2/δ)

])
.

Furthermore, let uj = 2j for all j ∈ N0. By Proposition 16, (Rt) minorizes (Nt) thus

P(∃t ≥ 1 : Φ(Pt) ≤ Φ(P )− ηt) ≤ P (∃t ≥ 1 : −Rt ≥ ηt)
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≤ P

 ⋃
j∈N0

{
∃t ∈ {uj , . . . , uj+1} : −Rt ≥ ηt

}
≤ P

 ⋃
j∈N0

{
∃t ∈ {uj , . . . , uj+1} : −Rt ≥ (ψ∗

Φ)
−1

(
2

uj+1
[log ℓ(j + 1) + log(2/δ)]

)} ,

(4.43)

where on the last line, we used the fact that (ψ∗
Φ)

−1 is nondecreasing. Now, (Rt) is a reverse
martingale with respect to (EXt ), whence (exp(−λRt))∞t=1 is a reverse submartingale for any
fixed λ ∈ [0, t0λmax). Applying Theorem 13 similarly as in the proof of Proposition 15, we
therefore obtain for all u > 0 and t0 ≥ 1,

P
(
∃t ≥ t0 : −Rt ≥ u

)
= inf

λ∈[0,t0λmax)
P
(
∃t ≥ t0 : exp(−λRt) ≥ eλu

)
≤ inf

λ∈[0,t0λmax)
exp(−λu)E [exp(−λRt0)]

≤ inf
λ∈[0,t0λmax)

exp
{
− λu+ t0ψΦ(λ/t0)

}
≤ inf

λ∈[0,t0λmax)
exp

{
− t0[(λ/t0)u− ψΦ(λ/t0)]

}
= inf

λ∈[0,λmax)
exp

{
− t0[λu− ψΦ(λ)]

}
= exp

{
− t0ψ

∗
Φ(u)

}
.

Returning to equation (4.43), we deduce

P(∃t ≥ 1 : Φ(Pt) ≤ Φ(P )− ηt) ≤
∞∑
j=0

exp

{
− 2uj
uj+1

[log ℓ(j + 1) + log(2/δ)]

}

≤
∞∑
j=0

exp {− [log ℓ(j + 1) + log(2/δ)]} =

∞∑
j=0

δ/2

ℓ(j + 1)
≤ δ

2
.

The proof of claim (i) follows. The proof of part (ii) follows by a similar probability bound for
each of −RXt and −RYs at level δ/4, combined with a union bound.

Proof of Corollary 8. By Hoeffding’s Lemma, we may take ψΦ(λ) = λ2B2/8 for all
λ ∈ R+, thus, (ψ∗

Φ)
−1(λ) =

√
B2λ/2, and similarly for the two-sample case. The claim

follows directly from Proposition 21.

4.C.3 Proofs from Subsection 4.3.3

Proof of Proposition 17. Assume first that P(
⋃∞
t,s=1Ats) ≤ δ. Let η = (T, S) be any random

time. Then

ATS =

( ∞⋃
t=1

∞⋃
s=1

Ats ∩ {η = (t, s)}

)



Chapter 4. Sequential Estimation of Optimal Transport Costs 182

∪

( ∞⋃
t=1

At∞ ∩ {η = (t,∞)}

)

∪

( ∞⋃
s=1

A∞s ∩ {η = (∞, s)}

)
∪ (A∞∞ ∩ {η = (∞,∞)}) .

Since A∞∞, At∞, A∞s ⊆
⋃∞
t,s=1Ats, we deduce that ATS ⊆

⋃∞
t,s=1Ats, implying that

P(ATS) ≤ δ. Thus (i) implies (iii). It is also clear that (iii) implies (ii), thus it remains to
prove that (ii) implies (i). To this end, assume P(Aτσ) ≤ δ for any stopping time (τ, σ). For
any ω ∈ Ω, let

I(ω) =
{
(t, s) ∈ N2 : ω ∈ Ats and ω ̸∈ At′s′ ,∀(t′, s′) ∈ N2, (t′, s′) < (t, s)

}
.

We may then define

(τ(ω), σ(ω)) =

(∞,∞), I(ω) = ∅
argmin
(t,s)∈I(ω)

t, |I(ω)| ≥ 1 .

The minimizer in the above display is unique and unambiguous, because when I(ω) has
cardinality greater or equal to 2, any of its distinct elements (t, s) and (t′, s′) must have t ̸= t′

and s ̸= s′ by construction; for example, (t, s) and (t, s′) cannot both be elements of I(ω)
for s ̸= s′. Notice that (τ, σ) is a stopping time with respect to (Fts) because At′s′ ∈ Fts for
all (t′, s′) ≤ (t, s). Furthermore, its definition guarantees

⋃∞
t,s=1Ats ⊆ Aτσ . We deduce by

assumption that P(
⋃∞
t,s=1Ats) ≤ δ, as claimed.

We note that our precise definitions of the events At∞ and A∞s, for t, s ≥ 1, was not
crucial in the preceding argument.

4.D Proofs from Section 4.4

4.D.1 Proofs from Subsection 4.4.1

Proof of Corollary 9. By the DKW inequality, for all u > 0, we have

P
(
∥Ft − F∥∞ ≥ u

)
≤ 2e−2tu2 .

Therefore,

E[∥Ft − F∥∞] =

ˆ ∞

0
P(∥Ft − F∥∞ ≥ u)du ≤ 2

ˆ ∞

0
e−2tu2du =

√
π

2t
.

Furthermore, it is a straightforward observation that the map

(x1, . . . , xt) ∈ Rt 7→ sup
x∈R

∣∣∣∣∣1t
t∑
i=1

I(xi ≤ x)− F (x)

∣∣∣∣∣
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satisfies the bounded differences property with parameters L1 = · · · = Lt = 1/t. McDiarmid’s
inequality (Theorem 16) therefore implies the bound

P
(∣∣ ∥Ft − F∥∞ − E ∥Ft − F∥∞

∣∣ ≥ u
)
≤ 2e−2tu2 , u > 0.

Lemma 32 then implies that ∥Ft − F∥∞ is a (2/t)-sub-Gaussian random variable.

Now, notice that DJ (Pt∥P ) = ∥Ft − F∥∞ is an IPM over the class J = {(−∞, x] : x ∈
R}, and in particular DJ is convex by Lemma 31. We may therefore apply Corollary 6 to the
process Nt = DJ (Pt∥P ), t ≥ 1, to obtain the claim. □

Proof of Corollary 10. By the triangle inequality,

Mts := ∥Ft −Gs∥∞ − ∥F −G∥∞ ≤ ∥Gs −G∥∞ + ∥Ft − F∥∞ ,

so that EMts ≤
√
π/2t +

√
π/2s, by the same argument as in the proof of Corollary 9.

Furthermore, the map

(x1, . . . , xt, y1, . . . , ys) 7→ sup
x∈R

∣∣∣∣∣1t
t∑
i=1

I(xi ≤ x)− 1

s

s∑
i=1

I(yi ≤ x)

∣∣∣∣∣ ,
satisfies the bounded differences property with parameters L1 = · · · = Lt = 1/t and Lt+1 =
· · · = Lt+s = 1/s. Therefore, McDiarmid’s inequality implies

P
(
|Mts − EMts| ≥ u

)
≤ 2 exp(−2tsu2/(s+ t)), u > 0.

It now follows similarly as in the proof of Corollary 9 that Mts is sub-Gaussian with parameter
2(t + s)/ts. Applying Corollary 6 leads to the bound P(∃t, s ≥ 1 : Mts ≥ γts) ≤ δ/2.
Furthermore, from Corollary 8, P(∃t, s ≥ 1 : Mts ≤ −κts) ≤ δ/2. Applying a union bound
leads to the claim.

To prove the validity of the test, notice simply that under the null F = G, the aforemen-
tioned bound reduces to P(∃t, s ≥ 1 : ∥Ft −Gs∥∞ ≥ γts) ≤ δ/2.

4.D.2 Proofs from Subsection 4.4.2

Proof of Corollary 11 The proof of Theorem 7 (equation (16)) of Gretton et al. (2012) yields
the expectation bound

E
∣∣MMD(Pt, Qs)− MMD(P,Q)

∣∣ ≤ 2
[
(B/t)1/2 + (B/s)1/2

]
.

Further, the following concentration bound follows from equation (15) of Gretton et al. (2012):

P
(∣∣MMD(Pt, Qs)− E[MMD(P,Q)]

∣∣ ≥ u
)
≤ 2 exp

{
− tsu2

2B(t+ s)

}
, u > 0.
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Therefore, Lemma 32 implies that MMD(Pt, Qs) is 8B(t+s)
ts -sub-Gaussian. Finally, MMD is

an IPM by its definition, and is therefore convex by Lemma 31. Combining these facts with
Corollary 6, applied to the process Mts = MMD(Pt, Qs)−MMD(P,Q), leads to the bound

P(∃t, s ≥ 1 : MMD(Pt, Qs)−MMD(P,Q) ≥ γts) ≤ δ/2.

To obtain an upper confidence sequence, notice that the set J = {f ∈ H : ∥f∥H ≤ 1} consists
of functions taking values in the interval [−

√
B,

√
B]. Indeed, for all f ∈ J , x ∈ Rd,

|f(x)| = |⟨f,K(x, ·)⟩H| ≤ ∥f∥H ∥K(x, ·)∥H ≤
√
K(x, x) ≤

√
B.

Applying Corollary 8, we thus have

P(∃t, s ≥ 1 : MMD(Pt, Qs)−MMD(P,Q) ≤ −2
√
Bκts) ≤ δ/2.

Applying a union bound leads to the claim.

Thus far we have studied the plugin estimator MMD2(Pt, Qs), which is known to be a
biased estimator of MMD2(P,Q). The following unbiased estimator, which we state only
in the case t = s, is widely-used and is obtained by replacing the V-statistic in (4.31) by the
following U-Statistic

M̂2
t =

1

t(t− 1)

∑
i ̸=j

J̃(Zi, Zj), (4.44)

where J̃((x, y), (x′, y′)) = K(x, x′) +K(y, y′)−K(x, y′)−K(x′, y). The process M̂t does
not admit a simple characterization as a convex functional of the empirical measures Pt and
Qt, thus Theorem 15 and Proposition 21 cannot be directly applied. U-Statistics are, however,
known to be reverse martingales, as discussed in Section 4.4.2, implying that M̂2

t is a reverse
martingale. While this does not imply that M̂t − MMD(P,Q) is a reverse submartingale,
Theorem 15 can be applied directly to the mean-zero process M̂2

t −MMD2(P,Q).

Proposition 22. Under the same conditions as Corollary 11, we have for all δ ∈ (0, 1),

P

(
∃t ≥ 1 : M̂2

t ≥ MMD2(P,Q) + 16B

√
1

t− 1

[
log ℓ(log2 t) + log(1/δ)

])
≤ δ.

Unlike equation (4.32), Proposition 22 does not lead to a confidence sequence forMMD2(P,Q)
scaling at the rate O(log log t/t) when P = Q. We therefore recommend the use of the plugin
estimator MMD(Pt, Qs) and Corollary 11 when a confidence sequence is needed in practice.

Proof of Proposition 22. By Theorem 10 of Gretton et al. (2012) and Lemma 32, one can
infer similarly as in the proof of Corollary 11 that M̂2

t is (32B2/t)-sub-Gaussian, where t =
⌊t/2⌋. The claim then follows by the same proof technique as Theorem 15 and Corollary 6, using
the fact that M̂2

t is a reverse martingale, and using the inequality ⌈⌊t/2⌋/2⌉ ≥ (t− 1)/4.

We close this section with a proof of Proposition 18.
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Proof of Proposition 18. Let ν ∈ P(X ) be any fixed reference measure. By Mercer’s
Theorem (see for instance Christmann and Steinwart (2008), Theorem 4.49), a continuous,
symmetric, and positive definite kernel h admits the representation

h(x, y) =

∞∑
i=0

λiψi(x)ψi(y), x, y ∈ X ,

where (λi)i≥0 ⊆ ℓ2 ≡ ℓ2(N0) is the sequence of eigenvalues corresponding to the Hilbert-
Schmidt operator f ∈ L2(ν) 7→

´
h(·, y)f(y)dν(y), and (ψi)i≥0 ⊆ L2(ν) is a corresponding

sequence of eigenfunctions. It follows that one may write for any µ ∈ P(X ),

√
Φ(µ) =

√¨
h(x, y)dµ(x)dµ(y) =

√√√√ ∞∑
i=0

λi

(ˆ
ψidµ

)2

=

∥∥∥∥∥
(√

λi

ˆ
ψidµ

)
i≥0

∥∥∥∥∥
ℓ2

,

The right-hand side of the above display is a composition of the convex map ∥·∥ℓ2 with the affine
map µ ∈ V 7→

(√
λi
´
ψidµ

)
i≥0

∈ ℓ2, where V is the vector space of finite signed measures
on (X ,B(X )). It follows that the functional

√
Φ(·) is itself convex. Since this functional is also

nonnegative, and the square function is convex and increasing on R+, it is straightforward to
verify that the functional Φ(·) is likewise convex. The claim then follows from Theorem 14.

4.D.3 Proofs from Subsection 4.4.3

Proof of Corollary 12. We will make use of the Kantorovich duality (cf. Section 4.2.1) to
show that the map

G : (x1, . . . , xt, y1, . . . , ys) ∈ X t+s

7→ Tc

1

t

t∑
i=1

δxi ,
1

s

s∑
j=1

δyj

 = sup
(f,g)∈Mc

1

t

t∑
i=1

f(xi) +
1

s

s∑
j=1

g(yj),

satisfies the bounded differences property. This generalizes the one-sample analogue proven for
instance by Weed and Bach (2019) (Proposition 20). Let 1 ≤ k ≤ t, and x1, x̃1, . . . , xt, x̃t ∈ X
be such that x̃i = xi for all i ̸= k. Furthermore, let y1, . . . , ys ∈ X . Let (f0, g0) ∈ Mc denote
optimal Kantorovich potentials satisfying

Tc

1

t

t∑
i=1

δxi ,
1

s

s∑
j=1

δyj

 =
1

t

t∑
i=1

f0(xi) +
1

s

s∑
j=1

g0(yj).

Furthermore, recall from Section 4.2.1 that we may (and do) choose (f0, g0) such that 0 ≤ f0 ≤
∆ and −∆ ≤ g0 ≤ 0. Then,

G(x1, . . . , xt, y1, . . . , ys)−G(x̃1, . . . , x̃t, y1, . . . , ys)

≤ 1

t

t∑
i=1

f0(xi) +
1

s

s∑
j=1

g0(yj)−
1

t

t∑
i=1

f0(x̃i)−
1

s

s∑
j=1

g0(yj)
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≤ 1

t
[f0(xk)− f0(x̃k)] ≤ ∆/t.

Repeating a symmetric argument, we obtain

|G(x1, . . . , xt, y1, . . . , ys)−G(x̃1, . . . , x̃t, y1, . . . , ys)| ≤ ∆/t.

We similarly have that for all ỹ1, . . . , ỹs ∈ X , satisfying ỹi = yi for all i ̸= k,

|G(x1, . . . , xt, y1, . . . , ys)−G(x1, . . . , xt, ỹ1, . . . , ỹs)| ≤ ∆/s.

We deduce thatG satisfies the bounded differences property with parameters L1 = · · · = Lt =
∆/t and Lt+1 = . . . Lt+s = ∆/s. McDiarmid’s inequality then implies

P
(
|Tc(Pt, Qs)− ETc(Pt, Qs)| ≥ u

)
≤ 2 exp

{
− 2tsu2

(t+ s)∆2

}
, u > 0.

It follows that Tc(Pt, Qs) is 2∆2(t+s)
ts -sub-Gaussian by Lemma 32. Since Tc is convex, applying

Corollary 6 yields

P

(
∃t, s ≥ 1 : Tc(Pt, Qs)− Tc(P,Q) ≥ αc,ts

+ 2∆

√
2(t+ s)

ts

[
log g(log2 t+ log2 s) + log(2/δ)

])
≤ δ/2.

Furthermore, Corollary 8 and the Kantorovich duality immediately lead to the bound

P(∃t, s ≥ 1 : Tc(Pt, Qs)− Tc(P,Q) ≤ −∆κts) ≤ δ/2.

The claim follows.

4.D.4 Proofs from Subsection 4.4.4

Proof of Proposition 19. We repeat a similar stitching argument as that of the proof of
Theorem 15. LetNt = KL(Pt∥P ), t ≥ 1. (Nt) forms a reverse submartingale by Lemma 31 and
Theorem 14, implying by Jensen’s inequality that for any integer t1 ≥ 1,

(
exp(t1λt1Nt)

)∞
t=1

is a reverse submartingale. Therefore, following along similar lines as the proof of Theorem 15,
and applying Theorem 13, we have for all y > 0 and all integers t0 ≥ 1,

P
(
∃t ≥ t0 : Nt ≥ y

)
= P

(
∃t ≥ t0 : exp(λt1t1Nt) ≥ exp(λt1t1y)

)
≤ E[exp(−yt1λt1 + t1λt1Nt0)] ≤ exp(−yt1λt1)Gk,t0(t1λt1/t0).

Now, letting uj = 2j for all integers j ≥ 0, and γt = 1
λtt

log
(
δ−1Gk,⌊t/2⌋(2λt)ℓ(log2 t)

)
, we

obtain

P (∃t ≥ 1 : Nt ≥ γt) ≤ P

 ∞⋃
j=0

{
∃t ∈ {uj , . . . , uj+1} : Nt ≥ γt

}
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≤ P

 ∞⋃
j=0

{
∃t ∈ {uj , . . . , uj+1} : Nt ≥ γuj+1

}
≤

∞∑
j=0

exp
{
−uj+1γuj+1λuj+1

}
Gk,uj (2λuj+1) ≤

∞∑
j=0

δ

ℓ(j + 1)
≤ δ,

where on the final line, we used the fact that Gk,t(λ) increases with t for all fixed k ≥ 2, λ ∈
[0, 1] (Guo and Richardson (2020), Lemma 1). The claim follows.

Proof of Corollary 13. By Berend and Kontorovich (2013), Eq. (17), and references therein,
we have

P
(
∥Pt − P∥TV − E

[
∥Pt − P∥TV

]
≥ u

)
≤ 2 exp(−2tu2), u > 0,

implying that ∥Pt − P∥TV is (2/t)-sub-Gaussian. Furthermore, Lemma 7 of Kamath et al.
(2015) implies

E[∥Pt − P∥TV] ≤
√

k

2πt
+ 2

(
k

t

) 3
4

.

Finally, ∥·∥TV forms a convex divergence by Lemma 31. The claim now follows by Corollary 6.

4.D.5 Proofs from Subsection 4.4.5

We shall make use of the following result due to Bobkov and Götze (1999).

Lemma 34 (Bobkov and Götze (1999), Theorem 1.3). Let d denote a metric on X . Then, a
measure µ ∈ P1(X ) satisfies the T1(σ2) inequality with respect to d if and only if f(X) is
σ2-sub-Gaussian for all functions f : X → R which are 1-Lipschitz with respect to d.

Proof of Proposition 20. To prove part (i), it is straightforward to show that the map

G : (x1, . . . , xt) ∈ Rt×d 7−→

∥∥∥∥∥1t
t∑
i=1

(δxi − P )

∥∥∥∥∥
σ

TV

,

satisfies the bounded differences property. Indeed, given 1 ≤ j ≤ t, let x1, x̃1, . . . , xt, x̃t ∈ Rd,
such that xi = x̃i for all i ̸= j. Then, the triangle inequality implies

|G(x1, . . . , xt)−G(x̃1, . . . , x̃t)| ≤ sup
A∈B(Rd)

∣∣∣∣∣
(
1

t

t∑
i=1

δxi ⋆Kσ

)
(A)−

(
1

t

t∑
i=1

δx̃i ⋆Kσ

)
(A)

∣∣∣∣∣
≤ 1

t
sup

A∈B(Rd)

ˆ
A
|Kσ(x− xj)−Kσ(x− x̃j)| dx

≤ 1

t
sup

A∈B(Rd)

ˆ
A

[
Kσ(x− xj) +Kσ(x− x̃j)

]
dx ≤ 2/t.
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Therefore, by McDiarmid’s Inequality (Theorem 16), we have

P
(∣∣ ∥Pt − P∥σTV − E ∥Pt − P∥σTV

∣∣ ≥ u
)
≤ 2 exp(−tu2/2), u > 0.

It follows from Lemma 32 that ∥Pt − P∥σTV is 8t-sub-Gaussian. Furthermore, Goldfeld et al.
(2020) show that E ∥Pt − P∥σTV ≤ cdt

−1/2/
√
2. Finally, the Total Variation distance is convex

by Lemma 31, thus ∥·∥σTV is also convex. The first claim now follows from Corollary 6.

To prove the second claim, we show similarly as Niles-Weed and Rigollet (2022) that the
map

G : (x1, . . . , xt) ∈ Rt×d 7−→ tW σ
1

(
1

t

t∑
i=1

δxi , P

)
,

is Lipschitz with respect to the metric ct(x, y) :=
∑t

i=1 ∥xi − yi∥2 on Rd×t, where x =
(x1, . . . , xt), y = (y1, . . . , yt) ∈ Rd×t. Let J denote the set of 1-Lipschitz functions on Rd,
and recall that the W1 distance coincides with the IPM generated by J , by the Kantorovich-
Rubinstein duality. We thus have, by the triangle inequality for W1,

|G(x)−G(y)| ≤ tW1

((
1

t

t∑
i=1

δxi

)
⋆Kσ,

(
1

t

t∑
i=1

δyi

)
⋆Kσ

)

= t sup
f∈J

ˆ
fd

(
1

t

t∑
i=1

(δxi ⋆Kσ − δyi ⋆Kσ)

)

= sup
f∈J

t∑
i=1

[
(f ⋆ Kσ)(xi)− (f ⋆ Kσ)(yi)

]
= sup

f∈J

t∑
i=1

ˆ
[f(xi − z)− f(yi − z)]Kσ(z)dz

≤
t∑
i=1

∥xi − yi∥2
ˆ
Kσ(z)dz = ct(x, y).

We deduce that G is 1-Lipschitz with respect to ct. Furthermore, by Gozlan and Léonard (2010),
Proposition 1.9, the product measure P⊗t satisfies the T1(tτ2) inequality over Rd×t with
respect to ct. Therefore,G(X1, . . . , Xt) = tW σ

1 (Pt, P ) is (tτ2)-sub-Gaussian by Lemma 34, i.e.
W σ

1 (Pt, P ) is (τ2/t)-sub-Gaussian. Furthermore, EW σ
1 (Pt, P ) ≤ Cdt

−1/2/
√
2 by Goldfeld

et al. (2020). Applying Corollary 6 leads to the claim.

Proof of Corollary 14. Since P is supported in [−1, 1]d, Proposition 5 of Polyanskiy and
Wu (2016) implies

|h(Pt ⋆Kσ)− h(P ⋆Kσ)| ≤
1

2σ2

(
|µt − µ|+ 2

√
dW σ

1 (Pt, P )
)
, (4.45)

where µt =
´
xdPt(x) and µ =

´
xdP (x). Notice that P is 1-sub-Gaussian by Hoeffding’s

Lemma, and thus also satisfies the T1(1) inequality (by Lemma 34). By Corollary 16 (see also
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the discussion thereafter), we have

∀t ≥ 1 : |µt − µ| ≤ 2

√
1

t

[
log ℓ(log2 t) + log(4/δ)

]
, with probability at least 1− δ/2,

and by Corollary 20,

∀t ≥ 1 :W σ
1 (Pt, P ) ≤

Cd√
t
+2

√
1

t

[
log ℓ(log2 t) + log(2/δ)

]
, with probability at least 1−δ/2.

By a union bound and equation (4.45), it follows that with probability at least 1− δ, we have
uniformly in t ≥ 1,

|h(Pt ⋆Kσ)− h(P ⋆Kσ)| ≤
1

2σ2

{
|µt − µ|+ 2

√
dW σ

1 (Pt, P )
}

≤ 1

2σ2

{
(2 + 4

√
d)

√
1

t

[
log ℓ(log2 t) + log(4/δ)

]
+

2
√
dCd√
t

}

≤ 3
√
d

σ2

√
1

t

[
log ℓ(log2 t) + log(4/δ)

]
+

√
dCd√
tσ2

,

as claimed.

4.D.6 Proofs from Subsection 4.4.6

Proof of Corollary 15. Notice that

sup
f∈F

|R(f)−Rt(f)| = sup
f∈F

∣∣∣∣ˆ I(f(x) ̸= y)d(P − Pt)(x, y)

∣∣∣∣ = DJ (Pt∥P ),

where DJ is the IPM generated by the class J = {(x, y) 7→ I(f(x) ̸= y) : f ∈ F}. Since
the functions in J are uniformly bounded by 1, if follows by the same argument as in the
proof of Corollary 9 that that DJ (Pt∥P ) is (2/t)-sub-Gaussian. Furthermore, a standard
symmetrization argument (see for instance equation (4.18) of Wainwright (2019)) implies

E[DJ (Pt∥P )] ≤ 2Rt(J ) = Rt(F),

where the final equality follows from Lemma 3.4 of Mohri, Rostamizadeh, and Talwalkar (2018).
By Corollary 6, we deduce

P

(
∃t ≥ 1 : DJ (Pt∥P ) ≥ Rt̄(F) + 2

√
2

t

[
log ℓ(log2 t) + log(1/δ)

])
≤ δ,

which readily implies the first claim. To prove the second, abbreviate R̂t(F) by R̂t, and let

R̂i
t = Eεt+1

sup
f∈F

1

t

∣∣∣∣∣∣∣∣
t+1∑
j=1
j ̸=i

ϵjf(Xj)

∣∣∣∣∣∣∣∣
 , i = 1, . . . , t+ 1.
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Then,

R̂t+1 = Eεt+1

sup
f∈F

1

t+ 1

∣∣∣∣∣∣
t+1∑
j=1

ϵjf(Xj)

∣∣∣∣∣∣
 = Eεt+1

sup
f∈F

1

t+ 1

∣∣∣∣∣∣∣∣
t+1∑
i=1

1

t

t+1∑
j=1
j ̸=i

ϵjf(Xj)

∣∣∣∣∣∣∣∣


≤ 1

t+ 1

t+1∑
i=1

Eεt+1

sup
f∈F

1

t

∣∣∣∣∣∣∣∣
t+1∑
j=1
j ̸=i

ϵjf(Xj)

∣∣∣∣∣∣∣∣
 =

1

t+ 1

t+1∑
i=1

R̂i
t,

implying that (R̂t) satisfies the leave-one-out property in equation (4.16). It follows from
Proposition 14 that (R̂t) is a reverse submartingale with respect to the exchangeable filtration
(EXt ). Thus, Theorem 15 and Corollary 6 can be invoked with (Nt) replaced by (R̂t). Fur-
thermore, it can again be deduced as before that R̂t is (8/t)-sub-Gaussian, and has mean Rt.
Corollary 6 thus leads to the claim.

4.D.7 Proofs from Subsection 4.4.7

Let Aγ be a γ-cover of Sd−1
⋆ of size Nγ . By a straightforward covering argument, notice that

for any ν ∈ Sd−1
⋆ , there exists ν0 ∈ Aγ such that ∥ν − ν0∥∗ ≤ γ thus

ν⊤X = (ν − ν0)
⊤X + ν⊤0 X ≤ γ ∥X∥+ ν⊤0 X,

whence
∥X∥ = sup

ν∈Sd−1
⋆

ν⊤X ≤ γ ∥X∥+ max
ν∈Aγ

ν⊤X,

implying that ∥X∥ ≤ 1
1−γ maxν∈Aγ ν

⊤X. We deduce that for all λ ≥ 0,

E [exp (λ ∥µt − µ∥)] ≤ E
[
exp

(
λ

1− γ
max
ν∈Aγ

ν⊤(µt − µ)

)]
≤
∑
ν∈Aγ

E
[
exp

(
λ

1− γ
ν⊤(µt − µ)

)]

=
∑
ν∈Aγ

(
E
[
exp

(
λ

t(1− γ)
ν⊤(X − µ)

)])t
≤ Nγ exp

(
tψ

(
λ

t(1− γ)

))
.

where we extend the definition of the convex function ψ to R+ by setting ψ(λ) = ∞ for all
λ ≥ λmax. We deduce that an upper bound on the cumulant generating function of ∥µt − µ∥
is given by

ψt(λ) = logNγ + tψ

(
λ

t(1− γ)

)
, λ ≥ 0,
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It is readily seen that for all x ∈ R and all λ ≥ 0,

ψ∗
t (x) = − logNγ + tψ∗((1− γ)x

)
,
(
ψ∗
t

)−1
(λ) =

1

1− γ
(ψ∗)−1

(
λ+ logNγ

t

)
.

Finally, notice that the functional Φ(Q) =
∥∥´ xdQ(x)− µ

∥∥ is convex, thus we may apply
Theorem 15 to deduce that for all δ ∈ (0, 1),

P
{
∃t ≥ 1 : ∥µt − µ∥ ≥ 1

1− γ
(ψ

∗
)−1

(
log ℓ(log2 t) + log(1/δ) + logNγ

⌈t/2⌉

)}
≤ δ.

The claim follows.

4.D.8 Proofs from Subsection 4.4.8

Proof of Corollary 17. Let η, α > 1, and set uk = ⌈ηk⌉ for all k ≥ 0. Define ℓ(k) =
(1 ∨ kα)ζ(α), where ζ(α) =

∑∞
k=1

1
kα and α > 1. From the proof of Theorem 17, for the

process Nt = D(Pt∥P ) in the special case of sub-Gaussian tails ψt(λ) = λE(Nt) + λ2σ2/2t,
it can be seen that P(Ak) ≤ δ/ℓ(k + 1), where, for all k = 0, 1, . . . ,

Ak =

{
∃uk ≤ t ≤ uk+1 : Nt > E

(
N⌈t/⌈η⌉⌉

)
+

√
2σ2

⌈t/⌈η⌉⌉

[
log ℓ(logη t) + log(1/δ)

]}
.

Thus, by definition of ℓ and by the first Borel-Cantelli Lemma, we have P(lim supk→∞Ak) = 0.
Therefore,

P

{
Nt ≤ E

(
N⌈t/⌈η⌉⌉

)
+

√
2σ2

⌈t/⌈η⌉⌉

[
log ℓ(logη t) + log(1/δ)

]
eventually

}
= 1.

Note that for all t ≥ η,

log ℓ(logη t) = α log logη t+ log ζ(α) = α log log t− α log log η + log ζ(α).

Therefore, we have almost surely,

lim sup
t→∞

D(Pt∥P )

E
(
N⌈t/⌈η⌉⌉

)
+

√
2σ2

⌈t/⌈η⌉⌉

[
α log log t− α log log η + log ζ(α) + log(1/δ)

] ≤ 1,

whence, by assumption on ENt and by the fact that δ, α, η are fixed, we obtain

lim sup
t→∞

D(Pt∥P )√
2σ2

⌈t/⌈η⌉⌉α log log t
≤ 1 a.s.

Since we may choose η and α arbitrarily close to 1, the claim follows.
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Chapter 5

Plugin Estimation of Smooth
Optimal Transport Maps

5.1 Introduction

In this chapter, we momentarily pause our study of optimal transport costs, and turn our
attention to the related question of estimating Brenier maps. As we have already discussed in
Chapter 1, Brenier maps have found a wide range of recent methodological applications, in
which they need to be estimated from data. Our aim will be to define several natural estimators
of Brenier maps, and to show that they are minimax optimal.

Let us briefly recall the definition of a Brenier map. Given two absolutely continuous
probability distributions P,Q ∈ Pac(Ω), with support contained in a compact set Ω ⊆ Rd, the
Brenier map, or (quadratic) optimal transport map, from P to Q is the P -almost everywhere
uniquely defined solution T0 to the Monge problem,

argmin
T∈T (P,Q)

ˆ
Ω
∥x− T (x)∥2 dP (x), (5.1)

where we recall that T (P,Q) is the set of transport maps between P and Q. As we have seen
in Theorem 2, the unique solution T0 to the above optimization problem takes the form of the
gradient of a convex function φ0, i.e. T0 = ∇φ0. Unlike T0, the map φ0 is not unique, and any
allowable choice of such convex function is referred to as a Brenier potential.

For the statistical applications we have in mind, the distributions P and Q are typically
unknown, and we assume the practitioner has access to i.i.d. samples X1, . . . , Xn ∼ P and
Y1, . . . , Ym ∼ Q. Our aim is to derive estimators T̂nm which achieve the minimax rate of
convergence1, under the loss function∥∥T̂nm − T0

∥∥2
L2(P )

=

ˆ
Ω

∥∥T̂nm(x)− T0(x)
∥∥2dP (x). (5.2)

1Here and throughout, minimax rate-optimality is tacitly understood up to polylogarithmic factors.
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The theoretical study of such estimators was recently initiated by Hütter and Rigollet (2021),
who proved that for any estimator T̂nm with n = m,

sup
(P,Q)

E
∥∥T̂nm − T0

∥∥2
L2(P )

≳ n−
2α

2(α−1)+d ∨ 1

n
, (5.3)

where the supremum is taken over all pairs of distributions (P,Q) admitting densities bounded
away from zero over a compact set Ω, for which T0 lies in an α-Hölder ball for some α ≥ 1,
and satisfies a key curvature condition A1(λ) which we define below. The lower bound (5.3) is
reminiscent of, but generally faster than, the classical n−2α/(2α+d) minimax rate of estimating
an α-Hölder continuous nonparametric regression function (Tsybakov, 2008), and is shown
by Hütter and Rigollet (2021) to be achievable up to a polylogarithmic factor. Nevertheless,
their estimator is computationally intractable in general dimension, and their work leaves
open the question of developing practical optimal transport map estimators which achieve
comparable risk.

In this chapter, we establish the minimax optimality of several natural and intuitive estima-
tors of optimal transport maps, several of which have already been proposed in the statistical
optimal transport literature, but have resisted sharp statistical analyses thus far. We focus on
the following two classes of plugin estimators.

(i) Empirical Estimators. When no smoothness assumptions are placed on P and Q, it is
natural to study the plugin estimator based on the empirical measures

Pn =
1

n

n∑
i=1

δXi , and Qm =
1

m

m∑
j=1

δYj .

In the special case n = m, there is an optimal transport map Tnm from Pn to Qm, and
more generally there is an optimal coupling of these measures. While the in-sample
estimator Tnm is only defined over the support of Pn, we readily obtain estimators
defined over the entire domain by casting the extension problem as one of nonparametric
regression. We show how linear smoothers and least-squares estimators can be used to
interpolate Tnm, leading to estimators T̂nm defined over Ω. Such estimators are new in
the literature to the best of our knowledge, and achieve the minimax rate for estimating
Lipschitz optimal transport maps T0.

(ii) Smooth Estimators. In order to obtain faster rates of convergence when P andQ admit
smooth densities p and q, we next analyze the risk of the unique optimal transport map
between kernel or wavelet density estimators of p and q. In contrast to our empirical
optimal transport map estimators, we show that such smooth plugin estimators are
able to take advantage of additional regularity of the densities p and q, and achieve
minimax-optimal rates when these densities are Hölder smooth.

While our emphasis is on optimal transport maps, it will turn out that our analysis also leads
to new convergence rates for various plugin estimators of the 2-Wasserstein distance, which
could not have been deduced from our results in Chapter 3. Some of the results developed in
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this chapter will also play a very important role in our development of central limit theorems
for the 2-Wasserstein distance, a topic which we take up in Chapter 7 below.

Our Contributions. The primary contributions of this chapter are summarized as follows.

(i) In Sections 5.2 and 5.3, we develop new stability bounds which relate the risk of plugin
transport map estimators to the plugin density estimation risk, as measured in the
Wasserstein distance. These stability bounds are quite general and enable the analysis
of flexible, practical transport map estimators. The risk of density estimation under the
Wasserstein distance has been extensively studied (Niles-Weed and Berthet, 2022; Divol,
2021), and our stability bounds enable us to leverage this past work. Additionally, our
stability bounds enable the analysis of plugin estimators of the Wasserstein distance,
once again relating the risk in this problem to the plugin density estimation risk.

(ii) We build upon our stability bounds to analyze the risk of empirical, kernel-based and
wavelet-based transport map estimators in both the one-sample setup (where the source
distribution is known exactly, and the target distribution is sampled) and the two-sample
setup (where both the source and target distributions are sampled). The rates we obtain
are minimax optimal. For example, suppose that T̂n is the optimal transport map from P
to Q̂n, where Q̂n is a wavelet-estimator over the domain [0, 1]d. Then, whenever P and
Q admit (α − 1)-Hölder densities and satisfy several additional conditions, we show
that,

E
∥∥T̂n − T0

∥∥2
L2(P )

≲


n
− 2α

2(α−1)+d , d ≥ 3

(log n)2/n, d = 2

1/n, d = 1.

(5.4)

As we saw in Chapter 1, the Hölder smoothness of T0 is typically expected to be of one
degree greater than that of p and q, and thus our estimator achieves the minimax lower
bound (5.3) when these densities are (α − 1)-Hölder smooth, for any α > 12. In the
two-sample setting, we develop analogous minimax-optimal analyses, for the empirical
plugin estimator (Propositions 24–26) as well as for kernel-based and wavelet-based
plugin estimators (Theorems 22–20) when P and Q admit Hölder-smooth densities. In
the latter case, as we discuss further in the sequel, we avoid complications that arise in the
optimal transport problem due to boundary effects by working over the d-dimensional
flat torus.

(iii) In each of the above settings, we complement our results with upper bounds on the risk
of plugin estimators of the Wasserstein distance. For instance, in the smooth setting
discussed above, we show that,

E
∣∣W 2

2 (P, Q̂n)−W 2
2 (P,Q)

∣∣ ≲ ( 1

n

) 2α
2(α−1)+d

∨ 1√
n
. (5.5)

2As discussed in Appendix E of Hütter and Rigollet (2021), the minimax lower bound (5.3) also holds under such
smoothness conditions on the densities p and q, as opposed to smoothness conditions on T0.
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We also develop analogous results in the one and two-sample settings, for various
empirical and smooth plugin estimators. The above display implies that the Wasserstein
distance can be estimated at the parametric rate in any dimension, provided that the
smoothness exponent α of the underlying map satisfies 2(α+ 1) > d. In this regime, it
will turn out that W 2

2 (P, Q̂n) also enjoys a
√
n-central limit theorem centered around

its population counterpart; see Theorem 26 of Chapter 7 below.

Related Work. The two recent works of Hütter and Rigollet (2021) and Gunsilius and Xu
(2021) establish L2(P ) convergence rates for transport map estimators. Gunsilius and Xu (2021)
derives upper bounds on the risk of a plugin estimator for Brenier potentials, obtained via
kernel density estimation of p and q. This analysis results in suboptimal convergence rates for
the optimal transport map T0 itself. We show in this work that such plugin estimators do in
fact achieve the optimal convergence rate when the sampling domain is the d-dimensional
torus.

Building upon a construction of del Barrio et al. (2020), a consistent estimator of T0 was
obtained by De Lara, González-Sanz, and Loubes (2021) under mild assumptions, by regularizing
a piecewise constant approximation of the empirical optimal transport map Tn. We do not
know if quantitative convergence rates can be obtained for their estimator under stronger
assumptions. Beyond these works, a wide range of heuristic estimators have been proposed in
the literature (Perrot et al., 2016; Nath and Jawanpuria, 2020; Makkuva et al., 2020), but their
theoretical properties remain unknown to the best of our knowledge.

Rates of convergence for the problem of estimating Wasserstein distances have arguably
received more attention than that of estimating optimal transport maps; see Chapter 3 and
references therein. Although we showed in that chapter that the empirical plugin estimator of
the Wasserstein distance is minimax optimal up to polylogarithmic factor under no assumptions
on P and Q, it becomes suboptimal when P and Q have smooth densities. Niles-Weed and
Berthet (2022) derive the minimax rate of estimating smooth densities under the Wasserstein
distance, and we build upon their results, together with those of Divol (2021), to characterize
the risk of our density plugin estimators (cf. Sections 5.2.3, 5.3.3, and 5.3.4).

Finally, let us emphasize that during the final stages of preparation of a preprint containing
the main results of this chapter, we became aware of the independent work of Deb and
Sen (2021), and of the most recently revised version of the work of Ghosal and Sen (2022).
These papers bound the risk of certain plugin optimal transport map estimators that are
closely related to those in our work. In particular, assuming for simplicity that n = m,
they show that an estimator derived from the empirical plugin optimal transport coupling
achieves the n−(

1
2
∧ 2

d) convergence rate under the squared L2(Pn) loss up to polylogarithmic
factors. Our work establishes an analogous result using a distinct proof, but further shows that
empirical estimators achieve this rate in squared L2(P ) norm, once suitably extended using
nonparametric smoothers. We also sharpen this result to the rate n−(1∧

2
d) under additional

conditions. Deb and Sen (2021) also analyze the convergence rate of plugin estimators based on
wavelet and kernel density estimation. Their work shows that such estimators can achieve, for
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instance, the faster rate n−
(

1
2
∨ α

d+2(α−1)

)
, when the underlying densities lie in a (α− 1)-Hölder

ball for some α > 1. While this upper bound illustrates an improvement over empirical
estimators in the presence of smoothness, it scales at a quadratically slower rate than the
minimax rate (5.3). In contrast, our work shows that wavelet density plugin estimators do in

fact achieve the minimax rate n−
(
1∨ 2α

d+2(α−1)

)
(up to a polylogarithmic factor when d = 2).

We also extend this result to kernel density estimators, using a significantly different proof
strategy than Deb and Sen (2021). Finally, we emphasize that our sharp analysis of estimators
for the Wasserstein distance allows us to deduce that their bias is of lower order than their
variance when 2(α + 1) > d, which is a key component in our derivation of their limiting
distribution in Chapter 7 below.

5.2 The One-Sample Problem

Throughout this section, we let P ∈ Pac(Ω) denote a known distribution, and Q ∈ Pac(Ω)
denote an unknown distribution from which an i.i.d. sample Y1, . . . , Yn ∼ Q is observed.
Let p and q denote their respective densities, and let T0 = ∇φ0 denote the unique optimal
transport map from P to Q, with respect to a convex Brenier potential φ0. We also denote by
ϕ0 = ∥·∥2 − 2φ0 and ψ0 = ∥·∥2 − 2φ∗

0 the Kantorovich potentials induced by φ0. We assume
here and throughout the remainder of this chapter, except where otherwise specified, that the
set Ω ⊆ Rd satisfying the following condition.

(S1) Ω is a compact, convex set with nonempty interior such that Ω ⊆ [0, 1]d.

Notice that once Ω is assumed compact, the final assumption in condition (S1) can always
be guaranteed by rescaling. Furthermore, since diam(Ω) ≤ d under condition (S1), we may
assume without loss of generality that −d ≤ ϕ0 ≤ 0 and 0 ≤ ψ0 ≤ d over Ω (Villani (2003),
Remark 1.13).

Unlike the two-sample case which we discuss in Section 5.3, there exist canonical estimators
of T0 when the source distribution P is known. Indeed, since P is absolutely continuous,
Brenier’s Theorem implies that there exists a unique optimal transport map T̂ between P and
any estimator Q̂ of Q, and we analyze two such examples below. We first take Q̂ to be the
empirical measure of Q in Section 5.2.2, and show that the resulting estimator T̂ achieves the
minimax risk of estimating Lipschitz optimal transport maps, under essentially no smoothness
conditions on the underlying measures. In Section 5.2.3, we then take Q̂ to be a density
estimator, leading to an estimator T̂ achieving faster rates of convergence when Q admits a
smooth density. In both cases, our analysis will hinge upon known upper bounds on the risk
of Q̂ under the Wasserstein distance, by invoking a key stability bound which we turn to first.

5.2.1 A General Stability Bound

The main technical result of this section will be stated under the following curvature condition.

A1(λ) The Brenier potential φ0 is a convex function such that φ0 ∈ C2(Ω) and (1/λ)Id ⪯
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∇2φ0(x) ⪯ λId for all x ∈ Ω.

It can be seen that whenever condition A1(λ) holds for φ0, the same bounds also hold for φ∗
0.

Therefore, condition A1(λ) implies that T0 is λ-bi-Lipschitz over Ω. Furthermore, we note the
following simple result of Gigli (2011).

Lemma 35. Assume φ0 ∈ C2(Ω) and γ−1 ≤ p, q ≤ γ for some γ > 0. Then, there exists a
constant λ > 0, depending only on γ and ∥φ0∥C2(Ω), such that φ0 is (1/λ)-strongly convex.

Lemma 35 implies that when P and Q both admit densities which are bounded from above
and below over Ω, the second inequality of condition A1(λ) implies the first, up to suitably
inflating λ. Under this condition, we prove the following stability bounds in Appendix 5.B.

Theorem 18. Let P,Q ∈ Pac(Ω), and assume condition A1(λ) holds for some λ > 0. For any
Q̂ ∈ P(Ω), let T̂ = ∇φ̂ be the unique optimal transport map from P to Q̂. Then,

1

λ
∥T̂ − T0∥2L2(P ) ≤W 2

2 (P, Q̂)−W 2
2 (P,Q)−

ˆ
ψ0d(Q̂−Q) ≤ λW 2

2 (Q̂,Q). (5.6)

We make several remarks regarding Theorem 18.

• Caffarelli’s regularity theory (cf. Theorem 3) provides sufficient conditions on the smooth-
ness of P,Q and ∂Ω for assumption A1(λ) to hold, albeit for a non-universal constant
λ > 0. We note, however, that our assumption is considerably weaker. For instance,
condition A1(λ) is satisfied whenever P and Q differ by a location transformation,
irrespective of the regularity or positivity of their Lebesgue densities.

• We show in Section 7.2 that, under weaker assumptions than those of Theorem 18, the
map ψ0 − EQ[ψ0(Y )] is the efficient influence function of the functional Q ∈ P(Ω) 7→
W 2

2 (P,Q) with respect to the tangent space L2
0(Q). It follows that the linear functional

L(Q̂) =

ˆ
ψ0d(Q̂−Q) (5.7)

is the first-order term in the von Mises expansion of W 2
2 (P, Q̂) around W 2

2 (P,Q). The
upper bound of Theorem 18 implies that the remainder of this expansion decays quadrat-
ically in the topology induced by W2, a fact which we shall use to derive upper bounds
and limit laws for plugin estimators of the Wasserstein distance. This fact combined with
the lower bound of Theorem 18 further implies the following remarkable equivalence,

1

λ
∥T̂ − T0∥L2(P ) ≤W2(Q̂,Q) ≤ ∥T̂ − T0∥L2(P ). (5.8)

Notice that the second inequality always holds due to the fact that (T̂ , T0)#P is a
coupling of Q̂ and Q. Equation (5.8) thus shows that the transport cost of this coupling
is within a universal factor of being optimal, when the curvature condition A1(λ) is
in force. We use this result to obtain upper bounds on the risk of one-sample plugin
estimators T̂ by appealing to the corresponding risk of Q̂ under the Wasserstein distance.
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• When d = 1, it is easy to see by direct calculation that the inequalities (5.8) hold with
equality, with λ = 1, even without assumption A1(λ). For multivariate measures, weaker
analogues of equation (5.8), in which the left-hand side admits an exponent greater than
unity, have previously been derived by Mérigot, Delalande, and Chazal (2020); Delalande
and Merigot (2023). Those works adopted a weaker assumption than ours, however.

• Suppose that, in addition to the assumptions of Theorem 18, the measures Q and Q̂
are both absolutely continuous with respect to the Lebesgue measure, with respective
densities q and q̂ which satisfy γ−1 ≤ q, q̂ ≤ γ over Ω, for some γ > 0. In this setting, it
was shown by Peyre (2018) that the 2-Wasserstein distance is equivalent to the negative-
order homogeneous Sobolev norm ∥·∥Ḣ−1(Ω), in the sense that, under suitable conditions
on Ω,

γ−1∥q̂ − q∥2
Ḣ−1(Ω)

≲W 2
2 (Q̂,Q) ≲ γ∥q̂ − q∥2

Ḣ−1(Ω)
. (5.9)

Theorem 18 and the above display then imply

1

λγ
∥φ̂− φ0∥2Ḣ1(Ω)

≲W 2
2 (P, Q̂)−W 2

2 (P,Q)−
ˆ
ψ0d(Q̂−Q) ≲ λγ∥q̂ − q∥2

Ḣ−1(Ω)
.

It follows from the upper bound thatW 2
2 (P, ·), when viewed as a functional of q̂, is Fréchet

differentiable at q in the Ḣ−1(Ω) topology. It moreover implies that this functional is
strongly convex and smooth with respect to the duality of the spaces Ḣ−1(Ω) and
Ḣ1(Ω).

• Theorem 18 is stated in a form which is sufficient for our purposes, however it is not
the most general result possible. On the one hand, the assumption of boundedness on Ω
is superfluous: Theorem 18 continues to hold if Ω is an unbounded, closed, and convex
set, such as the entire Euclidean space Rd. It follows, for instance, that Theorem 18
is applicable whenever P and Q are strongly log-concave measures, in which case
assumption A1(λ) holds by Caffarelli’s contraction theorem (Caffarelli, 2000). On the
other hand, assumption A1(λ) can be weakened in the following way: the first inequality
of display (5.6) holds under the mere condition ∇2φ0 ⪯ λId, whereas the second holds
when ∇2φ0 ⪰ λ−1Id.

• Finally, one may also infer from Theorem 18 and the Kantorovich duality that,

1

2λ
∥∇φ̂−∇φ0∥2L2(P ) ≤

ˆ
(φ0−φ̂)dP+

ˆ
(φ∗

0−φ̂∗)dQ̂ ≤ λ

2
∥∇φ̂−∇φ0∥2L2(P ). (5.10)

Equation (5.10) is a direct analogue of a stability bound proven by Hütter and Rigollet
(2021, Proposition 10), who show that similar inequalities hold when the measure Q̂
appearing in the above display is replaced by Q. Their result assumes, however, that
φ̂ itself satisfies condition A1(λ). In contrast, we do not place any conditions on the
estimator T̂ beyond it being the optimal transport map from P to Q̂. This will permit our
study of transport map estimators which are potentially nonsmooth but easy to compute,
as we show next.
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5.2.2 Upper Bounds for One-Sample Empirical Estimators

Recall that Qn = (1/n)
∑n

i=1 δYi denotes the empirical measure. Since P is known and
absolutely continuous, a natural estimator for T0 is the optimal transport map Tn from P to
Qn, defined by

Tn = argmin
T∈T (P,Qn)

ˆ
∥x− T (x)∥2 dP (x). (5.11)

By Brenier’s Theorem, the minimizer Tn in the above display exists and is uniquely determined
P -almost everywhere. The optimization problem (5.11) is sometimes known as the semi-
discrete optimal transport problem, for which efficient numerical solvers are well-studied
(Mérigot, 2011; Levy and Schwindt, 2018).

In view of the stability bound in Theorem 18, the risk of Tn may be related to that of the
empirical measure Qn under the Wasserstein distance. For instance, from the work of Fournier
and Guillin (2015) we obtain the following bound, under no assumptions beyond (S1),

EW 2
2 (Qn, Q) ≲ κn :=


n−1/2, d ≤ 3

n−1/2 log n, d = 4

n−2/d, d ≥ 5.

(5.12)

The following bound on the risk of Tn is now an immediate consequence of Theorem 18,
together with the fact that the functional L in equation (5.7) satisfies E[L(Qn)] = 0.

Corollary 18. Let P,Q ∈ Pac(Ω) and assume condition A1(λ) holds. Then,

E
∥∥Tn − T0

∥∥2
L2(P )

≍λ E
[
W 2

2 (P,Qn)−W 2
2 (P,Q)

]
≍λ EW 2

2 (Qn, Q) ≲ κn.

When d ≥ 5, Corollary 18 implies that the empirical estimator Tn achieves the minimax
lower bound (5.3) for estimating Lipschitz transport maps T0. On the other hand, when
1 ≤ d ≤ 4, the rate κn does not improve beyond n−1/2, unlike the minimax lower bound (5.3)
of Hütter and Rigollet (2021), which scales as fast as 1/n. This observation does not imply
that the plugin estimator Tn is minimax suboptimal, since equation (5.3) holds under stronger
assumptions than those of Corollary 18. In particular, it assumes that these distributions
admit densities which are bounded away from zero, and thus have connected support. In
contrast, Corollary 18 applies to measures P and Q with possibly disconnected support, for
which our upper bound of κn cannot generally be improved up to a logarithmic factor—similar
considerations are discussed for the convergence rate of the empirical measure by Bobkov and
Ledoux (2019) when d = 1, and more generally by Niles-Weed and Berthet (2022).

Nevertheless, when we further assume that Q has a positive density, the result of Corol-
lary 18 can be strengthened to match the minimax rate of Hütter and Rigollet (2021) even for
d ≤ 4. For instance, it is well-known (cf. Ajtai, Komlós, and Tusnády (1984), Ledoux (2019))



Chapter 5. Plugin Estimation of Smooth Optimal Transport Maps 201

that, when Q is the uniform distribution on [0, 1]d, Qn achieves the following faster rate,

EW 2
2 (Qn, Q) ≲


n−1, d = 1

n−1 log n, d = 2

n−2/d, d ≥ 3.

(5.13)

Such a result is also known to hold for any measureQ admitting positive density over a compact
subset of the real line (Bobkov and Ledoux, 2019), or over the flat torus (Divol, 2021). Inspired
by the latter result and by the work of Niles-Weed and Berthet (2022), we prove an analogue of
equation (5.13) for arbitrary measures supported on the unit hypercube, at the expense of an
inflated polylogarithmic factor when d = 2.

Corollary 19. Let P,Q ∈ Pac([0, 1]
d) and assume that condition A1(λ) holds. Assume further

that γ−1 ≤ q ≤ γ over [0, 1]d, for some γ > 0. Then,

E
∥∥Tn−T0∥∥2L2(P )

≍ E
[
W 2

2 (P,Qn)−W 2
2 (P,Q)

]
≍ EW 2

2 (Qn, Q) ≲ κn :=


n−1, d = 1
(logn)2

n , d = 2

n−2/d, d ≥ 3.

Under the assumptions of Corollary 19, we deduce that the plugin estimator Tn is minimax
optimal for all d ≥ 1, up to a polylogarithmic factor when d = 2. The scale of this factor is
further discussed following the statement of Theorem 20.

This result also provides a sharper bound on the bias of W 2
2 (P,Qn) than could have been

deduced from Chapter 3. Furthermore, Corollaries 18–19 can be extended to recover our risk
bounds from Chapter 3 under stronger conditions, though with an improved rate of convergence
when P approaches Q in Wasserstein distance.

Corollary 20. Let P,Q ∈ Pac(Ω), and assume condition A1(λ) holds. Then,

E
∣∣W 2

2 (P,Qn)−W 2
2 (P,Q)

∣∣ ≲λ EW 2
2 (Qn, Q) + n−

1
2 ≲ κn. (5.14)

If we further assume that Ω = [0, 1]d and γ−1 ≤ q ≤ γ over Ω for some γ > 0, then

E
∣∣W 2

2 (P,Qn)−W 2
2 (P,Q)

∣∣ ≲λ,γ κn +W2(P,Q)n−
1
2 . (5.15)

Equation (5.15) exhibits an upper bound on the risk ofW 2
2 (P,Qn) that interpolates between

the fast rate κn when W2(P,Q) ≲ n−1/2, and the rate κn which is optimal when the distance
between P and Q is unconstrained (cf. Theorem 12 of Chapter 3). We defer the proofs of
Corollaries 19–20 to Appendix 5.C.

5.2.3 Upper Bounds for One-Sample Wavelet Estimators

While the empirical estimator in the previous section achieves the minimax rate of estimating
Lipschitz optimal transport maps, we do not generally expect it to achieve faster rates of con-
vergence if T0 is assumed to enjoy further regularity. We instead show that such improvements
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can be achieved when Q admits a smooth density q, and when the empirical measure Qn is
replaced by the distribution Q̂n of a density estimator q̂n. Specifically, define

T̂n = argmin
T∈T (P,Q̂n)

ˆ
∥x− T (x)∥2 dP (x). (5.16)

We focus on the case where q̂n is a wavelet density estimator, for which sharp risk estimates
under the Wasserstein distance have been established by Niles-Weed and Berthet (2022). In
order to appeal to their results, we assume that the sampling domain is the unit hypercube
Ω = [0, 1]d. In Section 5.3.4, we also extend some of the results of this section to the case where
Ω is a generic domain with smooth boundary.

We briefly introduce notation from the theory of wavelets, and refer the reader to Ap-
pendix A for a detailed summary and references. To define a basis over the unit cube Ω, we
focus on the boundary-corrected N -th Daubechies wavelet system, for an integer N ≥ 2, as
introduced by Cohen, Daubechies, and Vial (1993). In short, given an integer j0 ≥ log2N ,
their construction leads to respective families of scaling and wavelet functions

Φbc = {ζbcj0k : 0 ≤ k ≤ 2j0−1}, Ψbc
j = {ξbcjkℓ : 0 ≤ k ≤ 2j0−1, ℓ ∈ {0, 1}d\{0}}, j ≥ j0,

such that Ψbc = Φbc ∪
⋃∞
j=j0

Ψbc
j forms an orthonormal basis of L2(Ω), with the property

that Φbc spans all polynomials of degree at mostN −1 over Ω. Given a probability distribution
Q ∈ Pac(Ω) admitting density q ∈ L2(Ω), one then has

q =
∑
ξ∈Ψbc

βξξ =
∑
ζ∈Φbc

βζζ +
∞∑
j=j0

∑
ξ∈Ψbc

j

βξξ, where βξ =

ˆ
ξdQ, ξ ∈ Ψbc,

where the series converges at least in L2(Ω). The standard truncated wavelet estimator of
q (Kerkyacharian and Picard, 1992) with a truncation level Jn ≥ j0 > 0 is then given by

q̃(bc)n =
∑
ξ∈Ψbc

β̂ξξ =
∑
ζ∈Φbc

β̂ζζ +

Jn∑
j=j0

∑
ξ∈Ψbc

j

β̂ξξ, where β̂ξ =

ˆ
ξdQn, ξ ∈ Ψbc.

Notice that q̃(bc)n is permitted to take on negative values, in which case it does not define a
probability density. We instead define the final density estimator q̂n ≡ q̂

(bc)
n by

q̂(bc)n =
q̃
(bc)
n I(q̃

(bc)
n ≥ 0)´

q̃
(bc)
n I(q̃

(bc)
n ≥ 0)

, over Ω, (5.17)

and we denote by Q̂(bc)
n the distribution induced by q̂(bc)n . We drop all superscripts “bc” in

the sequel whenever the choice of wavelet system is unambiguous. Niles-Weed and Berthet
(2022) bounded the Wasserstein risk of a wavelet density estimator obtained from a distinct
modification of q̃n. By appealing to L∞ concentration inequalities for wavelet density estima-
tors (Masry, 1997), we show in Appendix B.1.0.4 that their result carries over to the estimator
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q̂n. Equipped with this result, we arrive at the following bound on the risk of the estimator
T̂n ≡ T̂

(bc)
n defined in equation (5.16), and of the corresponding plugin estimator of the squared

Wasserstein distance. Here and throughout, we will adopt the notation

Cα(Ω;M) :=
{
f ∈ Cα(Ω) : ∥f∥Cα(Ω) ≤M

}
, (5.18)

Cα(Ω;M,γ) :=
{
f ∈ Cα(Ω) : ∥f∥Cα(Ω) ≤M,f ≥ 1/γ over Ω

}
, (5.19)

for any M,γ > 0.

Theorem 19 (One-Sample Wavelet Estimators). Let α > 1 and M,γ > 0. Let P,Q ∈
Pac([0, 1]

d), and assume the density q satisfies q ∈ Cα−1([0, 1]d;M,γ). Let 2Jn ≍ n1/(d+2(α−1)).
Then, the following assertions hold.

(i) (Optimal Transport Maps) Assume φ0 satisfies condition A1(λ) for some λ > 0. Then,
there exists a constant C > 0 depending on M,λ, γ, α such that,

E
∥∥T̂n − T0

∥∥2
L2(P )

≤ CRT,n(α), where RT,n(α) :=


1/n, d = 1

(log n)2/n, d = 2

n
− 2α

2(α−1)+d , d ≥ 3.

(ii) (Wasserstein Distances) Assume that for some λ > 0, φ∗
0 ∈ Cα+1([0, 1]d;λ). Then, there

exists a constant C > 0 depending on M,λ, γ, α such that,∣∣EW 2
2 (P, Q̂n)−W 2

2 (P,Q)
∣∣ ≤ CRT,n(α),

E
∣∣W 2

2 (P, Q̂n)−W 2
2 (P,Q)

∣∣2 ≤ [CRT,n(α) +√VarQ[ψ0(Y )]

n

]2
.

Theorem 19 requires smoothness assumptions on both the density q and the potential φ∗
0;

in particular, the assumption of Theorem 19(ii) requires both q ∈ Cα−1(Ω) and φ∗
0 ∈ Cα+1(Ω).

Caffarelli’s regularity theory (Theorem 3) suggests that the former condition on q should be
sufficient to imply the latter condition on φ∗

0, but such results cannot be invoked here due to
the lack of smoothness of the boundary of the unit cube [0, 1]d. Even if the above analysis
could be adapted to a domain Ω with smooth boundary, the lack of uniformity in Caffarelli’s
global regularity theory would prevent the bounds in Theorem 19 from holding uniformly in
P and Q, in the absence of a smoothness condition on φ∗

0. We refer to Appendix E of Hütter
and Rigollet (2021) for related discussions. In Proposition 29 of Appendix 5.G, we will show
that an analogue of Theorem 19 holds merely under smoothness conditions on p and q when Ω
is the d-dimensional torus Td, which enjoys the global regularity result of Theorem 4. Here,
we instead impose smoothness conditions on both φ∗

0 and q, in which case T̂n achieves the
minimax rate (5.3) of estimating an α-Hölder optimal transport map.

Theorem 19(ii) also proves that the bias of W 2
2 (P, Q̂n) achieves the same convergence rate,

as does its risk when d ≥ 2(α + 1). In the high-smoothness regime d < 2(α + 1), the risk
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of W 2
2 (P, Q̂n), in squared loss, does not generally improve beyond the parametric rate 1/n,

except when VarQ[ψ0(Y )] vanishes. Using Lemma 37 in Appendix 5.A, the latter quantity is
bounded above by W 2

2 (P,Q) up to a constant, so Theorem 19(ii) also implies

E
∣∣W 2

2 (P, Q̂n)−W 2
2 (P,Q)

∣∣ ≲M,γ,λ,α RT,n(α) +
W2(P,Q)√

n
. (5.20)

We briefly highlight the main components of the proof of Theorem 19. Both assertions
are proven by combining the stability results of Theorem 18 with the bound EW 2

2 (Q̂n, Q) ≲
RT,n(α), which is stated formally in Lemma 106, and extends a result due to Niles-Weed and
Berthet (2022). In particular, Theorem 19(i) follows immediately from the equivalence (5.8).
Our proof of Theorem 19(ii) additionally requires us to analyze the evaluation L(Q̂n) of the
linear functional L defined in equation (5.7), for which we prove the following.

Lemma 36. Assume the same conditions as Theorem 19(ii). Then,

E[L(Q̂n)] = O
(
2−2Jnα

)
, Var

[
L(Q̂n)

]
=

1

n
VarQ[ψ0(Y )] +O

(
2−2Jnα

n

)
,

where the implicit constants depend only on M,γ, λ, α.

Lemma 36 shows that the bias of L(Q̂n) scales quadratically faster than the traditional bias
of Q̂n in estimating an (α− 1)-Hölder density, which is known to be of order 2−Jn(α−1). We
obtain the faster rate 2−2Jnα due to the assumed (α+1)-Hölder smoothness of the potential φ∗

0.
The proofs of Theorem 19 and Lemma 36 are deferred to Appendix 5.D.

Remark 2 (Adaptive Estimation). When constructing the estimator T̂n, we assumed that the
smoothness parameter α is known, and used it to tune the truncation parameter Jn. It is also
possible to construct an adaptive estimator, however. Niles-Weed and Berthet (2022, Theorem
2) derived an adaptive density estimator Q̂◦

n which achieves the minimax rate of estimating
Q under the Wasserstein distance, up to polylogarithmic factors. It is then natural to define
a plugin estimator of T0 as the unique optimal transport map from P to Q̂◦

n. By reasoning
similarly as in the proof of Theorem 19(i), this estimator has an L2(P ) risk of order RT,n(α),
up to polylogarithmic factors, and does not require knowledge of α.

5.3 The Two-Sample Problem

In this section, we turn to analyzing two-sample estimators when both measuresP,Q ∈ Pac(Ω)
are unknown. As in the one-sample case, we study two classes of plugin estimators. The first
consists of estimators which interpolate the empirical in-sample optimal transport coupling
using nonparametric smoothers. Such estimators will achieve the optimal rate of estimating
T0 when it is Lipschitz. The second class will consist of plugin estimators based on density
estimates of P and Q, and will achieve faster rates of convergence when P and Q have smooth
densities. As before, our proofs will rely on stability bounds for the two-sample problem, to
which we turn our attention first.
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5.3.1 Two-Sample Stability Bounds

The stability bounds of Theorem 18 admit the following one-sided extension when both mea-
sures P and Q are unknown.

Proposition 23. Let P,Q ∈ Pac(Ω), and assume condition A1(λ) holds for some λ > 0. Then,
for any measures P̂ , Q̂ ∈ P(Ω),

0 ≤W 2
2 (P̂ , Q̂)−W 2

2 (P,Q)−
ˆ
ϕ0d(P̂ − P )−

ˆ
ψ0d(Q̂−Q)

≤ λ
[
W2(P̂ , P ) +W2(Q̂,Q)

]2
.

(5.21)

The proof is deferred to Appendix 5.E.1. Similarly to Theorem 18, this result shows that
the remainder of a first-order expansion of W 2

2 (P̂ , Q̂) around W 2
2 (P,Q) decays quadratically

in the W2 topology. Unlike Theorem 18, however, we do not generally expect that the lower
bound in Proposition 23 can be replaced by a squared distance between (P,Q) and (P̂ , Q̂): for
instance, the lower bound of zero is achieved in equation (5.21) when P̂ = Q̂ ̸= Q = P , even
though P̂ may be arbitrarily far from P in Wasserstein distance. This example shows more
generally that the bivariate functional W 2

2 (·, ·) is not strictly convex over Pac(Ω)× Pac(Ω),
unlike the univariate functional W 2

2 (P, ·) for a fixed absolutely continuous measure P (cf.
Theorem 18 and Proposition 7.19 of Santambrogio (2015)).

These observations do not preclude the possibility of replacing the lower bound in Proposi-
tion 23 by λ−1∥T̂ − T0∥2L2(P ), for T̂ the optimal transport map between P̂ and Q̂. We were
not able to derive such a result under the stated assumptions, except when these estimators
are taken to be empirical measures. We describe this special case next, and show how it may
be used to derive estimators of Lipschitz optimal transport maps T0.

5.3.2 Upper Bounds for Two-Sample Empirical Estimators

Let X1, . . . , Xn ∼ P and Y1, . . . , Ym ∼ Q denote i.i.d. samples, and define the empirical
measures Pn = (1/n)

∑n
i=1 δXi and Qm = (1/m)

∑m
j=1 δYj . Though the Monge problem

between Pn andQm can be infeasible when n ̸= m, the Kantorovich problem is always feasible,
and takes the following form

π̂ ∈ argmin
π∈Qnm

n∑
i=1

m∑
j=1

πij ∥Xi − Yj∥2 ,

where Qnm denotes the set of doubly stochastic matrices π = (πij : 1 ≤ i ≤ n, 1 ≤ j ≤ m),
satisfying πij ≥ 0,

∑n
i=1 πij = 1/m and

∑m
j=1 πij = 1/n. We shall formulate the main

stability bound of this section in terms of the quantity

∆nm =
n∑
i=1

m∑
j=1

π̂ij ∥T0(Xi)− Yj∥2 .
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Recall that (κn) and (κn) denote the sequences defined in equation (5.12) and Corollary 19
respectively. We obtain the following result, which we prove in Appendix 5.E.3.

Proposition 24. Let P,Q ∈ Pac(Ω), and assume A1(λ) holds for some λ > 0. Then,

E[∆nm] ≍λ E
[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]
≲ κn∧m.

If, in addition, Ω = [0, 1]d and there exists γ > 0 such that γ−1 ≤ p, q ≤ γ over Ω, then,

E[∆nm] ≍λ E
[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]
≲γ κn∧m.

To gain intuition about Proposition 24, it is fruitful to consider the special case n = m. In
this setting, there exists an optimal transport map Tn from Pn to Qn, and we may take

π̂ij = I(Tn(Xi) = Yj)/n, for all 1 ≤ i, j ≤ n.

We then have ∆nn = ∥Tn − T0∥2L2(Pn)
, and Proposition 24 implies

E ∥Tn − T0∥2L2(Pn)
≍ E

[
W 2

2 (Pn, Qn)−W 2
2 (P,Q)

]
. (5.22)

Equation (5.22) is a two-sample analogue of Corollary 18, and shows that the L2(Pn) risk of
the in-sample transport map estimator is of same order as the bias of the two-sample empirical
optimal transport cost. While the estimators Tn and π̂ are only defined over the support of Pn,
we next show how they may be extended to the entire domain Ω. We begin with an estimator
inspired by the classical method of nearest-neighbor nonparametric regression (Cover, 1968).

One-Nearest Neighbor Estimator. Define the Voronoi partition generated by X1, . . . , Xn as

Vj = {x ∈ Ω : ∥x−Xj∥ ≤ ∥x−Xi∥ , ∀i ̸= j}, j = 1, . . . , n. (5.23)

Then, we define the one-nearest neighbor estimator of T0 by

T̂ 1NN
nm (x) =

n∑
i=1

m∑
j=1

(nπ̂ij)I(x ∈ Vi)Yj , x ∈ Ω. (5.24)

In order to state an upper bound on the convergence rate of T̂ 1NN
nm , we place the following mild

condition on the support Ω. Recall that L denotes the Lebesgue measure on Rd.

(S2) Ω is a standard set, in the sense that there exist ϵ0, δ0 > 0 such that for all x ∈ Ω
and ϵ ∈ (0, ϵ0), we have L(B(x, ϵ) ∩ Ω) ≥ δ0L(B(x, ϵ)).

Condition (S2) arises frequently in the literature on statistical set estimation (Cuevas and
Fraiman, 1997; Cuevas, 2009), and prevents Ω from admitting cusps. Under this condition, we
arrive at the following upper bound, which we prove in Appendix 5.F.1.
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Proposition 25. Let P ∈ Pac(Ω) admit a density p such that γ−1 ≤ p ≤ γ over Ω, for some
γ > 0, and let Q ∈ Pac(Ω). Assume conditions A1(λ) and (S1)–(S2) hold. Then,

E
∥∥T̂ 1NN

nm − T0
∥∥2
L2(P )

≲λ,γ,ϵ0,δ0 (log n)2κn∧m.

Furthermore, if Ω = [0, 1]d and we additionally assume that γ−1 ≤ q ≤ γ over Ω, then

E
∥∥T̂ 1NN

nm − T0
∥∥2
L2(P )

≲λ,γ,ϵ0,δ0 (log n)2κn∧m.

Proposition 25 proves that the one-nearest neighbor estimator achieves the minimax rate
in equation (5.3), up to a polylogarithmic factor. This result is in stark contrast to standard risk
bounds for K-nearest neighbor nonparametric regression, for which the number K of nearest
neighbors is typically required to diverge in order to achieve the minimax estimation rate of a
Lipschitz continuous regression function (Györfi et al., 2006). Though increasing K reduces
the variance of such estimators, in our setting, Propositions 24–25 suggest that the variance of
T̂ 1NN
nm is already dominated by its large bias, stemming from that of the in-sample coupling π̂.

Therefore, the choice K = 1 is sufficient to obtain a near-optimal rate. While the one-nearest
neighbor estimator is simplest to analyze, it is natural to expect that any linear smoother with
sufficiently small bandwidth may be used to smooth the in-sample coupling π̂nm and lead to a
similar rate.

Convex Least Squares Estimator. Though nearly minimax optimal, the estimator T̂ 1NN
nm is

typically not the gradient of a convex function, and is therefore not an admissible optimal
transport map in its own right. We next show how this property can be enforced using an
estimator inspired by nonparametric least squares regression. Let Jλ denote the class of
functions φ : Rd → R which are convex and have λ-Lipschitz gradients ∇φ over Ω. Define
the least squares estimator

T̂LS
nm = ∇φ̂LS

nm, where φ̂LS
nm ∈ argmin

φ∈Jλ

n∑
i=1

m∑
j=1

π̂ij ∥Yj −∇φ(Xi)∥2 .

The computation of the above infinite-dimensional optimization problem can be reduced to that
of solving a finite-dimensional quadratic program, by a direct extension of well-known solvers
for shape-constrained nonparametric regression with Lipschitz and convex constraints (cf.
Seijo and Sen (2011), Mazumder et al. (2019), and references therein). We obtain the following
upper bound by a simple extension of Proposition 25.

Proposition 26. Proposition 25 continues to hold when T̂ 1NN
nm is replaced by T̂LS

nm.

5.3.3 Upper Bounds for Two-Sample Estimators over Td

We next study two-sample estimators under stronger smoothness assumptions on P and Q.
As discussed in Section 5.3.1, we do not know of a two-sample stability bound for the L2(P )
loss which is analogous to Theorem 18, placing regularity conditions only on the population
potential φ0. Therefore, unlike Theorem 19, in which smoothness conditions on q and φ0 were
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sufficient to obtain sharp upper bounds, in the two-sample case our analysis will also rely on the
smoothness of estimators φ̂nm of the potential φ0. In order to quantify their regularity, we shall
require a uniform analogue of Caffarelli’s global regularity theory (Theorem 3(ii)). Since we are
unaware of such results for generic compact domains Ω ⊆ Rd, we instead assume throughout
this subsection that Ω is taken to be the d-dimensional torus Td, thus allowing us to appeal
to Theorem 4. We emphasize that our restriction to the torus represents a common approach
in the optimal transport literature, whereby numerical methods (Benamou and Brenier, 2000;
Loeper and Rapetti, 2005) and theoretical results (Bonnotte, 2013; Guittet, 2003; Santambrogio,
2015) are first derived on the torus before being extended to more generic domains. The torus
is an idealized sampling domain, which we believe captures the main qualitative features of our
problem, while removing technical issues that arise from boundaries or lack of compactness.
As such, it serves as a useful prototype for more general results on compact Euclidean domains
with boundaries. In order to illustrate this point, we will prove in the next subsection that our
results over the torus extend to generic Euclidean domains Ω, provided that one is willing to
assume uniformity in Caffarelli’s global regularity theory on Ω.

Though we impose periodicity for technical purposes, we note that optimal transport has
recently been used as a methodological tool in several applications involving periodic data,
such as high energy physics (cf. Komiske, Metodiev, and Thaler (2019); Komiske et al. (2020),
where proton collisions occur in toric colliders) and computational biology (cf. González-Sanz
and Hundrieser (2023), where protein structures are recorded with pairs of dihedral angles).
More generally, toric data arises in a variety of applications in directional statistics (e.g. Klein
et al. (2020), Wiechers et al. (2023), etc.), and our results are naturally applicable to such settings.

We also note that periodicity constraints are commonly imposed in nonparametric estima-
tion problems to mitigate boundary issues (Efromovich, 1999; Krishnamurthy et al., 2014; Han
et al., 2020). In many such cases, an alternative is to assume that the underlying probability
measures place sufficiently small mass near the boundary. Such an assumption cannot be
used in our context since, as before, we shall require all densities to be bounded away from
zero throughout their support. Optimal estimation rates under Wasserstein distances differ
dramatically in the absence of a density lower bound condition (Bobkov and Ledoux, 2019;
Niles-Weed and Berthet, 2022), and we do not address this setting here.

We now turn to our main results. Recall the background on the quadratic optimal transport
problem over Td in Section 1.3.3. Let P,Q ∈ Pac(Td) be absolutely continuous measures
admitting respective Zd-periodic densities p and q. We now denote by T0 the optimal transport
map from P to Q, with respect to the cost d2Td . As outlined in Proposition 1, T0 is the gradient
of a convex potential φ0 : Rd → R, and is uniquely determined P -almost everywhere.
We continue to denote by ϕ0 = ∥·∥2 − 2φ0 and ψ0 = ∥·∥2 − 2φ∗

0 a corresponding pair of
Kantorovich potentials. Let X1, . . . , Xn ∼ P and Y1, . . . , Ym ∼ Q denote i.i.d. samples, which
are independent of each other, and let P̂n, Q̂m respectively denote the distributions induced by
density estimators p̂n, q̂m of p, q over Td, to be defined below. Our aim is to bound the risk of



Chapter 5. Plugin Estimation of Smooth Optimal Transport Maps 209

the estimator

T̂nm = ∇φ̂nm = argmin
T∈T (P̂n,Q̂m)

ˆ
d2Td(T (x), x)dP̂n(x). (5.25)

Note that P̂n and Q̂m are absolutely continuous, thus there indeed exists a unique solution to
the above minimization problem, by Proposition 1. We continue to quantify the risk of T̂nm in
terms of the L2(P ) loss∥∥T̂nm − T0

∥∥2
L2(P )

=

ˆ
Td

∥∥T̂nm(x)− T0(x)
∥∥2dP (x).

Notice that the integrand on the right-hand side of the above display is Zd-periodic by Proposi-
tion 3(ii) and by the optimality of T̂nm and T0, thus it indeed defines a map Td → R. As before,
we shall also obtain upper bounds on the bias and risk of W2

2 (P̂n, Q̂m) as a byproduct of our
proofs. Indeed, our main results hinge upon the stability bounds derived in previous sections,
which can easily be shown to hold in the present context.

Proposition 27. Assume φ0 satisfies condition A1(λ), in the sense that φ0 is a twice differ-
entiable convex function over Rd satisfying λ−1Id ⪯ ∇2φ0(x) ⪯ λId for all x ∈ Rd. Then,
Theorem 18 and Proposition 23 hold with Ω = Td.

We now turn to the choice of density estimators (p̂n, q̂m). The absence of a boundary on
the sampling domain Td facilitates the analysis of kernel density estimation, which will be our
main focus in this section. We also study periodic wavelet density estimators, similarly to the
one-sample case, but we defer this analysis to Appendix 5.G in the interest of brevity.

Given a kernel K ∈ C∞
c (Rd) and a bandwidth hn > 0, write Khn = h−dn K(·/hn), and

define the kernel density estimators of p and q by

p̃(ker)n = Pn⋆Khn =

ˆ
Rd

Khn(·−z)dPn(z), q̃(ker)m = Qm⋆Khm =

ˆ
Rd

Khm(·−z)dQm(z).

Recall that integration over Rd with respect to a measure in P(Td) is understood as integration
with respect to this measure extended to Rd via translation by Zd-periodicity. The above
estimators may take on negative values, thus we again define the final density estimators by

p̂(ker)n ∝ p̃(ker)n I(p̃(ker)n ≥ 0), q̂(ker)m ∝ q̃(ker)m I(q̃(ker)m ≥ 0),

where the proportionality constants are to be chosen such that p̂(ker)n and q̂(ker)m are densities.
We also denote their induced probability distributions by P̂ (ker)

n and Q̂(ker)
m . Furthermore, T̂ (ker)

nm

denotes the optimal transport map between these measures.

We shall require the following condition on the kernel K , for given real numbers ζ, κ > 0.

K(α). K ∈ C∞
c ((0, 1)d) is an even kernel which satisfies

sup
ξ∈Rd\{0}

|F [K](ξ)− 1|
∥ξ∥α

<∞. (5.26)
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A sufficient condition for equation (5.26) to hold is for K ∈ C∞
c (Rd) to be a kernel of order

β = ⌈ζ − 1⌉. Such a statement appears for instance in Tsybakov (2008) when d = 1, and can
easily be generalized to d > 1. Multivariate kernels of order β which additionally lie in C∞

c (Rd)
can readily be defined; for example, one may start with a univariate even kernel K0 ∈ C∞

c (R)
of order β, constructed for instance using the procedure of Fan and Hu (1992), and then set
K(x) =

∏d
i=1K0(xi) (Giné and Nickl, 2016).

Divol (2021) stated that their work may be used to show that P̂ (ker)
n achieves a comparable

rate of convergence as the boundary-corrected wavelet estimator P̂ (bc)
n , in Wasserstein distance.

We provide a formal statement and proof of this fact in Lemma 46 of Appendix 5.H, and use it
to derive the following result.

Theorem 20 (Kernel Estimators). Let the distributions P,Q ∈ Pac(Td) admit densities p, q ∈
Cα−1(Td;M,γ) for some α > 1 and M,γ > 0. Assume further that K is a kernel satisfying
condition K(2α). Let hn ≍ n−1/(d+2(α−1)). Then, there exists a constant C > 0 depending
only on K,M, γ, α such that the following statements hold.

(i) (Optimal Transport Maps) We have,

E
∥∥T̂ (ker)

nm − T0
∥∥2
L2(P )

≤ CRK,n∧m(α), where RK,n(α) :=


n
− 2α

2(α−1)+d , d ≥ 3

log n/n, d = 2

1/n, d = 1.

(ii) (Wasserstein Distances) Assume further that α ̸∈ N. Then,

∣∣EW2
2 (P̂

(ker)
n , Q̂(ker)

m )−W2
2 (P,Q)

∣∣ ≤ CRK,n∧m(α),

E
∣∣W2

2 (P̂
(ker)
n , Q̂(ker)

m )−W2
2 (P,Q)

∣∣2 ≤ [CRK,n∧m(α)+√VarP [ϕ0(X)]

n
+
VarQ[ψ0(Y )]

m

]2
.

Theorem 20 shows that the plugin estimators T̂nm and W2
2 (P̂n, Q̂m) achieve similar conver-

gence rates as in the one-sample setting of Theorem 19. Unlike the latter result, we also note
that Theorem 20 places no conditions on the regularity of T0 or φ0. Indeed, over Td, these can
be inferred from the assumption p, q ∈ Cα−1(Td;M,γ), due to Theorem 4. We exclude the
case α ∈ N from Theorem 20(ii) due in part to our use of this result. Nevertheless, even when
α ∈ N, Theorem 20(ii) implies that∣∣EW2

2 (P̂n, Q̂m)−W2
2 (P,Q)

∣∣ ≲ϵ R1−ϵ
K,n∧m(α),

for any ϵ > 0, and similarly for the risk of W2
2 (P̂n, Q̂m).

If one is willing to place assumptions on the regularity of the potentials φ0 and φ∗
0, then an

analogue of Theorem 20(ii) can be derived when the periodicity assumption is removed, and
the sampling domain is simply the unit cube [0, 1]d. Such a result is stated in Proposition 28
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of Appendix 5.G, and is made possible by the fact that Proposition 23 does not require any
regularity of the fitted potentials.

When d = 2, Theorem 20(i) exhibits an improved convergence rate relative to Theorem 19(i),
scaling as log n/n instead of (log n)2/n, which we now briefly discuss. This rate arises from
our upper bound on EW2

2 (P̂
(ker)
n , P ) in Lemma 46, which makes use of the inequality (5.9)

comparing W2 to a negative-order homogeneous Sobolev norm (Peyre, 2018). This last implies

W2(P̂
(ker)
n , P ) ≲ ∥p̂(ker)n − p∥Ḣ−1(Td) ≍ ∥p̂(ker)n − p∥B−1

2,2(Td). (5.27)

In contrast, when P ∈ Pac([0, 1]
d), our upper bounds for wavelet estimators (and implicitly

for empirical estimators in Corollary 19) employed the following distinct relation, arising from
the work of Niles-Weed and Berthet (2022),

W2(P̂
(bc)
n , P ) ≲ ∥p̂(bc)n − p∥B−1

2,1([0,1]
d), (5.28)

and similarly for the estimator P̂ (per)
n described in Appendix 5.G. It can be seen that the B−1

2,2

norm is weaker than the B−1
2,1 norm. While either of these norms provide sufficiently tight

upper bounds in equations (5.27) and (5.28) to obtain the minimax rate for density estimation in
Wasserstein distance when d ̸= 2, the former allows for a tighter logarithmic factor to be derived
when d = 2. Inspired by the celebrated Ajtai–Komlós–Tusnády matching theorem (Ajtai,
Komlós, and Tusnády, 1984; Talagrand, 1992), it is natural to conjecture that the rate log n/n in
the definition of RK,n(α) cannot be further improved when d = 2, for any of the conclusions
of Theorem 20.

Theorem 20 is proved in Appendix 5.H, where the main difficulty is to show that the
evaluation L(Q̂(ker)

m ), of the linear functional L from equation (5.7), has bias decaying at the
quadratic rate h2αm . As for our analysis of wavelet estimators, this rate improves upon the naive
upper bound |EL(Q̂(ker)

m )| ≲ hα−1
m , which could have been deduced from the traditional bias of

kernel density estimators in estimating an (α− 1)-Hölder continuous density (Tsybakov, 2008).
Similar considerations arise in the analysis of kernel-based estimators for other important
functionals, such as the integral of a squared density (Giné and Nickl, 2008).

Remark 3 (Dependence Between Samples). Our assumption of independence between the sam-
ple pointsXi and Yj is only used to derive the sharp constant in the final term of Theorem 20(ii),
which implies that, when 2(α+ 1) > d,

E
∣∣W 2

2 (P̂n, Q̂m)−W 2
2 (P,Q)

∣∣2 ≤ (1 + o(1))

(
VarP [ϕ0(X)]

n
+

VarQ[ψ0(Y )]

m

)
.

If one is willing to inflate these leading constants, then all assertions of Theorem 20 continue
to hold under arbitrary dependence structures between the two i.i.d. samples.

5.3.4 Toward Two-Sample Estimation over Smooth Domains

Our aim is now to show that an analogue of Theorem 20 holds over generic domains Ω ⊆ Rd,
provided that one is willing to assume that Caffarelli’s global regularity theorem (Theorem 3(ii))
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holds uniformly over Ω. Specifically, we will use the following conditions throughout this
section.

(C1) Ω is a known compact, convex subset of Rd, such that ∂Ω is C∞and L(Ω) = 1.

(C2) There exists ϵ0 > 0 such that for anyM,γ > 0 and ϵ ∈ (0, ϵ0), there exists a constant
C > 0 depending only on Ω,M, γ, ϵ such that for any densities p̂, q̂ ∈ Cϵ(Ω;M,γ),
the unique mean-zero Brenier potential φ̂ whose gradient pushes forward p̂ onto q̂
satisfies

∥φ̂∥C2(Ω) ≤ C.

As discussed previously, we are only able to verify condition (C2) when Ω is replaced by the
torus Td. However, in view of Theorem 3, it is natural to conjecture that condition (C2) is
satisfied for other domains of the type (C1), and if such a result is proven in future work, then
the bounds appearing in this section can be applied. For completeness, we will also state a
one-sample result over Ω, for which condition (C2) is not needed.

It is well-known that kernel density estimators suffer from leading-order boundary bias,
and are thus not minimax optimal for estimating strictly positive densities on compact subsets
of Rd. In order to develop a minimax optimal estimator for densities supported on Ω, we will
impose Neumann boundary conditions on the densities, and we will introduce an orthonormal
basis of L2(Ω) generated by the eigenfunctions of the Neumann Laplacian. To elaborate, define
H2
N (Ω) to be the set of functions u ∈ H2(Ω) ∩ L2

0(Ω) satisfying
∂u

∂ν
= 0, over ∂Ω,

where ν is an outward-pointing normal vector to ∂Ω, and the normal derivative is to be
understood in the weak sense. Under condition (C1), it is a standard fact that the negative
Laplace operator −∆ is a self-adjoint bijection of H2

N (Ω) onto L2
0(Ω), which admits a real and

discrete spectrum 0 < λ1 ≤ λ2 ≤ . . . , with corresponding eigenfunctions {ηℓ}∞ℓ=1 ⊆ H2
N (Ω)

(Dunlop et al., 2020; Evans, 1998). The latter form an orthonormal basis of L2
0(Ω).

Let the distributions P,Q ∈ Pac(Ω) admit densities p, q ∈ L2(Ω), and letX1, . . . , Xn ∼ P
and Y1, . . . , Ym ∼ Q be i.i.d. observations. Under condition (C1), the densities may be
expanded as

p = 1 +
∞∑
ℓ=1

αℓηℓ, q = 1 +
∞∑
ℓ=1

βℓηℓ,

where αℓ =
´
ηℓdP and βℓ =

´
ηℓdQ. Let τ ∈ C∞(R+) be a smooth approximation to the

indicator function I(· < 1). Specifically, assume that τ is a nonincreasing and smooth function
such that τ(x) = 1 for all x < 1/2, and τ(x) = 0 for all x ≥ 1. Given an integer Ln ≥ 1, set

ωℓ = τ(λℓ/λLn), ℓ = 1, 2, . . . ,

and define the density estimators

p̃(lap)n = 1 +

Ln∑
ℓ=1

ωℓα̂ℓηℓ, q̃(lap)m = 1 +

Lm∑
ℓ=1

ωℓβ̂ℓηℓ,
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where α̂ℓ =
´
ηℓdPn, β̂ℓ =

´
ηℓdQm for ℓ = 1, 2, . . . . Density estimators of this type have also

appeared in the works of Hendriks (1990) and Cleanthous et al. (2020). They may be thought of
as truncated series estimators for which the truncation is smoothed by the weight function τ .
As such, they are closely related to kernel density estimators. In fact, if one were to replace Ω
by the torus Td (in which case the Neumann boundary condition is replaced by the periodic
boundary condition), then p̃(lap)n would precisely be the kernel density estimator whose kernel
is the inverse Fourier transform of the map ξ ∈ Rd 7→ τ(∥2πξ∥2), and whose bandwidth is
λ
−1/2
Ln

. We also note that if one were to choose the nonsmooth function τ = I(· < 1), then
p̃
(lap)
n would reduce to a traditional series estimator, but our analysis does not extend to this

case: the smoothness of τ is crucial for our use of Lr(Ω) multiplier arguments, as we discuss
further in Remark 4 of Appendix 5.I.

As in previous sections, we define the final estimators to be the densities given by

p̂(lap)n ∝ p̃(lap)n I(p̃(lap)n ≥ 0), q̂(lap)m ∝ q̃(lap)m I(q̃(lap)m ≥ 0),

and we let P̂ (lap)
n and Q̂(lap)

m be the induced distributions. Furthermore, let T̂ (lap)
nm be the optimal

transport map from P̂
(lap)
n to Q̂(lap)

m , and T (lap)
m the optimal transport map from P to Q̂(lap)

m .
We omit the superscripts “lap” for the remainder of this section. In order to state convergence
rates for these estimators, we will work over the constrained Hölder spaces

CsN (Ω) =
{
u ∈ Cs(Ω) : ∂∆

ju

∂ν
= 0 on ∂Ω, 0 ≤ j ≤

⌊
s− 1

2

⌋}
,

and the associated balls CsN (Ω;M) = Cs(Ω;M) ∩ CsN (Ω) and CsN (Ω;M,γ) = Cs(Ω;M,γ) ∩
CsN (Ω), for M,γ, s > 0. Note that Cs(Ω) = CsN (Ω) for s < 1. Our main result is the following.

Theorem 21. Let Ω be a domain satisfying condition (C1). Assume the distributions P,Q ∈
Pac(Ω) admit densities p, q ∈ Cα−1

N (Ω;M,γ) for some α > 1, α ̸∈ N, and M,γ > 0. Let
L
1/d
n ≍ n1/(d+2(α−1)). Then, there exists a constant C > 0 depending only on Ω,M, γ, α, τ

such that the following statements hold.

(i) (One-Sample) Assume φ0 ∈ C2(Ω;M). Then,

E
∥∥Tm − T0

∥∥2
L2(P )

≤ CRK,m(α).

(ii) (Two-Sample) Assume that condition (C2) holds. Then,

E
∥∥T̂nm − T0

∥∥2
L2(P )

≤ CRK,n∧m(α),

Under the strong condition (C2), Theorem 21(ii) shows that our two-sample results on
transport map estimation over the torus can be extended to generic domains3 Ω, provided

3While we assume for simplicity that P and Q share the same support Ω, Theorem 21 can readily be extended
to the case where P and Q are supported on distinct domains which both satisfy condition (C1), with natural
modifications to the statement of condition (C2) and to the definitions of p̂n, q̂m.
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that one is willing to place Neumann boundary conditions on the true densities. While other
boundary conditions may have been used in our analysis, it is important that they be chosen
such that p, q are permitted to be smooth and strictly positive over Ω; in particular, one cannot
impose the Dirichlet condition p = q = 0 over ∂Ω. Our current boundary conditions are
satisfied by a wide range of densities, such as those whose gradient vanishes at the boundary,
or those which are equal to finite linear combinations of the eigenfunctions {ηℓ}∞ℓ=1. We also
emphasize that Theorem 21 imposes no boundary conditions when α < 2.

To prove Theorem 21, our primary contribution is to derive Propositions 33 and 34 of
Appendix 5.I, which state convergence rates for p̂n under the spectral Sobolev norms Ht,r(Ω)
which we define therein. Here, t ∈ R and r > 1 are smoothness and integrability indices,
respectively. Under some conditions on r, our results imply that for large enough d, and
−∞ < t < α− 1, it holds that

E∥p̂n − p∥Ht,r(Ω) ≲ n
− α−1−t

2(α−1)+d , (5.29)

assuming the same conditions as Theorem 21. This bound has two implications:

• On the one hand, taking t = −1, r = 2, and applying equation (5.9), we deduce that p̂n
is a minimax optimal density estimator under the 2-Wasserstein distance. To the best of
our knowledge, this is the only known convergence rate for density estimation under
the Wasserstein distance over Euclidean domains with non-rectangular boundary (apart
from the special case α ∈ (1, 2], for which density estimation has been studied without
support assumptions by Niles-Weed and Berthet (2022)). We also highlight that Divol,
Niles-Weed, and Pooladian (2022) has studied the case of boundary-free manifolds.

• On the other hand, take s = ϵ/2 for some ϵ > 0, and let r > 2d/ϵ. Then, using a Sobolev
embedding argument, equation (5.29) leads to a convergence rate for p̂n under the Cϵ(Ω)
norm. In particular, this allows us to infer that p̂n and q̂m satisfy the conditions on the
densities in assumption (C2), with high probability, thus allowing us to infer that φ̂nm is
of class C2+ϵ(Ω) with uniformly bounded Hölder norm.

We close this section by noting that, if one is willing to settle for pointwise asympotics, then
Theorem 21(i) can be stated without any smoothness assumptions on the potential φ0. Indeed,
the following is a consequence of Caffarelli’s regularity theory (Theorem 3).

Corollary 21. Let Ω be a domain satisfying condition (C1). Assume the distributions P,Q ∈
Pac(Ω) admit densities p, q ∈ Cα−1

N (Ω) for some α > 1. Let L1/d
m ≍ m1/(d+2(α−1)). Then, there

exists a constant C > 0 depending on Ω, α, τ, p, q such that

E
∥∥Tm − T0

∥∥2
L2(P )

≤ CRK,m(α).

5.4 Discussion

We have shown that several families of plugin estimators for smooth optimal transport maps
are minimax optimal. Our analysis hinged upon stability arguments which relate this problem
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to that of estimating the Wasserstein distance between two distributions, and, in turn, to that
of estimating a distribution under the Wasserstein distance. The latter question is well-studied
in the literature, and formed a key component in deriving convergence rates for the former
two problems. As a byproduct of our stability results, we derived new upper bounds on
the convergence rate of estimators of the Wasserstein distance between sufficiently smooth
distributions, which could not have been deduced from our developments in Chapter 3.

The estimators in this work are simple to compute and minimax optimal, but we make no
claim that their computational efficiency is optimal. For example, our plugin estimators of the
Wasserstein distance between (α− 1)-smooth densities can be approximated by sampling N
observations from our density estimators, and computing the Wasserstein distance between the
empirical measures formed by these observations, which can be done in polynomial time with
respect to N (Peyré and Cuturi, 2019). In order for this approximation to achieve comparable
risk to our theoretical estimators in the high-smoothness regime α ≳ d, one must takeN ≍ ncd

for some c ≥ 1. Our estimator thus requires computation time depending exponentially on d.
Vacher et al. (2021, 2024); Lin, Cuturi, and Jordan (2024) analyzed alternative estimators based
on kernel sum-of-squares, which have more favorable computational properties; though their
estimators are not minimax optimal, they can be computed in polynomial time if α ≳ d.
It is an interesting open question to derive polynomial-time estimators in d which are also
minimax optimal. More broadly, there are other computationally efficient estimators for
optimal transport maps based on entropic regularization (Cuturi, 2013) and input convex neural
networks (Makkuva et al., 2020) whose L2 risks have very recently been studied (Pooladian and
Niles-Weed, 2021; Divol, Niles-Weed, and Pooladian, 2022), but are not yet known to achieve
the minimax rate.

In our analysis of smooth two-sample optimal transport map estimators, we required
the fitted Brenier potential to be twice Hölder-smooth, for which we appealed to Caffarelli’s
regularity theory. Since we do not know whether Caffarelli’s boundary regularity estimates
hold uniformly in the various problem parameters, we resorted to working over Td, where a
uniform analogue of Caffarelli’s theory is available (cf. Theorem 4). We showed in Section 5.3.4
that this analysis can be extended to generic domains Ω of Rd, conditionally on a uniform
version of Caffarelli’s boundary regularity theory. To the best of our knowledge, it remains an
interesting open to question to verify whether this condition indeed holds.

Finally, our work leaves open the question of estimating optimal transport maps when the
ground cost function is not the squared Euclidean norm. While each of the plugin estimators
in this chapter can be naturally defined for generic cost functions, their theoretical analysis
presents a breadth of challenges. For example, although the regularity theory of Caffarelli
has been generalized to cover a large collection of cost functions (Ma, Trudinger, and Wang,
2005), this collection does not include the costs ∥ · ∥p for p ̸= 2 and p > 1, which are arguably
most widely-used in statistical applications. For such costs, it remains unclear what regularity
conditions are sensible to place on the population optimal transport map in order to obtain
analogues of our risk bounds, and we hope to explore such questions in future work.
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5.A On the Variance of Kantorovich Potentials

We state a straightforward technical result which will be used throughout our proofs.

Lemma 37. Let Ω be equal to [0, 1]d or Td. Given P,Q ∈ Pac(Ω), let (ϕ0, ψ0) be a pair of
Kantorovich potentials in the optimal transport transport problem from P to Q. Assume further
that the density q of Q satisfies γ−1 ≤ q ≤ γ over Ω, for some γ > 0. Define ψ0 = ψ0 −

´
Ω ψ0.

Then, there exists a constant C > 0 depending only on d such that

∥ψ0∥L2(Q) ≤ CγW2(P,Q).

In particular,
VarQ[ψ0(Y )] ≤ (Cγ)2W 2

2 (P,Q).

The proof will follow from Poincaré inequalities over [0, 1]d and Td, which we recall here
as they will be needed again in the sequel. The following is a special case of the Poincaré
inequality for convex domains (see for instance Leoni (2017), Theorem 12.30).

Lemma 38. Let 0 < a < b <∞ and Ω = [a, b]d. Then, there exists a constant C > 0 depending
only on d such that for all f ∈ H1(Ω) satisfying

´
Ω f = 0,

∥f∥L2(Ω) ≤ C(b− a) ∥∇f∥L2(Ω) .

We also state the following classical periodic Poincaré inequality (see for instance Steiner-
berger (2016) for a simple proof).

Lemma 39. Let f ∈ H1(Td) satisfy
´
Td f = 0. Then, ∥f∥L2(Td) ≤ ∥∇f∥L2(Td) .

Proof of Lemma 37. Since ψ0 ∈ H1(Ω) by definition, we may apply the Poincaré
inequality over Ω (namely, Lemma 38 when Ω = [0, 1]d, or Lemma 39 when Ω = Td). This
fact, together with the assumption γ−1 ≤ q ≤ γ, implies

∥ψ0∥2L2(Q) ≤ γ∥ψ0∥2L2([0,1]d) ≤ C2γ∥∇ψ0∥2L2([0,1]d) ≤ (Cγ)2∥∇ψ0∥2L2(Q) = (Cγ)2W 2
2 (P,Q),

which then also implies

VarQ[ψ0(Y )] = VarQ[ψ0(Y )] ≤ ∥ψ0∥2L2(Q) ≤ (Cγ)2W 2
2 (P,Q),

as claimed.

5.B Proofs of One-Sample Stability Bounds

5.B.1 Proof of Theorem 18

Recall that φ0 denotes a Brenier potential from P to Q, while ϕ0 = ∥·∥2 − 2φ0 and ψ0 =
∥·∥2− 2φ∗

0 denote the corresponding Kantorovich potentials. Since we have assumed that both
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P and Q are absolutely continuous distributions, Brenier’s Theorem implies that S0 = ∇φ∗
0 is

the optimal transport map from Q to P . Since φ0 is closed, the assumption

1

λ
Id ⪯ ∇2φ0 ⪯ λId,

from condition A1(λ) also implies (Hiriart-Urruty and Lemaréchal (2004), Theorem 4.2.2),

1

λ
Id ⪯ ∇2φ∗

0 ⪯ λId.

Combining this bound with a second-order Taylor expansion of φ∗
0 leads to the following

inequalities

1

2λ
∥x− y∥2 ≤ φ∗

0(y)− φ∗
0(x)−

〈
S0(x), y − x

〉
≤ λ

2
∥x− y∥2 , x, y ∈ Ω. (5.30)

With these facts in place, we turn to proving the theorem, namely that

1

λ
∥T̂ − T0∥2L2(P ) ≤W 2

2 (P, Q̂)−W 2
2 (P,Q)−

ˆ
ψ0d(Q̂−Q) ≤ λW 2

2 (Q̂,Q). (5.31)

We begin with the first inequality. Since T̂ is the optimal transport map from P to Q̂, we have,

W 2
2 (P, Q̂) =

ˆ
∥T̂ (x)− x∥2dP (x)

=

ˆ
∥T0(x)− x∥2dP (x)

+

ˆ
2
〈
T0(x)− x, T̂ (x)− T0(x)

〉
dP (x) +

ˆ
∥T̂ (x)− T0(x)∥2dP (x)

=W 2
2 (P,Q) +

ˆ
2
〈
T0(x)− x, T̂ (x)− T0(x)

〉
dP (x) + ∥T̂ − T0∥2L2(P ).

To bound the cross term, notice that equation (5.30) implies

2

ˆ 〈
T0(x)− x, T̂ (x)− T0(x)

〉
dP (x)

= 2

ˆ 〈
T0(x)− S0(T0(x)), T̂ (x)− T0(x)

〉
dP (x)

≥ 2

ˆ [〈
T0(x), T̂ (x)− T0(x)

〉
+ φ∗

0(T0(x))− φ∗
0(T̂ (x)) +

1

2λ
∥T̂ (x)− T0(x)∥2

]
dP (x)

=

ˆ [
∥T̂ (x)∥2 − ∥T0(x)∥2 − ∥T̂ (x)− T0(x)∥2

+ 2φ∗
0(T0(x))− 2φ∗

0(T̂ (x)) +
1

λ
∥T̂ (x)− T0(x)∥2

]
dP (x)
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=

(
1

λ
− 1

)
∥T̂ − T0∥2L2(P ) +

ˆ
ψ0d(Q̂−Q).

We deduce

W 2
2 (P, Q̂) ≥W 2

2 (P,Q) +
1

λ
∥T̂ − T0∥2L2(P ) +

ˆ
ψ0d(Q̂−Q),

To prove the second inequality in equation (5.31), let π̂ denote an optimal coupling between Q
and Q̂. Then, the measure π̂S0 = (S0, Id)#π̂ is a (possibly suboptimal) coupling between P
and Q̂, thus

W 2
2 (P, Q̂) ≤

ˆ
∥x− z∥2 dπ̂S0(x, z) =

ˆ
∥S0(y)− z∥2 dπ̂(y, z). (5.32)

The claim is now a consequence of the following technical Lemma, which will be used again in
the sequel.

Lemma 40. We have,

W 2
2 (P, Q̂) ≤

ˆ
∥S0(y)− z∥2 dπ̂(y, z) ≤W 2

2 (P,Q) +

ˆ
ψ0d(Q̂−Q) + λW 2

2 (Q̂,Q).

5.B.2 Proof of Lemma 40

We have,ˆ
∥S0(y)− z∥2 dπ̂(y, z)

=

ˆ
∥S0(y)− y∥2 dQ(y)+

ˆ
∥y − z∥2 dπ̂(y, z)+2

ˆ 〈
S0(y)− y, y − z

〉
dπ̂(y, z)

=W 2
2 (P,Q) +W 2

2 (Q̂,Q) + 2

ˆ 〈
S0(y)− y, y − z

〉
dπ̂(y, z).

Now, notice that by (5.30),

2

ˆ 〈
S0(y), y − z

〉
dπ̂(y, z) ≤ 2

ˆ [
φ∗
0(y)− φ∗

0(z) +
λ

2
∥y − z∥2

]
dπ̂(y, z)

= 2

ˆ
φ∗
0d(Q− Q̂) + λW 2

2 (Q̂,Q),

and,

2

ˆ 〈
− y, y − z

〉
dπ̂(y, z)

=

ˆ [
∥z∥2 − ∥z − y∥2 − ∥y∥2

]
dπ̂(y, z) =

ˆ
∥·∥2 d(Q̂−Q)−W 2

2 (Q̂,Q).

Therefore,

W 2
2 (P, Q̂)−W 2

2 (P,Q)

≤
ˆ (

∥·∥2 − 2φ∗
0

)
d(Q̂−Q) + λW 2

2 (Q̂,Q) =

ˆ
ψ0d(Q̂−Q) + λW 2

2 (Q̂,Q),

and the claim follows.
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5.C Proofs of Upper Bounds for One-Sample Empirical Esti-
mators

In this Appendix, we prove Corollaries 19 and 20.

5.C.1 Proof of Corollary 19

We shall make use of the notation introduced in Section 5.2.3 and Appendix A.3.4, regarding
wavelet density estimation over [0, 1]d. In particular, let Ψ = Ψbc with N = 1, so that Ψ is the
Haar wavelet basis on [0, 1]d.

Lemma 41. Let J ≥ 1 be an integer. For any µ ∈ P([0, 1]d), let µJ ∈ Pac([0, 1]
d) denote the

measure admitting density

qJ = 1 +
J∑
j=0

∑
ξ∈Ψj

ξ

ˆ
ξdµ,

with respect to the Lebesgue measure on [0, 1]d. Then, W2(µ, µJ) ≤
√
d2−J .

Proof. The Lemma is a consequence of dyadic partitioning arguments which have previously
been used by Boissard and Le Gouic (2014); Fournier and Guillin (2015); Weed and Bach (2019);
Lei (2020). In particular, for all j ≥ 0, let Qj denote the natural partition (up to intersections
on Lebesgue null sets) of [0, 1]d into 2dj cubes of length 2−j . Then, Proposition 1 of Weed and
Bach (2019) implies

W 2
2 (µ, µJ) ≤ d

2−2J +
J∑
j=1

2−2(j−1)
∑
S∈Qj

|µ(S)− µJ(S)|

 .
To prove the claim, it thus suffices to show that µ(S) = µJ(S) for all S ∈ Qj and j = 1, . . . , J .

Let j ≥ 0, S ∈ Qj , and recall that IS is the indicator function of S. Denote its expansion
in the Haar basis by

IS = L(S) +
∞∑
ℓ=0

∑
ξ∈Ψℓ

γξξ, where γψ =

ˆ
ISψ,ψ ∈ Ψ.

Notice that for any ℓ ≥ j and ξ ∈ Ψℓ, we have

supp(ξ) ⊆ IS , or supp(ξ) ∩ IS = ∅.

Furthermore, since ζ = I[0,1]d , and the Haar basis is orthonormal, we must have
´
[0,1]d ξ = 0

for any ξ ∈ Ψj , j ≥ 0. It must follow that

γξ =

ˆ
ISξ = 0, for all ξ ∈ Ψℓ, ℓ ≥ j,
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that is, IS ∈ Span
(
Φ ∪

⋃j−1
ℓ=0 Ψℓ

)
. We therefore have, for any S ∈ Qj and j ≤ J ,

µJ(S) =

ˆ
IS(y)qJ(y)dy

= L(S) +
J∑
j=0

∑
ξ∈Ψj

(ˆ
ξdµ

)(ˆ
IS(y)ξ(y)dy

)

= L(S) +
J∑
j=0

∑
ξ∈Ψj

(ˆ
ξdµ

)
γξ

=

ˆ L(S) +
J∑
j=0

∑
ξ∈Ψj

ξγξ

 dµ =

ˆ
ISdµ = µ(S).

The claim follows.

To prove the Corollary from here, let 2Jn ≍ n1/d, and let Q̂n be the distribution with
density

q̂n(y) = 1 +

Jn∑
j=0

∑
ξ∈Ψj

(ˆ
ξdQn

)
ξ(y), y ∈ [0, 1]d.

Apply Lemma 41 to the measure µ = Qn to obtain

W 2
2 (Qn, Q) ≲W 2

2 (Qn, Q̂n) +W 2
2 (Q̂n, Q) ≲ 2−2Jn +W 2

2 (Q̂n, Q) ≲ n−2/d +W 2
2 (Q̂n, Q).

Furthermore, recall that γ−1 ≤ q ≤ γ, thus we may apply Lemma 106 to deduce

EW 2
2 (Q̂n, Q) ≲


n−2/d, d ≥ 3

(log n)2/n, d = 2

1/n, d = 1.

The claim follows.

5.C.2 Proof of Corollary 20

By Theorem 18,

E
∣∣W 2

2 (P,Qn)−W 2
2 (P,Q)

∣∣ ≤ EW 2
2 (Qn, Q) + E

∣∣∣∣ˆ ψ0d(Qn −Q)

∣∣∣∣ .
By Jensen’s inequality, the final term satisfies

E
∣∣∣∣ˆ ψ0d(Qn −Q)

∣∣∣∣ ≤ n−
1
2

√
VarQ[ψ0(Y )].
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Since ψ0 is uniformly bounded by a constant depending only on d, the right-hand side of the
above display is of order n−1/2. Furthermore, by equation (5.12), we have EW 2

2 (Qn, Q) ≲ κn,
thus the first part of the claim follows.

Under the assumptions of the second part of the claim, we may instead use Corollary 19 to
obtain the stronger bound EW 2

2 (Qn, Q) ≲ κn, as well as Lemma 37 to derive VarQ[ψ0(Y )] ≲
W 2

2 (P,Q). The claim then follows.

5.D Proofs of Upper Bounds for One-Sample Wavelet Estima-
tors

5.D.1 Proof of Theorem 19

Under the assumptions of part (i), we may apply Theorem 18 and Lemma 106 to obtain,

E
∥∥T̂n − T0

∥∥2
L2(P )

≲λ EW 2
2 (Q̂n, Q) ≲M,γ,α RT,n(α),

which immediately leads to the first claim. To prove the second claim, recall that we have
assumed α > 1, whence the assumption on φ∗

0 implies in particular that ∥φ∗
0∥C2(Ω) ≤ λ. Since

the densities p, q are bounded from below by γ−1 over [0, 1]d, and also bounded from above
due to their Hölder continuity and the compactness of [0, 1]d, it follows by Lemma 35 that
φ0 satisfies condition A1(λ), after possibly modifying the value of λ in terms of γ. We may
therefore invoke Theorem 18 to obtain,

L(Q̂n) ≤W 2
2 (P, Q̂n)−W 2

2 (P,Q) ≤ λW 2
2 (Q̂n, Q) + L(Q̂n).

Let C > 0 be a constant depending only on M,λ, γ, α, whose value may change from line to
line. By Lemma 106, we have

EW 2
2 (Q̂n, Q) ≤ CRT,n(α), and EW 4

2 (Q̂n, Q) ≤ CR2
T,n(α).

Furthermore, by Lemma 36, we have∣∣EL(Q̂n)∣∣ ≤ CRT,n(α)

Var
[
L(Q̂n)

]
≤ 1

n

(
VarQ[ψ0(Y )] + 2−2Jnα

)
≤

VarQ[ψ0(Y )]

n
+ CR2

T,n(α)

E
∣∣L(Q̂n)∣∣2 = ∣∣EL(Q̂n)∣∣2 +Var

[
L(Q̂n)

]
≤

VarQ[ψ0(Y )]

n
+ CR2

T,n(α).

Combining the preceding three displays, we deduce that∣∣EW 2
2 (P, Q̂n)−W 2

2 (P,Q)
∣∣ ≤ λEW 2

2 (Q̂n, Q)+
∣∣EL(Q̂n)∣∣≤CRT,n(α), (5.33)

and,

E
∣∣W 2

2 (P, Q̂n)−W 2
2 (P,Q)

∣∣2
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≤ E
[(
λW 2

2 (Q̂n, Q) +
∣∣L(Q̂n)∣∣)2]

≤ λ2EW 4
2 (Q̂n, Q) + 2λE

[
W 2

2 (Q̂n, Q)
∣∣L(Q̂n)∣∣]+ E

∣∣L(Q̂n)∣∣2
≤ λ2EW 4

2 (Q̂n, Q) + 2λ

√(
EW 4

2 (Q̂n, Q)
)
E
∣∣L(Q̂n)∣∣2 + E

∣∣L(Q̂n)∣∣2
≤ Cλ2R2

T,n(α) + 2λ

√
CR2

T,n(α)

(
CR2

T,n(α) +
VarQ[ψ0(Y )]

n

)
+

VarQ[ψ0(Y )]

n

≤ C2R2
T,n(α) + 2CRT,n(α)

√
VarQ[ψ0(Y )]

n
+

VarQ[ψ0(Y )]

n

≤

(
CRT,n(α) +

√
VarQ[ψ0(Y )]

n

)2

.

The claim follows

It thus remains to prove Lemma 36.

5.D.2 Proof of Lemma 36

In order to bound the bias of
´
ψ0q̂n, recall from Lemma 105 that the event An = {q̂n = q̃n}

satisfies P(Ac
n) ≲ n

−2. Since ψ0 is bounded by a constant depending only on d, we have,

E
∣∣∣∣ˆ ψ0(q̂n − q̃n)

∣∣∣∣ ≤ E
(∣∣∣∣ˆ ψ0(q̂n − q̃n)

∣∣∣∣ IAc
n

)
≲ P(Ac

n) ≲ 1/n2.

We deduce that ∣∣E[L(Q̂n)]∣∣ ≲ ∣∣∣∣ˆ ψ0(q̃n − q)

∣∣∣∣+ 1

n2
,

thus we are left with bounding the bias of
´
ψ0q̃n. Recall that β̂ξ is an unbiased estimator of βξ

for all ξ ∈ Ψ, so that

qJn := E[q̃n] =
∑
ζ∈Φ

βζζ +

Jn∑
j=j0

∑
ξ∈Ψj

βξξ.

Write the expansion of ψ0 in the basis Ψ as

ψ0 =
∑
ζ∈Φ

γζζ +

∞∑
j=j0

∑
ξ∈Ψj

γξξ, where γξ =
ˆ
ψ0ξ for all ξ ∈ Ψ,

where the series converges uniformly due to the Hölder regularity of ψ0, so that,

ˆ
ψ0(q − qJn) =

ˆ ∑
ζ∈Φ

γζζ +

∞∑
j=j0

∑
ξ∈Ψj

γξξ

 ∞∑
j=Jn+1

∑
ξ∈Ψj

βξξ

 =

∞∑
j=Jn+1

∑
ξ∈Ψj

γξβξ,



Chapter 5. Plugin Estimation of Smooth Optimal Transport Maps 223

by orthonormality of the basis Ψ. By Lemma 30(i) in Appendix A.3, we have |Ψj | ≲ 2dj ,
therefore∣∣∣∣ˆ ψ0(q − qJn)

∣∣∣∣ ≤ ∞∑
j=Jn+1

∑
ξ∈Ψj

|γξβξ| ≲
∞∑

j=Jn+1

2dj∥(γξ)ξ∈Ψj
∥∞∥(βξ)ξ∈Ψj

∥∞. (5.34)

On the other hand, we have ∥·∥Bs
∞,∞(Ω) ≲ ∥·∥Cs(Ω) for all s > 0 by Lemma 102. Therefore, by

assumption on q and φ∗
0, we obtain

∥(βξ)ξ∈Ψj
∥ℓ∞ ≤ ∥q∥Bα−1

∞,∞(Ω) 2
−j[(α−1)+ d

2
] ≲ 2−j[(α−1)+ d

2
],

∥(γξ)ξ∈Ψj
∥ℓ∞ ≤ ∥ψ0∥Bα+1

∞,∞(Ω) 2
−j[(α+1)+ d

2
] ≲ 2−j[(α+1)+ d

2
],

(5.35)

for all j ≥ j0. Combine equations (5.34)–(5.35) to deduce

∣∣EL(Q̂n)∣∣ ≲ ∞∑
j=Jn+1

2dj2−j[(α+1)+ d
2
]2−j[(α−1)+ d

2
] ≲

∞∑
j=Jn+1

2−2jα ≲ 2−2Jnα ≍ n
− 2α

2(α−1)+d .

We next bound the variance VarQ[L(Q̂n)]. Denote by

ψJn =
∑
ζ∈Φ

γζζ +

Jn∑
j=j0

∑
ξ∈Ψj

ξγξ

the projection of ψ0 onto Span
(
Φ ∪

⋃Jn
j=j0

Ψj

)
. By again applying Lemma 105, it is a straight-

forward observation that ∣∣∣∣Var [ˆ ψ0q̂n

]
−Var

[ˆ
ψ0q̃n

]∣∣∣∣ ≲ n−2,

thus it suffices to show that Var
[´
ψ0q̃n

]
= VarQ[ψ0(Y )]/n+O(2−2Jnα/n). Notice that

ˆ
ψ0q̃n =

∑
ζ∈Φ

β̂ζ

ˆ
ψ0ζ +

Jn∑
j=j0

∑
ξ∈Ψj

β̂ξ

ˆ
ψ0ξ

=
∑
ζ∈Φ

β̂ζγζ +

Jn∑
j=j0

∑
ξ∈Ψj

β̂ξγξ

=
1

n

n∑
i=1

∑
ζ∈Φ

ζ(Yi)γζ +

Jn∑
j=j0

∑
ξ∈Ψj

ξ(Yi)γξ

 =

ˆ
ψJndQn, (5.36)

whence,

Var

[ˆ
ψ0q̃n

]
=

1

n
VarQ[ψJn(Y )]
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=
1

n
VarQ[ψ0(Y )] +

1

n
(VarQ[ψJn(Y )]−VarQ[ψ0(Y )]).

It thus remains to bound the final term. Notice that∣∣∣VarQ[ψJn(Y )]−VarQ[ψ0(Y )]
∣∣∣

≲
∣∣∣EQ[ψ2

Jn(Y )− ψ2
0(Y )]

∣∣∣+ ∣∣∣EQ[ψJn(Y )− ψ0(Y )]
∣∣∣ = (I) + (II).

We begin by bounding (I). Letting gn = (ψJn + ψ0)q, we have,

(I) =

∣∣∣∣ˆ (ψJn − ψ0)(ψJn + ψ0)q

∣∣∣∣ = ∣∣∣∣ˆ (ψJn − ψ0)gn

∣∣∣∣ .
It is clear that ∥ψJn∥Bα+1

∞,∞([0,1]d) ≤ ∥ψ0∥Bα+1
∞,∞([0,1]d) ≲ λ, thus for any fixed ϵ > 0 sufficiently

small, the map ψJn + ψ0 lies in Cα+1−ϵ([0, 1]d) with uniformly bounded norm, by Lemma 102.
Note that one may take ϵ = 0 if α is not an integer. On the other hand, we also have
∥q∥Cα−1([0,1]d) ≤M . Deduce that

sup
n≥1

∥gn∥Bα−1
∞,∞([0,1]d) ≲ sup

n≥1
∥gn∥Cα−1([0,1]d) ≲ 1,

where the first inequality again uses Lemma 102, and the second inequality follows from
Lemma 95. Now, let αn,ξ =

´
ξgn for all ξ ∈ Ψ. By following the same argument as in the first

part of this proof, and using again the fact that ∥ψ0∥Bα+1
∞,∞([0,1]d) ≲ λ, we may deduce that

(I) ≤
∞∑

j=Jn+1

∑
ξ∈Ψj

|γξαn,ξ|

≤ ∥ψ0∥Bα+1
∞,∞([0,1]d)∥gn∥Bα−1

∞,∞([0,1]d)

∞∑
j=Jn+1

2dj2−j[(α+1)+ d
2
]2−j[(α−1)+ d

2
] ≲ 2−2Jnα.

Likewise, we have

(II) =

∣∣∣∣ˆ (ψJn − ψ0)q

∣∣∣∣ ≲ 2−2Jnα,

and the claim follows from here.

5.E Proofs of Two-Sample Stability Bounds

5.E.1 Proof of Proposition 23

Due to the absolute continuity of P and Q, the optimal transport map from Q to P is given by
S0 = ∇φ∗

0. Furthermore, by absolute continuity of P , there exists an optimal transport map σ̂
from P to P̂ . We clearly have,

(σ̂ ◦ S0)#Q = P̂ .
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Also let π̂ ∈ Π(Q, Q̂) be the optimal coupling between Q and Q̂, so that

(σ̂ ◦ S0, Id)#π̂ ∈ Π(P̂ , Q̂).

We deduce,

W 2
2 (P̂ , Q̂) ≤

ˆ
∥σ̂ ◦ S0(y)− z∥2 dπ̂(y, z)

=

ˆ [
∥σ̂ ◦ S0(y)− S0(y)∥2 + ∥S0(y)− z∥2

]
dπ̂(y, z)

+ 2

ˆ
⟨σ̂ ◦ S0(y)− S0(y), S0(y)− z⟩dπ̂(y, z). (5.37)

Notice thatˆ
∥σ̂ ◦ S0(y)− S0(y)∥2 dπ̂(y, z) =

ˆ
∥σ̂(x)− x∥2dP (x) =W 2

2 (P̂ , P ). (5.38)

Furthermore, we haveˆ
∥S0(y)− z∥2dπ̂(y, z) ≤W 2

2 (P,Q) +

ˆ
ψ0d(Q̂−Q) + λW 2

2 (Q̂,Q), (5.39)

by Lemma 40. Additionally, the cross term in equation (5.37) is bounded as follows.

Lemma 42. We have,

2

ˆ
⟨σ̂ ◦ S0(y)− S0(y), S0(y)− z⟩dπ̂(y, z)

≤
ˆ
ϕ0d(P̂ − P ) + 2W2(P̂ , P )W2(Q̂,Q) + (λ− 1)W 2

2 (P̂ , P ).

We prove Lemma 42 in Appendix 5.E.2 below. By equations (5.37–5.39) and Lemma 42, we
obtain

W 2
2 (P̂ , Q̂) ≤W 2

2 (P,Q) + λW 2
2 (P̂ , P ) + λW 2

2 (Q̂,Q)

+

ˆ
ψ0d(Q̂−Q) +

ˆ
ϕ0d(P̂ − P ) + 2W2(P̂ , P )W2(Q̂,Q)

≤W 2
2 (P,Q) + λ

[
W2(P̂ , P ) +W2(Q̂,Q)

]2
+

ˆ
ψ0d(Q̂−Q) +

ˆ
ϕ0d(P̂ − P ).

This proves the upper bound of the claim. To prove the lower bound, notice that, by the
Kantorovich duality,

W 2
2 (P̂ , Q̂) ≥

ˆ
ϕ0dP̂ +

ˆ
ψ0dQ̂

=

ˆ
ϕ0dP +

ˆ
ψ0dQ+

ˆ
ϕ0d(P̂ − P ) +

ˆ
ψ0d(Q̂−Q)

=W 2
2 (P,Q) +

ˆ
ϕ0d(P̂ − P ) +

ˆ
ψ0d(Q̂−Q).

The claim follows.
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5.E.2 Proof of Lemma 42

Write
2

ˆ
⟨σ̂ ◦ S0(y)− S0(y), S0(y)− z⟩dπ̂(y, z) = (I) + (II) + (III), (5.40)

where

(I) = 2

ˆ
⟨σ̂ ◦ S0(y)− S0(y), y − z⟩dπ̂(y, z)

(II) = 2

ˆ
⟨σ̂ ◦ S0(y)− S0(y),−y⟩dπ̂(y, z)

(III) = 2

ˆ
⟨σ̂ ◦ S0(y)− S0(y), S0(y)⟩dπ̂(y, z).

Regarding (I), the Cauchy-Schwarz inequality implies

(I) ≤ 2

(ˆ
∥σ̂ ◦ S0(y)− S0(y)∥2 dπ̂(y, z)

) 1
2
(ˆ

∥y − z∥2 dπ̂(y, z)
) 1

2

= 2

(ˆ
∥σ̂(x)− x∥2 dP (x)

) 1
2
(ˆ

∥y − z∥2 dπ̂(y, z)
) 1

2

= 2W2(P̂ , P )W2(Q̂,Q). (5.41)

Regarding term (II), recall that φ0 satisfies assumption A1(λ), thus we have

1

2λ
∥x− y∥2 ≤ φ0(y)− φ0(x)−

〈
T0(x), y − x

〉
≤ λ

2
∥x− y∥2, x, y ∈ Ω,

We deduce that,

(II) = 2

ˆ
⟨σ̂ ◦ S0(y)− S0(y),−T0 ◦ S0(y)⟩dπ̂(y, z)

≤ 2

ˆ [
φ0(S0(y))− φ0(σ̂ ◦ S0(y)) +

λ

2
∥S0(y)− σ̂ ◦ S0(y)∥2

]
dπ̂(y, z)

=

ˆ
2φ0d(P − P̂ ) + λW 2

2 (P̂ , P ). (5.42)

Finally, term (III) satisfies

(III) =

ˆ [
∥σ̂ ◦ S0(y)∥2 − ∥σ̂ ◦ S0(y)− S0(y)∥2 − ∥S0(y)∥2

]
dπ̂(y, z)

=

ˆ
∥·∥2 d(P̂ − P )−W 2

2 (P̂ , P ). (5.43)

Combine equations (5.41)–(5.43) with equation (5.40) to deduce the claim.
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5.E.3 Proof of Proposition 24

Once again, denote by S0 = ∇φ∗
0 the optimal transport map from Q to P . Recall from the

proof of Theorem 18 (equation (5.30)) that, due to assumption A1(λ),
1

2λ
∥x− y∥2 ≤ φ∗

0(y)− φ∗
0(x)−

〈
S0(x), y − x

〉
≤ λ

2
∥x− y∥2 ,

for all x, y ∈ Ω. Now, we have,

W 2
2 (Pn, Qm) =

n∑
i=1

m∑
j=1

π̂ij∥Xi − Yj∥2

=
n∑
i=1

m∑
j=1

π̂ij

[
∥T0(Xi)−Xi∥2

+ 2⟨T0(Xi)−Xi, Yj − T0(Xi)⟩+ ∥Yj − T0(Xi)∥2
]
.

Notice that

E

 n∑
i=1

m∑
j=1

π̂ij∥T0(Xi)−Xi∥2
 = E

 n∑
i=1

 m∑
j=1

π̂ij

 ∥T0(Xi)−Xi∥2


= E

[
1

n

n∑
i=1

∥T0(Xi)−Xi∥2
]
=W 2

2 (P,Q),

where we have used the marginal constraint on the coupling π̂ in the first equality of the above
display. Recalling that ∆nm =

∑n
i=1

∑m
j=1 π̂ij∥Xi − Yj∥2, thus we obtain,

E
[
W 2

2 (Pn,Qm)−W 2
2 (P,Q)

]
= E[∆nm] + 2E

 n∑
i=1

m∑
j=1

π̂ij⟨T0(Xi)−Xi, Yj − T0(Xi)⟩


= E[∆nm] + 2E

 n∑
i=1

m∑
j=1

π̂ij⟨T0(Xi)− S0(T0(Xi)), Yj − T0(Xi)⟩

 .
Now,

2⟨−S0(T0(Xi)), Yj − T0(Xi)⟩ ≥ 2φ∗
0(T0(Xi))− 2φ∗

0(Yj) +
1

λ
∥T0(Xi)− Yj∥2 , (5.44)

whence, we obtain,

E
[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]
≥ E[∆nm] + E

[
n∑
i=1

m∑
j=1

π̂ij

(
2φ∗

0(T0(Xi))− 2φ∗
0(Yj)

+
1

λ
∥T0(Xi)− Yj∥2 + 2⟨T0(Xi), Yj − T0(Xi)⟩

)]
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Now, notice that

2⟨T0(Xi), Yj − T0(Xi)⟩ = −∥T0(Xi)− Yj∥2 + ∥Yj∥2 − ∥T0(Xi)∥2 .

Thus, continuing from before, we have

E
[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]
≥ 1

λ
E[∆nm] + E

 n∑
i=1

m∑
j=1

π̂ij

(
2φ∗

0(T0(Xi))− 2φ∗
0(Yj) + ∥Yj∥2 − ∥T0(Xi)∥2

)
=

1

λ
E[∆nm] + E

 1

m

m∑
j=1

(
∥Yj∥2 − 2φ∗

0(Yj)
)

− E

[
1

n

n∑
i=1

(
∥T0(Xi)∥2 − 2φ∗

0(T0(Xi))
)]

=
1

λ
E[∆nm].

This proves one of the inequalities of the claim. To obtain the other, return to equation (5.44)
and notice that one also has

2⟨−S0(T0(Xi)), Yj − T0(Xi)⟩ ≤ 2φ∗
0(T0(Xi))− 2φ∗

0(Yj) + λ ∥T0(Xi)− Yj∥2 .

The proof then proceeds analogously. This proves that

E[∆nm] ≍λ E
[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]
.

To conclude, apply Proposition 23 to deduce

E
[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]
≤ E
ˆ
ϕ0d(Pn − P ) + E

ˆ
ψ0d(Qm −Q) + 2λ

[
EW 2

2 (Pn, P ) + EW 2
2 (Qm, Q)

]
= 2λ

[
EW 2

2 (Pn, P ) + EW 2
2 (Qm, Q)

]
.

The above display is of the order κn∧m due to equation (5.12). When we additionally assume
that Ω = [0, 1]d and γ−1 ≤ p, q ≤ γ, we may instead bound it from above by κn∧m, due to
Corollary 19. The claim follows.

5.E.4 Proof of Proposition 27

The claim follows along the same lines as the proofs of Theorem 18 and Proposition 23, thus we
only provide a brief proof of the analogue of Theorem 18 over the torus. It will suffice to prove

1

λ
∥T̂ − T0∥2L2(P ) ≤ W2

2 (P, Q̂)−W2
2 (P,Q)−

ˆ
ψ0d(Q̂−Q) ≤ λW2

2 (Q̂,Q). (5.45)
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Recall that T̂ is the optimal transport map from P to Q̂. By Proposition 3(iii), we therefore
have P -almost surely

dTd(T̂ (x), x) = ∥T̂ (x)− x∥, dTd(T0(x), x) = ∥T0(x)− x∥ , x ∈ Td.

It follows that

W2
2 (P, Q̂)−W2

2 (P,Q) =

ˆ
∥T̂ (x)− x∥2dP (x)−

ˆ
∥T0(x)− x∥2dP (x).

From here, it follows identically as in the proof of Theorem 18 that

W2
2 (P, Q̂)−W2

2 (P,Q) ≥ 1

λ
∥T̂ − T0∥2L2(P ) +

ˆ
ψ0d(Q̂−Q).

To prove the second inequality in equation (5.45), let π̂ denote an optimal coupling between Q
and Q̂ with respect to the cost d2Td . Notice similarly as before that Proposition 3(iii) implies

W2
2 (P,Q) =

ˆ
∥S0(y)− y∥2dQ(y), W2

2 (Q, Q̂) =

ˆ
∥y − z∥2dπ̂(y, z),

thus, since (S0, Id)#π̂ ∈ Π(P, Q̂), and using the fact that dTd ≤ ∥ · ∥, we have

W2
2 (P, Q̂)

≤
ˆ
d2Td(S0(y), z)dπ̂(y, z)

≤
ˆ

∥S0(y)− z∥2dπ̂(y, z)

=

ˆ
∥S0(y)− y∥2 dQ(y) +

ˆ
∥y − z∥2 dπ̂(y, z) + 2

ˆ 〈
S0(y)− y, y − z

〉
dπ̂(y, z)

= W2
2 (P,Q) +W2

2 (Q̂,Q) + 2

ˆ 〈
S0(y)− y, y − z

〉
dπ̂(y, z).

By the same argument as in Theorem 18, the cross term is bounded above by (λ−1)W2
2 (Q̂,Q)+´

ψ0d(Q̂−Q), thus the claim follows.

5.F Proofs of Upper Bounds for Two-Sample Empirical Estima-
tors

In this Appendix, we prove Propositions 25 and 26. We begin with the following result.

Lemma 43. Let Ω satisfy conditions (S1)–(S2). Let P ∈ Pac(Ω) admit a density p such that
γ−1 ≤ p ≤ γ for some γ > 0. Let V1, . . . , Vn denote the Voronoi partition in equation (5.23),
based on an i.i.d. sample X1, . . . , Xn ∼ P . Then, there exist constants C1, C2 > 0 depending
only on d, γ, ϵ0, δ0 such that the following assertions hold.
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(i) For all δ ∈ (0, 1), we have,

P
(
max
1≤i≤n

P (Vi) ≥
C1

n

[
d log n+ log (1/δ)

])
≤ δ.

(ii) We have,

E
[
max
1≤i≤n

diam(Vi)
2

]
≤ C2

(
log n

n

) 2
d

.

Proof of Lemma 43. We shall make use of the relative Vapnik-Chervonenkis inequal-
ity (Vapnik, 2013; Bousquet, Boucheron, and Lugosi, 2003), in the following form stated by
Chaudhuri and Dasgupta (2010).

Lemma 44. Let B denote the set of balls in Rd. Then, there exists a universal constant C > 0
such that for every δ ∈ (0, 1), we have with probability at least 1− δ that for all B ∈ B,

P (B) ≥ C

n

[
d log n+ log

(
1

δ

)]
=⇒ Pn(B) > 0.

We now turn to the proof. Recall that Ω is a standard set by condition (S2), and recall
the constants ϵ0, δ0 > 0 therein. For any 1 ≤ i ≤ n and x ∈ Vi \ {Xi}, let ρi(x) =
(ϵ0/2d) ∥x−Xi∥. Since diam(Ω) ≤

√
d by condition (S1), we have ρi(x) ≤ ϵ0. We also have

ρi(x) < ∥x−Xi∥, thus the balls B(x, ρi(x)) of radius ρi(x) centered at x contain no sample
points. Therefore, by Lemma 44, we have that for any δ ∈ (0, 1), with probability at least 1− δ,

max
1≤i≤n

sup
x∈Vi

P
(
B(xi, ρi(x))

)
≤ C

n

[
d log n+ log

(
1

δ

)]
. (5.46)

Now, since γ−1 ≤ p ≤ γ, the assumption of standardness on Ω leads to the bound

P (B(x, ρi(x))) ≥ γ−1L(B(x, ρi(x)) ∩ Ω) ≥ δ0γ
−1L(B(x, ρi(x))) ≍ ρdi (x),

thus equation (5.46) reduces to

max
1≤i≤n

sup
x∈Vi

ρdi (x) ≤
C

n

[
d log n+ log

(
1

δ

)]
.

Deduce from here that with probability at least 1− δ, for any 1 ≤ i ≤ n and x, y ∈ Vi,

∥x− y∥ ≤ ∥x−Xi∥+ ∥y − Yi∥ ≲ ρi(x) + ρi(y) ≲

[
d log n+ log (1/δ)

n

] 1
d

.

It follows that for some C1 > 0 not depending on δ, we have with probability at least 1− δ,

max
1≤i≤n

diam(Vi) ≤ C1

[
d log n+ log (1/δ)

n

] 1
d

.
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To prove claim (i), notice that since the density of P is bounded from above, we also have with
probability at least 1− δ,

max
1≤i≤n

P (Vi) ≤ γ max
1≤i≤n

L(Vi) ≲ max
1≤i≤n

diam(Vi)
d ≲

1

n

[
d log n+ log (1/δ)

]
.

To prove claim (ii), let tn = (2Cd1 (d+ 2) log n/n)2/d. Set δ = nd exp
(
−udn

Cd
1

)
for any u > 0

to obtain

E
[
max
1≤i≤n

diam(Vi)
2

]
=

ˆ ∞

0
P
(
max
1≤i≤n

diam(Vi)
2 ≥ u

)
du

≤ tn + nd
ˆ ∞

tn

exp

(
−u

d
2n

Cd1

)
du

= tn +
4nd

d

ˆ ∞

t
d/4
n

exp

(
−v

2n

Cd1

)
v

4
d
−1dv

≲ tn + nd
ˆ ∞

t
d/4
n

exp

(
− v2n

2Cd1

)
dv

≲ tn +
nd√
n
exp

(
− t

d/2
n n

2Cd1

)
≲

(
log n

n

) 2
d

.

The claim follows.

5.F.1 Proof of Proposition 25

Abbreviate T̂ 1NN
nm by T̂nm. We have,

∥∥T̂nm − T0
∥∥2
L2(P )

=
n∑
i=1

ˆ
Vi

∥T̂nm(x)− T0(Xi) + T0(Xi)− T0(x)
∥∥2dP (x)

≲
n∑
i=1

ˆ
Vi

[
∥T̂nm(x)− T0(Xi)∥2 + ∥T0(Xi)− T0(x)∥2

]
dP (x).

To bound the first term, notice that,

n∑
i=1

ˆ
Vi

∥T̂nm(x)− T0(Xi)∥2dP (x) =
n∑
i=1

ˆ
Vi

∥∥∥∥∥
m∑
j=1

(nπ̂ij)Yj − T0(Xi)

∥∥∥∥∥
2

dP (x)

=

n∑
i=1

P (Vi)

∥∥∥∥∥
m∑
j=1

(nπ̂ij)Yj − T0(Xi)

∥∥∥∥∥
2

≤
n∑
i=1

P (Vi)
m∑
j=1

(nπ̂ij) ∥Yj − T0(Xi)∥2 ,
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by convexity of ∥·∥2. Therefore, setting Mn = max1≤i≤n P (Vi), we obtain

∥∥T̂nm − T0
∥∥2
L2(P )

≤ n∆nm

(
max
1≤i≤n

P (Vi)

)
+

n∑
i=1

ˆ
Vi

∥T0(Xi)− T0(x)∥2dP (x).

Since T0 is λ-Lipschitz by condition A1(λ), the claim is now a consequence of the following
simple Lemma, which we isolate for future reference.

Lemma 45. Under the conditions of the first claim of Proposition 25, we have for any λ-Lipschitz
map F : Ω → Ω,

E

[
n∑
i=1

ˆ
Vi

∥F (Xi)− F (x)∥2dP (x)

]
≲λ,γ (log n/n)2/d,

E
[
n∆nm

(
max
1≤i≤n

P (Vi)

)]
≲λ,γ,ϵ0,δ0 (log n)κn∧m.

If we additionally assume that Ω = [0, 1]d and γ−1 ≤ q ≤ γ over Ω, then

E
[
n∆nm

(
max
1≤i≤n

P (Vi)

)]
≲λ,γ,ϵ0,δ0 (log n)κn∧m.

5.F.1.1 Proof of Lemma 45

The first quantity is easily bounded as follows,

E

[
n∑
i=1

ˆ
Vi

∥F (Xi)− F (x)∥2dP (x)

]
≤ λ2E

[
n∑
i=1

ˆ
Vi

∥Xi − x∥2dP (x)

]

≤ λ2E

[
n∑
i=1

P (Vi) diam(Vi)
2

]

≤ λ2E
[
max
1≤i≤n

diam(Vi)
2

]
≲

(
log n

n

) 2
d

,

where the final inequality is due to Lemma 21(ii). To bound the second quantity, let Mn =
max1≤i≤n P (Vi). By Lemma 21(i) with δ = 1/n2, there is a large enough constant c > 0 such
that if mn = c log n/n, then P(Mn ≥ mn) ≤ 1/n2. We have,

E [nMn∆nm] = E [nMnI(Mn ≥ mn)∆nm] + E [nMnI(Mn < mn)∆nm] .

Notice that ∆nm is bounded above by diam(Ω)2, and 0 ≤Mn ≤ 1, thus, by Proposition 24,

E [nMn∆nm] ≲ nP(Mn ≥ mn) +mnnE [∆nm] ≲
1

n
+ (log n)E [∆nm] ≲ (log n)κn∧m,

as desired. The final claim follows analogously.
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5.F.2 Proof of Proposition 26

Abbreviate T̂LS
nm by T̂nm. Notice first that we have

∥∥T̂nm − T0
∥∥2
L2(Pn)

=
1

n

n∑
i=1

∥∥T̂nm(Xi)− T0(Xi)
∥∥2

=

n∑
i=1

m∑
j=1

π̂ij
∥∥T̂nm(Xi)− T0(Xi)

∥∥2
≲

n∑
i=1

m∑
j=1

π̂ij
∥∥T̂nm(Xi)− Yj

∥∥2 + n∑
i=1

m∑
j=1

π̂ij
∥∥Yj − T0(Xi)

∥∥2
≤ 2

n∑
i=1

m∑
j=1

π̂ij
∥∥Yj − T0(Xi)

∥∥2 = 2∆nm, (5.47)

where the final inequality follows by definition of T̂nm, since φ0 ∈ Jλ under assumption A1(λ).
Therefore,

∥∥T̂nm − T0
∥∥2
L2(P )

=

n∑
i=1

ˆ
Vi

∥T̂nm − T0
∥∥2dP ≲ n∑

i=1

ˆ
Vi

[
∥T̂nm(x)− T̂nm(Xi)∥2

+ ∥T̂nm(Xi)− T0(Xi)∥2 + ∥T0(Xi)− T0(x)∥2
]
dP (x).

By definition of Jλ and by assumption A1(λ), T̂nm and T0 are both λ-Lipschitz, thus by
Lemma 45,

E
∥∥T̂nm − T0

∥∥2
L2(P )

≲

(
log n

n

) 2
d

+ E

[
n∑
i=1

ˆ
Vi

∥T̂nm(Xi)− T0(Xi)∥2dP (x)

]

≤
(
log n

n

) 2
d

+ E
[
n

(
max
1≤i≤n

P (Vi)

)∥∥T̂nm − T0
∥∥2
L2(Pn)

]
≲

(
log n

n

) 2
d

+ E
[
n

(
max
1≤i≤n

P (Vi)

)
∆nm

]
,

where we used equation (5.47). Lemma 45 may now be applied to bound the right-hand term
in the above display, leading to the claim.

5.G Upper Bounds for Two-Sample Wavelet Estimators

In this section, we state and prove a result deferred from Section 5.3.3, regarding two-sample
plugin estimators based on wavelet density estimation over the torus.

Unlike the boundary-corrected wavelet system used in Section 5.2.3, it will be convenient
to introduce a simpler basis which guarantees that the density estimators are periodic. Recall
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that we described in Appendix A.3.2 how the standard Daubechies wavelet system may be
periodized to obtain a set of Zd-periodic functions

Ψper = {1} ∪
∞⋃
j=0

Ψper
j , where Ψper

j =
{
ξperjkℓ : 0 ≤ k ≤ 2j−1, ℓ ∈ {0, 1}d \ {0}

}
, j ≥ 0,

which forms an orthonormal basis of L2(Td) (Daubechies, 1992; Giné and Nickl, 2016). When-
ever the densities p, q lie in L2(Td), they admit wavelet expansions of the form

p = 1 +
∞∑
j=0

∑
ξ∈Ψper

j

αξξ, q = 1 +
∞∑
j=0

∑
ξ∈Ψper

j

βξξ,

where αξ =
´
ξdP and βξ =

´
ξdQ. We then define the wavelet density estimators

p̃(per)n = 1 +

Jn∑
j=0

∑
ξ∈Ψper

j

α̂ξξ, q̃(per)m = 1 +

Jm∑
j=0

∑
ξ∈Ψper

j

β̂ξξ,

where α̂ξ =
´
ξdPn and β̂ξ =

´
ξdQm. By orthonormality of Ψper, it is straightforward to see

that p̃(per)n , q̃
(per)
m integrate to unity, but may nevertheless be negative. We therefore define the

final density estimators by

p̂(per)n ∝ p̃(per)n I(p̃(per)n ≥ 0), q̂(per)m ∝ q̃(per)m I(q̃(per)m ≥ 0), (5.48)

where the proportionality constants are to be chosen such that p̂(per)n and q̂(per)m are probability
densities, which respectively induce probability distributions P̂ (per)

n , Q̂
(per)
m ∈ Pac(Td). Once

again, we drop all superscripts “per” whenever the choice of wavelet basis is unambiguous.
We state the following bound for the two-sample estimator T̂nm ≡ T̂

(per)
nm in equation (5.25),

together with the associated plugin estimator of the squared Wasserstein distance. Recall the
sequence RT,n(α) defined in Theorem 19.

Theorem 22 (Two-Sample Wavelet Estimators). Let P,Q ∈ Pac(Td) admit densities p, q ∈
Cα−1(Td;M,γ) for some α > 1 and M,γ > 0. Assume 2Jn ≍ n

1
d+2(α−1) . Then, there exists a

constant C > 0 depending only on M,γ, α such that the following statements hold.

(i) (Optimal Transport Maps) We have,

E
∥∥T̂nm − T0

∥∥2
L2(P )

≤ CRT,n∧m(α).

(ii) (Wasserstein Distances) When α ̸∈ N, we have∣∣EW2
2 (P̂n, Q̂m)−W2

2 (P,Q)
∣∣ ≤ CRT,n∧m(α),

E
∣∣W2

2 (P̂n, Q̂m)−W2
2 (P,Q)

∣∣2 ≤ [CRT,n∧m(α)+√VarP [ϕ0(X)]

n
+

VarQ[ψ0(Y )]

m

]2
.
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The proof appears in Appendix 5.G.1. Theorem 22 shows that the plugin estimators T̂nm
and W2

2 (P̂n, Q̂m) achieve analogous convergence rates as in the one-sample setting. Similarly
as in Section 5.2.3, we may deduce from Theorem 22(ii) and Lemma 37 that

E
∣∣W2

2 (P̂n, Q̂m)−W2
2 (P,Q)

∣∣ ≲M,γ,α RT,n∧m(α) + (n ∧m)−1/2W2(P,Q).

Thus, in the high-smoothness regime 2(α+ 1) > d, the risk of W2
2 (P̂n, Q̂m) decays at a rate

which adapts to the magnitude of the Wasserstein distance between P and Q.

If one is willing to place assumptions on the regularity of the potentials φ0 and φ∗
0, Theo-

rem 22(ii) may be extended to the case where the sampling domain is taken to be the unit cube
[0, 1]d, as we show next. Such a result is made possible by the fact that Proposition 23 does
not require any regularity of the fitted potentials. On the other hand, we do not know how to
obtain an analogue of Theorem 22(i) over domains in Rd. Let P,Q ∈ Pac([0, 1]

d), and denote
by P̂ (bc)

n and Q̂(bc)
m the boundary corrected wavelet estimators defined in Section 5.2.3.

Proposition 28. Let P,Q ∈ Pac([0, 1]
d) admit densities p, q ∈ Cα−1([0, 1]d;M,γ) for some

α > 1 and M,γ > 0. Assume further that for some λ > 0,

φ0, φ
∗
0 ∈ Cα+1([0, 1]d;λ). (5.49)

Let 2Jn ≍ n
1

d+2(α−1) . Then, there exists a constant C > 0 depending only on M,λ, γ, α such
that,∣∣EW 2

2 (P̂
(bc)
n , Q̂(bc)

m )−W 2
2 (P,Q)

∣∣ ≤ CRT,n∧m(α),

E
∣∣W 2

2 (P̂
(bc)
n , Q̂(bc)

m )−W 2
2 (P,Q)

∣∣2 ≤ [CRT,n∧m(α)+√VarP [ϕ0(X)]

n
+
VarQ[ψ0(Y )]

m

]2
.

The proof follows along similar lines as that of Theorem 22(ii), which will be given below,
and is therefore omitted.

Condition (5.49) places a smoothness assumption on φ∗
0 in addition to φ0. If our analysis

could be carried out over a domain Ω ⊆ Rd with smooth boundary, then, under appropriate
boundary conditions on the potentials and under the assumptions made on p, q, standard
Schauder theory (Gilbarg and Trudinger, 2001) could be applied to the Monge-Ampère equation
to obtain that φ∗

0 ∈ Cα+1(Ω) as soon as φ0 ∈ C2(Ω), with uniform Hölder norms (see
Proposition 9.1 of Caffarelli and Cabré (1995)). We do not know whether analogues of such
results can be applied over the hypercube [0, 1]d, thus we have placed assumptions both on φ0

and its convex conjugate.

We now turn to the proof of Theorem 22. We first note that the one-sample results from
Section 5.2.3 may readily be extended to the optimal transport problem over Td.

Proposition 29. Assume P,Q ∈ Pac(Td) admit densities p, q ∈ Cα−1(Td;M,γ) for some
α > 1, α ̸∈ N, and M,γ > 0. Let q̂m = q̂

(per)
m be the periodic wavelet estimator defined in
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equation (5.48), and let Q̂m be the induced probability distribution. Let

Tm = argmin
T∈T (P,Q̂m)

ˆ
d2Td(x, T (x))dP (x).

Furthermore, let 2Jm ≍ m
1

2(α−1)+d . Then, there exists a constant C > 0 depending only on
M,γ, α such that the following statements hold.

(i) We have EW2
2 (Q̂m, Q) ≤ CRT,m(α) and EW4

2 (Q̂m, Q) ≤ CR2
T,m(α).

(ii) We have, ∣∣∣∣Eˆ ψ0d(Q̂m −Q)

∣∣∣∣ ≤ C2−2Jmα∣∣∣∣Var [ˆ ψ0d(Q̂m −Q)

]
−

VarQ[ψ0(Y )]

m

∣∣∣∣ ≤ C2−2Jmα

m
.

(iii) We have,

E∥Tm − T0∥2L2(P ) ≤ CRT,m(α),∣∣EW2
2 (P, Q̂m)−W2

2 (P,Q)
∣∣ ≤ CRT,m(α),

E
∣∣W2

2 (P, Q̂m)−W2
2 (P,Q)

∣∣2 ≤ [CRT,m(α) +√VarQ[ψ0(Y )]

m

]2
.

Notice that the only properties of the boundary-correct wavelet basis used in the proofs of
Lemma 106 and Theorem 19 are those contained in Lemmas 101 and Lemma 104 of Appendix A.3,
which are also stated to hold for the periodic wavelet basis. The proof of Proposition 29 is
therefore a direct extension of these results. Notice that, unlike Theorem 19, we no longer
require any conditions on the smoothnes of φ0 itself, due to the torus regularity result of
Theorem 4. Indeed, under the assumptions of Proposition 29, the latter implies that there exists
a constant C ′ > 0 depending only on α, γ,M such that ∥φ0∥Cα+1(Td) ≤ C ′, assuming α ̸∈ N.

5.G.1 Proof of Theorem 22

Throughout the proof, we use the abbreviations

F (P̂n) =

ˆ
ϕ0d(P̂n − P ), L(Q̂m) =

ˆ
ψ0d(Q̂m −Q).

We begin by proving part (ii). Under the assumptions of this case, Theorem 4 implies that
∥φ0∥Cα+1(Td) ≤ M0 for a universal constant M0 > 0 depending only on α, γ and M . In
particular, it also follows from Proposition 3(vii) that φ0 is strongly convex, and thus satisfies
condition A1(λ) for some λ > 0 depending only on M0 and γ. We may therefore invoke the
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two-sample stability bound over Td in Proposition 24 (arising from Proposition 23) to deduce

F (P̂n) + L(Q̂m) ≤ W2
2 (P̂n, Q̂m)−W2

2 (P,Q)

≤ F (P̂n) + L(Q̂m) + 2λ
[
W2

2 (P̂n, P ) +W2
2 (Q̂m, Q)

]
.

From Proposition 22(ii), it can be deduced that∣∣EF (P̂n)∣∣ ∨ ∣∣EL(Q̂m)∣∣ ≲ RT,n∧m(α) (5.50)

Var
[
F (P̂n)

]
≤ VarP [ϕ0(X)]

n
+ CR2

T,n(α) (5.51)

Var
[
L(Q̂m)

]
≤

VarQ[ψ0(Y )]

m
+ CR2

T,m(α), (5.52)

for a constant C > 0 depending only on M,γ, α, whose value we allow to change from line to
line in the remainder of the proof. Thus, recalling Proposition 22(i),∣∣EW2

2 (P̂n,Q̂m)−W2
2 (P,Q)

∣∣
≲
∣∣EF (P̂n)∣∣+ ∣∣EL(Q̂m)∣∣+ EW2

2 (P̂n, P ) + EW2
2 (Q̂m, Q) ≲ RT,n∧m(α).

Furthermore,

E
∣∣W2

2 (P̂n, Q̂m)−W2
2 (P,Q)

∣∣2
≤ E

[(∣∣F (P̂n)∣∣+ ∣∣L(Q̂m)∣∣+ 2λ
(
W2

2 (P̂n, P ) +W2
2 (Q̂m, Q)

))2]
=: (I) + (II) + (III),

where

(I) = E
[(∣∣F (P̂n)∣∣+ ∣∣L(Q̂m)∣∣)2]

(II) = 4λ2E
[(

W2
2 (P̂n, P ) +W2

2 (Q̂m, Q)
)2]

(III) = 4λE
[(

W2
2 (P̂n, P ) +W2

2 (Q̂m, Q)
)(∣∣F (P̂n)∣∣+ ∣∣L(Q̂m)∣∣)] .

Regarding term (I), recall that we have assumed that Xi is independent of Yj for all i, j =
1, . . . , n. Therefore, using equations (5.50–5.52),

(I) = E
[
F 2(P̂n)

]
+ E

[
L2(Q̂m)

]
+ 2E

∣∣F (P̂n)L(Q̂m)∣∣
= E

[
F 2(P̂n)

]
+ E

[
L2(Q̂m)

]
+ 2E

∣∣F (P̂n)∣∣E∣∣L(Q̂m)∣∣
= Var

[
F (P̂n)

]
+Var

[
L(Q̂m)

]
+
∣∣EF (P̂n)∣∣2 + ∣∣EL(Q̂m)∣∣2 + 2E

∣∣F (P̂n)∣∣E∣∣L(Q̂m)∣∣
≤ VarP [ϕ0(X)]

n
+

VarQ[ψ0(Y )]

m
+ CR2

T,n∧m(α).

Furthermore, by Proposition 22(i), we have

(II) ≤ 8λ2
(
EW4

2 (P̂n, P ) + EW4
2 (Q̂m, Q)

)
≤ CR2

T,n∧m(α),
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and, using the Cauchy-Schwarz inequality and equations (5.50–5.52), we obtain

(III) ≤ C

√(
EW4

2 (P̂n, P ) + EW4
2 (Q̂m, Q)

)(
E
∣∣F (P̂n)∣∣2 + E

∣∣L(Q̂m)∣∣2)
≤ C

√
R2
T,n∧m(α)

(
CR2

T,n∧m(α) +
VarP [ϕ0(X)]

n
+

VarQ[ψ0(Y )]

m

)
≤ CR2

T,n∧m(α) + CRT,n∧m(α)

√
VarP [ϕ0(X)]

n
+

VarQ[ψ0(Y )]

m
.

Deduce that

(I) + (II) + (III) ≤

(
CRT,n∧m(α) +

√
VarP [ϕ0(X)]

n
+

VarQ[ψ0(Y )]

m

)2

.

Claim (ii) follows from here.

To prove part (i), we shall make use of the one-sample optimal transport problem from P
to Q̂m. Denote by φm an optimal Brenier potential for this problem, so that Tm = ∇φm is
the optimal transport map pushing P forward onto Q̂m, with respect to the cost function d2Td .
Furthermore, denote by

ϕm = ∥·∥2 − 2φm, ψm = ∥·∥2 − 2φ∗
m,

a corresponding pair of optimal Kantorovich potentials. We proceed with three steps.

Step 1: Regularity of the Fitted Potentials. Recall that α > 1, and fix ϵ ∈ (0, 1 ∧ α−1
2 ).

By Lemma 104 and Lemma 105, under our choice of threshold Jn, and under the assumption
p, q ∈ Cα−1(Td;M,γ), it can be deduced that the event

Enm = {p̃n = p̂n} ∩ {q̃m = q̂m}

∩
{
p̃n, q̃m ≥ 1/(2γ) over Td

}
∩
{
∥p̃n∥Bϵ

∞,∞(Td) ≤ 2∥p∥Bα−1
∞,∞(Td)

}
∩
{
∥q̃m∥Bϵ

∞,∞(Td) ≤ 2∥q∥Bα−1
∞,∞(Td)

}
satisfies P(Ec

nm) ≲ (n∧m)−2. Note that ϵ ̸∈ N, thus by Lemma 102, we have on the eventEnm,

∥q̂m∥Cϵ(Td) ≲ ∥q̂m∥Bϵ
∞,∞(Td) ≲ ∥q∥Bα−1

∞,∞(Td) ≲ ∥q∥Cα−1(Td) ≤M,

and similarly for p̂n. Thus, there exists M1 > 0 depending only on M,γ such that

∥p̂n∥Cϵ(Td) , ∥q̂m∥Cϵ(Td) ≤M1, on Enm.

Under the preceding display, together with the smoothness assumptions on the population
densities p, q themselves, and the fact that p̂n, q̂m, p, q ≥ 1/(2γ) over Td on the eventEnm, we
may apply the regularity Theorem 4 to deduce that there exists a constant M2 > 0 depending
only on M0,M1, γ such that for all n,m ≥ 1,

∥φ0∥C2+ϵ([0,1]d) ∨ ∥φ̂nm∥C2+ϵ([0,1]d) ∨ ∥φm∥C2+ϵ([0,1]d) ≤M2, (5.53)
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on Enm. Deduce from Proposition 3(i) that the Hessians of the above potentials are uniformly
bounded over Rd. Further apply Proposition 3(vii) to deduce that φ̂nm and φm satisfy the
curvature condition A1(λ) almost surely, up to modifying the value of λ > 0 in terms of M2

and γ, namely:

λ−1Id ⪯ ∇2φ0(x),∇2φm(x),∇2φ̂nm(x) ⪯ λId, for all x ∈ Rd; n,m ≥ 1, (5.54)

on the event Enm.

Step 2: Reduction to Optimal Transport Problems with Same Source Distribution. In
order to appeal to the one-sample stability bounds of Theorem 18, write∥∥T̂nm − T0

∥∥2
L2(P )

≲
∥∥T̂nm − Tm

∥∥2
L2(P )

+
∥∥Tm − T0

∥∥2
L2(P )

. (5.55)

The first term in the above display compares transport maps which are optimal for distinct
source distributions. We therefore proceed with the following reduction, over the event Enm:∥∥T̂nm − Tm

∥∥2
L2(P )

=

ˆ
Td

∥∥T̂nm(x)− Tm(x)
∥∥2dP (x)

=

ˆ
Td

∥∥T̂nm(T−1
m (y))− y

∥∥2dQ̂m(y)
=

ˆ
Td

∥∥T̂nm(T−1
m (y))− T̂nm(T̂

−1
nm(y))

∥∥2dQ̂m(y), (5.56)

where the second line follows from the fact that (Tm)#P = Q̂m, and the third follows by
invertibility of T̂nm, which is ensured by the strong convexity of φ̂nm in equation (5.54). This
same equation implies that, on the event Enm, T̂nm = ∇φ̂nm is Lipschitz with a uniform
constant. It follows that∥∥T̂nm − Tm

∥∥2
L2(P )

≲
ˆ
Td

∥∥T̂−1
nm(y)− T−1

m (y)
∥∥2dQ̂m(y) = ∥∥T̂−1

nm − T−1
m

∥∥2
L2(Q̂m)

. (5.57)

Step 3: Stability Bounds. Due to the inequalities (5.54), the stability bounds of Proposition 27
(arising from Theorem 18) imply∥∥T̂−1

nm − T−1
m

∥∥2
L2(Q̂m)

≤ λ2W2
2 (P̂n, P ),

∥∥Tm − T0
∥∥2
L2(P )

≤ λ2W2
2 (Q̂m, Q). (5.58)

Thus, combined with equations (5.55) and (5.57), we have on the event Enm,∥∥T̂nm − T0
∥∥2
L2(P )

≲W2
2 (P̂n, P ) +W2

2 (Q̂m, Q).

We deduce,

E
∥∥T̂nm − T0

∥∥2
L2(P )

= E
[∥∥T̂nm − T0

∥∥2
L2(P )

IEnm

]
+ E

[∥∥T̂nm − T0
∥∥2
L2(P )

IEc
nm

]
≲ E

[
W2

2 (P̂n, P )IEnm

]
+ E

[
W2

2 (Q̂m, Q)IEnm

]
+ P(Ec

nm)

≤ E
[
W2

2 (P̂n, P )
]
+ E

[
W2

2 (Q̂m, Q)
]
+ P(Ec

nm)

≲ RT,n(α) +RT,m(α) + (n ∧m)−2 ≲ RT,n∧m(α),

where we made use of Proposition 22(i) on the final line. The claim follows.
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5.H Proofs of Upper Bounds for Two-Sample Kernel Estima-
tors

The goal of this Appendix is to prove Theorem 20. For ease of notation, we omit the superscript
“ker” in all kernel-based estimators, and write

phn(x) = E[p̃n(x)] = (p ⋆ Khn)(x), qhm(y) = E[q̃m(y)] = (q ⋆ Khm)(y), x, y ∈ Td.

The following result was anticipated by Divol (2021), who derived a Fourier-analytic proof
of the convergence rate of the empirical measure under the Wasserstein distance on Td. Our
proof follows along similar lines, and is simplified by the fact that we work only with the
Wasserstein distance of second order, but is complicated by the fact that we require general
exponents ρ ≥ 0.

Lemma 46. Let s > 0. Assume P ∈ Pac(Td) admits a density p such that

∥p∥Hs(Td) ≤ R <∞, 0 < γ−1 ≤ p ≤ γ <∞.

Assume further that the kernel K satisfies condition K(s + 1) for some κ > 0. Set hn ≍ n
1

2s+d .
Then, for any ρ ≥ 0,

EWρ
2 (P̂n, P ) ≲R,ρ,γ,s


n−

ρ(s+1)
2s+d , d ≥ 3

(log n/n)ρ/2, d = 2

(1/n)ρ/2, d = 1.

Proof. By Jensen’s inequality, it suffices to prove the claim for ρ ≥ 2. It is a direct consequence
of Proposition 42 and the assumption γ−1 ≤ p ≤ γ that the event An = {p̂n = p̃n} satisfies
P(An) ≲ 1/n2. Furthermore, recall from equation (5.9), arising from the work of Peyre (2018),
that

W2(P̂n, P ) ≲ ∥p̂n − p∥Ḣ−1 .

We therefore have,

EWρ
2 (P̂n, P ) = E

[
Wρ

2 (P̂n, P )IAn

]
+ E

[
Wρ

2 (P̂n, P )IAc
n

]
≲ E

[
∥p̂n − p∥ρ

Ḣ−1
IAn

]
+ 1/n2

= E
[
∥p̃n − p∥ρ

Ḣ−1
IAn

]
+ 1/n2

≲ ∥phn − p∥ρ
Ḣ−1

+ E∥p̃n − phn∥
ρ

Ḣ−1
+ 1/n2

≲ hρ(s+1)
n + E∥p̃n − phn∥

ρ

Ḣ−1
+ 1/n2, (5.59)

where we used proposition 43 to bound the bias term in the final line, together with the
assumption K(s + 1). To bound the variance term, write E∥p̃n − phn∥

ρ

Ḣ−1
≲ Sn,1 + Sn,2,
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where

Sn,1 := E


 ∑
ξ∈Zd,∥hnξ∥≤1

∥ξ∥−2
∣∣F [p̃n − phn ](ξ)

∣∣2
ρ
2

 ,
Sn,2 := E


 ∑
ξ∈Zd,∥hnξ∥>1

∥ξ∥−2
∣∣F [p̃n − phn ](ξ)

∣∣2
ρ
2

 .
We begin by bounding Sn,1. Recall that

F [p̃n − phn ](ξ) = F [K](hnξ)
1

n

n∑
j=1

(
e−2πi⟨Xj ,ξ⟩ −F [p](ξ)

)
, ξ ∈ Zd,

where i2 = −1. In fact, since p̃n and phn integrate to the same constant, we have F [p̃n −
phn ](0) = 0. Furthermore, let ρ′ ∈ R satisfy 1

ρ + 1
ρ′ =

1
2 . Then, for any η ∈ R, we have by

Hölder’s inequality,

Sn,1 = E


 ∑
ξ∈Zd,∥hnξ∥≤1

∥ξ∥−2η ∥ξ∥2(η−1)
∣∣F [p̃n − phn ](ξ)

∣∣2
ρ
2



≤

 ∑
ξ∈Zd,ξ ̸=0
∥hnξ∥≤1

∥ξ∥−ρ
′η


ρ
ρ′

E

 ∑
ξ∈Zd,ξ ̸=0
∥hnξ∥≤1

∥ξ∥ρ(η−1)
∣∣F [p̃n − phn ](ξ)

∣∣ρ


=

 ∑
ξ∈Zd,ξ ̸=0
∥hnξ∥≤1

∥ξ∥−ρ
′η


ρ
ρ′ ∑
ξ∈Zd,ξ ̸=0
∥hnξ∥≤1

∥ξ∥ρ(η−1)
∣∣F [K](hnξ)

∣∣ρE
∣∣∣∣∣∣ 1n

n∑
j=1

Zj(ξ)

∣∣∣∣∣∣
ρ

,

where Zj(ξ) = e−2πi⟨Xj ,ξ⟩ − F [p](ξ), for all j = 1, . . . , n and ξ ∈ Zd. Since ρ ≥ 2, it can be
deduced from Rosenthal’s inequalities (Rosenthal, 1970, 1972) that,

E

∣∣∣∣∣∣ 1n
n∑
j=1

Zj(ξ)

∣∣∣∣∣∣
ρ

≲ n−
ρ
2
(
E|Z1(ξ)|2

)ρ
+ n1−ρE|Z1(ξ)|ρ.

Notice that |Z1(ξ)| ≤ 2 for any ξ ∈ Zd, and ρ/2 ≤ ρ− 1, thus we deduce from the previous
two displays that,

Sn,1 ≲ n
− ρ

2

 ∑
ξ∈Zd,ξ ̸=0
∥hnξ∥≤1

∥ξ∥−ρ
′η


ρ
ρ′ ∑
ξ∈Zd,ξ ̸=0
∥hnξ∥≤1

∥ξ∥ρ(η−1)
∣∣F [K](hnξ)

∣∣ρ (5.60)
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≲ n−
ρ
2

 ∑
ξ∈Zd,ξ ̸=0
∥hnξ∥≤1

∥ξ∥−ρ
′η


ρ
ρ′ ∑
ξ∈Zd,ξ ̸=0
∥hnξ∥≤1

∥ξ∥ρ(η−1) , (5.61)

where the final inequality follows from the fact that the Fourier transform of K is bounded
over the unit ball, since K ∈ C∞

c (Rd). When d ≥ 3, due to the condition 1
ρ +

1
ρ′ =

1
2 , we may

choose η satisfying

d

(
1

d
− 1

ρ

)
< η <

d

ρ′
. (5.62)

In particular, we then have −d < ρ(η − 1) and −d < −ρ′η, so that

Sn,1 ≲ n
− ρ

2

(
hρ

′η−d
n

) ρ
ρ′
h−ρ(η−1)−d
n = n−

ρ
2h

ρ−d( ρ
ρ′+1)

n = n−
ρ
2h

ρ(1− d
2
)

n .

If d = 2, we choose η such that the strict inequalities in equation (5.62) both hold with equality.
In this case, we have ρ′η = d and ρ(η − 1) = −d, thus

Sn,1 ≲ n
− ρ

2

 ∑
ξ∈Zd,∥hnξ∥≤1

∥ξ∥−d


ρ
ρ′+1

≲ n−
ρ
2 log(h−1

n )
ρ
ρ′+1

=
(
log(h−1

n )/n
) ρ

2 .

Finally, if d = 1, choose η such that

1− 1

ρ
> η >

1

ρ′
. (5.63)

In this case, both sequences in equation (5.61) are summable, and we obtain Sn,1 ≲ n−ρ/2. In
summary, we deduce

Sn,1 ≲ βn := n−
ρ
2


h
ρ(1− d

2
)

n , d ≥ 3(
log(h−1

n )
)ρ/2

, d = 2

1, d = 1.

(5.64)

We next bound Sn,2. Let η < d/ρ′. Apply a similar reduction as in equation (5.60), to obtain

Sn,2 ≲ n
− ρ

2

 ∑
ξ∈Zd,∥hnξ∥>1

∥ξ∥−ρ
′η


ρ
ρ′
 ∑
ξ∈Zd,∥hnξ∥>1

∥ξ∥ρ(η−1)
∣∣F [K](hnξ)

∣∣ρ .

Since K ∈ C∞
c (Rd), notice that K and F [K] are Schwartz functions. In particular, F [K](ξ) ≲

∥ξ∥−ℓ for any ℓ > 0. Choose ℓ > 0 such that ρ(η − 1− ℓ) < −d. We then have,

Sn,2 ≲ n
− ρ

2

 ∑
ξ∈Zd,∥hnξ∥>1

∥ξ∥−ρ
′η


ρ
ρ′
h−ρℓn

∑
ξ∈Zd,∥hnξ∥>1

∥ξ∥ρ(η−1−ℓ)





Chapter 5. Plugin Estimation of Smooth Optimal Transport Maps 243

≲ n−
ρ
2

(
hρ

′η−d
n

) ρ
ρ′
h−ρℓn h−ρ(η−1−ℓ)−d

n ≲ n−
ρ
2h

ρ(1− d
2
)

n ≲ βn.

Combine this bound with those of equations (5.59) and (5.64)

EWρ
2 (P̂n, P ) ≲ h

ρ(s+1)
n + βn + 1/n2 ≲


n−

ρ(s+1)
2s+d , d ≥ 3

(log n/n)ρ/2, d = 2

(1/n)ρ/2, d = 1.

The claim follows.

We are now in a position to prove Theorem 20.

5.H.1 Proof of Theorem 20

In view of Propositions 42–43 and Lemma 46, the proof of the claim is analogous to that of
Theorem 22, thus we only provide brief justifications.

Regarding part (i), apply Lemmas 102 and Proposition 42 to deduce that there exists
ϵ ∈ (0, 1∧ α−1

2 ) and an event of probability at least 1− 1/n2 over which p̂n, q̂m coincide with
p̃n, q̃m respectively, are bounded from below by (2γ)−1, and are of class Cϵ(Td), with Hölder
norm uniformly bounded in n. By Theorem 4, it follows that, over this same high-probability
event, any mean-zero Brenier potential in the optimal transport problem from P to Q̂m, or
from P̂n to Q̂m, is of class C2+ϵ(Td), again with a uniformly bounded Hölder norm. Arguing as
in Step 1 of the proof of Theorem 22(i), we deduce that these potentials achieve the conclusion
of equation (5.54) therein. The same argument as in Steps 2–3 of that proof, coupled with
Lemma 46 stating the convergence rate of the kernel density estimator in Wasserstein distance,
can then be used to deduce that the optimal transport map T̂nm from P̂n to Q̂m satisfies

E
∥∥T̂nm − T̂0

∥∥2
L2(P )

≲ EW 2
2 (P̂n, P ) + EW 2

2 (Q̂m, Q) +
1

(n ∧m)2
≲ RK,n∧m(α).

In applying Lemma 46, we note that our stated assumption K(2α) implies K(α + 1) for a
constant κ′ > 0 depending only on α and κ. This proves part (i). To prove part (ii), we use the
following observation.

Lemma 47. Under the assumptions of Theorem 20, we have

E
[ˆ

ϕ0(p̂n − p)

]
= O(h2αn ), Var

[ˆ
ϕ0(p̂n − p)

]
=

VarP [ϕ0(X)]

n
+O

(
h2αn
n

)
,

(5.65)

where the implicit constants depend only on M,γ, α.

Using Lemmas 46–47, the same argument as in the proof of Theorem 22(ii) leads to the
claim of part (ii).
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It thus remains to prove Lemma 47.

5.H.2 Proof of Lemma 47

Using Proposition 42, the densities p̃n and p̂n coincide with high probability, thus arguing
similarly as in the proof of Lemma 36, it will suffice to prove that
ˆ
ϕ0(p− phn) = O(h2αn ), Var

[ˆ
ϕ0(p̃n − phn)

]
=

VarP [ϕ0(X)]

n
+O

(
h2αn
n

)
. (5.66)

Under the condition α ̸∈ N, α > 1, we deduce from Theorem 4 that there exists λ > 0
depending only on M,γ, α such that

ϕ0, ψ0 ∈ Cα+1(Td;λ). (5.67)

Now, by Parseval’s Theorem,∣∣∣∣ˆ
Td

ϕ0(p− phn)

∣∣∣∣ =
∣∣∣∣∣∣
∑
ξ∈Zd

F [ϕ0](ξ)F [p− phn ](ξ)

∣∣∣∣∣∣
≤
∥∥∥ · ∥α+1F [ϕ0](·)

∥∥
ℓ2(Zd)

∥∥∥ · ∥−(α+1)F [p− phn ](·)
∥∥
ℓ2(Zd)

= ∥ϕ0∥Ḣα+1(Td)∥p− phn∥Ḣ−(α+1)(Td) ≲ ∥p− phn∥Ḣ−(α+1)(Td),

where we used equation (5.67) and the fact that ∥ϕ0∥Ḣα+1(Td) ≤ ∥ϕ0∥Hα+1(Td) ≲ ∥ϕ0∥Cα+1(Td).
Apply Proposition 43, under the assumption K(2α) and the smoothness assumption on p, to
deduce ∣∣∣∣ˆ

Td

ϕ0d(p− phn)

∣∣∣∣ ≲ h2αn ≲ RK,n∧m(α).
To prove the variance bound, notice that

Var

[ˆ
ϕ0(p̃n − phn)

]
= Var

[ˆ
(ϕ0 ⋆ Khn)d(Pn − P )

]
=

1

n
VarP [ϕhn(X)],

where ϕhn = ϕ0 ⋆ Khn . Thus, reasoning as in the proof of Lemma 36, we have∣∣∣∣Var [ˆ ϕ0(p̃n − phn)

]
− 1

n
VarP [ϕ0(X)]

∣∣∣∣
≤ 1

n

∣∣∣VarP [ϕhn(X)]−VarP [ϕ0(X)]
∣∣∣

≤ 1

n

∣∣∣E[ϕ2hn(X)− ϕ20(X)]
∣∣∣+ 1

n

∣∣∣E[ϕhn(X)− ϕ0(X)]
∣∣∣ = 1

n

[
(I) + (II)

]
.

We shall again bound term (I), and a similar proof can be used for term (II). Notice that

(I) =

∣∣∣∣ˆ (ϕhn − ϕ0)(ϕhn + ϕ0)p

∣∣∣∣ ≤ ∥ϕhn − ϕ0∥Ḣ−(α−1)(Td)∥(ϕhn + ϕ0)p∥Ḣα−1(Td).
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It is a straightforward observation that ∥ϕhn∥Cα+1(Td) ≤ ∥ϕ0∥Cα+1(Td) for all n ≥ 1, thus
the function (ϕhn + ϕ0)p has uniformly bounded Cα−1(Td) norm, by Lemma 95. Since ϕ0 ∈
Cα+1(Td;λ), we deduce that

(I) ≲ ∥ϕhn − ϕ0∥Ḣ−(α−1)(Td) ≲ h
2α
n ,

by Proposition 43. The claim follows from here.

5.H.3 Further Results

In this section, we state for completeness several additional results on estimating optimal
transport maps and Wasserstein distances over Td, which mirror our results over domains
of Rd across Sections 5.2–5.3. Throughout what follows, let P,Q ∈ Pac(Td) admit densities
p, q, and let X1, . . . , Xn ∼ P and Y1, . . . , Ym ∼ Q be i.i.d. samples which are independent
of each other. Let Pn = (1/n)

∑n
i=1 δXi and Qm = (1/m)

∑m
j=1 δYj . As in the previous

subsections, we omit the superscript “ker” on the estimators P̂ (ker)
n and Q̂(ker)

m . Let Tm be the
optimal transport map from P to Qm, and let

∆nm =
n∑
i=1

m∑
j=1

π̂ij∥T0(Xi)− Yj∥2,

where

π̂ ∈ argmin
π∈Qnm

n∑
i=1

m∑
j=1

πijd
2
Td(Xi, Yj).

Furthermore, let Tm be the optimal transport map from P to Q̂m. We begin by stating a
one-sample analogue of Theorem 20.

Proposition 30 (One-Sample Kernel Estimators). Let P,Q ∈ Pac(Td) and assume p, q ∈
Cα−1(Td;M,γ), for some α > 1, α ̸∈ N, and M,γ > 0. Let hm ≍ m−1/(d+2(α−1)). Then,
there exists a constant C > 0 depending only on M,γ, α such that the following assertions
hold.

(i) (Optimal Transport Maps) We have,

E
∥∥Tm − T0

∥∥2
L2(P )

≤ CRK,m(α).

(ii) (Wasserstein Distances) We have,∣∣EW 2
2 (P, Q̂m)−W 2

2 (P,Q)
∣∣ ≤ CRK,m(α),

E
∣∣W 2

2 (P, Q̂m)−W 2
2 (P,Q)

∣∣2 ≤ [CRK,m(α) +√VarQ[ψ0(Y )]

m

]2
.



Chapter 5. Plugin Estimation of Smooth Optimal Transport Maps 246

Next, we state convergence rates for empirical estimators. In what follows, we use the
abbreviation

κ̃n =


1/n, d = 1,

log n/n, d = 2,

n−2/d, d ≥ 3.

Proposition 31 (One-Sample Empirical Estimators over Td). Let P,Q ∈ Pac(Td) admit
densities p, q satisfying

γ−1 ≤ p, q ≤ γ, over Td,

for some γ > 0. Assume further that ϕ0 ∈ C2(Td). Then,

E∥T̂m − T0∥2L2(P ) ≍ E
[
W 2

2 (P,Qm)−W 2
2 (P,Q)

]
≍ EW 2

2 (Qm, Q) ≲ κ̃m,

and,
E[∆nm] ≍ E

[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]
≲ κ̃n∧m.

From Proposition 31, one may also deduce rates of convergence for the nearest-neighbor
estimator discussion in Section 5.3.2, over Td. We omit the details for the sake of brevity.

5.I Plugin Estimation over Smooth Domains

The goal of this appendix is to prove Theorem 21. Let us summarize our proof strategy.

(i) In Section 5.I.1, we define a scale of spectrally-defined Sobolev spaces Hs,r(Ω), which
are well-suited to the analysis of the density estimator q̂(lap)n . We show that these spaces
coincide with a scale of subspaces Hs,r

N (Ω) of the usual Sobolev spaces Hs,r(Ω).

(ii) In Section 5.I.2, we bound the risk of the density estimator q̂(lap)n under the norm of the
space Hs,r(Ω), for a wide range of parameters s, r.

(iii) In Section 5.I.3, we use parts (i)–(ii) to derive a convergence rate of q̂(lap)n under a suitable
Hölder norm. This will allow us to deduce that with probability tending to one, q̂(lap)n sat-
isfies the regularity conditions needed for Caffarelli’s regularity theory (condition (C2)).

(iv) In Section 5.I.4, we combine parts (i)–(iii) to obtain a convergence rate of q̂(lap)n under the
Wasserstein distance, using its equivalence to a negative Sobolev norm (cf. equation (5.9)).

(v) In Section 5.I.5, we combine these ingredients to deduce the claim, by the same strategy
as in the proof of Theorems 22 and 20.

Throughout our development, an important role will be played by the Neumann boundary
condition, together with assumption (C1). On the one hand, we will see that these conditions
are sufficient for the space Hs,r(Ω) to admit a Littlewood-Paley characterization; cf. Lemmas 48
and 51. On the other hand, these conditions ensure that the eigenvalues and spectral function
of the Neumann Laplacian grow at a sufficiently slow rate to obtain our stated convergence
rates for density estimation; cf. Lemmas 53–54.



Chapter 5. Plugin Estimation of Smooth Optimal Transport Maps 247

5.I.1 Spectrally-Defined Sobolev Spaces

To facilitate our analysis of the estimators p̃n, q̃m, we will begin by showing that the Bessel
potential Sobolev spacesHs,r(Ω), defined in Appendix A, can be characterized via the spectrum
of the Neumann Laplacian. More specifically, we will work with the following subspaces of
Hs,r(Ω), which have suitably vanishing Neumann trace. Throughout what follows, we always
denote by ν an outward-pointing unit normal vector to ∂Ω, and by ∂u/∂ν the weak normal
derivative operator, whose trace on ∂Ω is well-defined and takes values in Lr(∂Ω) whenever
u ∈ Ht,r(Ω) with t > 1 + 1/r (Taira, 2016, Theorem 4.6). We will assume s ≥ 0 and
r ≥ 2 throughout this section. Furthermore, we adopt the nonstandard notation Hs,r

0 (Ω) =
Hs,r(Ω) ∩ Lr0(Ω).

Definition 2 (Triebel (1995), Section 4.3.3). Let Ω be a domain satisfying condition (C1). For
all s ≥ 0 and r ≥ 2, let Hs,r

N (Ω) be defined as follows.

(i) If s− 1/r < 1, set Hs,r
N (Ω) = Hs,r

0 (Ω).

(ii) If 2k + 1 < s− 1/r < 2(k + 1) + 1 for some k ≥ 0, set

Hs,r
N (Ω) =

{
u ∈ Hs,r

0 (Ω) :
∂∆ju

∂ν
= 0 on ∂Ω, 0 ≤ j ≤ k

}
.

(iii) If 2k + 1 = s− 1/r for some k ≥ 0, extend ν continuously to Ω, and set

Hs,r
N (Ω) =

{
u ∈ Hs,r

0 (Ω) :
∂∆ju

∂ν
= 0 on ∂Ω, 0 ≤ j < k,

∂∆ku

∂ν
∈ H

1
r
,r(Rd)

}
,

where ∂∆ku/∂ν is extended by zero outside of Ω.

Note that, in part (iii), the normal vector ν may be extended smoothly away from the
boundary since we assumed ∂Ω is C∞, thus ν is itself smooth. The particular choice of
extension does not alter the definition of the space. As we shall see, the relevance of the space
Hs,r
N (Ω) lies in the fact that the fractional Neumann Laplacian (−∆)s/2, defined next, is an

isomorphism of Hs,r
N (Ω) onto Lr0(Ω).

Recall that 0 < λ1 ≤ λ2 ≤ . . . is the sequence of eigenvalues corresponding to the
eigenbasis {ηℓ}∞ℓ=1. Define the spectral fractional Laplacian for all u ∈ L2

0(Ω) by

(−∆)s/2u =

∞∑
ℓ=1

λ
s/2
ℓ Lℓ[u]ηℓ, where Lℓ[u] := ⟨u, ηℓ⟩L2(Ω), ℓ = 1, 2, . . .

Furthermore, for s ≥ 0 and r ≥ 2, let Hs,r(Ω) denote the Banach space of functions u ∈ Lr0(Ω)
such that the norm

∥u∥Hs,r(Ω) :=
∥∥(−∆)s/2u

∥∥
Lr(Ω)

<∞.

is finite. In the special case r = 2, Hs,r(Ω) becomes a Hilbert space, as noted by Dunlop et al.
(2020). In this case we omit the superscript “r” and simply write Hs(Ω) := Hs,2(Ω). The
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corresponding inner product on this space is given by

⟨u, v⟩Hs(Ω) =

∞∑
ℓ=1

λsℓLℓ[u]Lℓ[v], u, v ∈ Hs(Ω).

It is easy to see by Parseval’s identity that ∥ · ∥Hs(Ω) =
√
⟨·, ·⟩Hs(Ω).

Our first aim is to show that the spaces Hs,r(Ω) and Hs,r
N (Ω) coincide, with equivalent

norms. To simplify our proof, we will focus only on the ranges of s and r which we will need
in our development.

Proposition 32. Let Ω satisfy condition (C1). Assume that one of the following conditions
holds: {

s ∈ [0, 2]

r ≥ 2
or

{
s ≥ 0

r = 2.
(5.68)

Then, with equivalent norms,
Hs
N (Ω) = Hs(Ω). (5.69)

Proposition 32 was stated without proof by Seeley (1972, Section 5). For completeness,
we provide a self-contained proof below. Let us also note that, in the Hilbertian case r = 2,
Proposition 32 was established for integer exponents s by Dunlop et al. (2020, Lemma 7.1),
and for s ∈ [0, 2] by Kim, Balakrishnan, and Wasserman (2020). For the case r > 2, a result
similar to Proposition 32 was proven by Cao and Grigor’yan (2020, Theorem 3.1), however
they considered the setting where Ω is the entire Euclidean space Rd, thus they employed a
different definition of the fractional Laplacian.

Before turning to the proof, let us begin by stating a generalization of Mikhlin’s multiplier
theorem for the Neumann Laplacian, which we will use repeatedly in the following subsections.
This result follows from Theorem 1.3 of Xu (2011), or Theorem 7.9 of Kerkyacharian and
Petrushev (2015).

Lemma 48 (Mikhlin’s Multiplier Theorem for the Neumann Laplacian). Let m ∈ C∞(R+)
satisfy Mikhlin’s multiplier condition:

|Dαm(x)| ≤ c|x|−|α|, for all α = 1, . . . , d+ 1, x ∈ R+. (5.70)

Then, for any 1 < r <∞, there exists C > 0 depending on Ω, c, r such that for any f ∈ LrN (Ω),∥∥∥∥∥
∞∑
ℓ=1

m(
√
λℓ)Lℓ[f ]ηℓ

∥∥∥∥∥
Lr(Ω)

≤ C∥f∥Lr(Ω). (5.71)

In this case, we say that m is an LrN (Ω) multiplier.

We now turn to the proof of Proposition 32.
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5.I.1.1 Proof of Proposition 32

Let us begin with the case where s ∈ [0, 2] and r ≥ 2. The result is trivial when s = 0, in
which case we have

H0,r(Ω) = H0,r
N (Ω) = Lr0(Ω).

Next, we prove the claim when s = 2, in which case the space Hs,r
N (Ω) takes the form

H2,r
N (Ω) =

{
u ∈ H2,r(Ω) :

∂u

∂ν
= 0 on ∂Ω

}
.

By Triebel (1995, Theorem 4.2.4, p. 316), we have that H2,s(Ω) = W 2,s(Ω) with equivalent
norms, whereW k,r(Ω) is the standardLr(Ω) Sobolev norm with integer smoothness parameter
k ∈ N. Thus, for all u ∈ H2,r

N (Ω), we have

∥u∥H2,r(Ω) = ∥∆u∥Lr(Ω) ≲ ∥u∥W 2,r(Ω) ≲ ∥u∥H2,r(Ω).

It is a standard fact that −∆ is a bijection ofH2,r
N (Ω) onto Lr0(Ω) (e.g. Franke and Runst (1995)).

Furthermore, the above display shows that this mapping is continuous, thus, by the Banach
isomorphism theorem, the operator (−∆)−1 : Lr0(Ω) → H2,r

N (Ω) is bounded. Equivalently, for
all w ∈ H2,r(Ω), we obtain ∥w∥H2,r(Ω) ≲ ∥w∥H2,r(Ω). We deduce that H2,r(Ω) = H2,r

N (Ω),
with equivalent norms.

It thus remains to prove the claim for all s ∈ (0, 2), which we shall do using an interpolation
argument. Given two complex Banach spaces A and B, let (A,B)[θ] denote the complex
interpolation space between A and B, for any θ ∈ [0, 1] (Bergh and Löfström, 1976). It is
well-known that the complex interpolation of any two Bessel potential spaces Hs0,r(Ω) and
Hs1,r(Ω) is itself a Bessel potential space (see for instance Triebel (1995), Theorem 4.3.1/1). The
following is an analogue of this result for spaces with zero Neumann trace.

Lemma 49 (Seeley (1972)). Let 1 < r <∞. Then, for all s ≥ 0 and θ ∈ (0, 1),

Hθs,r
N (Ω) =

(
Lr0(Ω), H

s,r
N (Ω)

)
[θ]
.

By combining Lemma 49 with what we have shown above, it holds for any s ∈ [0, 2],

Hs,r
N (Ω) =

(
Lr0(Ω), H

2,r
N (Ω)

)
[s/2]

=
(
Lr0(Ω),H2,r(Ω)

)
[s/2]

,

To complete the proof of the claim, it thus suffices to prove that

Hs,r(Ω) =
(
Lr0(Ω),H2,r(Ω)

)
[s/2]

(5.72)

for any s ∈ [0, 2]. We will do so by following similar lines as the proof of Theorem 6.4.5 of Bergh
and Löfström (1976). Specifically, the following can be inferred from their Theorem 6.4.2.

Lemma 50. Suppose there exists a collection of complex Banach spaces (Bs)s∈[0,2] with Bs ⊆
Bs′ ⊆ LrN (Ω) for all 0 ≤ s′ ≤ s ≤ 2, fulfilling the following properties for all s ∈ [0, 2]:
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(i) Bs = (B0, B2)[s/2].

(ii) There exists a continuous linear map I : Hs,r(Ω) → Bs.

(iii) There exists a continuous linear map P : Bs → Hs,r(Ω) such that P ◦ I = IdHs,r(Ω).

Then, equation (5.72) holds for all s ∈ [0, 2].

The claim will therefore follow if we can exhibit a collection of Banach spaces (Bs)s∈[0,2]
satisfying the properties of Lemma 50. To do so, it will be convenient to show that Hs,r(Ω)
lies in the Triebel-Lizorkin family of spaces. Indeed, it is well-known that the standard Sobolev
space Hs,r(Ω) is equal to the Triebel-Lizorkin space F sr,2(Ω) (Triebel, 1995), and an analogue
of this fact for the space Hs,r(Ω) has been derived by Kerkyacharian and Petrushev (2015). We
state a variant of their result below, beginning with some notation. Let ξ0, ξ ∈ C∞(R+) be an
admissible pair of Littlewood-Paley functions, so that supp(ξ0) ⊆ [0, 2], supp(ξ) ⊆ [1/2, 2],
and

∑
j≥0 ξj(λ) = 1 for all λ ∈ R, where we write ξj = ξ(2−j(·)) (cf. Lemma 6.1.7 of Bergh

and Löfström (1976) for a construction of such functions). We then have the following statement.

Lemma 51 (Kerkyacharian and Petrushev (2015)). Let 1 < r <∞. Then, for all u ∈ Lr0(Ω),

∥u∥Hs,r(Ω) ≍ ∥u∥F s
r,2(Ω) :=

∥∥∥∥∥∥∥
 ∞∑
j=0

∣∣∣∣2js ∞∑
ℓ=1

ξj(λ
1/2
ℓ )Lℓ[u]ηℓ(·)

∣∣∣∣2
 1

2

∥∥∥∥∥∥∥
Lr(Ω)

Proof of Lemma 51. It follows from Theorem 7.8 of Kerkyacharian and Petrushev (2015) that

∥u∥F s
r,2(Ω) ≍

∥∥∥(Id−∆)s/2u
∥∥∥
Lr(Ω)

=

∥∥∥∥∥
∞∑
ℓ=1

(1 + λℓ)
s/2Lℓ[u]ηℓ

∥∥∥∥∥
Lr(Ω)

where we used the fact the Neumann Laplacian over a convex domain Ω with smooth boundary
satisfies the conditions of the operator L in the introduction of Kerkyacharian and Petrushev
(2015). Indeed, the Gaussian upper bounds on the heat kernel generated by the Neumann
Laplacian are given for instance in Theorem 3.3.5 of Davies (1989), while the Hölder continuity
of the heat kernel can be deduced, as in Proposition 3.1 of Sturm (1996), from the parabolic
Harnack inequality (see for instance Theorem 5.3.5 of Davies (1989)). See also Saloff-Coste
(2010, Theorem 3.1), and remarks thereafter. To prove our claim, it thus suffices to show that

∥(−∆)s/2u∥Lr(Ω) ≍ ∥(Id−∆)s/2u∥Lr(Ω). (5.73)

Notice first that the maps m(λ) = (1 + λs/2)/(1 + λ)s/2 and 1/m(λ), λ ∈ R+ satisfy the
conditions of Lemma 48, thus

∥(Id−∆)s/2u∥Lr(Ω) ≍

∥∥∥∥∥
∞∑
ℓ=1

(1 + λ
s/2
ℓ )Lℓ[u]ηℓ

∥∥∥∥∥
Lr(Ω)

≍ ∥u∥Lr(Ω) + ∥(−∆)s/2u∥Lr(Ω).
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It thus suffices to show that ∥u∥Lr(Ω) ≲ ∥(−∆)s/2u∥Lr(Ω). This follows from the fact that
any map m ∈ C∞(R+), of the form m(λ) = λ−s/2 for λ > λ1/2, is an LrN (Ω) multiplier. The
claim follows.

Let s ∈ [0, 2]. Denote by ℓs2 the set of real-valued sequences a = (aj)j≥0 such that

∥a∥ℓs2 :=

 ∞∑
j=0

(2js|aj |)2
 1

2

<∞

Furthermore, let Lr0(ℓs2) denote the space of all sequences F = (fj)j≥0 ⊆ Lr0(Ω) such that

∥F∥rLr(ℓs2)
:=

ˆ
Ω
∥F (x)∥rℓs2dx <∞.

By Theorems 5.1.2 and 5.6.3 of Bergh and Löfström (1976), the Banach spaces Bs := Lr0(ℓ
s
2),

for 0 ≤ s ≤ 2, satisfy condition (i) of Lemma 50. Furthermore, the map

I : Hs,r(Ω) → Bs, I : u 7→

( ∞∑
ℓ=1

ξj(
√
λℓ)Lℓ[u]ηℓ(·)

)
j≥0

satisfies, by Lemma 51, ∥u∥Hs,r(Ω) ≍ ∥u∥F s
r,2(Ω) = ∥I u∥Bs , and thus satisfies condition (ii)

of Lemma 50. Finally, define the map

P : Bs → Hs,r(Ω), P : (fj)j≥0 7→
∞∑
ℓ=1

∞∑
j=0

ξ̃j(
√
λℓ)Lℓ[fj ]ηℓ,

where

ξ̃j = ξj−1 + ξj + ξj+1, j = 1, 2, . . .

with the convention that ξ−m = 0 for any m > 0. Notice that for all u ∈ Hs,r(Ω), we have

PI u =
∞∑
ℓ=1

∞∑
j=0

ξ̃j(
√
λℓ)ξj(

√
λℓ)Lℓ[u]ηℓ.

Since ξj has disjoint support from ξk for any j, k ∈ N, |j − k| ≥ 2, we have

ξ̃j(
√
λℓ)ξj(

√
λℓ) =

∞∑
k=0

ξk(
√
λℓ)ξj(

√
λℓ) = ξj(

√
λℓ),

where we used the fact that {ξj}j≥0 forms a partition of unity. By reapplying this property,
we obtain

PI u =
∞∑
ℓ=1

∞∑
j=0

ξj(
√
λℓ)Lℓ[u]ηℓ =

∞∑
ℓ=1

Lℓ[u]ηℓ = u.
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It thus remains to show that P is a bounded linear operator. To do so, we will make use of the
Hardy-Littlewood maximal function

Mf(x) = sup
B∈Bx

1

L(B)

ˆ
B
f(y)dy, x ∈ Ω,

for any f ∈ L1(Ω), where Bx is the set of balls of the form {y ∈ Ω : ∥x − y∥ < δ}, δ > 0.
For our purposes, the utility of the maximal function lies in the fact that it induces a bounded
operator from Bs into itself (cf. Theorem 5.6.6 of Grafakos (2009)): there exists a constant
C > 0 depending on Ω, r such that for any s ∈ [0, 2] and (fj)j≥0 ∈ Bs, it holds that∥∥∥∥∥∥∥

 ∞∑
j=0

(2js|M(fj)|)2
 1

2

∥∥∥∥∥∥∥
Lr(Ω)

≤ C

∥∥∥∥∥∥∥
 ∞∑
j=0

(2js|fj |)2
 1

2

∥∥∥∥∥∥∥
Lr(Ω)

. (5.74)

Let us now turn to bounding the operator norm of P . Using Lemma 51, we have

∥P(fj)j∥Hs,r(Ω) ≍

∥∥∥∥∥∥∥
 ∞∑
j=0

(
2js

∞∑
ℓ=1

∞∑
k=0

ξj(
√
λℓ)ξ̃k(

√
λℓ)L[fk]ηℓ

)2
 1

2

∥∥∥∥∥∥∥
Lr(Ω)

=

∥∥∥∥∥∥∥∥
 ∞∑
j=0

2js
∞∑
ℓ=1

j+2∑
k=j−2

ξj(
√
λℓ)ξ̃k(

√
λℓ)L[fk]ηℓ

2
1
2

∥∥∥∥∥∥∥∥
Lr(Ω)

, (5.75)

where we used the fact that ξj has disjoint support from ξ̃k whenever |j − k| ≥ 3. For any
j, k ≥ 0, let Λjk be the operator defined by

Λjkf =

∞∑
ℓ=1

ξj(
√
λℓ)ξ̃k(

√
λℓ)L[f ]ηℓ,

for any f ∈ LrN (Ω). In order to bound the right-hand side of equation (5.75), we will relate
the operator Λjk to the maximal function M , in the following Lemma. This result is largely
inspired by Georgiadis and Kyriazis (2023, Eq. (5.9)).

Lemma 52. There exists a constant C > 0 such that for all s ∈ [0, 2], j ≥ 0, f ∈ LrN (Ω), and
x ∈ Ω,

|Λjkf(x)| ≤ CMf(x).

Before proving the Lemma, let us show how it implies the claim. Write f−1 = f−2 = 0.
Continuing from equation (5.75), we obtain from Lemma 52 that

∥P(fj)j∥Hs,r(Ω) ≲

∥∥∥∥∥∥∥∥
 ∞∑
j=0

2js
j+2∑

k=j−2

Mfk

2
1
2

∥∥∥∥∥∥∥∥
Lr(Ω)
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≲

∥∥∥∥∥∥∥
 ∞∑
j=0

(
2jsMfj

)2 1
2

∥∥∥∥∥∥∥
Lr(Ω)

≲ ∥(fj)j∥Bs ,

where the final inequality follows from equation (5.74). This proves the boundedness of the
operator P , and it remains to prove Lemma 52, which we shall do next.

By Theorem 3.1 of Kerkyacharian and Petrushev (2015) and the definition of the functions ξj ,
the operator Λjk is an integral operator,

Λjkf(x) =

ˆ
Ω
Γjk(x, y)f(y)dy, f ∈ Lr(Ω), x ∈ Ω,

where the kernel Γjk is real-valued and enjoys the bound

|Γjk(x, y)| ≲a L
(
B(x, 2−j)

)−1
(1 + 2j∥x− y∥)−a,

for any a sufficiently large, where B(x, δ) = {y ∈ Ω : ∥x− y∥ < δ}. Note that the implicit
constant above is independent of j, k. Under condition (C1), we have L

(
B(x, 2−j)

)−1
≲ 2jd.

Letting D = diam(Ω), we thus have uniformly in x ∈ Ω,

|Λjkf(x)| =
∣∣∣∣ˆ

Ω
Γjk(x, y)f(y)dy

∣∣∣∣
≤

j−1∑
k=0

ˆ
{y∈Ω:2k−j≤ ∥x−y∥

D
≤2k−j+1}

2jd(1 + 2j∥x− y∥)−a|f(y)|dy

≤
j−1∑
k=0

ˆ
{y∈Ω:

∥x−y∥
D

≤2k−j+1}
2jd−ka|f(y)|dy

≲
j−1∑
k=0

2jd−ka+d(k−j+1)Mf(x)

≲Mf(x)

∞∑
k=0

2−k(a−d).

Choosing a > d, we obtain the conclusion of Lemma 52, and hence of Proposition 32 in the
regime s ∈ [0, 2], r ≥ 2.

It remains to prove Proposition 32 in the regime s ≥ 0 when r = 2. By Dunlop et al. (2020,
Theorem 7.1), we already know that the claim holds for integer values of s. We will again use
an interpolation argument to deduce the claim for non-integer values of s. Indeed, as noted
by Dunlop et al. (2020), for s1 ∈ N, and any 0 ≤ s ≤ s1, the space Hs(Ω) can be written as the
following real interpolation space (Bergh and Löfström, 1976):

Hs(Ω) =
(
L2
0(Ω),Hs1(Ω)

)
s/s1,2

.
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Theorem 7.1 of Dunlop et al. (2020) thus implies

Hs(Ω) =
(
L2
0(Ω), H

s1
N (Ω)

)
s/s1,2

.

The right-hand side of the above display is equal to Hs
N (Ω) by Löfström (1992), and the claim

follows by taking s1 arbitrarily large.

5.I.2 Density Estimation under the Hs,r(Ω) Norms

Our aim in this subsection is to prove the following result, which is our main technical tool for
deriving Theorem 21. Let pLn(x) := E[p̃n(x)] for all x ∈ Ω.

Proposition 33. Let r ≥ 2, M, s, c > 0, and assume that p ∈ CsN (Ω;M). Assume that either
s ≤ 2 or r = 2. Assume further that Ln = cna for some 0 < a < 1. Then, for any given
−∞ < t < s, there exists a constant C > 0 depending on Ω,M, d, t, s, r, c, a such that

∥pLn − p∥rHt,r(Ω) ≤ CL
− r(s−t)

d
n ,

and, if we further assume t ≥ 0,

E∥p̃n − pLn∥rHt,r(Ω) ≤ Cn−
r
2L

r( t
d
+ 1

2)
n .

In particular, if L1/d
n ≍ n

1
d+2s , then for t ≥ 0,

E∥p̃n − p∥rHt,r(Ω) ≲ n
− r(s−t)

2s+d .

5.I.2.1 Proof of Proposition 33

We begin by bounding the variance term, assuming t ≥ 0. Recall that Ln ≍ na with 0 < a < 1,
and define r0 = 2/(1− a). We begin by proving the claim when r ≥ r0.

We wish to bound the quantity

Vn = E
∥∥(−∆)t/2[p̃n − pLn ]

∥∥r
Lr(Ω)

=

∥∥∥∥∥
Ln∑
ℓ=1

Lℓ[p̃n − pLn ]ωℓλ
t/2
ℓ ηℓ

∥∥∥∥∥
r

Lr(Ω)

.

Notice that

Lℓ[p̃n − pLn ] = α̂ℓ − αℓ =
1

n

n∑
i=1

(ηℓ(Xi)− E[ηℓ(Xi)]),

so that

Vn =

ˆ
Ω

∣∣∣∣∣ 1n
n∑
i=1

Un,i(x)

∣∣∣∣∣
r

dx, with Un,i(x) =
Ln∑
ℓ=1

ωℓλ
t/2
ℓ ηℓ(x)

(
ηℓ(Xi)− E[ηℓ(Xi)]

)
.
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By Rosenthal’s inequalities (Rosenthal, 1970, 1972), we deduce that

Vn ≲ n
−r/2
ˆ
Ω
E[|Un,1(x)|2]r/2dx+ n1−r

ˆ
Ω
E|Un,1(x)|rdx. (5.76)

We will provide a somewhat crude bound on E|Un,1(x)|r, followed by a sharp bound on
E|Un,1(x)|2. The density p is Hölder-smooth over Ω, and is in particular bounded. We thus
have for any x ∈ Ω,

E|Un,1(x)|r ≲

∥∥∥∥∥
Ln∑
ℓ=1

ωℓλ
t/2
ℓ ηℓ(x)ηℓ

∥∥∥∥∥
r

Lr(Ω)

≤ λ
rt/2
Ln

sup
y∈Ω

(
Ln∑
ℓ=1

|ηℓ(x)||ηℓ(y)|

)r
≤ λ

rt/2
Ln

(eLn(x, x)eLn(y, y))
r
2 ,

where we define the spectral function of the Neumann Laplacian by

eL(x, y) =
L∑
ℓ=1

ηℓ(x)ηℓ(y), x, y ∈ Ω, L ≥ 1.

We will make use of the following bound on the spectral function.

Lemma 53 (Hörmander (2007), Theorem 17.5.3). There exists a constant C > 0 such that for all
L ≥ 1,

∥eL∥L∞(Ω×Ω) ≤ Cλ
d
2
L .

In order to bound the eigenvalue appearing on the right-hand side of the above Lemma,
we make use of Weyl’s Law for the Neumann Laplacian (see for instance Dunlop et al. (2020),
Lemma 7.10, and references therein).

Lemma 54 (Weyl’s Law). There exists a constant c > 0 depending only on Ω such that

ℓ2/d/c ≤ λℓ ≤ cℓ2/d, ℓ = 1, 2, . . .

By Lemmas 53–54, we obtain

E|Un,1(x)|r ≲ λ
rt
2
+ dr

2
Ln

≍ L
r( t

d
+1)

n . (5.77)

Using Plancherel’s identity, a sharper bound in available in the quadratic case:

E|Un,1(x)|2 ≲

∥∥∥∥∥
Ln∑
ℓ=1

ωℓλ
t/2
ℓ ηℓ(x)ηℓ

∥∥∥∥∥
2

L2(Ω)

=

Ln∑
ℓ=1

ω2
ℓλ

t
ℓη

2
ℓ (x)
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≲ λtLn
eLn(x, x)

≲ λ
t+ d

2
Ln

≍ L
2t
d
+1

n . (5.78)

Combining equation (5.76) with the bounds (5.77) and (5.78), we have thus shown:

Vn ≲ n
− r

2L
r( t

d
+ 1

2)
n + n1−rL

r( t
d
+1)

n .

Since r ≥ r0, the second term is of lower order than the first, and we obtain the claimed bound

Vn ≲ n
− r

2L
r( t

d
+ 1

2)
n .

If we instead have r < r0, then Jensen’s inequality and the above bound imply

E
∥∥(−∆)t/2[p̃n − pLn ]

∥∥r
Lr(Ω)

≤ E
∥∥(−∆)t/2[p̃n − pLn ]

∥∥r
Lr0 (Ω)

≤
(
E
∥∥(−∆)t/2[p̃n − pLn ]

∥∥r0
Lr0 (Ω)

) r
r0

≲
(
n−

r0
2 L

r0( t
d
+ 1

2)
n

) r
r0

= n−
r
2L

r( t
d
+ 1

2)
n .

This completes our bound of the fluctuations when t ≥ 0.

We now turn to bounding the bias term, where we now allow t to be any real number. Our
main technical tool will be the multiplier result in Lemma 48. Define the map

m(x) = |x|t−s(1− τ(|x|2)), x ∈ R, (5.79)

where we recall that τ is the function used to define the weights ωj . Notice that m(x) = 0
for all |x| ≤ 1/2. Furthermore, it is clear that m ∈ C∞(R+), and that m satisfies Mikhlin’s
condition (5.70). It is then also clear that the map m(·/

√
λLn) satisfies this condition.

Now, with the convention ωℓ = 0 for all ℓ ≥ Ln + 1,

(−∆)t/2[p− pLn ] =
∞∑
ℓ=1

(1− ωℓ)λ
t/2
ℓ αℓηℓ = λ

− s−t
2

Ln

∞∑
ℓ=1

m(
√
λℓ/λLn)λ

s/2
ℓ αℓηℓ,

thus, applying Lemma 48 to the multiplier m(·/
√
λLn), we obtain

∥∥(−∆)t/2[pLn − p]
∥∥
Lr(Ω)

=

∥∥∥∥∥λ− s−t
2

Ln

∞∑
ℓ=1

m(
√
λℓ/λLn)λ

s/2
ℓ αℓηℓ

∥∥∥∥∥
Lr(Ω)

≲ λ
− s−t

2
Ln

∥∥∥∥∥
∞∑
ℓ=1

λ
s/2
ℓ αℓηℓ

∥∥∥∥∥
Lr(Ω)

≲ Ln
− s−t

d ∥p∥Hs,r(Ω) ,
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where we again used Weyl’s law. It thus suffices to show that ∥p∥Hs,r(Ω) is finite. To this end,
let r1 be defined as r if s− 1/r is not an odd integer, and otherwise define r1 as r + δ for any
small enough δ < 1. Then, by Proposition 32 (with s ≤ 2 or r = r1 = 2) and the definitions
of the spaces CsN (Ω) and Hs,r

N (Ω), we have

∥p∥Hs,r(Ω) ≤ ∥p∥Hs,r1 (Ω) ≲ ∥p∥Hs,r1 (Ω) ≤ ∥p∥Cs(Ω) ≤M.

The claim thus follows

Remark 4. Suppose that instead of the estimator

p̃n =

Ln∑
ℓ=1

ωℓα̂ℓηℓ

we had used the traditional truncated series estimator

p̄n =

Ln∑
ℓ=1

α̂ℓηℓ,

which corresponds to choosing the nonsmooth function τ(x) = I(|x| < 1) in the definition of
the weights ωℓ. This choice would prevent the function m in equation (5.79) from satisfying
the conditions of Lemma 48. In fact, if one were to replace Ω by Td, then the eigenvalues λℓ
would be of the form ∥2πξℓ∥2 for some enumeration ξ1, ξ2, . . . of Zd∗. In this case, we have for
all ℓ ≥ 1,

1− τ(λℓ/λLn) = I(∥ξℓ∥ ≤ ∥ξLn∥).

Viewed as a function of ξℓ, the right-hand side is the indicator function of a ball, which is
well-known not to be an Lr(Td) Fourier multiplier for r > 2 and d > 1 (Fefferman, 1971), thus
the expression m in (5.79) is also not an Lr(Td)-multiplier in this case. This suggests that our
current proof technique cannot be used for the traditional series estimator.

We now supplement Proposition 33 with a simple variance bound for negative values of t,
but now focusing on the case r = 2.

Proposition 34. Let M, s > 0, and assume that p ∈ CsN (Ω;M). Then, for any given t < 0,
there exists a constant C > 0 depending on Ω,M, d, t, s such that

E∥p̃n − pLn∥2Ht(Ω) ≲
1

n


L

2t
d
+1

n , 2|t| < d,

log(Ln), 2|t| = d,

1, 2|t| > d.

In particular, if L1/d
n ≍ n

1
d+2s , then for t ≥ 0,

E∥p̃n − p∥2Ht(Ω) ≲


n−

2(s−t)
2s+d , 2|t| < d

log n/n, 2|t| = d

1/n, 2|t| > d

.
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Proof of Proposition 34. Notice that

E∥p̃n − pLn∥2Ht(Ω) = E

[
Ln∑
ℓ=1

λtℓω
2
ℓ (α̂ℓ − αℓ)

2

]
≤

Ln∑
ℓ=1

λtℓVar[α̂ℓ] =

Ln∑
ℓ=1

λtℓ
Var[ηℓ(X)]

n
.

Since p is bounded from above by M over Ω, we have

Var[ηℓ(X)] ≤ E[η2ℓ (X)] ≤M∥ηℓ∥2L2(Ω) =M,

thus, together with Weyl’s Law, we have

E∥p̃n − pLn∥2H−t(Ω) ≤
M

n

Ln∑
ℓ=1

ℓ−2|t|/d.

The claim follows from here.

5.I.3 Regularity of the Density Estimator

With Proposition 33 in hand, we can prove the following result, which will allow us to invoke
condition (C2) directly on the density estimators.

Lemma 55. Let M,γ, s, c > 0, and assume that p ∈ CsN (Ω;M,γ). Assume L1/d
n = cn

1
d+2s .

Then, there exist constantsC, ϵ > 0 depending on Ω,M, γ, d, s, c such that the following assertions
hold on an event of probability at least 1− C/n2:

(i) p̃n ≥ 1/C over Ω. In particular, p̃n = p̂n.

(ii) ∥p̃n∥Cϵ(Ω) ≤ C .

Proof of Lemma 55. Let t = (s/2) ∧ 1 and ϵ = t/2. By a Sobolev embedding (cf. Triebel (1995),
Theorem 4.6.1), we have for all r ≥ r0 := 2d/ϵ,

∥p̃n − p∥Cϵ(Ω) ≲ ∥p̃n − p∥Ht,r(Ω) ≍ ∥p̃n − p∥Ht,r(Ω),

where the final order assessment follows from Proposition 32. By Proposition 33, we thus
obtain

E∥p̃n − p∥rCϵ(Ω) ≲ n
− r(s−t)

2s+d .

Let u =
(
∥p−1∥−1

L∞(Ω) ∧ ∥p∥Cϵ(Ω)

)
/2. Then, by Markov’s inequality, we have

P
(
∥p̃n − p∥Cϵ(Ω) ≥ u

)
≤

E∥p̃n − p∥rCϵ(Ω)

ur
≲
n−

r(s−t)
2s+d

ur
.

Since t < s, we may choose r large enough such that r(s−t)2s+d ≥ 2. Thus we readily deduce that
for a large enough constant C > 0, we have with probability at least 1− C/n2 that

∥p̃n − p∥Cϵ(Ω) ≤ u.
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Over the above high-probability event, we have on the one hand

inf
x∈Ω

p̃n(x) ≥ inf
x∈Ω

p(x)− ∥p̃n − p∥L∞(Ω) ≥ inf
x∈Ω

p(x)− ∥p̃n − p∥Cϵ(Ω) ≥ inf
x∈Ω

p(x)/2,

from which part (i) of Lemma 55 follows. On the other hand,

∥p̃n∥Cϵ(Ω) ≤ ∥p∥Cϵ(Ω) + ∥p̃n − p∥Cϵ(Ω) ≤ 2∥p∥Cϵ(Ω),

from which part (ii) of Lemma 55 follows.

5.I.4 Convergence Rate under the Wasserstein Distance

With the help of Proposition 33 we can obtain a bound on the risk of P̂n in Wasserstein distance.

Lemma 56. Let M,γ, s > 0, and assume that p ∈ CsN (Ω;M,γ). Assume L1/d
n = cn

1
d+2s . Then,

there exists a constant C > 0 depending on Ω,M, γ, d, s, r, c such that

EW 2
2 (P̂n, P ) ≲


n−

2(s+1)
2s+d , d > 2

log n/n, d = 2

1/n, d = 1.

Proof of Lemma 56. Let An be the event over which the two assertions of Lemma 55 hold. By
the bound (5.9) due to Peyre (2018) (in its form stated in Theorem 5.34 of Santambrogio (2015)),
it holds that

EW r
2 (P̂n, P ) ≲ E

[
W r

2 (P̂n, P )I(An)
]
+ n−2 ≲ E

[
∥p̃n − p∥rH−1(Ω)

]
+ n−2.

The claim thus follows from Proposition 34.

5.I.5 Proof of Theorem 21

Using Lemmas 55 and 56, Theorem 21(i) follows by the same argument as Theorem 19(i), and
Theorem 21(ii) follows by the same argument as Theorems 20 and 22. In the latter case, one
replaces the application of Caffarelli’s regularity theory (Theorem 4) by an application of
condition (C2). We omit further details for brevity.



Chapter 6

Central Limit Theorems for Smooth
Optimal Transport Maps

6.1 Introduction

Our aim is now to build upon the results of the previous chapter, to address the problem of
inference for Brenier maps. Specifically, our goal is to initiate the study of limit laws for Brenier
maps between absolutely continuous distributions in general dimension.

We will focus our attention throughout on probability measures supported on the d-
dimensional flat torus Td. Let P and Q denote two absolutely continuous probability measures
with respect to the uniform law on Td, with respective densities p and q, and let T0 = ∇φ0 be
the Brenier map pushing forward P onto Q, with respect to a Brenier potential φ0. We will
always assume in this chapter that p, q, 1/p, and 1/q are bounded functions over Td. As we
recall below, these conditions imply that T0 admits a unique representative which is continuous
over Td (Caffarelli, 1992), and we always assume that T0 is taken to be this representative.
Likewise, the potential φ0 admits a representative which is continuously differentiable and
uniquely defined up to an additive constant, and we will always assume that φ0 is taken to be
this representative, with the additive constant chosen such that φ0 has mean zero over the unit
hypercube. With this convention, T0 and φ0 are uniquely defined, and can both be evaluated
pointwise without any ambiguity.

We will be primarily interested in the one-sample problem, in which only the measure Q
is sampled from. As discussed in Remark 5, our techniques can immediately be extended to
the case where P is also sampled from, however we do not carry out this extension in order
to keep our exposition concise. Let Qn = (1/n)

∑n
i=1 δYi be an empirical measure comprised

of i.i.d. random variables Y1, . . . , Yn with common law Q. Our main object of interest is the
optimal transport map which pushes forward p onto the kernel density estimator of q, which

260
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we recall is defined as

q̂n = Qn ⋆ Khn =

ˆ
Rd

Khn(· − y)dQn(y),

where, as in the previous chapter, K ∈ C∞(Rd) is a smooth mollifier which integrates to unity,
Khn(·) = K(·/hn)/hdn for some nonnegative sequence hn ↓ 0, and where the integration in
the above display is to be interpreted by extending Qn to a measure on Rd via Zd-periodicity.
The kernelK will typically be permitted to take on negative values, thus q̂n does not necessarily
define a probability density. When it does, we define Q̂n to be the probability law with density
q̂n

1. Furthermore, over the event that q̂n and 1/q̂n are nonnegative bounded functions on Td,
we define T̂n to be the unique continuous optimal transport map pushing P forward onto Q̂n,
and φ̂n to be the unique continuously differentiable Brenier potential, admitting mean zero
over the unit hypercube, such that T̂n = ∇φ̂n. Over the complement of this event, T̂n can
be defined as any continuous vector field from Td into itself, without changing any of our
conclusions; for instance, one may take T̂n = Id.

When K is taken to be a Gaussian kernel, the density estimator q̂n is simply the regular-
ization of the empirical measure Qn with respect to the heat kernel at time h2n. This form of
regularization has received a great deal of recent interest in the optimal transport literature,
ever since it was used by Ambrosio, Glaudo, and Trevisan (2019); Ambrosio, Stra, and Trevisan
(2019), building upon a conjecture of Caracciolo et al. (2014), to derive exact asymptotics for
the quadratic optimal matching problem. Unlike these works, however, our aim here is not to
treat T̂n as an approximation of the Brenier map Tn pushing P forward onto Qn. Indeed, our
results will typically require hn to vanish at too slow of a rate for such an approximation to be
meaningful. We instead view T̂n as the object of interest, motivated by the fact that it provides
a better approximation of T0 than the empirical map Tn, when the underlying densities are
smooth.

A close variant of the estimator T̂n has already appeared in Chapter 5 (see also the works
of Gunsilius (2022) and Deb, Ghosal, and Sen (2021)), where our main goal was to derive its
expected L2(Td) convergence rate; cf. Theorem 20. While this result provides an essentially
sharp characterization of the L2 convergence rate of T̂n, it does not offer any insight into its
pointwise or uniform behaviour. The main result of this chapter is to derive the pointwise
limiting distribution of T̂n, in the regime d ≥ 3.

Theorem (Informal). Let s > 2, d ≥ 3, and assume p, q ∈ Cs+(Td). Then, there exists a
sequence hn = o(h∗n) such that for all x ∈ Td, there exists a positive definite d × d matrix
Σ(x) such that, as n→ ∞,√

nhd−2
n

(
T̂n(x)− T0(x)

) w−→ N(0,Σ(x)). (6.1)

The limiting covariance Σ(x) can be made completely explicit, and will be described in
1Unlike the previous chapter, where we denoted the kernel density estimator by q̃n, and by q̂

(ker)
n its positive

part (normalized to be a density), our results in this section will be more concisely stated for the kernel density
estimator itself, which we write as q̂n ≡ q̃n
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Theorem 24 below. Furthermore, the result in fact holds for a wide range of sequences hn which
are of lower order than h∗n. As we shall see, the latter condition is crucial for the centering
constant in equation (6.1) to be the population quantity T0(x) itself.

To the best of our knowledge, this result is the first central limit theorem for optimal
transport maps between absolutely continuous distributions in dimension greater than one.
The one-dimensional counterpart of this result was established by Ponnoprat, Okano, and
Imaizumi (2024), in which case the appropriate scaling sequence is simply

√
n rather than√

nhd−2
n , as could have heuristically been anticipated from Theorem 20. Their work makes

use of the representation of univariate optimal transport maps in terms of quantile functions,
which of course cannot be exploited in general dimension. We also note that limit laws for
related problems have appeared in recent literature. In the case where P and Q are discrete
distributions, Klatt, Munk, and Zemel (2022) have derived central limit theorems for optimal
transport couplings, while del Barrio, González-Sanz, and Loubes (2024) and Sadhu, Goldfeld,
and Kato (2023) considered the case where only one of P or Q is discrete. Furthermore, Har-
chaoui, Liu, and Pal (2020), Gunsilius and Xu (2021), González-Sanz, Loubes, and Niles-Weed
(2022), Goldfeld et al. (2024), and González-Sanz and Hundrieser (2023) derived limit laws
for entropically regularized variants of the optimal transport map with a fixed regularization
parameter. Let us emphasize that in each of these past works, the limit laws hold in a weak
sense, and their scaling is of the parametric order

√
n, which is a reflection of the fact that

the collection of optimal transport potentials arising in these problems forms a Donsker class.
This property fails to hold in our setting, as can be anticipated from the fact that our pointwise
central limit theorem exhibits a nonparametric scaling

√
nhd−2

n . Furthermore, one cannot
hope for a weak limit law to hold under our assumptions: we will show in Theorem 25 below
that there is no scaling of the process T̂n − T0 which converges to a non-degenerate limit in
L2(Td), for a sensible range of values hn. Such a result is akin to the failure of weak limit laws
for the kernel density estimator itself (Nishiyama, 2011; Stupfler, 2014, 2016).

Let us provide a heuristic summary of our proof strategy. Our starting point is Caffarelli’s
interior regularity theory for optimal transport maps, which we recalled in Theorem 3 of
Chapter 1. In their strongest form, these results imply that, under the smoothness condition
p, q ∈ Cs+(Td), the Brenier potentialφ0 lies in C2

loc(Rd). In fact, we will see that with probability
tending to one, the estimator φ̂n itself lies in C2

loc(Rd), with Hölder norm over any fixed compact
set which is uniformly bounded in n. Over this high-probability event, the pushforward
conditions T̂n#P = Q̂n and T0#P = Q are equivalent to the solvability of the following
Monge-Ampère equations

det(∇2φ̂n) =
p

q̂n(∇φ̂n)
, and det(∇2φ0) =

p

q(∇φ0)
, over Rd,

in the classical sense. It is well-known that these equations formally linearize to second-order
uniformly elliptic partial differential equations (Villani, 2003). By leveraging this fact, we use a
Taylor expansion argument to show that

T̂n = T0 +∇un +Rn, (6.2)
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where Rn is a Taylor remainder which vanishes at a fast rate in L∞(Td), and where un is the
unique mean-zero solution to the partial differential equation

Lun = −div(q∇un(∇φ∗
0)) = q̂n − q, over Td. (6.3)

Here, φ∗
0 denotes the Legendre-Fenchel transform of φ0. Let us briefly comment on equa-

tion (6.3). In the special case where p and q are both equal to the uniform law on Td, the
above is simply the periodic Poisson equation, which has appeared in similar linearization
strategies in the works of Ambrosio, Glaudo, and Trevisan (2019), Ambrosio, Stra, and Trevisan
(2019), Ambrosio and Glaudo (2019), Goldman and Huesmann (2022), Clozeau and Mattesini
(2023), and references therein, in the context of deriving exact asymptotics for various optimal
matching problems. When p and q are equal but not necessarily uniform, the differential
operator above becomes the Witten Laplacian −div(q∇·), as noted by Greengard et al. (2022).
For general densities p and q, the operator L is not strictly-speaking of elliptic type, but with
enough regularity assumptions on φ0, we will show that it is closely connected to a self-adjoint
uniformly elliptic operator.

In view of the formal expansion (6.2), the problem of deriving a central limit theorem for T̂n
reduces to the problem of deriving a pointwise central limit theorem for the gradient of the
solution to the PDE (6.3). While L2 rates for estimating coefficients of elliptic PDEs have been
studied in the literature (cf. Nickl, Van De Geer, and Wang (2020), Giordano and Nickl (2020),
and references therein), we are not aware of existing pointwise convergence rates or limit laws
for solutions to elliptic PDEs with a stochastic right-hand side. The bulk of our effort goes into
this point. Letting Qhn be the probability distribution with density qhn = E[q̂n(·)], we begin
by decomposing ∇un into the terms

∇un(x) = ∇L−1[q̂n − qhn ](x) +∇L−1[qhn − q](x), for any given x ∈ Td. (6.4)

The first (stochastic) term on the right-hand side of the above display will characterize the
fluctuations of T̂n(x) around its mean, while the second (deterministic) term will characterize
the bias of T̂n(x). We will show that the condition hn = o(h∗n) is esentially sufficient for the
deterministic term to be of negligible order; the heart of the matter lies in the stochastic term.
To derive its asymptotic distribution, we appeal to a variant of the “coefficient freezing” method
which is commonly used to derive a priori estimates for elliptic PDE. Specifically, we will argue
that, in a neighborhood of the point T0(x), the solution to equation (6.3) is well-approximated
by the solution to the equation

−q(T0(x))div(∇vn(Gx)) = q̂n − qhn , over Td, (6.5)

where Gx denotes the first-order Taylor approximation of ∇φ∗
0 at the point T0(x). This

approximation is useful because, unlike ∇un, the map ∇vn can be expressed as the evaluation
of a convolution operator at the smoothed empirical process. Indeed, we will show that there
exists a map Θ : Td → Rd for which the following representation holds:

∇vn(x) =
ˆ
Td

Θ(y − T0(x))d(Q̂n −Qhn)(y). (6.6)
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The map Θ is the gradient of a periodic Green’s function associated to the differential operator
appearing on the left-hand side of equation (6.5), which can be derived in closed form when
working over the torus. By associativity of convolutions, we can further write

∇vn(x) =
[
(Θ ⋆ Khn) ⋆ (Qn −Q)

]
(T0(x)).

The map in the above display is manifestly a kernel density estimator with respect to the
vector-valued “kernel” Θ ⋆ Khn . Its limiting distribution can be derived using elementary
means, and ultimately describes the limiting distribution of T̂n(x).

Though our main interest is in pointwise limit laws, as a byproduct of these results, we will
also derive nonasymptotic pointwise rates of convergence for the estimator T̂n. A great deal of
recent work has analyzedL2 rates of estimation for optimal transport maps (Hütter and Rigollet,
2021; Deb and Sen, 2021; Pooladian and Niles-Weed, 2021; Ghosal and Sen, 2022; Gunsilius,
2022; Divol, Niles-Weed, and Pooladian, 2022; Pooladian, Divol, and Niles-Weed, 2023), and
qualitative uniform convergence results have been studied in the works of Chernozhukov et al.
(2017); Panaretos and Zemel (2019); Hallin et al. (2021); De Lara, González-Sanz, and Loubes
(2021); Ghosal and Sen (2022); Segers (2022), but our work is perhaps the first to provide near-
optimal rates for pointwise estimation (albeit under the strong assumption that the underlying
domain is the flat torus).

6.2 Main Results

In this section, we state our main results regarding the asymptotic behaviour of the Brenier map
T̂n. We begin by stating one of our key technical results, namely a quantitative linearization
estimate for the Monge-Ampère equation. For the remainder of the chapter, we fix once and for
all a real number s > 2 such that s ̸∈ N, which will typically represent the Hölder smoothness
exponent of the densities p and q.

6.2.1 Linearization of the Monge-Ampère Equation

Define a constant β such that

0 < β < min{1, s− 2}. (6.7)

Given p, q ∈ C2+β
+ (Td), it follows from Caffarelli’s regularity theory (Theorem 3) that φ0, φ

∗
0 ∈

C4+β(Td). We may then define the operator

Lu = −div(q∇u(∇φ∗
0)),

for all u ∈ C2(Td). As we shall see in Section 6.3, it can be deduced from standard elliptic
regularity theory that L is a bijection of C2+β

0 (Td) onto Cβ0 (Td), with inverse denoted L−1.

Let Q̂ ∈ Pac(Td) be any distribution with density q̂ over Td, and assume that q̂ ∈ C2+β
+ (Td).

Let φ̂ be the unique Brenier potential lying in C2(Rd) whose gradient pushes forward P onto
Q̂, and which satisfies

´
Q φ̂dL = 0, where we define once and for all

Q := [0, 1]d.
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The following result shows that, in a very strong sense, the deviations φ̂ − φ0 are well-
approximated by the solution to a linear partial differential equation, whenever q̂ is in a Hölder
neighborhood of q.

Theorem 23. Let d ≥ 1, and assume p, q, q̂ ∈ C2+β
+ (Td). Then, there exists a constant C =

C(ω2+β(p, q, q̂), d, β) > 0 such that∥∥(φ̂− φ0)− L−1[q̂ − q]
∥∥
C2+β(Td)

≤ C∥q̂ − q∥C1+β(Td)∥q̂ − q∥Cβ(Td). (6.8)

Theorem 23 is proved in Section 6.3. In particular, this result implies that the approximation

∇φ̂−∇φ0 ∼ ∇L−1[q̂ − q] (6.9)

holds, up to an error which decays in uniform norm on the order ∥q̂− q∥C1+β(Td)∥q̂− q∥Cβ(Td).
We believe it should be possible to replace the latter quantity by ∥q̂− q∥2Cβ(Td)

, but our current
statement is sufficiently sharp for the applications which we have in mind. In Appendix B, we
state a convergence rate for the kernel density estimator under Hölder norms, which will allow
us to bound this approximation error when q̂ is taken to be the random density q̂n.

Our proof of Theorem 23 relies on the following Hölder stability bound for Brenier potentials,
which may be of independent interest: under the same conditions as Theorem 23, we show in
Proposition 36 below that

∥φ̂− φ0∥C2+β(Td) ≲ ∥q̂ − q∥Cβ(Td). (6.10)

Equation (6.25) is closely related to a qualitative Sobolev stability result for the Monge-Ampère
equation proven by De Philippis and Figalli (2013). We emphasize that their assumptions
are weaker than ours, and in particular do not imply that the Brenier potentials are twice
differentiable, which makes their analysis significantly more challenging. Building upon their
result, Gunsilius (2022) derived a qualitative stability result for Brenier potentials under the
C2+β norm, but we are not aware of any quantiative bounds akin to the one above.

The proof of Theorem 23 appears in Section 6.3. Let us now show how this result can be
used to analyze the estimator T̂n.

6.2.2 Pointwise Convergence Rate

Before presenting central limit theorems, it will be fruitful to state a bound on the pointwise
convergence rate of the estimator T̂n, as this will make clear the scaling and centering that
one may expect in the limit laws. We begin with some notation. Let h∗n = n−1/(d+2s). For all
x ∈ Td and hn > 0, set

Thn(x) = E[T̂n(x)], and qhn(x) = E[q̂n(x)].

Recall condition K(α) on the kernel K defined in Chapter 5.
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Proposition 35. Let d ≥ 3, and p, q ∈ Cs+(Td). Assume that the kernel K satisfies condi-
tion K(s + 1), and that for some c > 0,

hn = c · n−a, with 1

d+ 4(s− 1)
< a <

1

d+ s+ 2
. (6.11)

Then, for any ϵ > 0, there exists a constant C = C(ωs(p, q),K, s, c, a, ϵ, d) > 0 such that the
following assertions hold.

1. (Bias) We have, ∥∥Thn − T0
∥∥
L∞(Td)

≤ Chs+1−ϵ
n . (6.12)

2. (Fluctuations) We have,

sup
x∈Td

E
∥∥T̂n(x)− Thn(x)

∥∥ ≤ C
1√
nhd−2

n

. (6.13)

The proof of Proposition 35 appears in Section 6.5. Condition (6.11) on the bandwidth hn is
never vacuous due to the assumption that s > 2. In particular, the bandwidth hn ≍ h∗n satisfies
this condition, and for this choice, the two bounds (6.12)–(6.13) are essentially on the same
order. In this case, Proposition 35 implies

sup
x∈Td

E
∥∥T̂n(x)− T0(x)

∥∥ ≲ n− s+1−ϵ
d+2s . (6.14)

This result shows that the L2(Td) convergence rate of T̂n, stated in Theorem 20, in fact holds
in a pointwise sense, at the price of the exponent ϵ, which can be made arbitrarily small.
Furthermore, by a simple modification of Theorem 6 of Hütter and Rigollet (2021), it can
be seen that, in an information-theoretic sense, no other estimator can achieve a rate faster
than n−(s+1)/(2s+d) for estimating T0(x) at a point x ∈ Td, uniformly over all measures P,Q
satisfying the conditions of Proposition 35. In this sense, T̂n is a minimax optimal estimator,
again, up to the arbitrarily small exponent ϵ. Though we conjecture that this exponent is
superfluous, it cannot be easily removed with our current proof technique. Its presence is
related to the fact that the Poisson equation ∆u = f on Td is not necessarily solvable in the
classical sense for f ∈ L∞

0 (Td), but admits a solution u ∈ C2+ϵ(Td) whenever f ∈ Cϵ0(Td).

Proposition 35 is comparable to pointwise bounds for density estimation. It is well-known
that, under weaker conditions than those of Proposition 35, it holds that for all x ∈ Td, and all
dimensions d ≥ 1 that (Giné and Nickl, 2016)

|qhn(x)− q(x)| ≲ hsn, and E|q̂n(x)− qhn(x)| ≲
1√
nhdn

.

Both of these bounds are slower than those of Proposition 35 by a factor of h−1
n , which is a

reflection of the fact that optimal transport maps typically enjoy one degree of smoothness
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more than the corresponding densities. This can be inferred heuristically from equation (6.9).
We nevertheless note that the optimal order of the bandwidth hn which minimizes the sum of
the above two terms is h∗n, as in the case of Proposition 35.

Proposition 35 suggests that if the sequence of random variables√
nhd−2

n (T̂n(x)− T0(x))

were to admit a non-degenerate limiting distribution, then hn would have be taken of lower
order than the optimal bandwidth h∗n, a condition often referred to as undersmoothing. We
derive limit laws under this condition, next.

6.2.3 Pointwise Central Limit Theorem

Our main result is the following.

Theorem 24. Let d ≥ 3, and p, q ∈ Cs+(Td). Assume that condition K(s + 1) holds, and

hn ≍ n−a, with
1

d+ 2s
< a <

1

d+ 4
. (6.15)

Then, for all x ∈ Td,√
nhd−2

n

(
T̂n(x)− T0(x)

) w−→ N(0,Σ(x)), as n→ ∞,

where, for all x ∈ Td, Σ(x) is the positive definite matrix with finite entries given by

Σ(x) =
1

p(x)

ˆ
Rd

ξξ⊤
(
F [K](M(x)ξ)

2π⟨M(x)ξ, ξ⟩

)2

dξ, (6.16)

and M(x) = ∇2φ∗
0(∇φ0(x)).

Theorem 24 shows that the estimator T̂n(x) obeys a central limit theorem centered at its
population counterpart T0(x), when the bandwidth hn lies in the range (6.15). We emphasize
again that this range is never empty under the assumption s > 2. The lower bound of
equation (6.15) implies the undersmoothing condition hn = o(h∗n), while the upper bound is
needed in order for the error of our linearization of T̂n to be of sufficiently low order.

To gain some intuition for the limiting covariance matrix Σ(x), it is once again fruitful to
compare our result to density estimation. Under the conditions of Theorem 24, it is a simple
observation that for all y ∈ Td,√

nhdn
(
q̂n(y)− q(y)

) w−→ N
(
0, q(y)∥K∥2L2(Rd)

)
.

Thus, the limiting variance of q̂n(y) is on the same scale as the L2(Rd) norm of the kernel K .
In contrast, the limiting covariance of the estimator T̂n(x) satisfies

tr(Σ(x)) ≍ 1

p(x)

ˆ
Rd

(
F [K](ξ)

∥ξ∥

)2

dξ =
∥K∥2

Ḣ−1(Rd)

p(x)
,
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and is thus on the same scale as the first-order negative Sobolev seminorm of the kernel K .
This should not be surprising in view of the formal equivalence

∥T̂n − T0∥L2(P ) ≍ ∥q̂n − q∥H−1(Td)

which can be anticipated from Theorem 18 of Chapter 5 and remarks thereafter. Furthermore,
the following can be said about the off-diagonal entries of Σ(x).

Lemma 57. Assume the same conditions as Theorem 24. Assume further that K is radial, and
that P = Q. Then, the covariance matrix Σ(x) defined in Theorem 24 is diagonal.

Lemma 57 shows that, for radial kernels, the estimator T̂n(x) has asymptotically indepen-
dent entries when P = Q. This property typically fails to hold when P ̸= Q, however.

6.2.4 Failure of Weak Convergence

We have shown that the sequence T̂n − T0 enjoys a pointwise central limit theorem under
suitable conditions. We next state a negative result, showing that, under identical conditions,
the process T̂n−T0 does not converge weakly inL2(Td) to a non-degenerate limit, when d ≥ 3.
More precisely, we will show that the process φ̂n − φ0 does not converge to a non-degenerate
limit weakly in H1

0 (Td).

Theorem 25. Assume the same conditions as Theorem 24. Let (αn)n≥1 be a positive sequence,
and define the process

Gn = αn(φ̂n − φ0), n = 1, 2, . . .

viewed as a random element in H1
0 (Td). Then, the following hold.

(i) If αn = o(
√
nhd−2

n ), then Gn converges weakly to 0 in H1
0 (Td).

(ii) If αn ≳
√
nhd−2

n , then Gn does not converge weakly in H1
0 (Td).

We prove Theorem 25 in Section 6.5.4, by showing that the H1
0 (Td) projection of Gn along

any fixed direction typically vanishes at a significantly faster rate than the convergence rate of
Gn under the H1

0 (Td) norm. To establish this result, we require the same conditions on the
bandwidth hn as in Theorem 24. We do not rule out the possibility that Gn could converge
weakly when hn falls outside of this range, and in particular when hn = o(n−1/(d+s+1)).

6.3 Quantitative Linearization of the Monge-Ampère Equation

The aim of this section is to prove Theorem 23 and Proposition 36. We begin by stating several
important properties of the operator L.

6.3.1 The Differential Operator L

Let p, q ∈ C2+β
+ (Td), where the constant β was fixed in equation (6.7), and define the operator

L : H2
0 (Td) → L2

0(Td), Lu = −div(q∇u(∇φ∗
0)).
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A simple calculation reveals that the L2(Td) adjoint of L is given by

L∗ : H2
0 (Td) → L2

0(Td), L∗v = −div(p∇v(∇φ0)),

which implies, in particular, that L is self-adjoint if and only if P = Q. It will be convenient to
note that L is closely-related to a distinct operator E, which in turn is self-adjoint even when
P ̸= Q. This operator is defined by

E : H2
0 (Td) → L2

0(Td), Eu = −div(A∇u),

where we fix once and for all the matrix-valued map

A(x) = p(x)∇2φ∗
0(∇φ0(x)), x ∈ Td.

The relation between L and E is described next.

Lemma 58. Let p, q ∈ C2+β
+ (Td). Then, for any u ∈ C2

0(Td), it holds that

Eu = L[u](∇φ0) det(∇2φ0), and Lu = E[u](∇φ∗
0) det(∇2φ∗

0). (6.17)

Furthermore,

Eu = −det(∇2φ0)
{
q(∇φ0)⟨(∇2φ0)

−1,∇2u⟩+ ⟨∇q(∇φ0),∇u⟩
}
. (6.18)

Proof of Lemma 58. For any u ∈ H2
0 (Td) and any test function v ∈ C∞

0 (Td), it follows by
integration by parts that

⟨Eu, v⟩L2(Td) =

ˆ
Td

∇v⊤∇2φ∗
0(∇φ0)∇udP =

ˆ
Td

∇v(∇φ∗
0)

⊤∇2φ∗
0∇u(∇φ∗

0)dQ,

where the final inequality follows by a change of variable. Deduce that

⟨Eu, v⟩L2(Td) =

ˆ
Td

∇[v(∇φ∗
0)]

⊤∇u(∇φ∗
0)dQ =

ˆ
Td

v(∇φ∗
0)Lu,

where we again integrated by parts. The above is equivalent to

⟨Eu, v⟩L2(Td) = ⟨v, L[u](∇φ0) det(∇2φ0)⟩L2(Td),

which implies the first claim of equation (6.17). The second claim follows analogously. To
deduce equation (6.18), note that we may expand L as

Lu = −q⟨∇2φ∗
0,∇2u(∇φ∗

0)⟩ − ⟨∇q,∇u(∇φ∗
0)⟩,

thus
L[u](∇φ0) = −q(∇φ0)⟨∇2φ∗

0(∇φ0),∇2u⟩ − ⟨∇q(∇φ0),∇u⟩.

Since ∇φ∗
0 is the inverse of ∇φ0, it holds that (∇2φ0)

−1 = ∇2φ∗
0(∇φ0), and claim (6.18) now

follows from claim (6.17).
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With Lemma 58 in place, the properties of the operator L can be deduced from the standard
theory of elliptic PDEs subject to periodic boundary conditions, which we summarize in
Appendix 6.A. Indeed, under the smoothness assumption p, q ∈ C2+β

+ (Td), it follows from
Theorem 3 that the eigenvalues of ∇2φ∗

0, and hence of the matrix A, are uniformly bounded
from below over Td by positive constants depending on ω2+β(p, q). The operatorE is therefore
uniformly elliptic. Furthermore, the entries ofA lie in C1+β(Td), thus it follows from Lemma 77
in Appendix 6.A that the mapping E : H2

0 (Td) → L2
0(Td) is a bijection, whose restriction to

C2+β
0 (Td) is a bijection onto Cβ0 (Td). Additionally, the following norm equivalences hold:

∥Eu∥L2(Td) ≍ ∥u∥H2(Td), ∥Eu∥C2+β(Td) ≍ ∥u∥Cβ(Td), (6.19)

where the implicit constants depend only on ω2+β(p, q), d, β. From here, we may deduce the
following.

Lemma 59. Let p, q ∈ C2+β
+ (Td). Then, the mapping L : H2

0 (Td) → L2
0(Td) is a bijection,

whose restriction to C2+β
0 (Td) is a bijection onto Cβ0 (Td), and satisfies the norm equivalences

∥Lu∥L2(Td) ≍ ∥u∥H2(Td), ∥Lu∥Cβ(Td) ≍ ∥u∥C2+β(Td).

Furthermore, for all f ∈ Cβ0 (Td), it holds

E−1f = L−1[f(∇φ∗
0) det(∇2φ∗

0)], and L−1f = E−1[f(∇φ0) det(∇2φ0)].

By reasoning as in Appendix 6.A, it can be seen that for any f ∈ L2
0(Td), the unique map

u ∈ H2
0 (Td) which solves the equation Lu = f over Td satisfies the identity

⟨u, v⟩A = ⟨f, v(∇φ∗
0)⟩L2(Td), for all v ∈ H1

0 (Td), (6.20)

where we define the bilinear form

⟨u, v⟩A :=

ˆ
Td

⟨A∇u,∇v⟩dL =

ˆ
Td

⟨∇φ∗
0(∇φ0)∇u,∇v⟩dP, for all u, v ∈ H1

0 (Td).

Using again the assumption that p, q ∈ C2+β
+ (Td), and hence that A has its eigenvalues

bounded from above and below by positive constants over Td, the above bilinear form defines
an inner product on H1

0 (Td), which is equivalent to the standard inner product ⟨·, ·⟩H1(Td).
The characterization (6.20) implies the following simple norm equivalence which will be used
repeatedly, and which we prove for completeness in Appendix 6.B.1.

Lemma 60. Let p, q ∈ C2+β
+ (Td). Then, for all u ∈ H2

0 (Td),

∥Lu∥H−1(Td) ≍ ∥u∥H1(Td),

where the implicit constants depend only on ω2+β(p, q), d, β.

With these properties in place, we turn to the proof of Theorem 23.



Chapter 6. Central Limit Theorems for Smooth Optimal Transport Maps 271

6.3.2 Linearization of Monge-Ampère: Proof of Theorem 23

Recall that we define Q = [0, 1]d. Throughout the proof, let C = C(ω2+β(p, q, q̂), d, β) > 0
denote a constant whose value is permitted to change from line to line. Under the assumption
p, q, q̂ ∈ C2+β

+ (Td), it follows from Theorem 3 that,

∥φ̂∥C2+β(Q) ∨ ∥φ0∥C2+β(Q) ≤ C (6.21)

and
∇2φ̂ ⪰ Id/C, ∇2φ0 ⪰ Id/C, over Q. (6.22)

With the above regularity estimates, we may define the operators

Ψ : C2+β
0 (Q) → Cβ0 (Q), Ψ[φ] = p− det(∇2φ)q(∇φ),

and
Ψ̂ : C2+β

0 (Q) → Cβ0 (Q), Ψ̂[φ] = p− det(∇2φ)q̂(∇φ).

As shown in the following Lemma, these operators are Fréchet differentiable, with derivatives
that are closely related to the operator E.

Lemma 61. Let p, q, q̂ ∈ C2+β
+ (Td). Then, the maps Ψ and Ψ̂ are Fréchet differentiable at

any strongly convex function φ ∈ C2+β
0 (Q), with Fréchet derivatives respectively given for all

u ∈ C2+β
0 (Q) by

Ψ′
φu = −det(∇2φ)

[
q(∇φ)⟨(∇2φ)−1,∇2u⟩+ ⟨∇u,∇q(∇φ)⟩

]
,

and,
Ψ̂′
φu = −det(∇2φ)

[
q̂(∇φ)⟨(∇2φ)−1,∇2u⟩+ ⟨∇u,∇q̂(∇φ)⟩

]
.

Furthermore, there exists a constant C = C(ω2+β(p, q, q̂), β) > 0 such that for all u ∈ C2+β
0 (Q),∥∥∥Ψ[φ+ u]−Ψ[u]−Ψ′

φ[u]
∥∥∥
Cβ(Q)

≤ C∥u∥2C2+β(Q).

The above display also continues to hold with Ψφ replaced by Ψ̂φ.

The proof of Lemma 61 is elementary, and appears in Appendix 6.B.2. Notice that Ψ̂[φ̂] =
Ψ[φ0] = 0, and thus

Ψ̂[φ̂]− Ψ̂[φ0] = Ψ[φ0]− Ψ̂[φ0] = (q̂(∇φ0)− q(∇φ0)) det(∇2φ0).

Thus, applying Lemma 61 under properties (6.21)–(6.22), we deduce that∥∥∥Ψ̂′
φ0
[φ̂− φ0]− (q̂(∇φ0)− q(∇φ0)) det(∇2φ0)

∥∥∥
Cβ(Q)

≤ C∥φ̂− φ0∥2C2+β(Q). (6.23)

The following Lemma will allow us to replace Ψ̂φ0 by Ψφ0 in the above display
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Lemma 62. Assume the same conditions as Theorem 23. Then, there exist a constant C =
C(ω2+β(p, q, q̂), d, β) > 0 such that for all u ∈ C2+β

0 (Td),∥∥Ψ̂′
φ0
[u]−Ψ′

φ0
[u]
∥∥
Cβ(Td)

≤ C
(
∥u∥C2+β(Td)∥q̂ − q∥Cβ(Td) + ∥u∥C1+β(Td)∥q̂ − q∥C1+β(Td)

)
.

We defer the proof to Appendix 6.B.4. Implicit in the above assertion is the fact that the map
Ψ̂′
φ0
[u]− Ψ̂′

φ0
[u] is Zd-periodic, which can be seen by direct inspection using Theorem 3. The

latter result also implies that the map u = φ̂−φ0 is Zd-periodic, and thus lies in C2+β
0 (Td) since´

Td(φ̂− φ0)dL =
´
Q(φ̂− φ0)dL = 0. Returning to equation (6.23) and applying Lemma 62,

we deduce that∥∥∥Ψ′
φ0
[φ̂− φ0]− (q̂(∇φ0)− q(∇φ0)) det(∇2φ0)

∥∥∥
Cβ(Td)

≤ C
(
∥φ̂− φ0∥2C2+β(Td) + ∥q̂ − q∥Cβ(Td)∥φ̂− φ0∥C2+β(Td) (6.24)

+ ∥φ̂− φ0∥C1+β(Td)∥q̂ − q∥C1+β(Td)

)
,

We bound the right-hand side using the following stability bound, whose proof appears in the
following subsection.

Proposition 36. Assume the same conditions as Theorem 23. Then, there exists a constant
c = c(ω2+β(p, q, q̂), d, β) > 0 such that

∥φ̂− φ0∥C2+β(Td) ≤ c∥q̂ − q∥Cβ(Td). (6.25)

Applying Proposition 36 to equation (6.24), we arrive at∥∥∥Ψ′
φ0
[φ̂− φ0]− (q̂(∇φ0)− q(∇φ0)) det(∇2φ0)

∥∥∥
Cβ(Td)

≤ C∥q̂ − q∥Cβ(Td)∥q̂ − q∥C1+β(Td).

By Lemma 58, the above display is equivalent to∥∥E[φ̂− φ0]− det(∇2φ0)(q̂(∇φ0)− q(∇φ0))
∥∥
Cβ(Td)

≤ C∥q̂ − q∥Cβ(Td)∥q̂ − q∥C1+β(Td).

Now, recall that the restriction of E to C2+β
0 (Td) is a bijection onto Cβ0 (Td), with bounded

inverse E−1. Furthermore, the function det(∇2φ0)(q̂(∇φ0)− q(∇φ0)) is easily seen to have
mean zero, and thus lies in Cβ0 (Td) by assumption. It follows that∥∥φ̂− φ0 − E−1

[
det(∇2φ0)(q̂(∇φ0)− q(∇φ0))

]∥∥
C2+β(Td)

≤ C∥q̂ − q∥Cβ(Td)∥q̂ − q∥C1+β(Td).

Recalling Lemma 59, we deduce∥∥(φ̂− φ0)− L−1 [q̂ − q]
∥∥
C2+β(Td)

≤ C∥q̂ − q∥Cβ(Td)∥q̂ − q∥C1+β(Td), (6.26)

thus proving the claim.
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6.3.3 Hölder Stability Bound: Proof of Proposition 36

Notice that our assumptions once again imply that properties (6.21)–(6.22) hold. As a result,
φ0 and φ̂ solve the following Monge-Ampère equations in the classical sense,

det(∇2φ̂) =
p

q̂(∇φ̂)
, det(∇2φ0) =

p

q(∇φ0)
, over Rd.

We will reason similarly as in Proposition 9.1 of Caffarelli and Cabré (1995) to argue that φ̂−φ0

is in fact the solution to a uniformly elliptic equation over Td. Indeed, by a first-order Taylor
expansion of the determinant function, we have over Rd,

p

q̂(∇φ̂)
− p

q(∇φ0)

= det(∇2φ̂)− det(∇2φ0)

=

ˆ 1

0

d

dλ
det
(
∇2φ0 + λ∇2(φ̂− φ0)

)
dλ

=

〈
∇2(φ̂− φ0),

ˆ 1

0
(∇2φ0 + λ∇2(φ̂− φ0))

−1 det
(
∇2φ0 + λ∇2(φ̂− φ0)

)
dλ

〉
,

which implies that
⟨A,∇2(φ̂− φ0)⟩ = q(∇φ0)− q̂(∇φ̂), (6.27)

where A is the matrix-valued map defined by

A(x) =
q(∇φ0(x))q̂(∇φ̂(x))

p(x)

ˆ 1

0

(
(∇2φ0+λ∇2(φ̂−φ0))

−1 det
(
∇2φ0+λ∇2(φ̂−φ0)

))
(x)dλ,

for all x ∈ Rd. Notice once again that φ̂ − φ0 is Zd-periodic by Theorem 3, and likewise,
the entries of A and the right-hand side of (6.27) are Zd-periodic. Thus, the equality (6.27)
defines a second-order elliptic equation over Td. From equation (6.22), and the boundedness
and positivity of the densities p, q, q̂, we have A ⪰ Id/C over Td. Therefore, the operator
⟨A,∇2(·)⟩ is uniformly elliptic. Furthermore, using property (6.21) and the regularity of the
densities, the map A satisfies the conditions of the classical interior Schauder estimates (cf.
Lemma 25(i)). We deduce,

∥φ̂− φ0∥C2+β(Td) ≲ ∥φ̂− φ0∥Cβ(Td) + ∥q̂(∇φ̂)− q(∇φ0)∥Cβ(Td) .

Now,

∥q̂(∇φ̂)− q(∇φ0)∥Cβ(Td) ≤ ∥q̂(∇φ̂)− q̂(∇φ0)∥Cβ(Td) + ∥q̂(∇φ0)− q(∇φ0)∥Cβ(Td)

≲ ∥∇φ̂−∇φ0∥Cβ(Td) + ∥q̂ − q∥Cβ(Td),

where the final inequality follows from Lemmas 95–96, where we use in particular the fact
that q̂ ∈ C1(Td), and that ∇φ0 is a C1+β(Td)-diffeomorphism. Thus,

∥φ̂− φ0∥C2+β(Td) ≲ ∥φ̂− φ0∥C1+β(Td) + ∥q̂ − q∥Cβ(Td) .
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By the interpolation inequality in Lemma 94, for any ϵ > 0 there exists C(ϵ) > 0 such that

∥φ̂− φ0∥C1+β(Td) ≤ C(ϵ)∥φ̂− φ0∥L∞(Td) + ϵ∥φ̂− φ0∥C2+β(Td).

Upon choosing ϵ = ϵ(ω2+β(p, q, q̂), d, β) sufficiently small, we deduce from the previous two
displays that

∥φ̂− φ0∥C2+β(Td) ≲ ∥φ̂− φ0∥L∞(Td) + ∥q̂ − q∥Cβ(Td). (6.28)

Now, using again the aforementioned regularity properties of the map A, and the uniform
ellipticity of equation (6.27), we may apply the De Giorgi-Nash-Moser bound of Lemma 76 to
obtain that for any fixed r > 2 ∨ d/2,

∥φ̂− φ0∥L∞(Td) ≲ ∥φ̂− φ0∥L2(Td) + ∥q̂(∇φ̂)− q(∇φ0)∥Lr(Td)

≲ ∥φ̂− φ0∥L2(Td) + ∥q̂(∇φ̂)− q(∇φ̂)∥Lr(Td) + ∥q(∇φ̂)− q(∇φ0)∥Lr(Td)

≤ ∥φ̂− φ0∥L2(Td) + ∥q̂ − q∥L∞(Td) + ∥q(∇φ̂)− q(∇φ0)∥Lr(Td).

Using an Lr(Td) interpolation inequality (Lemma 81), one has that for any ϵ > 0, there exists
C ′(ϵ) > 1 such that

∥q(∇φ̂)− q(∇φ0)∥Lr(Td) ≤ C ′(ϵ)∥q(∇φ̂)− q(∇φ0)∥L2(Td) + ϵ∥q(∇φ̂)− q(∇φ0)∥L∞(Td)

≲ C ′(ϵ)∥∇φ̂−∇φ0∥L2(Td) + ϵ∥∇φ̂−∇φ0∥L∞(Td),

where we used the fact that q ∈ C1(Td) in the final inequality. We have thus shown

∥φ̂− φ0∥L∞(Td) ≲ ∥q̂ − q∥L∞(Td) + C ′(ϵ)∥∇φ̂−∇φ0∥L2(Td) + ϵ∥∇φ̂−∇φ0∥L∞(Td)

≲ ∥q̂ − q∥Cβ(Td) + C ′(ϵ)∥φ̂− φ0∥H1(Td) + ϵ∥φ̂− φ0∥C2+β(Td).

Returning to equation (6.28), we thus have

∥φ̂− φ0∥C2+β(Td) ≲ ∥q̂ − q∥Cβ(Td) + C ′(ϵ)∥φ̂− φ0∥H1(Td) + ϵ∥φ̂− φ0∥C2+β(Td),

where the implicit constants in the symbol “≲” do not depend on ϵ. We may therefore choose
ϵ = ϵ(ω2+β(p, q, q̂), d, β) sufficiently small, but fixed, such that

∥φ̂− φ0∥C2+β(Td) ≲ ∥q̂ − q∥Cβ(Td) + ∥φ̂− φ0∥H1(Td).

Furthermore, by Lemma 18 of Chapter 5 and remarks thereafter, we have

∥φ̂− φ0∥H1(Td) ≲ ∥q̂ − q∥H−1(Td) ≲ ∥q̂ − q∥Cβ(Td). (6.29)

We deduce that
∥φ̂− φ0∥C2+β(Td) ≲ ∥q̂ − q∥Cβ(Td), (6.30)

as claimed.
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Remark 5 (Different Source Measures). By a simple extension of the preceding proofs, it is
also possible to derive a linearization bound under variations of both the source and target
measures. Concretely, it can be shown that for any densities p, q, p̂, q̂ ∈ C2+β

+ (Td), if φ denotes
the unique continuously differentiable convex function, with mean zero over Q, whose gradient
pushes forward p̂ onto q̂, then, one has∥∥∥(φ− φ0)− E−1[p̂− p]− L−1[q̂ − q]

∥∥∥
C2+β(Td)

≲ ∥p̂− p∥C1+β(Td)∥p̂− p∥Cβ(Td) + ∥q̂ − q∥C1+β(Td)∥q̂ − q∥Cβ(Td).

Such a bound may be used to derive the pointwise limiting distribution of the optimal transport
map pushing forward a kernel density estimator onto another, which would yield a two-sample
analogue of Theorem 24. We omit this extension in the interest of brevity.

6.4 Bias and Variance Bounds

We now return our attention to the estimator T̂n = ∇φ̂n defined in Section 6.1. Theorem 23
suggests that for any given x ∈ Td, the sequence (T̂n − T0)(x) is well-approximated by

∇L−1[q̂n − q](x) = ∇L−1[q̂n − qhn ](x) +∇L−1[qhn − q](x). (6.31)

As discussed in Section 6.1, the stochastic term on the right-hand side of the above display will
characterize the fluctuations of T̂n(x) around its mean, while the deterministic term above will
characterizes the bias of T̂n(x). We analyze these two quantities next.

By linearity of L, the stochastic term can be decomposed as

∇L−1[q̂n − qhn ](x) =
1

n

n∑
i=1

∇L−1
[
Khn(Yi − ·)− qhn

]
(x), (6.32)

where Khn denotes the Zd-periodization of Khn , as defined in Appendix A. The following
result describes the limiting covariance of the summands in the above display.

Lemma 63. Let p, q ∈ C2+β
+ (Td) for some β ∈ (0, 1), and let the kernel K satisfy condi-

tion K(γ) for some γ > 0. Let Y ∼ Q. Then, there exist constants C, ϵ > 0 depending only on
ω2+β(p, q),K, d, β such that for any x ∈ Td,∥∥∥hd−2

n Cov
{
∇L−1

[
Khn(Y − ·)− qhn

]
(x)
}
− Σ(x)

∥∥∥ ≤ Chϵn,

where Σ(x) is the positive definite matrix defined in equation (6.16).

Lemma 63 implies that the covariance matrix of any given term in the summation (6.32)
has norm diverging at the pointwise rate h2−dn , which coincides with the corresponding L2(Td)
rate of divergence. Indeed, by Lemma 60, it holds that

E
∥∥∇L−1

[
Khn(Y − ·)− qhn

]∥∥2
L2(Td)

≍ E
∥∥Khn(Y − ·)− qhn

∥∥2
H−1(Td)

≍ h2−dn ,
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where the final order assessment can be deduced as in the proof of Proposition 43. The proof
of Lemma 63 turns out to require a more involved argument, and appears in Section 6.4.1.

Let us now provide a bound on the deterministic term.

Lemma 64. Let p, q ∈ Cs+(Td). Assume that K satisfies condition K(s+ 1). Then, for all ϵ > 0,
there exists C = C(ωs(p, q),K, ϵ, d, s) > 0 such that∥∥∇L−1[qhn − q]

∥∥
L∞(Td)

≤ Chs+1−ϵ
n .

The proof of Lemma 64 appears in Section 6.4.2, and is a consequence of existing gradient
estimates for uniformly elliptic PDEs. Once again, up to the arbitrarily small constant ϵ > 0,
the rate hs+1−ϵ

n in the above display coincides with the corresponding L2(Td) rate of decay:
one has, by Lemmas 60 and 99,∥∥∇L−1[qhn − q]

∥∥
L2(Td)

≍ ∥qhn − q∥H−1(Td) ≍ hs+1
n ,

where the final order assessment can be obtained by reasoning as in Proposition 43, under the
assumption K(s + 1).

6.4.1 Proof of Lemma 63

Throughout the proof, the implicit constants in the symbols≲ and≍ depend only onω2+β(p, q),K, d, β.
In particular, such constants do not depend on the variable x. By Theorem 3, there exists λ > 1
such that ∥φ0∥C3(Td) ≤ λ and ∇2φ∗

0 ⪰ λ−1Id, and we fix this value of λ throughout the proof.
Fix x ∈ Td throughout what follows, and abbreviate X0 = ∇φ∗

0(Y ). We may assume without
loss of generality that the representative of X0 in Td is chosen such that

∥X0 − x∥Td = ∥X0 − x∥. (6.33)

Next, we abbreviate

Σn(x) = Cov
(
∇L−1[Khn(Y − ·)− qhn ](x)

)
.

Since qhn is deterministic, and L is linear, we may rewrite Σn(x) as

Σn(x) = Cov
(
∇L−1[Ko

hn(Y − ·)](x)
)
, with Ko

hn = Khn − 1.

Deduce from Lemma 59 that

Σn(x) = Cov
(
∇E−1

[
det(∇2φ0)K

o
hn(Y −∇φ0(·))

]
(x)
)
. (6.34)

We will derive the limit of this quantity by approximating the operator E with a constant-
coefficient differential operator, and showing that the remainder of this approximation is of
low order. We proceed in several steps. The proofs of all intermediary results which follow are
relegated to Appendix 6.C.
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Step 1: Reduction to a constant-coefficient operator. Using Lemma 58, we may write
for any u ∈ H2

0 (Td),
Eu = −⟨A,∇2u⟩ − ⟨b,∇u⟩,

where
A = p∇2φ∗

0(∇φ0), and b = det(∇2φ0)∇q(∇φ0).

Let E0 be defined as the leading term in E with coefficients “frozen” at the point x, namely:

E0u(y) = −⟨A0,∇2u(y)⟩ = −div(A0∇2u(y)), y ∈ Td

whereA0 = A(x) is a constant matrix. Furthermore, abbreviate B = ∇2φ0 and B0 = ∇2φ0(x).
Define the linear map

Sx(y) = ∇φ0(x) +∇2φ0(x)(y − x), y ∈ Td,

and set

un = E−1
[
det(B)Ko

hn(Y −∇φ0(·))
]
, Un = ∇un,

vn = E−1
0

[
det(B)Ko

hn(Y −∇φ0(·))
]
, Vn = ∇vn,

wn = E−1
0

[
det(B0)K

o
hn(Y − Sx(·))

]
, Wn = ∇wn,

where we emphasize that each of the functions appearing in square brackets in the above
display has mean zero, so that the inverses are well-defined. We have the decomposition

Σn(x) = Cov[Un(x)]
= Cov[Wn(x)] + Cov[(Vn −Wn)(x)] + Cov[(Un − Vn)(x)]

+ 2Cov[Wn(x), (Un −Wn)(x)] + 2Cov[(Vn −Wn)(x), (Un − Vn)(x)], (6.35)

where for two random vectorsA andB, we denote by Cov(A,B) = E[(A−E[A])(B−E[B])⊤]
the cross-covariance between A and B. Fix

V1 = Cov[Wn(x)], V2 = E∥(Vn −Wn)(x)∥2, V3 = E∥(Un − Vn)(x)∥2.

We will show that for some ϵ > 0,

∥hd−2
n V1 − Σ(x)∥ ≲ hϵn, (6.36)

and, on the other hand, that V2 ∨ V3 ≲ h
2−d+2β
n . Using the Cauchy-Schwarz inequality, it will

then immediately follow that the three cross-covariances in equation (6.35) are of order at most
h2−d−βn , and the claim will then follow. We analyze each of the terms V1,V2,V3 in turn.
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Step 2: Bounding term V1. Write

SY,x(y) = Y − Sx(y) = Y −∇φ0(x)− B0(y − x).

For this step only, we will require the additional constant-coefficient operator

G0 : H
2
0 (Td) → L2

0(Td), G0u(y) = −⟨B2
0A0,∇2u(y)⟩ = −⟨C0,∇2u(y)⟩,

where C0 = p(x)∇2φ0(x). The results of Appendix 6.A imply that the restriction of G0 to
C2+β
0 (Td) is a bijection onto Cβ0 (Td). This operator is motivated by the following simple

observation.

Lemma 65. For all f ∈ Cβ0 (Td) and y ∈ Td, it holds that

E−1
0 [f(SY,x(·))](y) = G−1

0 [f ](SY,x(y)).

The proof appears in Appendix 6.C.1. Deduce from Lemma 65 that for any f ∈ Cβ0 (Td) and
y ∈ Td,

∇yE
−1
0 [f(SY,x(·))](y) = ∇yG

−1
0 [f ](SY,x(y)) = −B0∇G−1

0 [f ](SY,x(y)),

so that

Wn(x) = ∇E−1
0

[
det(B0)K

o
hn(SY,x(·))

]
(x) = −B0det(B0)∇G−1

0

[
Ko
hn

]
(Y −∇φ0(x)),

whence,

V1 = det2(B0)B0Cov
{
∇G−1

0

[
Ko
hn

]
(Y −∇φ0(x))

}
B⊤
0 . (6.37)

The following Lemma shows that the covariance in the above display can be taken with respect
to the uniform law, without substantial loss.

Lemma 66. Let U ∼ L be a uniform random variable on Td. Then, for some ϵ > 0,∥∥∥V1 − q(∇φ0(x))det
2(B0)B0Cov

{
∇G−1

0

[
Ko
hn

]
(U)
}
B⊤
0

∥∥∥ ≲ h2+ϵ−dn .

The proof appears in Appendix 6.C.2. Our aim is now to study the covariance appearing
in the above display. Recall that G0 = −⟨C0,∇2(·)⟩. Since C0 is a constant matrix, a simple
derivation shows

G−1
0 [Ko

hn ] =
∑
ξ∈Zd

∗

F [Khn ](ξ)

(2π)2⟨C0ξ, ξ⟩
e2πi⟨ξ,·⟩.

Since K ∈ C∞
c (Rd), the above Fourier series converges absolutely and uniformly for any given

n (Stein and Weiss, 1971), and we may differentiate it term-by-term to obtain

∇G−1
0 [Ko

hn ] =
∑
ξ∈Zd

∗

iξF [Khn ](ξ)

2π⟨C0ξ, ξ⟩
e2πi⟨ξ,·⟩ =

∑
ξ∈Zd

∗

iξF [K](hnξ)

2π⟨C0ξ, ξ⟩
e2πi⟨ξ,·⟩,
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where we used the Poisson summation formula in the final equality (cf. equation (B.10)). Again,
the above series converges uniformly, and we thus have

E
[
∇G−1

0 [Ko
hn ](U)

]
=
∑
ξ∈Zd

∗

iξF [K](hnξ)

2π⟨C0ξ, ξ⟩

ˆ
Td

e2πi⟨ξ,y⟩dy = 0.

Deduce that

Cov
{
∇G−1

0

[
Ko
hn

]
(U)
}

= E
{(

∇G−1
0

[
Ko
hn

]
(U)
) (

∇G−1
0

[
Ko
hn

]
(U)
)⊤}

(6.38)

= E


∑
ξ∈Zd

∗

iξF [K](hnξ)

2π⟨C0ξ, ξ⟩
e2πi⟨ξ,U⟩

∑
ζ∈Zd

∗

−iζF [K](hnζ)

2π⟨C0ζ, ζ⟩
e−2πi⟨ζ,U⟩

⊤


= E

 ∑
ξ,ζ∈Zd

∗

ξζ⊤F [K](hnξ)F [K](hnζ)

(2π)2⟨C0ξ, ξ⟩⟨C0ζ, ζ⟩
e2πi⟨ξ−ζ,U⟩


=
∑
ξ∈Zd

∗

ξξ⊤
(
F [K](hnξ)

2π⟨C0ξ, ξ⟩

)2

. (6.39)

Up to suitable scaling, the expression (6.38) is as a matrix-valued improper Riemann sum,
whose limit is described next.

Lemma 67. There exist constants c, ϵ > 0 depending only on d and K such that∥∥∥∥∥hd−2
n Cov

{
∇G−1

0

[
Ko
hn

]
(U)
}
−
ˆ
Rd

ξξ⊤
(

F [K](ξ)

2π⟨C0ξ, ξ⟩

)2

dξ

∥∥∥∥∥ ≤ chϵn.

The proof appears in Appendix 6.C.3. By Lemmas 66–67, after possibly decreasing the value
of ϵ, we deduce that ∥∥hd−2

n V1 − Σ̃(x)
∥∥ ≲ hϵn,

where

Σ̃(x) = q(∇φ0(x))det
2(B0)B0

(ˆ
Rd

ξξ⊤
(

F [K](ξ)

2π⟨C0ξ, ξ⟩

)2

dξ

)
B⊤
0 .

To complete our analysis of term V1, it thus remains to show that Σ(x) = Σ̃(x). Recalling the
definition of C0, we have

Σ̃(x) =
q(∇φ0(x))det

2(B0)

p2(x)

ˆ
Rd

(B0ξ)(B0ξ)
⊤
(

F [K](ξ)

2π⟨B0ξ, ξ⟩

)2

dξ.

Applying the change-of-variable ζ = B0ξ, we arrive at

Σ̃(x) =
q(∇φ0(x))det(B0)

p2(x)

ˆ
Rd

ζζ⊤
(
F [K](B−1

0 ζ)

2π⟨ζ,B−1
0 ζ⟩

)2

dζ
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=
1

p(x)

ˆ
Rd

ζζ⊤
(
F [K](B−1

0 ζ)

2π⟨ζ,B−1
0 ζ⟩

)2

dζ = Σ(x),

where we used the Monge-Ampère equation det(∇2φ0) = p/q(∇φ0). We thus conclude that

∥hd−2
n V1 − Σ(x)∥ ≲ hϵn.

Finally, let us also argue that Σ(x) is positive definite. We have, for all v ∈ Rd,

v⊤Σ(x)v =
1

p(x)

ˆ
Rd

(v⊤ζ)2
(
F [K](B−1

0 ζ)

2π⟨ζ,B−1
0 ζ⟩

)2

dζ

≥ c

ˆ
Rd

(v⊤ζ)2∥ζ∥−4
(
F [K](B−1

0 ζ)
)2
dζ,

for a constant c > 0 not depending on v, where we used the fact that B0 has all eigenvalues
lying in the positive interval [λ−1, λ]. By assumption K(γ), there exists κ > 0 such that

|F [K](B−1
0 ξ)− 1| ≤ κ∥B−1

0 ξ∥γ ≤ κλγ∥ξ∥γ ,

thus, letting S be the ball {ξ : κλγ∥ξ∥γ ≤ 1/2}, we have

v⊤Σ(x)v ≥ c

ˆ
S
(v⊤ζ)2∥ζ∥−4

(
1− κ∥B−1

0 ζ∥
)2
dζ ≥ c

4

ˆ
S
(v⊤ζ)2∥ζ∥−4dζ > 0,

which implies that Σ(x) is positive definite. This concludes Step 2 of the proof.

Step 3: Bounding term V2. Our aim is now to bound

V2 = E
∥∥∇E−1

0

[
det(B)Ko

hn(Y −∇φ0(·))− det(B0)K
o
hn(Y − Sx(·))

]
(x)
∥∥2.

By Proposition 39, the operator E0 admits a periodic Green’s function ΓE0(y, x), which is
continuously differentiable with respect to x away from the diagonal x = y, and whose gradient
satisfies ∥∇xΓE0(y, x)∥ ≲ ∥x− y∥1−dTd . We may therefore write

V2 ≲ V2,1 + V2,2,

where

V2,1 = E

[(ˆ
Td

∥x− y∥1−dTd det(B0)
∣∣Ko

hn(Y −∇φ0(y))−Ko
hn(Y − Sx(y))

∣∣dy)2
]
,

V2,2 = E

[(ˆ
Td

∥x− y∥1−dTd

∣∣Ko
hn(Y −∇φ0(y))| · | det(B)− det(B0)|dy

)2
]
.

To bound V2,1, we make use of the following observation, whose proof is deferred to Sec-
tion 6.C.4.
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Lemma 68. It holds that2

supp
(
Khn(Y −∇φ0(·))

)
⊆ B(X0, λhn), and

supp
(
Khn(Y − Sx(·))

)
⊆ B(S−1

x (Y ), λhn).

The proof of Lemma 68 appears in Section 6.C.4. Let

B0 = B(X0, λhn) ∪B(S−1
x (Y ), λhn).

By Lemma 68, we have

V2,1 ≲ E

[(ˆ
B0

∥x− y∥1−dTd

∣∣Khn(Y −∇φ0(y))−Khn(Y − Sx(y))
∣∣dy)2

]
.

Now, and define the random variable

χ =

{
0, d ≤ 6 and ∥x−X0∥Td ∧ ∥x− S−1

x (Y )∥Td ≥ αn

1, otherwise
,

where, given a fixed scalar δ ∈ (0, 1), we set αn = 2λ3h1−δn . We have the decomposition
V2,1 ≲ V2,1,1 + V2,1,2 + V2,1,3, where

V2,1,1 = E

[(ˆ
B0

∥x− y∥1−dTd

∣∣Khn(Y −∇φ0(y))−Khn(Y − Sx(y))
∣∣dy)2

χ

]
,

V2,1,2 = E

[(ˆ
B0

∥x− y∥1−dTd

∣∣Khn(Y −∇φ0(y))
∣∣dy)2

(1− χ)

]
,

V2,1,3 = E

[(ˆ
B0

∥x− y∥1−dTd

∣∣Khn(Y − Sx(y))
∣∣dy)2

(1− χ)

]
.

Let us begin by bounding the first term. Since ∥Khn∥C1(Td) ≲ h
−(d+1)
n , we have∣∣Khn(Y −∇φ0(y))−Khn(Y − Sx(y))

∣∣
≲ h−(d+1)

n ∥∇φ0(y)−∇φ0(x)−∇2φ0(x)(y − x)∥Td ≲ h−(d+1)
n ∥x− y∥2Td ,

thus we obtain

V2,1,1 ≲ h
−2−2d
n E

[(ˆ
B0

∥x− y∥3−dTd dy

)2

χ

]
. (6.40)

We now make use of the following Lemma.
2By abuse of notation, we say the support of a periodic function is contained in a set B ⊆ [0, 1]d if it is contained

in the Zd-translates of B.
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Lemma 69. Let Z be a random variable taking values in Td, admitting a density with respect
to L which is bounded from above by some γ > 0 over Td. Let t > 0. Then, there exists
C = C(γ, t, d) > 0 such that for any ϵ ∈ (0, 1/2) and any y ∈ Td,

E

(ˆ
B(Z,ϵ)

∥y − z∥t−dTd dz

)2
 ≤ C


ϵd+2t, t < d/2

ϵ2t, d/2 ≤ t < d

ϵ2d, d ≤ t.

The proof appears in Section 6.C.5. Notice that the random variables ∇φ∗
0(Y ) and S−1

x (Y )
both have probability laws which are absolutely continuous with respect to L, with uniformly
upper bounded densities. Returning to equation (6.40), we deduce from Lemma 69 that when
d ≥ 7,

V2,1,1 ≲ h
−2−2d
n hd+6

n ≍ h4−dn .

On the other hand, when d ≤ 6, we have by Lemma 84 that

V2,1,1 ≲ h
4−2d
n E[χ] ≲ h4−d−δd. (6.41)

Let us now bound term V2,1,2, which is only nonzero when d ≤ 6. By a change of variable, it
holds that

V2,1,2 ≲ E

(ˆ
B(0,λ2hn)

∥x−∇φ∗
0(z − Y )∥1−dTd

∣∣Khn(z)
∣∣dz)2

(1− χ)

 .
Now, over the event χ = 0, we have for all z ∈ B(0, λ2hn),

∥x−∇φ∗
0(z − Y )∥Td ≥ ∥x−∇φ∗

0(Y )∥Td − ∥∇φ∗
0(Y )−∇φ∗

0(z − Y )∥Td

≥ ∥x−∇φ∗
0(Y )∥Td − λ3hn

≳ ∥x−X0∥,

where we used equation (6.33). It follows that

V2,1,2 ≲ E

(ˆ
B(0,λ2hn)

∥x−X0∥1−d
∣∣Khn(z)

∣∣dz)2

(1− χ)


≲ E

[(
∥x−X0∥1−d

)2
(1− χ)

]
≲
ˆ
B(x,αn)c

∥x− z∥2−2ddz

≲
ˆ √

d

αn

r2−2drd−1dr =

ˆ √
d

αn

r1−ddr ≍ h(1−δ)(2−d)n .

A similar bound holds for term V2,1,3. Choosing δ = 2β, we have thus shown

V2,1 ≲ h
2−d+2β
n . (6.42)
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Next, we bound term V2,2. Reasoning similarly as before, we obtain

V2,2 ≲ E

[(ˆ
Td

∥x− y∥1−dTd

∣∣Ko
hn(Y −∇φ0(y))

∣∣∣∣ det(B(y))− det(B0)
∣∣dy)2

]

≲ E

(ˆ
B(X0,λhn)

∥x− y∥2−dTd

∣∣Ko
hn(Y −∇φ0(y))

∣∣dy)2
 .

≲ V2,2,1 + V2,2,2,

where we again use the decomposition

V2,2,1 = E

(ˆ
B(X0,λhn)

∥x− y∥2−dTd

∣∣Ko
hn(Y −∇φ0(y))

∣∣dy)2

χ

 ,
V2,2,2 = E

(ˆ
B(X0,λhn)

∥x− y∥2−dTd

∣∣Ko
hn(Y −∇φ0(y))

∣∣dy)2

(1− χ)

 .
We clearly have V2,2,2 ≲ V2,1,2, thus it remains to bound term V2,2,1. In the regime d ≥ 5, we
may use Lemma 69 to obtain

V2,2,1 ≲ h
−2dE

(ˆ
B(X0,λhn)

∥x− y∥2−dTd dy

)2
 ≲ h4−dn .

On the other hand, when 3 ≤ d ≤ 4, we obtain by Lemma 84 that

V2,2,1 ≲ h
−2dE

(ˆ
B(X0,λhn)

∥x− y∥2−dTd dy

)2

χ


≲ h−2d+4

n E[χ] ≲ h4−d−δdn . (6.43)

Altogether, we thus obtain
V2 ≲ h

2−d+2β
n . (6.44)

This concludes Step 3 of the proof.

Step 4: Bounding term V3. We now wish to show that V3 ≲ h
4−d−2β
n ∨ 1. Notice first that

for all y ∈ Td,

0 = E[un](y)− E0[vn](y)

= −⟨A(y),∇2un(y)⟩+ ⟨A0,∇2vn(y)⟩ − ⟨b(y),∇un(y)⟩
= ⟨A0 −A(y),∇2un(y)⟩ − ⟨A0,∇2(un − vn)(y)⟩ − ⟨b(y),∇un(y)⟩,
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which implies that

E0[un − vn] = ⟨A0 −A,∇2un⟩+ ⟨b,∇un(y)⟩ =: fn,

and hence,

(Un − Vn)(x) = ∇E−1
0 [fn

]
(x) =

ˆ
Td

∇xΓE0(y, x)fn(y)dy.

It will thus suffice to bound the expected squared norm of the right-hand side. Using again the
fact that ∥∇xΓE0(y, x)∥ ≲ ∥x− y∥1−dTd , we have

∥(Un − Vn)(x)∥ =

∥∥∥∥ˆ
Td

∇xΓE0(y, x)fn(y)dy

∥∥∥∥
≲
ˆ
Td

∥x− y∥1−dTd

[
∥A0 −A(y)∥∥∇2un(y)∥+ ∥b(y)∥∥∇un(y)∥

]
dy

≲
ˆ
Td

∥x− y∥1−dTd

[
∥x− y∥Td∥∇2un(y)∥+ ∥∇un(y)∥

]
dy,

where we used the fact that A has entries in C1(Td). We decompose the right-hand side of the
above display into the terms

I1 =
ˆ
Td

∥x− y∥2−dTd ∥∇2un(y)∥dy, I2 =
ˆ
Td

∥x− y∥1−dTd ∥∇un(y)∥dy.

We have
V3 ≲ E[I2

1 ] + E[I2
2 ],

and we now bound the latter two terms in turn. To bound E[I2
1 ], we will make use of the

following result concerning the regularity of un.

Lemma 70. There exists a constant C = C(ω2+β(p, q), β, d) > 0 such that for all y ∈ Td,

∥∇2un(y)∥ ≤ C1

(
h−(d+β)
n + ∥y −X0∥−dTd

)
.

The proof appears in Section 6.C.6. From Lemma 70 with ϵ = β, we have

E

(ˆ
B(X0,C2hn)

∥x− y∥2−dTd ∥∇2un(y)∥dy

)2


≲ h−2(d+β)
n E

(ˆ
B(X0,C2hn)

∥x− y∥2−dTd dy

)2
 ≲ h4−d−2β

n ,

where the final inequality follows from Lemma 69. Write Qz = z+[−1/2, 1/2]d for all z ∈ Rd.
We then have,

E[I2
1 ] ≲ h

4−d−2β
n + E

(ˆ
QX0

\B(X0,C2hn)
∥x− y∥2−dTd ∥∇2un(y)∥dy

)2
 . (6.45)
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Thus, by Lemma 70,

E[I2
1 ] ≲ h

4−d−2β
n + E

(ˆ
Q0\B(0,C2hn)

∥x−X0 − y∥2−dTd ∥y∥−dTd dy

)2
 . (6.46)

Let An be the event ∥X0 − x∥Td ≤ hn/2. Notice that for all y ∈ Td such that ∥y∥Td > hn, it
holds

∥x−X0 − y∥Td ≥ ∥y∥Td − ∥x−X0∥Td ≥ ∥y∥Td/2, (6.47)

over the event An. Therefore, we have,

E

(ˆ
Q0\B(C2hn)

∥x−X0 − y∥2−dTd ∥y∥−dTd dy

)2

I(An)


≲ E

(ˆ
Q0\B(0,C2hn)

∥y∥2−2ddy

)2

I(An)


≲ hdn

(ˆ √
d

hn

r1−ddr

)2

≲ h4−dn

On the other hand, by Lemma 83,

E

(ˆ
Q0\B(0,C2hn)

∥x−X0 − y∥2−dTd ∥y∥−dTd dy

)2

I(Acn)


≲ h−2β

n E

[(ˆ
Td

∥x−X0 − y∥2−dTd ∥y∥β−dTd dy

)2

I(Acn)

]

≲ h−2β
n E

[(
∥x−X0∥2+β−d

)2
I(Acn)

]
= h−2β

n

ˆ
Qx\B(x,hn/2)

∥x− z∥4+2β−2ddQ(z)

= h−2β
n

ˆ
Q0\B(0,hn/2)

∥z∥4+2β−2ddz ≲ h−2β
n

ˆ √
d

hn/2
r4+2β−2drd−1dr ≍ h4−d−2β

n ∨ 1.

Returning to equation (6.46), we have thus shown

E[I2
1 ] ≲ h

4−d−2β
n ∨ 1.

One can bound E[I2
2 ] using a similar argument, as shown in the following Lemma.

Lemma 71. It holds that E[I2
2 ] ≲ h

4−d−2β
n .

The proof of Lemma 71 is deferred to Appendix 6.C.7. Combining these facts, we have
shown that V3 ≲ h

4−d−2β
n , and the claim follows.



Chapter 6. Central Limit Theorems for Smooth Optimal Transport Maps 286

6.4.2 Proof of Lemma 64

Let β be chosen as in equation (6.7), and assume β < ϵ/2. By Lemma 59,∥∥∇L−1[qhn − q]
∥∥
L∞(Td)

=
∥∥∇E−1gn

∥∥
L∞(Td)

,

where gn = det(∇2φ0)(qhn − q) ◦ (∇φ0) has mean zero over Td. Let un be the unique
mean-zero solution to the Poisson equation −∆un = gn over Td. Using the gradient estimate
stated in Lemma 25(ii), we have∥∥∇E−1gn

∥∥
L∞(Td)

≲ ∥E−1gn∥L∞(Td) + ∥∇un∥Cβ(Td).

By further applying a De Giorgi-Nash-Moser bound (cf. Lemma 76), we deduce∥∥∇E−1gn
∥∥
L∞(Td)

≲ ∥E−1gn∥L2(Td) + ∥∇un∥Cβ(Td).

Now, using the fact that E−1 is self-adjoint, we have

∥E−1gn∥2L2(Td) = ⟨E−1gn, E
−1gn⟩L2(Td)

≤ ⟨E−2gn, gn⟩L2(Td)

≤ ∥E−2gn∥H2(Td)∥gn∥H−2(Td) ≍ ∥E−1gn∥L2(Td)∥gn∥H−2(Td),

where the final bound follows from the norm equivalence in equation (6.19). Deduce that
∥E−1gn∥L2(Td) ≲ ∥gn∥H−2(Td). Furthermore, using a Sobolev embedding for periodic spaces
(e.g. Corollary 3.5.5 of Schmeisser and Triebel (1987)), we have for any fixed r > 2d/β,

∥∇un∥Cβ(Td) ≲ ∥un∥H1+2β,r(Td) = ∥gn∥H2β−1,r(Td),

thus we arrive at ∥∥∇E−1gn
∥∥
L∞(Td)

≲ ∥gn∥H2β−1,r(Td).

To bound the right-hand side, let r′ be the Hölder conjugate exponent of r. By Lemma 97,

∥gn∥H2β−1,r(Td) ≍ sup
v∈H1−2β,r′ (Td)

∥v∥
H1−2β,r′ (Td)=1

ˆ
v det(∇2φ0)(qhn − q) ◦ (∇φ0)

= sup
v∈H1−2β,r′ (Td)

∥v∥
H1−2β,r′ (Td)=1

ˆ
v(∇φ∗

0)(qhn − q)

≲ sup
w∈H1−2β,r′ (Td)

∥w∥
H1−2β,r′ (Td)=1

ˆ
w · (qhn − q),

where we used the fact that the map w = v ◦ ∇φ∗
0 satisfies ∥w∥H1−2β,r′ (Td) ≲ ∥v∥H1−2β,r′ (Td)

under the regularity conditions we have placed on φ0, by Lemma 82. It follows that

∥gn∥H2β−1,r(Td) ≲ ∥qhn − q∥H2β−1,r(Td) ≲ h
s+1−2β
n ,

where we used Proposition 43 and the assumed properties of K . The claim follows.
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6.5 Proofs of Main Results

In the following subsections, we respectively prove Proposition 35, Theorem 24, Lemma 57,
and Theorem 25. The key ingredients are the linearization bound of Theorem 23, the variance
bound of Lemma 63, and the bias bounds of Lemma 64.

Let b ≥ 1 be a constant whose value will be determined below. Let c = c(ωs(p, q),K, b, β, s, d) >
0 be a constant whose value is permitted to vary from line to line. By Lemmas 108–109, and by
the assumption p, q ∈ Cs+(Td), together with the fact that s > 2, it holds for any choice of the
free parameter β satisfying equation (6.7) that, with probability at least 1− (c/nb),

∥q̂n∥C2+β(Td) ≤ c, and q̂n ≥ 1/c, over Td,

and hence, by Theorem 3,

∥φ̂n∥C2+β(Td) ≤ c, and ∇2φ̂n ⪰ Id/c, over Td.

Over the above high-probability event, T̂n is the unique continuous optimal transport map
pushing forward P onto Q̂n. We may therefore apply Theorem 23 to the fitted potential φ̂n
over this event. Thus, with probability at least 1− (c/nb),∥∥(φ̂n − φ0)− L−1[q̂n − q]

∥∥
C2+β(Td)

≤ c∥q̂n − q∥Cβ(Td)∥q̂n − q∥C1+β(Td).

Proposition 42 implies that with probability at least 1− (c/nb),

∥q̂n − q∥C1+β(Td) ≲ h
s−1−β
n +

√
log n

nhd+2+2β
n

≲ hs−1−β
n +

√
1

nhd+2+4β
n

,

and

∥q̂n − q∥Cβ(Td) ≲ h
s−β
n +

√
1

nhd+4β
n

.

Combining these facts, we deduce that there exists an event An with probability content at
least 1− (c/nb) such that, over An,∥∥(φ̂n − φ0)− L−1

[
q̂n − q

]∥∥
C2+β(Td)

≲

(
hs−2β
n +

√
1

nhd+4β
n

)(
hs−1−β
n +

√
1

nhd+2+4β
n

)
≍ h2s−1−3β

n +
1

nhd+1+4β
n

=: δn.

Since the operator L−1 is linear, we may write

L−1 [q̂n − qhn ] (x) =
1

n

n∑
i=1

Zn,i(x), where Zn,i(x) := L−1
[
Khn(Xi − ·)− qhn

]
(x).
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We thus have, over the event An,∥∥∥∥∥L−1[qhn − q] +
1

n

n∑
i=1

Zn,i − (φ̂n − φ0)

∥∥∥∥∥
C2+β(Td)

≲ δn, (6.48)

and hence also

sup
x∈Td

∥∥∥∥∥∇L−1[qhn − q](x) +
1

n

n∑
i=1

∇Zn,i(x)− (T̂n − T0)(x)

∥∥∥∥∥ ≲ δn. (6.49)

With this bound in place, we now turn to the proofs of the various results, in turn.

6.5.1 Proof of Proposition 35

Let x ∈ Td. To bound the bias of T̂n(x), use the decomposition∥∥E[T̂n(x)− T0(x)]
∥∥ ≤

∥∥E[(T̂n(x)− T0(x))IAc
n
]
∥∥+ ∥∥E[(T̂n(x)− T0(x))IAn ]

∥∥.
For the first term, recall that the definition of T̂n implies that ∥T̂n(x)− T0(x)∥ is uniformly
bounded by a constant independent of x, and thus∥∥E[(T̂n(x)− T0(x))IAc

n
]
∥∥ ≲ P(Ac

n) ≲ n
−b.

For the second term, it follows from equation (6.49) that∥∥E[(T̂n(x)− T0(x))IAn ]
∥∥ ≤

∥∥E [(∇L−1[qhn − q](x) + (1/n)
∑n

i=1∇Zn,i(x)
)
IAn

]∥∥+ δn.

Now, we make use of the following.

Lemma 72. It holds that

sup
x∈Td

∥E[((1/n)
∑n

i=1∇Zn,i(x)) IAn ]∥ ≲ na(d+β)−b.

The proof of Lemma 72 appears in Appendix 6.D.1. Altogether, we arrive at∥∥E[T̂n(x)− T0(x)]
∥∥ ≤

∥∥∇L−1[qhn − q](x)
∥∥+ δn + na(d+β)−b

≲ϵ h
s+1−ϵ
n +

1

nhd+1+4β
n

+ h2s−1−3β
n + na(d+β)−b,

using Lemma 64. Since hn ≍ n−a, we may choose b large enough to make the final term of low
order. Furthermore, the second term is of lower order than the first if β is chosen sufficiently
small in terms of ϵ, due to the condition that a < (d + s + 2)−1. Likewise, after possibly
decreasing β further, the third term is of lower order than the first due to the condition s > 2.
We thus have ∥∥E[T̂n(x)− T0(x)]

∥∥ ≲ϵ hs+1−ϵ
n ,
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thus proving the desired bias bound. Reasoning similarly, we have the following bound on the
fluctuations,∥∥Cov

[
T̂n(x)

]∥∥
≲

∥∥∥∥∥Cov
[
1

n

n∑
i=1

∇Zn,i(x)

]∥∥∥∥∥+
∥∥∥∥∥Cov

[
T̂n(x)−

1

n

n∑
i=1

∇Zn,i(x)

]∥∥∥∥∥
=

1

n
∥Cov [∇Zn,1(x)]∥+

∥∥∥∥∥Cov
[
T̂n(x)− T0(x)−

1

n

n∑
i=1

∇Zn,i(x)−∇L−1[qhn − q](x)

]∥∥∥∥∥
≲

1

nhd−2
n

+ δ2n + n−b

=
1

nhd−2
n

+

(
1

nhd+1+4β
n

+ h2s−1−3β
n

)2

+ n−b

where we used Lemma 63 and equation (6.49). Under the conditions (d+ 4(s− 1))−1 < a <
(d+ s+ 2)−1, the first term dominates, and the claim follows.

6.5.2 Proof of Theorem 24

From equation (6.49) and Lemma 64, we obtain that for any fixed x ∈ Td and ϵ > 0,

T̂n(x)− T0(x) =
1

n

n∑
i=1

∇Zn,i(x) +Op(h
s+1−ϵ
n + δn),

where the symbolsOp and op are to be understood coordinate-wise. LetΣn(x) = Cov[∇Zn,1(x)]/n.
We have ∥Σn(x)∥ ≍ h2−dn /n by Lemma 63, thus

Σ−1/2
n (x)

(
T̂n(x)− T0(x)

)
=

Σ
−1/2
n (x)

n

n∑
i=1

∇Zn,i(x) +Op

(√
nhd−2

n

(
hs+1−ϵ
n + h2s−1−3β

n +
1

nhd+1+4β
n

))
.

Choosing ϵ and β sufficiently small in terms of a, we deduce from condition (6.15) that

Σ−1/2
n (x)

(
T̂n(x)− T0(x)

)
=

Σ
−1/2
n (x)

n

n∑
i=1

∇Zn,i(x) + op(1). (6.50)

We will show that the sample average appearing on the right-hand side of the above display is
asymptotically Gaussian, by appealing to Lyapunov’s central limit theorem (Lemma 85). We
will make use of the following Lemma.

Lemma 73. For any δ > 0, it holds that

E
∥∥∇Zn,1(x)∥∥2+δ ≲ h−δ(d+β)+2−d

n .
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The proof of Lemma 73 is simple, and is deferred to Appendix 6.D.2. From Lemmas 63
and 73, we have∑n

i=1 E∥∇Zn,i(x)∥2+δ

(λmin[
∑n

i=1∇Zn,i(x)])
2+δ
2

≲
nh

−δ(d+β)+2−d
n

n
δ
2
+1h

−(d−2)(2+δ)/2
n (1 + o(1))

≲
(
nhd+2+2β

n

)− δ
2
.

Since β can be taken to be an arbitrarily small constant, the right-hand side of the above display
vanishes under condition (6.15) on hn. Lyapunov’s condition is thus satisfied, so we deduce
from Lemma 85 that

Σ
−1/2
n (x)

n

n∑
i=1

∇Zn,i(x)
w−→ N(0, Id).

By Lemma 63, we have ∥nhd−2
n Σn(x) − Σ(x)∥ → 0, and since Σ(x) is positive definite, it

follows that ∥(nhd−2
n Σn(x))

−1/2 − Σ−1/2(x)∥ → 0. The claim follows from here.

6.5.3 Proof of Lemma 57

Since K is radial, F [K] is also radial, thus Σ takes the form

Σ0 =

ˆ
Rd

g(ξ)ξξ⊤dξ,

for a radial Schwartz function g. Consider the entry (1, 2) of this matrix:

σ1,2 =

ˆ
Rd

g(ξ)ξ1ξ2dξ.

By passing to the spherical coordinates:

ξ1 = r cos θ1

ξ2 = r sin θ1 cos θ2

ξ3 = r sin θ1 sin θ2 cos θ3
...

ξd−1 = r sin θ1 . . . sin θd−2 cos θd−1

ξd = r sin θ1 . . . sin θd−2 sin θd−1,

with θ1, . . . , θd−2 ∈ [0, π], θd−1 ∈ [0, 2π], r ≥ 0, and using Jacobian identity

dx = (rd−1 sind−2 θ1 sin
d−3 θ2 . . . sin θd−2)dθn . . . dθ1dr,

we obtain:

σ21,2 =

ˆ ∞

0

ˆ π

0
. . .

ˆ π

0

ˆ 2π

0
g(r)(r cos θ1)×

× (r sin θ1 cos θ2)(r
d−1 sind−2 θ1 sin

d−3 θ2 . . . sin θd−2)dθd−1 . . . dθ1dr.
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Notice that the integral with respect to θ2 in the above display vanishes, i.e.
ˆ π

0
cos θ2 sin

d−3 θ2dθ2 = 0,

thus we obtain σ21,2 = 0. A similar argument shows that the other off-diagonal entries of Σ0

vanish, and the claim follows.

6.5.4 Proof of Theorem 25

The proof is inspired by Nishiyama (2011) and Stupfler (2014). We makes use of the following
two propositions, which may be of independent interest. The first provides upper bounds on
projections of φ̂n − φ0 under the inner product ⟨·, ·⟩A defined in Section 6.3.

Proposition 37. Suppose p, q ∈ Cs+(Td). Assume that K satisfies condition K(s + 1). Then,
for any given ϵ > 0 and v ∈ H1

0 (Td),

⟨φ̂n − φ0, v⟩A = Op

(
n−1/2 + hs+1

n +
1

nhd+ϵn

)
.

The proof appears in Appendix 6.D.3. Next, we state a bound on the L2(Td) convergence
rate of T̂n, which is essentially already contained in Chapter 5. LetT hn be the unique continuous
optimal transport map pushing P forward onto the probability law Qhn with density qhn =
E[q̂n(·)].

Proposition 38. Under the same conditions as Proposition 35, it holds that

E∥T̂n − T hn∥2L2(Td) ≍
h2−dn

n
, and

∥∥T hn − T0
∥∥
L2(Td)

≲ hs+1
n , (6.51)

and for any r > 2,
E∥T̂n − T hn∥rL2(Td) ≲ n

− r
2h

r(1− d
2 )

n .

With these two propositions in place, we turn to the proof. We will begin by proving the
following.

Lemma 74. Suppose there exists ϵ > 0 such that

αn

(
1√
n
+ hs+1

n +
1

nhd+1+ϵ
n

)
= o(1),

and that Gn converges weakly in H1
0 (Td) to a tight random element G in H1

0 (Td). Then, G = 0.

To prove Lemma 74, let us recall some standard facts about the spectral properties of E.
Using the norm equivalence (6.19), and the fact that H1

0 (Td) is compactly embedded in L2
0(Td)

by the Rellich–Kondrachov theorem, it can be seen that E−1 is a compact operator when
viewed as a map from L2

0(Td) into itself. Furthermore, we have already noted that E−1 is
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self-adjoint and positive definite, so the spectral theorem for compact and self-adjoint operators
implies that E−1 admits a discrete spectrum, which in turn also implies that E has a discrete
spectrum

0 < λ1 ≤ λ2 ≤ . . .

with a corresponding sequence of eigenfunctions η1, η2, · · · ∈ L2
0(Td) satisfying Eηj = λjηj

for all j ≥ 1, and forming an orthonormal basis of L2
0(Td). Furthermore, it follows from

Lemma 25(i) that ηj ∈ C2
0(Td) for all j ≥ 1.

Now, define
ηj = ηj/∥ηj∥A, j ≥ 1.

We claim that {ηj}j≥1 forms an orthonormal basis of H1
0 (Td), when the latter is endowed

with the inner product ⟨·, ·⟩A. This system is clearly dense in H1
0 (Td), since {ηj} is dense in

L2
0(Td). It is also clearly normalized. Furthermore, note that for all j ̸= k,

⟨ηj , ηk⟩A = ⟨Eηj , ηk⟩L2(Td) = λj ⟨ηj , ηk⟩L2(Td) = 0.

Thus, {ηj} is indeed an orthonormal basis of H1
0 (Td).

Since the elements of this basis belong to H1
0 (Td), Proposition 37 implies that for any fixed

j ≥ 1, we have

⟨Gn, ηj⟩A = Op

(
αn

(
1√
n
+ hs+1

n +
1

nhd+1+ϵ
n

))
= op(1),

where the implicit constants depend, in particular, on ϵ, j. On the other hand, by the weak
convergence of Gn to G in the Hilbert space H1

0 (Td), endowed with the inner product ⟨·, ·⟩A,
we have

⟨Gn, ηj⟩A
w−→ ⟨G, ηj⟩A, j = 1, 2, . . .

(see van der Vaart and Wellner (1996), Theorem 1.8.4.). The preceding two displays imply that
⟨G, ηj⟩A = 0, for any j ≥ 1. Since {ηj}j≥1 forms a basis of H1

0 (Td), it readily follows that
G = 0, thus proving the Lemma.

Let us now show why the Lemma implies the claim. On the one hand, if αn = o(
√
nhd−2

n ),
then we have by Proposition 38,

E∥Gn∥H1(Td) ≍ αnE∥T̂n − T0∥L2(Td) = o

((√
nhd−2

n

)(
1√
nhd−2

n

+ hs+1
n

))
.

Under condition (6.15) on hn, we have hn = o(h∗n) with h∗n = n−1/(d+2s). We deduce that
E∥Gn∥H1(Td) = o(1), thus Gn must converge weakly to 0 in H1

0 (Td).

On the other hand, if αn ≍
√
nhd−2

n , then we have by Proposition 38,

E∥Gn∥2H1(Td) ≳
α2
n

nhd−2
n

≳ 1, (6.52)
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where we used again the fact that hn = o(h∗n). Now, suppose by way of a contradiction
that Gn converges weakly to a tight random element G taking values in H1

0 (Td). Under
condition (6.15) on the bandwidth hn, there exists ϵ > 0 such that the sequence αn ≍

√
nhd−2

n

fulfills the assumption of Lemma 74, thus G must be zero. Now, for this choice of sequence
αn, it follows from Proposition 38 that E∥Gn∥3H1(Td)

is uniformly bounded, and thus that the
collection {∥Gn∥2H1(Td)

: n ≥ 1} is uniformly integrable. Since Gn converges weakly to zero,
we must then have (van der Vaart and Wellner, 1996) that E∥Gn∥2H1(Td)

→ 0, which contradicts

equation (6.52). This proves that for αn ≍
√
nhd−2

n , the process Gn does not converge weakly.

Finally, suppose αn/
√
nhd−2

n → ∞. If Gn were to converge weakly in H1
0 (Td), then it is

clear that the process
√
nhd−2

n Gn would have to converge weakly to zero, which contradicts
what we have already shown. The claim follows.

6.A Background on Elliptic PDE

We next summarize several results from the classical theory of uniformly elliptic partial
differential equations, which are used throughout our development. Given maps A : Rd →
Rd×d and b : Rd → Rd, a second-order differential operator of the form

Mu = −⟨A,∇2u⟩ − ⟨b,∇u⟩

is said to be uniformly elliptic over a domain Ω ⊆ Rd if it holds that

A(x) ⪰ Id/λ, over Ω, (6.53)

for some λ > 0. We will primarily be interested in operators M for which the coefficients
A and b have periodic entries, and for which u is subject to periodic boundary conditions.
Nevertheless, we begin by stating in full generality several a priori regularity estimates for
solutions to equations of the formMu = f . Some of the assumptions in the following statement
are stronger than necessary, but sufficient for our purposes.

Lemma 75. Let Ω be an open set with diam(Ω) ≤ D < ∞, and let Ω0 ⊂⊂ Ω be an open set.
Let η = dist(Ω0, ∂Ω). Let f ∈ Cβ(Ω), and suppose u ∈ C2+β(Ω) is a solution to the equation

Mu = f over Ω,

where we assume that the coordinates of A and b satisfy

max
1≤i,j≤d

∥Aij∥Cβ(Ω) ∨ ∥bi∥Cβ(Ω) ≤ λ (6.54)

and that equation (6.53) holds, for some λ > 0. Then, the following assertions hold.

(i) (Schauder Estimate) There exists a constant C = C(D, d, λ, β) such that

η2∥u∥C2(Ω0) + η2+β∥u∥C2+β(Ω0) ≤ C
(
∥u∥L∞(Ω) + ∥f∥Cβ(Ω)

)
.
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(ii) (Gradient Estimate) Suppose further that f takes the form f = g+div(G), where g ∈ Cβ(Ω)
and G : Ω → Rd is a vector field with entries in C1+β(Ω). Then, there exists a constant
C = C(D, d, λ, β, η) > 0 such that

∥u∥C1+β(Ω0) ≤ C
(
∥u∥L∞(Ω) + ∥g∥L∞(Ω) + ∥G∥Cβ(Ω)

)
.

The bounds of Lemma 75 are standard, and can be deduced from Corollary 6.3 and Theorem
8.32 of Gilbarg and Trudinger (2001). We further make use of the following De Giorgi-Nash-
Moser estimate, as stated in Theorem 8.17 of Gilbarg and Trudinger (2001).

Lemma 76. Let Ω be an open set with diam(Ω) ≤ D < ∞. Assume the coefficients A and b
satisfy conditions (6.53)–(6.54). Given r > d/2, let g ∈ Lr(Ω) and let G : Ω → Rd be a vector
field with entries in L2r(Ω). Suppose u ∈ H1

0 (Ω) is a weak solution to the equation

Mu = g + div(G), in Ω.

Then, there exists C = C(D,M, r, ρ, λ, β) > 0 such that for all R > 0, all balls B2R :=
B(y, 2R) ⊆ Ω and all ρ > 1,

∥u∥L∞(BR) ≤ C
(
R−d/ρ∥u∥Lρ(2BR) +R2− d

r ∥g∥Lr(Ω) +R1− d
2r ∥G∥L2r(Ω)

)
.

With these preliminaries in place, let us specialize our attention to the operators which
appear most prominently in our work: Suppose that M takes the form

Mu = −div(A∇u),

where we now assume that the matrix A has Zd-periodic entries, and we continue to assume
that A satisfies the uniform ellipticity and smoothness conditions

A(x) ⪰ Id/λ, over Td (6.55)
max

1≤i,j≤d
∥Aij∥C1+β(Td) ≤ λ. (6.56)

By integration by parts, it is easy to see that M is self-adjoint with respect to the L2(Td) inner
product, and thus, that its range contains only mean-zero functions. We may therefore view
M as an operator mapping H2(Td) into L2

0(Td), and by convention, we will always restrict
the domain of M to H2

0 (Td).

Given f ∈ L2
0(Td), we will say that a map u ∈ H1

0 (Td) is a weak solution to the PDE

Mu = f, over Td (6.57)

if for every v ∈ H1
0 (Td), it holds that

⟨f, v⟩L2(Td) = ⟨u, v⟩A :=

ˆ
Td

⟨A∇u,∇v⟩dL.
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Under conditions (6.55–6.56), it is straightforward to see that ⟨·, ·⟩A defines an inner product on
H1

0 (Td), which is equivalent to the standard inner product ⟨·, ·⟩H1(Td). The definition of weak
solution is motivated by the following observation: if a weak solution u admits a representative
which lies in C2

0(Td), then it follows by integration by parts that

⟨f, v⟩L2(Td) = ⟨u, v⟩A = ⟨Mu, v⟩L2(Td), for all v ∈ H1
0 (Td),

which implies that the equation Mu = f is solved in the classical sense over Td. Thus, when
they exist, classical solutions coincide with weak solutions.

SinceH1
0 (Td), endowed with the inner product ⟨·, ·⟩A, is a Hilbert space, and since the linear

functional ⟨f, ·⟩L2(Td) : H1
0 (Td) → R is bounded, it follows from the Riesz representation

theorem that the PDE (6.57) admits a unique weak solution u ∈ H1
0 (Td) for any given f ∈

L2
0(Td). The following standard result, which we prove for completeness, shows that weak

solutions in fact lie in H2
0 (Td), and are classically differentiable if f ∈ Cβ0 (Td).

Lemma 77. Assume that conditions (6.55)–(6.56) hold. Then, the operator M is a bijection of
H2

0 (Td) onto L2
0(Td), and its restriction to C2+β

0 (Td) is a bijection onto Cβ0 (Td). Furthermore, it
holds that

∥Mu∥L2(Td) ≍ ∥u∥H2(Td), for all u ∈ H2
0 (Td),

and
∥Mu∥Cβ(Td) ≍ ∥u∥C2+β(Td), for all u ∈ C2+β

0 (Td),

where the implicit constants depend only on λ, β, d.

Proof of Lemma 77. Let f ∈ L2
0(Td). By interior regularity estimates for weak solutions (Evans,

1998), the unique weak solution u ∈ H1
0 (Td) to the equation Mu = f over Td in fact lies in

H2
0 (Td), and satisfies

∥u∥H2(Td) ≤ C
(
∥u∥L2(Td) + ∥f∥L2(Td)

)
, (6.58)

for a constant C = C(λ, d, β) > 0. The bijectivity of M : H2
0 (Td) → L2

0(Td) immediately
follows from here. Since the entries of A are bounded, M is is readily seen to be bounded, with
operator norm bounded above by a constant depending only on λ, d. To bound the inverse,
notice that for all u as before,

∥u∥2L2(Td) ≤ ∥u∥2H1(Td) ≍ ∥u∥2A = ⟨u, f⟩L2(Td) ≤ ∥u∥L2(Td)∥f∥L2(Td),

with implicit constant depending only on λ, d. We deduce that

∥u∥L2(Td) ≲ ∥f∥L2(Td). (6.59)

Combine this inequality with equation (6.58) to deduce that, for a possibly different constant
C > 0,

∥u∥H2(Td) ≤ C∥f∥L2(Td).
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This shows thatM−1 has operator norm bounded again by a constant depending only on λ, d, β.
It remains to prove the claims about Hölder continuity, for which we reason as in Theorem 6.8
of Gilbarg and Trudinger (2001). The injectivity of the operator M : C2+β

0 (Td) → Cβ0 (Td) is
a consequence of what we have already shown. To prove surjectivity, we use the method of
continuity (see Gilbarg and Trudinger (2001), Section 5.2).

Lemma 78 (Method of Continuity). Let B1 and B2 be Banach spaces, and let M0 and M1 be
bounded linear operators from B1 into B2. For all s ∈ [0, 1], let

Ms = (1− s)M0 + sM1,

and assume there exists a constant C > 0 such that for any s ∈ [0, 1],

∥u∥B1 ≤ C∥Msu∥B2 . (6.60)

Then, M1 is a surjection of B1 onto B2 if and only if M0 is a surjection of B1 onto B2.

We will apply the method of continuity with M0 = M and M1 = −∆. Notice that Ms

takes the form
Msu = −div(As∇u), with As = (1− s)A+ sId,

and thus, up to modifying the value of λ, the matrix As satisfies conditions (6.55)–(6.56)
uniformly in s. By what we have already shown, it follows that Ms : H

2
0 (Td) → L2

0(Td) is a
bijection with ∥Msu∥L2(Td) ≍λ,β,d ∥u∥H2(Td). Thus, by Lemmas 25(i) and 76,

∥u∥C2+β(Td) ≲λ,d,β ∥u∥L2(Td) + ∥Msu∥Cβ(Td) ≍ ∥Msu∥Cβ(Td),

and hence, by the method of continuity, M is a bijection, whose inverse has norm bounded by
a constant depending only on λ, d, β. Finally, it is also easy to see that M has norm bounded
above by such a constant, by Lemma 95. The claim follows.

It will be convenient to further note that the operatorM admits a periodic Green’s function,
and hence that solutions u of the equation Mu = f over Td are in fact integral operators
applied to f . We say that a map Γ : Td × Td → R is a periodic Green’s function for M if for
all x, y ∈ Td, Γ(·, x) ∈ L1

0(Td), Γ(y, ·) ∈ L1
0(Td), and

v(x) = ⟨Γ(·, x),Mv⟩L2(Td), for all v ∈ C∞
0 (Td).

As an example, it can be deduced from Stein and Weiss (1971) that −∆ admits a periodic
Green’s function over Td which takes the form

Γ(y, x) = Γ0(y − x) + b(y, x),

where b ∈ C∞(Q), and Γ0 is the traditional periodic Green’s function of the Laplace equation
on Rd, that is,

Γ0(y − x) =
1

d(2− d)ωd
∥x− y∥2−d (d ≥ 3),

where ωd is the volume of the unit ball in dimension d. The following result shows that the
operator M also admits a periodic Green’s function, which has the same blow-up behaviour
as Γ0.
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Proposition 39. Assume that conditions (6.55)–(6.56) hold, and let d ≥ 3. Then, there exists a
unique periodic Green’s function Γ for the operator M , satisfying Γ(·, x) ∈ C1

loc(Q \ {x}) for
all x ∈ Q, and for which there exists a constant C = C(λ, β, d) > 0 such that

|Γ(y, x)| ≤ C∥x− y∥2−dTd , ∥∇Γ(y, x)∥ ≤ C∥x− y∥1−dTd ,

for all x, y ∈ Td, x ̸= y. Furthermore, it holds that Γ(x, y) = Γ(y, x) for any x, y ∈ Td. Finally,
for any f ∈ Cβ0 (Td) and x ∈ Td, it holds that

M−1f(x) =

ˆ
Td

Γ(y, x)f(y)dy, ∇M−1f(x) =

ˆ
Td

∇yΓ(y;x)f(y)dy.

For uniformly elliptic operators over Rd, analogues of Proposition 39 are classical; see for
instance Littman, Stampacchia, and Weinberger (1963), Stampacchia (1965), and Grüter and
Widman (1982). Over the torus Td, Proposition 39 can be deduced from Josien (2019).

6.B Additional Proofs from Section 6.3

6.B.1 Proof of Lemma 60

Given u ∈ H2
0 (Td), let f = Lu. By Lemma 59, u is a weak H1

0 (Td) solution to the equation

Eu = f(∇φ∗
0) det(∇φ∗

0), over Td,

and hence satisfies

⟨u, v⟩A = ⟨f(∇φ∗
0) det(∇φ∗

0), v⟩L2(Td) = ⟨f, v(∇φ∗
0)⟩L2(Td),

for all v ∈ H1
0 (Td). Using the fact that ⟨·, ·⟩A defines an equivalent inner product to ⟨·, ·⟩H1(Td),

we deduce that

∥u∥2H1(Td)≲⟨u, u⟩A=⟨f, u(∇φ∗
0)⟩L2(Td) ≤ ∥f∥H−1(Td)∥u(∇φ∗

0)∥H1(Td) ≲ ∥f∥H−1(Td)∥u∥H1(Td),

where we used Lemma 82. We thus have ∥u∥H1(Td) ≲ ∥f∥H−1(Td), and to prove the reverse
inequality, use Lemma 97 to write

∥f∥H−1(Td) ≍ sup
v∈H1(Td)

∥v∥
H1(Td)=1

⟨f, v⟩L2(Td)

= sup
v∈H1(Td)

∥v∥
H1(Td)=1

⟨u, v(∇φ0)⟩A ≤ ∥u∥H1(Td) sup
v∈H1(Td)

∥v∥
H1(Td)=1

∥v(∇φ0)∥H1(Td).

The claim now follows from Lemma 82.
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6.B.2 Proof of Lemma 61

We will make use of the following Lemma, which is proven below. In what follows, for any
integers d, k ≥ 1 and any differentiable function f : Rd×k → R, we denote by ∂f(A) the
d × k matrix with entries (∂f/∂xij)(A), i = 1, . . . , d, j = 1, . . . , k. Furthermore, for any
open subset Θ ⊆ Rd×k and α > 0, we denote by Cα(Ω;Θ) the set of matrix-valued maps
A : Q → Θ with entries in Cα(Q).

Lemma 79. Let d, k ≥ 1 be integers, and Θ ⊆ Rd×k. Let f ∈ C2(Θ) and A,B ∈ C1(Q; Θ).
Then, there exists a universal constant C > 0 such that function

g : Q → R, g(x) = f(A(x) +B(x))− f(A(x))− ⟨∂f(A(x)), B(x)⟩
satisfies

∥g∥Cβ(Q) ≤ C∥f∥C2+β(Θ)

(
1 ∨ ∥A∥βC1(Q;Θ)

)
∥B∥2C1(Q;Θ).

A proof of Lemma 79 appears in Appendix 6.B.3. We now turn to the claim. We prove the
Fréchet differentiability of Ψ̂, and a symmetric argument may be used for Ψ. Let u ∈ C2+β

0 (Q).
Then,∥∥Ψ̂[φ+ u]− Ψ̂[φ]− Ψ̂′

φ[u]
∥∥
Cβ(Q)

=
∥∥det(∇2φ)q̂(∇φ)− det(∇2φ+∇2u)q̂(∇φ+∇u)
+ det(∇2φ)

[
q̂(∇φ)⟨(∇2φ)−1,∇2u⟩+ ⟨∇u,∇q̂(∇φ)⟩

]∥∥
Cβ(Q)

≤
∥∥det(∇2φ) [q̂(∇φ)− q̂(∇φ+∇u)− ⟨∇u,∇q̂(∇φ)⟩]

∥∥
Cβ(Q)

+
∥∥q̂(∇φ+∇u)

[
det(∇2φ)− det(∇2φ+∇2u)

]
+ q̂(∇φ) det(∇2φ)⟨(∇2φ)−1,∇2u⟩

∥∥
Cβ(Q)

=: (I) + (II).

We first bound (I). By Lemma 95, we have,
(I) ≲ ∥φ∥C2+β(Q)

∥∥q̂(∇φ)− q̂(∇φ+∇u)− ⟨∇u,∇q̂(∇φ)⟩
∥∥
Cβ(Q)

.

Now, since q̂ ∈ C2+β(Q), we may invoke Lemma 79 to deduce

(I) ≲ ∥q̂∥C2+β(Q)(1 + ∥φ∥1+βC2+β(Q)
)∥u∥2C1(Q) ≲ ∥u∥2C2+β(Q).

To bound term (II), apply Lemma 95 to obtain, almost surely,
(II) =

∥∥q̂(∇φ+∇u)
[
det(∇2φ)− det(∇2φ+∇2u)

]
+ q̂(∇φ) det(∇2φ)⟨(∇2φ)−1,∇2u⟩

∥∥
Cβ(Q)

≤
∥∥q̂(∇φ+∇u)

[
det(∇2φ)− det(∇2φ+∇2u) + det(∇2φ)⟨(∇2φ)−1,∇2u⟩

] ∥∥
Cβ(Q)

+
∥∥[q̂(∇φ+∇u)− q̂(∇φ)

]
det(∇2φ)⟨(∇2φ)−1,∇2u⟩

∥∥
Cβ(Q)

≲
∥∥det(∇2φ)− det(∇2φ+∇2u) + det(∇2φ)⟨(∇2φ)−1,∇2u⟩

∥∥
Cβ(Q)

+ ∥u∥C2+β(Td)

∥∥q̂(∇φ+∇u)− q̂(∇φ)
∥∥
Cβ(Q)

.

By Lemma A.1 of Figalli (2017) and Lemma 79, the first term in the final line of the above
display is of order O(∥u∥2C2+β(Q)

). Furthermore, since q̂ ∈ C1(Q), the second term is of order
O(∥u∥2C2+β(Q)

). The claim follows.



Chapter 6. Central Limit Theorems for Smooth Optimal Transport Maps 299

6.B.3 Proof of Lemma 79

By a first-order Taylor expansion, it readily holds that for all x ∈ Q,

|g(x)| ≲ ∥f∥C2(Θ)∥B(x)∥2 ≲ ∥f∥C2(Θ)∥B∥2C1(Θ)

It thus suffices to show that g is uniformly β-Hölder continuous, i.e. |g(x)−g(y)| ≤ L∥x−y∥β
for some L > 0 and all x, y ∈ Q. To do so, define for all such x, y the function

h(x, y) = f(A(x) +B(y))− f(A(x))− ⟨∂f(A(x)), B(y)⟩.

We have,

|g(x)− h(x, y)| = |f(A(x) +B(x))− f(A(x) +B(y))− ⟨∂f(A(x)), B(x)−B(y)⟩|
≤ |f(A(x) +B(x))− f(A(x) +B(y))− ⟨∂f(A(x) +B(y)), B(x)−B(y)⟩|
+ ∥∂f(A(x) +B(y))− ∂f(A(x))∥∥B(x)−B(y)∥ =: (a) + (b).

Clearly,

(a) ≤ ∥f∥C2(Θ)∥B(x)−B(y)∥2 ≤ ∥f∥C2(Θ)∥B∥2C1(Q,Θ)∥x− y∥2.

Furthermore,

(b) ≤ ∥f∥C2(Θ)∥B(y)∥∥B(x)−B(y)∥ ≤ ∥f∥C2(Θ)∥B∥2C1(Q)∥x− y∥.

Thus,
|g(x)− h(x, y)| ≤ ∥f∥C2(Θ)∥B∥2C1(Q)∥x− y∥.

Furthermore, we have∣∣h(x, y)− g(y)
∣∣ = ∣∣∣[f(A(x) +B(y))− f(A(y) +B(y))

]
+
[
f(A(x))− f(A(y))

]
+ ⟨∂f(A(x))− ∂f(A(y)), B(y)⟩

∣∣∣
≤

d∑
i=1

k∑
j=1

∣∣∣∣ ∂2f∂Xij
(A(x))− ∂2f

∂Xij
(A(y))

∣∣∣∣ |Bi(y)Bj(y)|
≤ ∥f∥C2+β(Θ)∥B∥2L∞(Θ)∥A(x)−A(y)∥β

≤ ∥f∥C2+β(Θ)∥B∥2C1(Θ)∥A∥
β
C1(Θ)

∥x− y∥β.

The claim follows from here.

6.B.4 Proof of Lemma 62

By Lemma 61,∥∥Ψ̂′
φ0
[u]−Ψ′

φ0
[u]
∥∥
Cβ(Td)
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=
∥∥∥det(∇2φ0)

[(
q̂(∇φ0)− q(∇φ0)

)
⟨∇2φ0,∇2u⟩+ ⟨∇u,∇q̂(∇φ0)−∇q(∇φ0)⟩

]∥∥∥
Cβ(Td)

≲ ∥q̂(∇φ0)− q(∇φ0)∥Cβ(Td)∥∇2u∥Cβ(Td) + ∥∇u∥Cβ(Td)∥∇q̂(∇φ0)−∇q(∇φ0)∥Cβ(Td),

where we used Lemma 95 to bound the Hölder norms of products. By Lemma 96, we further
deduce,∥∥Ψ̂′

φ0
[u]−Ψ′

φ0
[u]
∥∥
Cβ(Td)

≲ ∥q̂ − q∥Cβ(Td)∥∇2u∥Cβ(Td) + ∥∇u∥Cβ(Td)∥∇q̂ −∇q∥Cβ(Td)

≲ ∥u∥C2+β(Td)∥q̂ − q∥Cβ(Td) + ∥u∥C1+β(Td)∥q̂ − q∥C1+β(Td),

as was to be shown.

6.C Additional Proofs from Section 6.4

6.C.1 Proof of Lemma 65

Let u = E−1
0 [f(SY,x(·))]. Notice that B0 is symmetric, thus we have for all y ∈ Td,

f(y) = E0[u](S
−1
Y,x(y))

= −tr
(
A⊤

0 ∇2u(S−1
Y,x(y))

)
= −tr

(
(B2

0A0)
⊤B−2

0 ∇2u(S−1
Y,x(y))

)
= −tr

(
(B2

0A0)
⊤∇2

yu(S
−1
Y,x(y))

)
= G0[u(S

−1
Y,x(·))](y)

It follows that u = G−1
0 [f ](SY,x(y)) = E−1

0 [f(SY,x(·))](y), as was to be shown.

6.C.2 Proof of Lemma 66

To prove the claim, it suffices to show that∥∥∥Cov
{
∇G−1

0

[
Ko
hn

]
(Y −∇φ0(x))

}
− q(∇φ0(x))Cov

{
∇G−1

0

[
Ko
hn

]
(U)
}∥∥∥ ≲ h2+ϵ−dn

for some ϵ > 0. Let R(u) = ∇G−1
0 [Ko

hn
](u), and notice that∥∥∥E[R(Y −∇φ0(x))R(Y −∇φ0(x))

⊤]− q(∇φ0(x))E[R(U)R(U)⊤]
∥∥∥

=

∥∥∥∥ˆ
Td

R(y)R(y)⊤q(y +∇φ0(x))dy − q(∇φ0(x))

ˆ
Td

R(y)R(y)⊤dy

∣∣∣∣
=

∥∥∥∥ˆ
Td

R(y)R(y)⊤[q(y +∇φ0(x))− q(∇φ0(x))
]∥∥∥∥

≲
ˆ
Td

∥R(y)R(y)⊤∥∥y∥Tddy

≲
ˆ
Td

∥R(y)∥2∥y∥Tddy,
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where we used the fact that q ∈ C1(Td). Reasoning in the same way as we did below the
statement of Lemma 66, we have E[R(U)] = 0, and thus∥∥∥E[R(Y −∇φ0(x))]

∥∥∥ =
∥∥∥E[R(Y −∇φ0(x))]− q(∇φ0(x))E[R(U)]

∥∥∥ ≲ ˆ
Td

∥R(y)∥∥y∥Tddy.

By combining the previous two displays, and using Jensen’s inequality, we have∥∥∥Cov
{
R(Y −∇φ0(x))

}
− q(∇φ0(x))Cov

{
R(U)

}∥∥∥ ≲ I :=

ˆ
Td

∥R(y)∥2∥y∥dy,

and it thus remains to bound I . To this end, recall from Proposition 39 thatG0 admits a periodic
Green’s function ΓG0(y, z), which is continuously differentiable away from the diagonal z = y,
and whose gradient satisfies ∥∇ΓG0(y, z)∥ ≲ ∥y − z∥1−dTd . Deduce that,

I ≲
ˆ
Td

(ˆ
Td

∥y − z∥1−dTd

∣∣Ko
hn(z)

∣∣dz)2

∥y∥Tddy

≲ h−2d
n

ˆ
[−1/2,1/2]d

(ˆ
B(0,hn)

∥y − z∥1−dTd dz

)2

∥y∥dy

≲ h−2d
n

ˆ
[−1/2,1/2]d

ˆ
B(0,hn)

ˆ
B(0,hn)

∥y − z∥1−dTd ∥y − w∥1−dTd ∥y∥dzdwdy

≲ 1 + I1 + I2,

where, given a constant a > 2 satisfying (2− 2d)/a ≥ (5/2)− d, we define

I1 = h−2d
n

ˆ
B(0,h

1/a
n )

ˆ
B(0,hn)

ˆ
B(0,hn)

∥y − z∥1−dTd ∥y − w∥1−dTd ∥y∥dzdwdy

I2 = h−2d
n

ˆ
B(0,1/4)\B(0,h

1/a
n )

ˆ
B(0,hn)

ˆ
B(0,hn)

∥y − z∥1−dTd ∥y − w∥1−dTd ∥y∥dzdwdy.

Notice that in both of the above integrations, we in fact have ∥y − z∥Td = ∥y − z∥ and
∥y − w∥Td = ∥y − w∥. To bound I1, invoke Lemmas 83–84 to obtain

I1 ≲ h
1
a
−2d

n

ˆ
B(0,hn)

ˆ
B(0,hn)

∥z − w∥2−ddzdw

≲ h
1
a
+2−2d

n

ˆ
B(0,hn)

dw ≲ h
1
a
+2−d

n ≲ h
5
2
−d

n .

Regarding I2, we have the crude bound

I2 = h−2d
n

ˆ
B(0,1/4)\B(0,h

1/a
n )

ˆ
B(0,hn)

ˆ
B(0,hn)

∥y − z∥1−d∥y − w∥1−ddzdwdy ≲ h
2−2d

a
n .

Combining these facts together with the definition of a, we arrive at the claim.
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6.C.3 Proof of Lemma 67

Abbreviate f(ξ) = (F [K](ξ)/2π)2. Define

gn = hd−2
n

∑
ξ∈Zd

∗

ξξ⊤
f(hnξ)

⟨C0ξ, ξ⟩2
, g∞ =

ˆ
Rd

zz⊤
f(z)dz

⟨C0z, z⟩2
,

and for any ϵ > 0, define

gn,ϵ = hd−2
n

∑
ξ∈Zd

∗
ϵ≤∥hnξ∥∞<ϵ−1

ξξ⊤
f(hnξ)

⟨C0ξ, ξ⟩2
, g∞,ϵ =

ˆ
[ϵ−1,ϵ]d

zz⊤
f(z)dz

⟨C0z, z⟩2
.

Notice that

gn,ϵ − g∞,ϵ

=
∑
ξ∈Zd

∗
ϵ≤∥hnξ∥∞<ϵ−1

ˆ
Iξ,n

[
(hnξ)(hnξ)

⊤ f(hnξ)

⟨C0(hnξ), (hnξ)⟩2
− zz⊤

f(z)

⟨C0z, z⟩2

]
dz

where Iξ,n is the hypercube of side length hn, with vertices lying in hnZd, whose vertex nearest
to the origin is at the point hnξ. We will provide a very crude bound on the norm of the above
quantity, which will suffice for our purposes. Notice that for all ξ satisfying ϵ ≤ ∥hnξ∥∞ < ϵ−1

and z ∈ Iξ,n, we have∥∥∥∥(hnξ)(hnξ)⊤ f(hnξ)

⟨C0(hnξ), (hnξ)⟩2
− zz⊤

f(z)

⟨C0z, z⟩2

∥∥∥∥
≤ ∥(hnξ)(hnξ)⊤∥

∣∣∣∣ f(hnξ)

⟨C0(hnξ), (hnξ)⟩2
− f(z)

⟨C0z, z⟩2

∣∣∣∣
+

∣∣∣∣ f(z)

⟨C0z, z⟩2

∣∣∣∣ ∥∥∥(hnξ)(hnξ)⊤ − zz⊤
∥∥∥

≲ ϵ−2

∣∣∣∣ f(hnξ)

⟨C0(hnξ), (hnξ)⟩2
− f(z)

⟨C0z, z⟩2

∣∣∣∣+ ϵ−5hn,

where we used the fact that f is bounded in the final line, and the fact that diam(Iξ,n) ≲ hn.
Furthermore,∣∣∣∣ f(hnξ)

⟨C0(hnξ), (hnξ)⟩2
− f(z)

⟨C0z, z⟩2

∣∣∣∣
≤ |f(hnξ)|

∣∣∣∣ 1

⟨C0(hnξ), (hnξ)⟩2
− 1

⟨C0z, z⟩2

∣∣∣∣+ 1

⟨C0z, z⟩2
|f(hnξ)− f(z)|

≲ ϵ−8
∣∣⟨C0(hnξ), (hnξ)⟩2 − ⟨C0z, z⟩2

∣∣+ ϵ−4hn

≲ ϵ−10 |⟨C0(hnξ), (hnξ)⟩ − ⟨C0z, z⟩|+ ϵ−4hn

≲ ϵ−11 ∥hnξ − z∥+ ϵ−4hn
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≲ ϵ−11hn + ϵ−4hn.

Altogether, we have shown that there exists a > 0 such that

∥gn,ϵ − g∞,ϵ∥ ≲ ϵ−ahn. (6.61)

Next, we bound the distance between gn,ϵ and gn. Since f is a Schwartz function, we have
|f(ξ)| ≲ℓ ∥ξ∥−ℓ for all ℓ ≥ 0. Taking ℓ = d− 1, we obtain∥∥∥∥∥∥∥∥∥h

d−2
n

∑
ξ∈Zd

∗
∥ξhn∥∞≥1/ϵ

ξξ⊤
f(hnξ)

⟨C0ξ, ξ⟩2

∥∥∥∥∥∥∥∥∥ ≲ h
d−2
n

∑
ξ∈Zd

∗
∥ξhn∥∞≥1/ϵ

∥hnξ∥1−d

∥ξ∥2

≲ h−1
n

∑
ξ∈Zd

∗
∥ξhn∥∞≥1/ϵ

∥ξ∥−(d+1)

≲ h−1
n

ˆ ∞

cd(ϵhn)−1−1
r−(d+1)rd−1dr ≍ ϵ,

for a dimension-dependent constant cd > 0. Similarly,∥∥∥∥∥∥∥∥∥h
d−2
n

∑
ξ∈Zd

∗
∥ξhn∥∞<ϵ

ξξ⊤
f(hnξ)

⟨C0ξ, ξ⟩2

∥∥∥∥∥∥∥∥∥ ≲ h
d−2
n

∑
ξ∈Zd

∗
∥ξhn∥∞<ϵ

∥ξ∥−2

≲ hd−2
n

ˆ ϵ/hn

1
rd−3dr ≍ ϵd−2.

Combining the preceding two displays, we thus have

∥gn,ϵ − gn∥ ≲ ϵ. (6.62)

Analogous derivations show that

∥g∞,ϵ − g∞∥ ≲ ϵ. (6.63)

Combining equations (6.61), (6.62), and (6.63), we deduce

∥gn − g∞∥ ≲ ϵ+ ϵ−ahn,

for a large enough constant a > 0. The claim now follows by taking ϵ ≍ h
1

1+a
n .
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6.C.4 Proof of Lemma 68

Recall that supp(Khn) ⊆ B(0, hn). Therefore, a point y ∈ Td can only lie in the support of
Khn(Y −∇φ0(·)) if

Y −∇φ0(y) ∈ B(0, hn), or equivalently, y ∈ ∇φ∗
0(B(Y, hn)).

Since ∇φ∗
0 is λ-Lipschitz, we have

∇φ∗
0(B(Y, hn)) ⊆ B(∇φ∗

0(Y ), λhn),

and we deduce that

supp
(
Khn(Y −∇φ0(·))

)
⊆ B(∇φ∗

0(Y ), λhn).

Notice that S−1
x is also Lipschitz with parameter λ, thus the same argument implies

supp
(
Khn(Y − Sx(·))

)
⊆ B(S−1

x (Y ), λhn).

The claim follows.

6.C.5 Proof of Lemma 69

Let I = E
[(´

B(Z,ϵ) ∥x− z∥t−dTd dz
)2]

. It holds that,

I ≤ γEZ∼L

(ˆ
B(Z,ϵ)

∥x− z∥t−dTd dz

)2


=

ˆ
Td

ˆ
B(y,ϵ)

ˆ
B(y,ϵ)

∥x− z∥t−dTd ∥x− w∥t−dTd dzdwdy

=

ˆ
Td

ˆ
B(0,ϵ)

ˆ
B(0,ϵ)

∥x− z − y∥t−dTd ∥x− w − y∥t−dTd dzdwdy

=

ˆ
B(0,ϵ)

ˆ
B(0,ϵ)

(ˆ
Td

∥x− z − y∥t−dTd ∥x− w − y∥t−dTd dy

)
dzdw

=

ˆ
B(0,ϵ)

ˆ
B(0,ϵ)

(ˆ
Td

∥z − y∥t−dTd ∥w − y∥t−dTd dy

)
dzdw

≲
ˆ
B(0,ϵ)

ˆ
B(0,ϵ)

∥z − w∥2t−dTd dzdw

≲
ˆ
B(0,ϵ)

ˆ
B(0,ϵ)

∥z − w∥2t−ddzdw,

where the penultimate line follows from Lemma 83, together with the condition t < d/2.
Passing to spherical coordinates, we obtain

I ≤
ˆ
B(0,ϵ)

ˆ
B(0,ϵ)

∣∣∥z∥ − ∥w∥
∣∣2t−ddzdw
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≤
ˆ ϵ

0

ˆ ϵ

0
|r − s|2t−drd−1sd−1drds

=

ˆ ϵ

0

ˆ s

0
(s− r)2t−drd−1sd−1drds+

ˆ ϵ

0

ˆ ϵ

s
(r − s)2t−drd−1sd−1drds

=: (A) + (B).

We bound terms (A) and (B) in turn. On the one hand,

(A) ≤
ˆ ϵ

0

ˆ s

0
s2t−drd−1sd−1drds =

ˆ ϵ

0

ˆ s

0
s2t−1rd−1drds ≍

ˆ ϵ

0
sd+2t−1ds ≍ ϵd+2t,

while on the other hand,

(B) ≤
ˆ ϵ

0

ˆ ϵ

s
r2t−1sd−1drds ≤

ˆ ϵ

0
ϵ2tsd−1ds ≍ ϵd+2t.

This proves the claim.

6.C.6 Proof of Lemma 70

By Lemmas 77, 95, and 96, we have

∥un∥C2+β(Td) ≲ ∥ det(B)Ko
hn(Y −∇φ0(·))∥Cβ(Td) ≲ ∥Ko

hn∥Cβ(Td) ≲ h
−(d+β)
n .

Now, recall that λ > 1 is such that ∥φ0∥C3(Td) ≤ λ and ∇2φ∗
0 ⪰ λ−1Id uniformly over Td. To

prove the claim, it will be sufficient to show that for all y ∈ Td such that ∥y −X0∥Td ≥ 2λhn,
we have ∥∇2un(y)∥ ≲ ∥X0 − y∥−dTd . To prove this, note that it suffices to consider all y ∈ Td
such that ∥X0 − y∥ = ∥X0 − y∥Td , and we shall assume this equality holds throughout the
remainder of the proof.

Assume thus that ∥y −X0∥ ≥ 2λhn, and set

B = B(y, ∥y −X0∥/2), B0 = B(y, hn/4).

Notice that for all v ∈ B,

∥v −X0∥ ≥ ∥y −X0∥ − ∥v − y∥ ≥ ∥y −X0∥
4

. (6.64)

Furthermore, we have dist(B,B0) ≥ ∥y −X0∥/4, thus we may apply the a priori bound in
Lemma 25(i) to obtain

∥un∥C2(B0) ≲ ∥y −X0∥−2
[
∥ det(B)Ko

hn(Y −∇φ0(·))∥Cβ(B) + ∥un∥L∞(B)

]
, (6.65)

where we again used Lemma 95. Recall from Lemma 68 that supp(Khn(Y − ∇φ0(·))) ⊆
B(X0, λhn). The latter is disjoint from B by equation (6.64), thus we have

Ko
hn(Y −∇φ0(v)) = −1 for all v ∈ B,
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and hence, from equation (6.65) we obtain

∥un∥C2(B0) ≲ ∥y −X0∥−2
[
∥ det(B)∥Cβ(B) + ∥un∥L∞(B)

]
≲ ∥y −X0∥−2

[
1 + ∥un∥L∞(B)

]
. (6.66)

It thus remains to bound ∥un∥L∞(B). To this end, recall that we can write for any v ∈ B,

un(v) =

ˆ
Td

ΓE(z, v)K
o
hn(Y −∇φ0(z))dz,

where ΓE is the periodic Green’s function of E (cf. Proposition 39). We thus have, for all
v ∈ B,

|un(v)| ≲
ˆ
Td

∥z − v∥2−dTd

∣∣Ko
hn(Y −∇φ0(z))

∣∣dz
≲ 1 + h−dn

ˆ
B(X0,λhn)

∥z − v∥2−dTd dz

= 1 + h−dn

ˆ
B(0,λhn)

∥z −X0 − v∥2−dTd dz

≤ 1 + h−dn

ˆ
B(0,λhn)

[
∥X0 − v∥Td − λhn

]2−d
dz

≲ 1 +
[
∥X0 − v∥Td − λhn

]2−d
≲ 1 + ∥X0 − v∥2−dTd , (6.67)

where the final inequality follows from equation (6.64). From equations (6.66–6.67), we obtain

∥un∥C2(B0) ≲ sup
v∈B

∥y −X0∥−2
[
1 + ∥X0 − v∥2−dTd

]
≲ sup

v∈B
∥y −X0∥−2∥X0 − v∥2−dTd

≤ ∥y −X0∥−2
(
∥X0 − y∥Td − hn/2

)2−d
≲ ∥y −X0∥−d.

The claim follows.

6.C.7 Proof of Lemma 71

We will make use of the following gradient estimate for un.

Lemma 80. There exists a constant C > 0 such that for all y ∈ Td,

∥∇un(y)∥ ≤ C
(
hn ∨ ∥X0 − y∥Td

)1−d
.
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The proof of Lemma 80 appears in Appendix 6.C.8. With this result in place, we can bound
E[I2

2 ] in nearly the same way as E[I2
1 ]. To see this, notice first that from Lemma 80, we have

E

(ˆ
B(X0,hn)

∥x− y∥1−dTd ∥∇un(y)∥dy

)2


≲ h2(1−d)n E

(ˆ
B(X0,hn)

∥x− y∥1−dTd dy

)2
 ≲ h4−dn ,

by Lemma 69. Thus, as before,

E[I2
2 ] ≲ h

4−d
n + E

(ˆ
Q0\B(0,hn)

∥x−X0 − y∥1−dTd ∥y∥1−dTd dy

)2
 .

Let the event An be defined as in Step 4 of the proof of Lemma 63, and recall equation (6.47),
from which it follows that

E

(ˆ
Q0\B(0,hn)

∥x−X0 − y∥1−dTd ∥y∥1−dTd dy

)2

I(An)


≲ E

(ˆ
Q0\B(0,hn)

∥y∥2−2ddy

)2

I(An)

 ≲ h4−dn .

Furthermore, by Lemma 83,

E

(ˆ
Q0\B(0,hn)

∥x−X0 − y∥1−dTd ∥y∥1−ddy

)2

I(Acn)


≲ E

[(
∥x−X0∥2−d

)2
I(Acn)

]
≍ h4−dn ∨ 1.

The claim follows.

6.C.8 Proof of Lemma 80

From Proposition 39 and the definition of Ko
hn

, we have for all y ∈ Td,

∥∇un(y)∥ ≲ 1 +

ˆ
Td

∥y − z∥1−dTd

∣∣Khn(Y −∇φ0(z))
∣∣dz.

By Lemma 68, we have supp(Khn(Y −∇φ0(·))) ⊆ B(X0, λhn), thus

∥∇un(y)∥ ≲ 1 + h−dn

ˆ
B(X0,λhn)

∥y − z∥1−dTd dz ≲ h1−dn ,

by Lemma 84.
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6.D Additional Proofs from Section 6.5

6.D.1 Proof of Lemma 72

Let x ∈ Td. Let us first show that E[∇Zn,i1(x)] = 0. Using Lemma 59 and Proposition 39, it
can be deduced that

∇L−1
[
Khn(Y1 − ·)− qhn ](x) =

ˆ
Td

∇ΓE(∇φ∗
0(y), x)

[
Khn(Y1 − y)− qhn(y)]dy,

where ΓE is a periodic Green’s function for the operator E, and so

E[∇Zn,1(x)] =
ˆ
Td

ˆ
Td

∇ΓE(∇φ∗
0(y), x)

[
Khn(z − y)− qhn(y)]dydQ(z).

One may apply Fubini’s theorem to change the order of integration in the above display, since
for any given hn > 0, by Tonelli’s theorem,ˆ
Td

ˆ
Td

∥∥∇ΓE(∇φ∗
0(y), x)

[
Khn(z − y)− qhn(y)

]∥∥dydQ(z) ≲ h−dn

ˆ
Td

∥∇φ∗
0(y)− x∥1−ddy <∞.

Deduce that

E[∇Zn,i1(x)] =
ˆ
Td

∇ΓE(∇φ∗
0(y), x)

(ˆ
Td

[
Khn(z − y)− qhn(y)]dQ(z)

)
dy = 0.

From here, we deduce

∥E[((1/n)
∑n

i=1∇Zn,i(x)) IAn ]∥
≤ ∥E[((1/n)

∑n
i=1∇Zn,i(x))]∥+

∥∥E[((1/n)∑n
i=1∇Zn,i(x)) IAc

n
]
∥∥

=
∥∥E[((1/n)∑n

i=1∇Zn,i(x)) IAc
n
]
∥∥ .

Now, recall from Lemma 59 that

∥Zn,1∥C2+β(Td) ≍ ∥Khn(Y1 − ·)− qhn ]∥Cβ(Td) ≲ h
−(d+β)
n ,

and we deduce that

∥E[((1/n)
∑n

i=1∇Zn,i(x)) IAn ]∥ ≲ h−(d+β)
n P(Ac

n) ≲ n
a(d+β)−b.

It is clear that the implicit constants in these various assertions do not depend on x, and the
claim follows.

6.D.2 Proof of Lemma 73

By Lemma 59, we have

∥∇Zn,1(x)∥ ≲ ∥L−1[q̂n − qhn ]∥C2+β(Td) ≲ ∥q̂n − qhn∥Cβ(Td) ≲ h
−(d+β)
n .

Thus, using Lemma 63, we have

E∥∇Zn,1(x)∥2+δ ≲ h−δ(d+β)n E∥∇Zn,1(x)∥2 ≲ h−δ(d+β)+2−d
n ,

as claimed.



Chapter 6. Central Limit Theorems for Smooth Optimal Transport Maps 309

6.D.3 Proof of Proposition 37

Let un = L−1[q̂n − q]. We will begin by bounding the quantity ⟨un, v⟩A, for any v ∈ H1
0 (Td).

By Lemma 59, the function un solves the PDE

Eun = det(∇2φ0)(q̂n(∇φ0)− q(∇φ0)), over Td,

in the classical sense, and hence also in the weak H1
0 (Td) sense (cf. Appendix 6.A). Therefore,

for all v ∈ H1
0 (Td),

⟨un, v⟩A = ⟨det(∇2φ0)(q̂n(∇φ0)− q(∇φ0)), v⟩L2(Td)

= ⟨q̂n − q, v(∇φ∗
0)⟩L2(Td)

=

ˆ
Td

(
v(∇φ∗

0) ⋆ Khn

)
d(Qn −Q) +

ˆ
Td

v(∇φ∗
0)d(Qhn −Q).

Using a simple argument which will be presented in further detail in Lemma 89 below, it is
easy to see that ˆ

Td

(
v(∇φ∗

0) ⋆ Khn

)
d(Qn −Q) = Op(n

−1/2),

and furthermore,∣∣∣∣ˆ
Td

v(∇φ∗
0)d(Qhn −Q)

∣∣∣∣ ≤ ∥v(∇φ∗
0)∥H1(Td)∥qhn − q∥H−1(Td) ≲ ∥qhn − q∥H1(Td),

where we used Lemma 82. By Proposition 43, the final factor decays on the order hs+1
n , thus

we have shown
⟨un, v⟩L2(Td) = Op(n

−1/2 + hs+1
n ).

To prove the claim, it thus remains to quantify the discrepancy between ⟨un, v⟩A and ⟨φ̂n −
φ0, v⟩A. To this end, recall from equation (6.49) that, for any given β > 0 sufficiently small,

∥∥∇φ̂n −∇φ0 −∇L−1[q̂n − q]
∥∥
L∞(Td)

= Op

(
h2s−1−3β
n +

1

nhd+1+4β
n

)
.

It readily follows that

⟨φ̂n − φ0, v⟩A = ⟨L−1[q̂n − q], v⟩A +Op

(
h2s−1−3β
n +

1

nhd+1+4β
n

)
= Op

(
n−1/2 + hs+1

n +
1

nhd+1+4β
n

)
.

The claim follows.
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6.E Additional Technical Lemmas

The following Lr(Td) interpolation inequality is a consequence of the periodic Riesz-Thorin
theorem (cf. Remark 3.6.1/4 of Schmeisser and Triebel (1987)).

Lemma 81 (Interpolation Inequality for Lr(Td) Norms). Let 2 < r <∞. Then, for all ϵ > 0,
there exists C(ϵ, d, r) > 0 such that for all f ∈ L∞(Td),

∥f∥Lr(Td) ≤ C(ϵ)∥f∥L2(Td) + ϵ∥f∥L∞(Td).

We next prove a simple chain rule-type result for fractional Sobolev spaces.

Lemma 82 (Composition of Sobolev Functions). Let r > 1. Let f ∈ C2(Td) be such that

∇2f ⪰ Id/λ over Td, and ∥f∥C2(Td) ≤ λ,

for some λ > 0. Then, there exists a constant C = C(λ, d, r) > 0 such that for all α ∈ [0, 1] and
all g ∈ Hα,r(Td),

∥g ◦ ∇f∥Hα,r(Td) ≲ C∥g∥Hα,r(Td).

Proof of Lemma 82. When α = 0, we have for all g ∈ Lr(Td),

∥g ◦ ∇f∥rLr(Td) =

ˆ
|g(∇f)|r =

ˆ
|g|r det(∇2f∗) ≤ λ∥g∥rLr(Td).

To prove the claim when α = 1, let g ∈ H1,r
0 (Td), and notice that the identity ∇(g ◦ ∇f) =

∇2f∇g(∇f) holds in the sense of weak derivatives. Together with Lemma 99, we deduce

∥g ◦ ∇f∥rH1,r(Td) ≍ ∥g ◦ ∇f∥rLr(Td) +

ˆ
∥∇2f · (∇g(∇f))∥r

≲λ ∥g∥rLr(Td) +

ˆ
∥∇2f(∇f∗) · ∇g∥r det(∇2f∗) ≲λ ∥g∥rH1,r(Td).

The bound for remaining values of α follows by interpolation. Indeed, notice that the operator

F : Hα,r(Td) → Hα,r(Td), Fg = g(∇f)

is well-defined and linear. Let ∥F∥α,r = sup{∥Fg∥Hα,r(Td) : g ∈ Hα,r(Td)} denote its
operator norm. Since Hα(Td) is the α-complex interpolation space of L2(Td) and H1(Td) (cf.
Lemma 98), we deduce (Lunardi, 2018, Theorem 2.6)

∥F∥α ≤ ∥F∥1−α0 ∥F∥α1 ≲λ 1.

The claim follows.

The following bound can be deduced from Miranda (2013, Theorem 11,I).
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Lemma 83 (Composition of Riesz Potentials). Let d ≥ 1. For all α1, α2 ≥ 0, there exists a
constant C > 0 such that for any w1, w2 ∈ Td,

ˆ
Td

∥y − w1∥α1−d
Td ∥y − w2∥α2−d

Td dy ≤ C


∥w1 − w2∥α1+α2−d

Td , α1 + α2 < d,

log
(
1/∥w1 − w2∥

)
, α1 + α2 = d,

1, α1 + α2 > d.

We also state the following related estimate.

Lemma 84. Let t ∈ (1, d). Then, for any ϵ > 0 and x ∈ Td,
ˆ
B(0,ϵ)

∥y − x∥t−dTd dy ≤ ϵt ∧ ∥x∥t−dϵd.

Proof of Lemma 84. With the convention that
´
∅(·) = 0, we have,

ˆ
B(0,ϵ)

∥y − x∥t−dTd dy ≤
ˆ
B(x,ϵ/2)

∥y − x∥t−dTd dy +

ˆ
B(0,ϵ)\B(x,ϵ/2)

∥y − x∥t−dTd dy

≲
ˆ ϵ/2

0
rt−drd−1dr +

ˆ
B(0,ϵ)

ϵt−ddy ≲ ϵt.

Furthermore, if ∥x∥ ≥ 2ϵ we have
ˆ
B(0,ϵ)

∥y − x∥t−dTd dy ≤
ˆ
B(0,ϵ)

∣∣∥x∥ − ∥y∥
∣∣t−ddy

≤
ˆ ϵ

0

∣∣∥x∥ − r
∣∣t−drd−1dr ≲ ∥x∥t−d

ˆ ϵ

0
rd−1dr ≲ ∥x∥t−dϵd.

This proves the claim.

Finally, we state a multivariate version of Lyapunov’s central limit theorem.

Lemma 85. Let {Un,i : 1 ≤ i ≤ n < ∞} be a triangular array of independent random
variables in Rd with mean zero and finite second moment. Define Vn =

∑n
i=1 Cov[Un,i], and let

v2n = λmin(Vn), for all n = 1, 2, . . . . If for some δ > 0, Lyapunov’s condition

1

v2+δn

n∑
i=1

E
[
|Un,i|2+δ

]
= o(1)

holds, then

V −1/2
n

n∑
i=1

Un,i
d−→ N(0, Id).



Chapter 7

Efficient Inference for the Quadratic
Wasserstein Distance

We now build upon the preceding two chapters to address the problem of performing inference
for the quadratic Wasserstein distance in general dimension. As we already discussed in
Chapter 1, this problem is very well-studied, and essentially all past work has aimed at finding
sufficient conditions for the empirical Wasserstein distance W 2

2 (Pn, Qm) to admit a limiting
distribution centered at its population counterpart. However, as we know from our results in
Chapter 3, the bias of the empirical Wasserstein distance typically satisfies

EW 2
2 (Pn, Qm)−W 2

2 (P,Q) ≳ (n ∧m)−2/d

for absolutely continuous probability measures P,Q in dimension d. Furthermore, its variance
typically scales at the parametric rate (del Barrio and Loubes, 2019), and is thus dominated
by its squared bias when d ≥ 5. In this regime, the empirical Wasserstein distance cannot
admit a non-degenerate limiting distribution centered at its population counterpart. This is a
fundamental barrier for performing inference.

We take a different approach in this chapter. Rather than analyzing the empirical Wasser-
stein distance, we consider a family of plugin estimators based on density estimation. These
estimators have already made an appearance in Chapter 5, where we derived upper bounds on
their risk. Although they have several disadvantages compared to the empirical Wasserstein
distance—for instance, they introduce tuning parameters, and are more challenging to compute—
we will see that they are more amenable to performing inference in general dimension. Indeed,
our results in Section 7.1 below show that plugin estimators based on wavelet or kernel density
estimation achieve a

√
n-central limit theorem centered at their population counterpart, in

any dimension, provided the smoothness of the underlying densities is sufficiently high. To
the best of our knowledge, this leads to the first method for constructing confidence intervals
for the Wasserstein distance in the regime where both measures are of dimension d ≥ 5. We
also develop the semiparametric efficiency theory for the Wasserstein distance functional,
showing that our various estimators of the Wasserstein distance are asymptotically efficient in

312
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the high-smoothness regime.

One downside of our results is the fact that our density estimators require the underlying
support of the measures P and Q to be known, and to be of appropriate type (specifically,
rectangular or toric). We address this issue in Section 7.3, where we derive a “one-step” bias-
corrected estimator of the Wasserstein distance. As we will see, this estimator allows the
practitioner to plug in any density estimator, and makes no assumptions on the underlying
domain, but continues to be semiparametric efficient under black-box rate conditions on the
density estimator. We believe there is significant potential for this estimator to be adopted in
practical applications.

We close this chapter with a discussion, in Section 7.4, where we pose the following
question: What is the minimal smoothness condition needed to perform efficient inference for
the Wasserstein distance? We will see that there exists a second-order debiased estimator with
a more favourable smoothness cut-off than the plugin or one-step estimators analyzed above,
but finding the optimal cut-off remains an open question.

7.1 Central Limit Theorems for Plugin Estimators

In this section, we derive limit theorems for the density plugin estimators of the Wasserstein
distance which were introduced in Chapter 5. Concretely, let P,Q ∈ Pac(Ω) be absolutely
continuous distributions with respective densities p, q, which are either supported over the
unit hypercube Ω = [0, 1]d or the d-dimensional flat torus Ω = Td. Let X1, . . . , Xn ∼ P
and Y1, . . . , Ym ∼ Q be i.i.d. samples which are independent of each other. Recall that we
respectively denote by Pn, P̂ (bc)

n , P̂
(ker)
n (resp. Qm, Q̂(bc)

m , Q̂
(ker)
m ), the empirical measure and

the distributions induced by the boundary-corrected and kernel density estimators of p (resp.
q), as defined in Sections 5.2–5.3 of Chapter 5. Given a smoothness parameter s > 0 to be
specified, let their tuning parameters be chosen as 2Jn ≍ h−1

n ≍ n1/(d+2s), and assume that
the kernel K satisfies condition K(2(s+1)) for some κ > 0. Furthermore, let φ0 be a Brenier
potential in the optimal transport problem from P to Q, and write

σ2ρ = (1− ρ)VarP [ϕ0(X)] + ρVarQ[ψ0(Y )], for any ρ ∈ [0, 1], (7.1)

where ϕ0 = ∥ · ∥2 − 2φ0 and ψ0 = ∥ · ∥2 − 2φ∗
0 are Kantorovich potentials induced by φ0.

Under the conditions we will make below, the Brenier potential φ0 is uniquely-defined up to
addition by a constant, thus the variances in the above display do not depend on the particular
choice of φ0.

For the various estimators P̂n and Q̂m under consideration, we will derive central limit
theorems of the form

√
n
(
W 2

2 (P̂n, Q)−W 2
2 (P,Q)

)
⇝ N(0, σ20), as n→ ∞, and (7.2)√

nm

n+m

(
W 2

2 (P̂n, Q̂m)−W 2
2 (P,Q)

)
⇝ N(0, σ2ρ), as n,m→ ∞,

n

n+m
→ ρ, (7.3)

for some ρ ∈ [0, 1]. Our main result is the following.
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Theorem 26. Let Ω ∈ {Td, [0, 1]d}. Assume that P,Q ∈ Pac(Ω) admit positive and bounded
densities p, q over Ω. Then, the following assertions hold.

(i) (Density Estimation over the Torus) Let Ω = Td and assume p, q ∈ Cs(Ω) for some
s > 0 satisfying s > d/2− 2. Then, equations (7.2)–(7.3) hold when

(P̂n, Q̂m) = (P̂ (ker)
n , Q̂(ker)

m ).

(ii) (Density Estimation over the Hypercube) Let Ω = [0, 1]d, and assume p, q ∈ Cs(Ω) for
some s > 0 satisfying s > d/2 − 2. Assume additionally that φ0 ∈ Cs+2(Ω). Then,
equation (7.2) holds when

(P̂n, Q̂m) = (P̂ (bc)
n , Q̂(bc)

m ).

Furthermore, equation (7.3) holds under the additional condition φ∗
0 ∈ Cs+2(Ω).

(iii) (Empirical Measures) Let Ω be either Td or [0, 1]d. Assume d ≤ 3, and φ0 ∈ C2(Ω). Then
equations (7.2)–(7.3) hold when

(P̂n, Q̂m) = (Pn, Qm).

To the best of our knowledge, Theorem 26 provides the first known central limit theorems
for nonparametric plugin estimators of the squared Wasserstein distance in arbitrary dimension
d ≥ 1 which are centered at their population counterpart W 2

2 (P,Q). We emphasize that the
parametric scaling in the above result is made possible by the smoothness condition s > d/2−2.
We do not generally expect that a central limit theorem for W 2

2 (P̂n, Q) centered at W 2
2 (P,Q)

can be obtained when s < d/2− 2, as the squared bias of this estimator may then dominate
its variance.

We recall again that, even in the absence of smoothness conditions, del Barrio and Loubes
(2019) derived limit laws of the form

√
n
(
W 2

2 (Pn, Q)− EW 2
2 (Pn, Q)

)
⇝ N(0,Var[ϕ0(X)]), n→ ∞, (7.4)

and two-sample analogues, for any d ≥ 1. While such results are important and hold under
milder regularity conditions than those of Theorem 26, their centering sequence is a barrier to
their use for statistical inference for Wasserstein distances. The low-dimensional case d ≤ 3 is
an exception, in which the sequence EW 2

2 (P,Qn) can be replaced by W 2
2 (P,Q), as we show

in Theorem 26(iii). This fact can be deduced from our bias bounds in Corollary 19; a similar
observation for d ≤ 3 was also made in the recent work of Hundrieser et al. (2022), under
weaker assumptions than ours.

Theorem 26 is a consequence of the stability bounds in Theorem 18 and Proposition 23
in Chapter 5, which we use to show that W 2

2 (P̂n, Q) −W 2
2 (P,Q) asymptotically has same

distribution as the linear functional F (P̂n) =
´
ϕ0d(P̂n − P ). We defer the proof to Ap-

pendix 7.A. Though our arguments differ significantly from those used by del Barrio and
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Loubes (2019), this functional F also plays an important role in their work. Indeed, they prove
that nVar[W 2

2 (Pn, Q)− F (Pn)] = o(1) under mild conditions. In Appendix 7.C, we provide
an alternate proof of Theorem 26 which does not make use of our stability bounds, but which
instead combines a generalization of the proof strategy of del Barrio and Loubes (2019), together
with our convergence rates for optimal transport maps in Theorems 19, 22 and 20.

The variance σ2ρ is positive if and only if ϕ0 and ψ0 are non-constant, thus the distributional
limits in Theorem 26 are non-degenerate whenever P ̸= Q. When P = Q, it could already
have been deduced from Lemma 106 of Chapter 5 that, for instance, the correct scaling for
W 2

2 (P̂
(bc)
n , Q) is of larger order than

√
n. We leave open the question of obtaining limit laws

under this regime.

The variances appearing in Theorem 26 can be consistently estimated using estimators for
the Kantorovich potentials ϕ0 andψ0. Indeed, using a qualitative stability result for Kantorovich
potentials (Santambrogio, 2015), we show in Proposition 40 of Appendix 7.A.3 that for any of the
estimators (P̂n, Q̂m) described in Theorem 26, if (ϕ̂nm, ψ̂nm) is a bounded pair of Kantorovich
potentials in the optimal transport problem from P̂n to Q̂m, then,

σ̂20,nm := VarU∼Pn [ϕ̂nm(U)]
p−→ σ20, and, σ̂21,nm := VarV∼Qm [ψ̂nm(V )]

p−→ σ21.

Letting σ̂2nm =
mσ̂2

0,nm+nσ̂2
1,nm

n+m , we deduce from Theorem 26(ii) that for any δ ∈ (0, 1),

W 2
2 (P̂

(bc)
n , Q̂(bc)

m )± σ̂nmzδ/2

√
n+m

nm

is an asymptotic, two-sample (1 − δ)-confidence interval for W 2
2 (P,Q), assuming P ̸= Q.

Here zδ/2 denotes the δ/2 quantile of the standard Gaussian distribution. To the best of our
knowledge, this is the first practical confidence interval for the Wasserstein distance between
absolutely continuous distributions in arbitrary dimension, albeit under the strong assumptions
that 2(α+ 1) > d, and that the underlying domain Ω is known and of appropriate type.

7.2 Efficiency Lower Bounds for Estimating the Wasserstein
Distance

Our aim is now to derive efficiency lower bounds, showing that the asymptotic variances in
Theorem 26 cannot be improved by any other regular estimatorof W 2

2 (P,Q). In discussing
semiparametric efficiency theory, we follow the definitions and notation of van der Vaart
(1998); van der Vaart (2002). We begin with a derivation of the efficient influence function of
the functional

ΦQ : P(Ω) → R, ΦQ(P ) =W 2
2 (P,Q),

where Ω is either Td or a subset of Rd, and Q ∈ Pac(Ω) is given. Santambrogio (2015,
Proposition 7.17) has previously derived the first variation of this functional. The following
Lemma states their result in a language suitable for our development.
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Lemma 86 (Efficient Influence Function). Let Ω be Td or any connected and compact subset of
Rd, and let P,Q ∈ Pac(Ω). Assume that the density of at least one of P and Q is positive over Ω.
Let (ϕ0, ψ0) denote a pair of Kantorovich potentials in the optimal transport problem from P to
Q, uniquely defined up to translation by a constant, and define the map

Φ̃(P,Q)(x) = ϕ0(x)−
ˆ
ϕ0dP, x ∈ Ω.

Let ṖP ⊆ L2
0(P ) be any tangent set containing Φ̃(P,Q). Then, the functional ΦQ is differentiable

relative to ṖP , with efficient influence function given by Φ̃(P,Q).

Lemma 86 is proved in Appendix 7.B. The assumption that P or Q have support equal to Ω
is only used to ensure that ϕ0 is unique, up to translation by a constant (cf. Proposition 7.18
of Santambrogio (2015)). While this condition is not necessary (Staudt, Hundrieser, and Munk,
2022), we retain it for simplicity since we require it for our upper bounds.

By combining this result with the Convolution Theorem (van der Vaart (1998), Theo-
rem 25.20), it immediately follows that any regular estimator sequence ofΦQ(P ) has asymptotic
variance bounded below by VarP [ϕ0(X)]/n. The one-sample plugin estimators in Theorem 26
are thus optimal among regular estimators. A similar remark was also made in the recent
independent work of Goldfeld et al. (2024), which studies efficient statistical inference for
several variants of the Wasserstein distance.

We next complement this result with an asymptotic minimax lower bound, which relaxes
the assumption of regularity of such estimator sequences, at the expense of only comparing their
worst-case risk. In this case, we also consider the two-sample setting. Using a construction
of van der Vaart (1998), we fix two differentiable paths (Pt,h1)t≥0 and (Qt,h2)t≥0, for any
(h1, h2) ∈ R2, with respective score functions h1Φ̃(P,Q) and h2Ψ̃(P,Q), where Ψ̃(P,Q)(y) :=
ψ0(y) −

´
ψ0dQ. These paths are defined in equations (7.18–7.19) of Appendix 7.B, and we

use them to obtain the following asymptotic minimax lower bound.

Theorem 27 (Asymptotic Minimax Lower Bound over Td). Given M,γ > 0 and α > 1,
let P,Q ∈ Pac(Td) admit densities p, q ∈ Cα−1(Td;M,γ). Let (ϕ0, ψ0) denote a pair of
Kantorovich potentials between P and Q, unique up to translation by a constant. Then, there
exist M,γ, u > 0, depending only on M,γ, α, such that Pt,h1 and Qt,h2 admit densities in
Cα−1(Td;M,γ), for all t > 0 and h1, h2 ∈ R satisfying t(|h1| ∨ |h2|) ≤ u. Furthermore,

(i) (One Sample) For any estimator sequence (Un)n≥1, we have

sup
I⊆R
|I|<∞

lim inf
n→∞

sup
h∈I

nEn,h
∣∣Un − ΦQ(Pn−1/2,h)

∣∣2 ≥ VarP [ϕ0(X)].

where En,h denotes the expectation taken over the probability measure P⊗n
n−1/2,h

.
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(ii) (Two Sample) For any estimator sequence (Unm)n,m≥1, we have

sup
I⊆R2

|I|<∞

lim inf
n,m→∞

sup
(h1,h2)∈I

nm

n+m
En,m,h1,h2

∣∣∣Unm −W 2
2 (Pn−1/2,h1

, Qm−1/2,h2
)
∣∣∣2

≥ (1− ρ)VarP [ϕ0(X)] + ρVarQ[ψ0(Y )],

where the limit inferior is taken as n/(n+m) → ρ ∈ [0, 1], and En,m,h1,h2 denotes the
expectation taken over the probability measure P⊗n

n−1/2,h1
⊗Q⊗m

m−1/2,h2
.

The proof of Theorem 27 appears in Appendix 7.B. For technical purposes, our statement
assumes that P,Q admit densities lying in a strict subset Cα−1(Td;M,γ) of Cα−1(Td;M,γ),
the latter being the class in which our differentiable paths are shown to lie. With this caveat, our
plugin estimators achieve the asymptotic minimax lower bounds of Theorem 27. For example,
under the conditions of Theorem 20, when 2(α+ 1) > d we deduce that

sup
I⊆R2

|I|<∞

lim inf
n,m→∞

sup
(h1,h2)∈I

nm

n+m
En,m,h1,h2

∣∣∣W 2
2 (P̂

(ker)
n , Q̂(ker)

m )−W 2
2 (Pn−1/2,h1

, Qm−1/2,h2
)
∣∣∣2

= (1− ρ)VarP [ϕ0(X)] + ρVarQ[ψ0(Y )].

It can be verified that Theorem 27 continues to hold with Td replaced by [0, 1]d, under
the additional condition that φ0, φ

∗
0 ∈ Cα+1([0, 1]d). We were unable, however, to derive

differentiable paths Qt,h = (∇φt,h)#Pt,h which simultaneously satisfy the Hölder continuity
properties of Theorem 27 while also having Brenier potentialsφt,h, φ∗

t,h with uniformly bounded
Cα+1([0, 1]d) norm.

7.3 A One-Step Estimator

The previous two sections established that several plugin estimators of the Wasserstein distance
are semiparametric efficient when the smoothness of the underlying densities is sufficiently
high. A possibly surprising feature of these results was the fact that undersmoothing was not
necessary: the bandwidth used in our density estimators was always taken to be the minimax-
optimal choice. This forced us to make strong structural assumptions which ensured that our
plugin estimators did not have leading-order bias for all s > 0.

In this section, we aim to relax some of these assumptions by instead proposing a “one-step”
debiased estimator of the Wasserstein functional. First-order estimators of this type have been
at the heart of many recent developments in the causal inference literature, and more broadly in
a variety of semiparametric inference problems (see for instance Kennedy (2022) for a survey).
In such problems, one-step estimators are typically favored over plugin estimators because they
allow for nuisance parameters of a functional to be estimated in a black-box fashion, while still
retaining asymptotic efficiency. We will see that this general story applies to the Wasserstein
functional: treating the underlying densities and Kantorovich potentials as nonparametric
nuisance parameters, and given estimators of these quantities, we will construct a one-step
estimator which is agnostic to the structure of the nuisance estimates, and is semiparametric
efficient under black-box rate conditions.
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Let us briefly explain why our estimator involves the estimation of Kantorovich potentials
in addition to the densities. Recall that in Proposition 23, we derived a two-sample von
Mises expansion of the W 2

2 functional. Given preliminary density estimator P̂n and Q̂m, this
expansion roughly suggests that

W 2
2 (P̂n, Q̂m) ≈W 2

2 (P,Q) +

ˆ
ϕ0d(P̂n − P ) +

ˆ
ψ0d(Q̂m −Q),

where the approximation holds up to an error that decays quadratically with respect to the
Wasserstein risk of P̂n and Q̂m. The above display suggests that the leading-order bias of
W 2

2 (P̂n, Q̂m) is on the order of

E
[ˆ

ϕ0d(P̂n − P ) +

ˆ
ψ0d(Q̂m −Q)

]
.

Although we were able to show that this bias term is negligible for the plugin estimators studied
in Section 7.1, our results required strong structural conditions on the density estimators and
underlying support. There is no a priori reason to expect that the above bias term is negligible
for general density estimators, and we will instead construct an estimator which subtracts
these bias terms. This will require us to estimate the underlying nuisance functions ϕ0 and ψ0.

Let us now provide a formal construction of our estimator. Let Ω ⊆ Rd be a closed, convex
set. We continue to denote by P,Q two absolutely continuous probability distributions, with
respective densities p, q over Ω. Assume the practitioner has access to two independent i.i.d.
samples

X1, . . . , X2n ∼ P, Y1, . . . , Y2m ∼ Q,

where we assume the sample sizes 2n and 2m are even for simplicity. We split the samples
into the sets

X(1) = {X1, . . . , Xn}, X(2) = {Xn+1, . . . , X2n}, and
Y(1) = {Y1, . . . , Yn}, Y(2) = {Yn+1, . . . , Y2n},

and we assume that the following nuisance function estimators are given:

• p̂n is an estimator of the density p based on X(1). We assume that p̂n is a proper density
over Ω, and we let P̂n be the probability distribution with density p̂n;

• q̂m and Q̂m are defined similarly, based on the sample Y(1);
• T̂n = ∇φ̂n is an estimator of the Brenier map T0 based on X(1), which is proper in the

sense that it is the gradient of a convex function φ̂n. We assume this convex function is
additively normalized such that the induced Kantorovich potential

ϕ̂n = ∥ · ∥2 − 2φ̂n

satisfies
´
Ω ϕ̂ndP̂n = 0.
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• Ŝm = ∇η̂m is an estimator of the inverse map T−1
0 based on Y(1), where again we

assume η̂m is a convex function such that the induced Kantorovich potential

ψ̂m = ∥ · ∥2 − 2η̂m

satisfies
´
Ω ψ̂mdQ̂m = 0.

Furthermore, define the following empirical measures based on X(2) and Y(2),

P ′
n =

1

n

2n∑
i=n+1

δXi , Q′
m =

1

m

2m∑
j=m+1

δYj .

We then arrive at the following one- and two-sample estimators of the quadratic optimal
transport cost

Ŵn =W 2
2 (P̂n, Q) +

ˆ
ϕ̂ndP

′
n, and

Ŵnm =W 2
2 (P̂n, Q̂m) +

ˆ
ϕ̂ndP

′
n +

ˆ
ψ̂mdQ

′
m.

We are now ready to the state the main result of this section.

Theorem 28. Let Ω ⊆ Rd be a closed, convex set. Let P,Q ∈ Pac(Ω) ∩ P2(Ω) be absolutely
continuous distributions admitting respective densities p, q ∈ L∞(Ω), and let T0 be the Brenier
map pushing P forward onto Q. Let σ2ρ be defined as in equation (7.1).

(i) (One Sample) Assume that T0 is Lipschitz over Ω, and that there exists a pair of Kantorovich
potentials (ϕ0, ψ0) in the optimal transport problem from P to Q such that

∥p̂n∥L∞(Ω) = Op(1), inf
a∈R

∥ϕ̂n − ϕ0 − a∥L2(Ω) = op(1), and (7.5)

W 2
2 (P̂n, P ) +W2(P̂n, P )∥T̂n − T0∥L2(Ω) = op(n

−1/2). (7.6)

Then, as n→ ∞, √
n
(
Ŵn −W 2

2 (P,Q)
) d−→ N(0, σ20).

(ii) (Two Sample) Assume that T0 is bi-Lipschitz over Ω. Assume further that there exists a pair
of Kantorovich potentials (ϕ0, ψ0) in the optimal transport problem from P to Q such that
assumptions (7.5–7.6) hold, and

∥q̂m∥L∞(Ω) = Op(1), inf
a∈R

∥ψ̂m − ψ0 − a∥L2(Ω) = op(1), and

W 2
2 (Q̂m, Q) +W2(Q̂m, Q)∥Ŝm − T−1

0 ∥L2(Ω) = op(m
−1/2).

Then, as n,m→ ∞ such that n/m→ ρ ∈ (0, 1), it holds that√
nm

n+m

(
Ŵnm −W 2

2 (P,Q)
) d−→ N(0, σ2ρ).
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We make several remarks regarding Theorem 28.

• The estimator Ŵn is constructed with a sample of size 2n, but achieves the same limiting
variance as our plugin estimators based on a sample of size n. Therefore, Ŵn itself is
inefficient, but there is a simple modification of this estimator which is efficient. Let Ŵ ′

n

be the estimator obtained through the same procedure as Ŵn, but with the nuisance
functions estimated on the second half of the data X(2), and with P ′

n replaced by the
empirical measure on the first half of the data X(1). Then, the estimator

1

2
Ŵn +

1

2
Ŵ ′
n

can be shown to be efficient under similar conditions as those of Theorem 28 (a similar
procedure is used by Bickel and Ritov (1988)). The two-sample case can also be handled
similarly, but we omit formal statements in order to alleviate notation.

• The most substantive assumption in Theorem 28 is the rate condition (7.6). This as-
sumption is reminiscent of that of doubly robust estimators in the causal inference
literature (Chernozhukov et al., 2018), which would typically require that the mere
product of errors to decay at a fast rate,

W2(P̂n, P )∥T̂n − T0∥L2(Ω) = op(n
−1/2).

In our setting, we additionally require the condition W2(P̂n, P ) = op(n
−1/4). Roughly

speaking, this means that the underlying densities must be estimated well (at least at
the n−1/4 rate), but that the nuisance estimator ϕ̂n does not need to be estimated at a
fast rate. For example, if the density P is estimable at the parametric rate in Wasserstein
distance, then it suffices to choose ϕ̂n such that the fitted map T̂n is consistent in L2(Ω).
This is a very weak requirement; for instance, Segers (2022) derives uniformly consistent
estimators of optimal transport maps under almost no regularity assumptions.

• Notice carefully that Theorem 28 does not make the assumption that the underlying
Kantorovich potentials (ϕ0, ψ0) are unique. Instead, we merely assume that there exists
a pair of nuisance estimates (ϕ̂n, ψ̂m) which consistently estimates some allowable pair
of population Kantorovich potentials (ϕ0, ψ0), up to additive normalization, and the
limiting variances σ2ρ are to be understood with respect to this pair.

Let us now turn to the proof of Theorem 28.

7.3.1 Proof of Theorem 28

For the purpose of this proof only, let us make use of the following characterization of the
Sobolev seminorms: for any maps f ∈ H1(Ω) and g ∈ L2

0(Ω),

∥f∥Ḣ1(Ω) =

ˆ
Ω
∥∇f∥dL, and,

∥g∥Ḣ−1(Ω) = sup

{ˆ
Ω
gf : ∥f∥H1(Ω) ≤ 1, f ∈ H1(Ω)

}
.
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We will also make use of the following result due to Loeper (2006); Peyre (2018).

Lemma 87. Assume that µ, ν ∈ Pac(Ω) ∩ P2(Ω) admit densities f, g ∈ L∞(Ω). Then, there is
a constant C = C(∥f∥L∞(Ω), ∥g∥L∞(Ω),Ω, d) such that for any map h ∈ H1(Ω),

ˆ
hd(µ− ν) ≤ C∥h∥Ḣ1(Ω)W2(µ, ν).

Let us now turn to the proof. We will prove the first claim, and a similar argument may be
used to deduce the second. We have,

Ŵ (1)
n −W 2

2 (P,Q)

=W 2
2 (P̂n, Q)−W 2

2 (P,Q) +

ˆ
ϕ̂ndP

′
n

=

ˆ
ϕ0d(P̂n − P ) +

ˆ
ϕ̂ndP

′
n + op(n

−1/2),

where we used the fact that, by Theorem 18 of Chapter 5 (and remarks thereafter), the order
assessment

W 2
2 (P̂n, Q)−W 2

2 (P,Q)−
ˆ
ϕ0d(P̂n − P ) = Op

(
W 2

2 (P̂n, P )
)
= op(n

−1/2)

holds under the Lipschitz assumption on T0, and under our assumptions on the nuisance
parameter estimators. Furthermore, one has,

ˆ
ϕ0d(P̂n − P ) +

ˆ
ϕ̂ndP

′
n

=

ˆ
(ϕ0 − ϕ̂n)d(P̂n − P ) +

ˆ
ϕ̂nd(P

′
n − P ).

where we used the fact that
´
ϕ̂ndP̂n = 0. Notice that

ˆ
(ϕ0 − ϕ̂n)d(P̂n − P ) ≤ ∥ϕ̂n − ϕ0∥Ḣ1(Ω)∥p̂n − p∥Ḣ−1(Ω) ≲ ∥T̂n − T0∥L2(Ω)W2(P̂n, P ),

where we used Lemma 87, together with the fact that p̂n (and p) is bounded over Ω with
probability tending to one. By assumption on the nuisance parameter estimators, we thus have

ˆ
(ϕ0 − ϕ̂n)d(P̂n − P ) = op(n

−1/2).

Combining these facts, we arrive at

√
n
(
Ŵn −W 2

2 (P,Q)
)
=

√
n

ˆ
ϕ̂nd(P

′
n − P ) + op(1)

=
√
n

ˆ
ϕ0d(P

′
n − P ) +

√
n

ˆ
(ϕ̂n − ϕ0)d(P

′
n − P ) + op(n

−1/2).
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The first term in the final line of the above display converges in distribution to N(0, σ20) by
the classical central limit theorem. It thus remains to show that the second term vanishes
in probability. To this end, notice that by independence of P ′

n and ϕ̂n, it holds (cf. Lemma 2
of Kennedy, Balakrishnan, and G’Sell (2020))

√
n

ˆ
(ϕ̂n − ϕ0)d(P

′
n − P ) = Op

(√
Var[ϕ̂n − ϕ0|X1, . . . , Xn]

)
.

Using the fact that P has a bounded density over Ω, we have

Var[ϕ̂n − ϕ0|X1, . . . , Xn] ≤ inf
a∈R

∥ϕ̂n − ϕ0 − a∥2L2(Ω) = op(1),

by assumption. The claim now follows.

7.4 Toward Higher-Order Estimation

The one-step estimator presented in the previous section allows for efficient inference to be
performed over a wide range of model classes, including but not limited to the Hölder models
used in Section 7.1. Nevertheless, if we restrict our attention to these Hölder models, it is natural
to ask whether the plugin or one-step estimators can be improved by higher-order debiasing.
Indeed, it has well-known that for other traditional functional estimation problems, plugin and
one-step estimators are minimax suboptimal, and can be improved by debiasing the one-step
estimator (Bickel and Ritov, 1988; Birgé and Massart, 1995; Laurent, 1996; Kerkyacharian and
Picard, 1996). In this section, we take a first step suggesting that the same conclusion is true of
the Wasserstein distance: we will derive a second-order debiased estimator which achieves a
polynomially faster convergence rate than that of our plugin or one-step estimators.

For simplicity, we will focus on the simplest setting of periodic measures. Thus, we assume
throughout the remainder of this section that P and Q are absolutely continuous measures
over Td, with respective densities p, q which are bounded from below over Td by a positive
constant. In this case, there exists a unique pair of Kantorovich potentials (ϕ0, ψ0) (up to
additive normalization) in the optimal transport problem from P to Q, and we fix such a pair
with the normalization constant chosen such that

´
ϕ0dP = 0. Furthermore, for simplicity

of exposition, we focus only on the one-sample case where Q is known, and an i.i.d. sample
X1, . . . , X2n ∼ P is given.

Our main technical contribution will be to derive a second-order von Mises expansion of
the Wasserstein functional, and to show that the remainder of this expansion decays cubically.
We have already shown that the first-order influence function of W 2

2 is the Kantorovich
potential ϕ0. This suggests that its second-order influence function, if it were to exist, could
be obtained by taking the influence function of the mapping p 7→ ϕ0(x), at any fixed point
x ∈ Td. Conveniently, this mapping was our main object of study in Chapter 6, where we used
a linearization of the Monge-Ampère equation to quantify its first variation. As a reminder, let
us recall a result that can be deduced from Section 6.3 (and recall notation (1.18)).
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Lemma 88. Let p, p̂, q ∈ C2+β
+ (Td) for some β > 2, and let φ̂ be the unique Brenier potential

from p̂ to q which has mean zero over the unit hypercube. Let ϕ̂ = ∥ · ∥2 − 2φ0. Furthermore, let
E be operator defined in Lemma 58, namely

E : H2
0 (Td) → L2

0(Td), Eu = −div(A∇u),

where A = p · (∇2φ0)
−1. Then, there is a constant C = C(ω2+β(p, p̂, q), β, d) > 0 such that∥∥∥ϕ̂− ϕ0 − E−1[p̂− p]

∥∥∥ ≲ ∥p̂− p∥2C1+β(Td).

Using this observation, we arrive at the following result. In what follows, we recall from
Proposition 39 that the operatorE admits a unique periodic Green’s function Γ ∈ L1(Td×Td),
which is symmetric and integrates to zero in each of its coordinates. It satisfies the identity

E−1f(x) =

ˆ
Td

Γ(y, x)f(y)dy, for all f ∈ C∞
0 (Td), x ∈ Td.

Theorem 29. Assume the same conditions as in Lemma 88. Then, there is a constant C > 0
depending only on ω2+β(p, p̂, q), d, β such that∣∣∣∣W 2

2 (P̂ , Q)−W 2
2 (P,Q)−

ˆ
ϕ0d(P̂ − P )−

¨
Γd(P̂ − P )d(P̂ − P )

∣∣∣∣
≤ C∥p̂− p∥Cβ(Td)∥p̂− p∥2H−1(Td).

This result marks an important departure between the Wasserstein distance and other famil-
iar functionals, for which lack of existence of second-order influence functions is typical (Robins
et al., 2009). For such functionals, it is usually possible to use the idea of a quadratic expansion
to debias one-step estimators by first restricting the functional to a finite-dimensional subspace,
where a second-order influence function may exist, and then increasing the dimension of
this subspace, incurring a bias-variance trade-off. For us, the situation will be simpler, since
Theorem 29 shows that the quadratic term in the von Mises expansion of W 2

2 (P̂ , Q) is already
representable by a bilinear form, with “second-order influence function” Γ ∈ L1(Td × Td).
We will thus be able to perform second-order debiasing by simply estimating Γ and the cor-
responding bilinear form. Nevertheless, let us emphasize that Γ does not lie in L2(Td × Td),
and thus is not strictly-speaking a second-order influence function of W 2

2 (·, Q) in the sense
of Robins et al. (2009).

Guided by Theorem 29, let us now define our second-order debiased estimator. We will
assume as in the previous section that the i.i.d. sample is split into the sets

X(1) = {X1, . . . , Xn}, X(2) = {Xn+1, . . . , X2n}.

Let
p̂n(x) =

ˆ
Rd

Khn(x− y)dPn(y), x ∈ Td
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be a kernel density estimator based on the empirical measure Pn = (1/n)
∑n

i=1 δXi from X(1).
The above definition is to be understood with the same conventions as in Chapters 5–6; in
particular, K ∈ C∞

c (Rd) is a kernel, and Khn = K(·/hn)/hdn for some bandwidth hn > 0.
Furthermore, let φ̂n be the unique Brenier potential in the optimal transport problem from P̂n
to Q, admitting mean zero over the unit hypercube:

ˆ
[0,1]d

φ̂n(x)dx = 0.

Furthermore, let ϕ̂n = ∥ · ∥2 − 2φ̂n be an induced Kantorovich potential. Now, define the
operator

Ên : H2
0 (Td) → L2

0(Td), Ênu = −div(Ân∇u),

with Ân = p̂n · (∇2φ̂n)
−1. Here and throughout what follows, all of our definitions are

tacitly made over the event that p̂n defines a probability density on Td which is bounded
away from zero. Reasoning as in Chapter 6, the above operator admits a discrete and real
spectrum; we denote by 0 < λ1 ≤ λ2 ≤ . . . its ordered sequence of eigenvalues, with
corresponding eigenfunctions {ηj}∞j=1 chosen to form an orthonormal basis of L2

0(Td), and
such that Ênηj = λjηj for all j ≥ 1. We emphasize that these eigenfunctions and eigenvalues
are random and depend on n, but we omit this dependence from our notation for ease of
exposition.

Let Γ̂n be the periodic Green’s function associated with the above operator, and for some
nonnegative sequence (Jn)n≥1, define the estimator

Γ̃n(x, y) =

Jn∑
j=1

ηj(x)ηj(y)

λj
, x, y ∈ Td.

Now, let P ′
n = (1/n)

∑2n
i=n+1 δXi be the empirical measure based on X(2), and define the

U-statistic operator based on X(2),

Ung =
1(
n
2

) ∑
n+1≤i<j≤2n

g(Xi, Xj),

where g : Td × Td → R is any Borel-measurable map. Our second-order debiased estimator is
then defined by

Wn :=W 2
2 (P̂n, Q) +

ˆ
Td

ϕ̂nd(P
′
n − P̂n) + Ungn,

where gn : Td × Td → R is the kernel defined by

gn(x, y) = Γ̃n(y, x)−
¨ [

Γ̃n(y, x
′) + Γ̃n(y

′, x)− Γ̃n(y
′, x′)

]
dP̂n(x

′)dP̂n(y
′), x, y ∈ Td.

Our main result is the following.
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Theorem 30. Let p, q ∈ Cs+(Td), d ≥ 3, and assume

s > max
{
d/4− 1, 2

}
. (7.7)

Assume further that the kernel K satisfies condition K(s + 1). Let

hn ≍ n−
1

2s+d , and J1/d
n ≍ n

2
4s+d .

Then, it holds that

√
n
(
Wn −W 2

2 (P,Q)
) d−→ N(0, σ20), as n→ ∞,

where σ20 is defined as in equation (7.1).

Theorem 30 shows that second-order debiasing leads to semiparametric efficient inference
under the smoothness condition (7.7), which is significantly weaker than that of our plugin
estimators in Section 7.1 when s > 2. It is easy to see that this condition is also strictly weaker
than what is achievable by the one-step estimator in Section 7.3. We leave it as an exciting
open question to determine whether this condition is sharp, or whether it can be improved by
a more careful analysis or higher-order debiasing.

Let us now turn to proving Theorems 29–30 in turn.

7.4.1 Proof of Theorem 29

Let ϵ ∈ [0, 1], Pϵ = P + ϵ(P̂ − P ), and let φϵ be the unique Brenier potential admitting mean
zero over [0, 1]d, whose gradient pushes forward Pϵ onto Q. Let ϕϵ be the induced Kantorovich
potential. Furthermore, let Eϵ be the operator defined by

Eϵ : H
2
0 (Td) → L2

0(Td), Eϵu = −div(Aϵ∇u),

where Aϵ = pϵ · (∇2φϵ)
−1. Notice that, under the conditions we have placed on p, p̂, q, the

operator Eϵ satisfies the properties set forth in Section 6.A of Chapter 6. Define

g : [0, 1] → R, g(ϵ) =W 2
2 (Pϵ, Q).

We have already established that

g′(ϵ) = lim
h→0

W 2
2 (Pϵ+h, Q)−W 2

2 (Pϵ, Q)

h
=

ˆ
ϕϵd(P̂ − P ).

In order to compute the second-order derivative of g, write

1

h

ˆ
(ϕϵ+h − ϕϵ)d(P̂ − P ) (7.8)

=
1

h

ˆ
E−1
ϵ [pϵ+h − pϵ]d(P̂ − P ) +

1

h

ˆ (
ϕϵ+h − ϕϵ − E−1

ϵ [pϵ+h − pϵ]
)
d(P̂ − P ).
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Now, since pϵ ∈ C2+β
+ (Td), with Hölder norm and density lower bound which are uniform in

ϵ, we may apply Lemma 88 to the densities pϵ, pϵ+h, q to deduce∥∥∥ϕϵ+h − ϕϵ − E−1
ϵ [pϵ+h − pϵ]

∥∥∥
C2+β(Td)

≲ ∥pϵ+h − pϵ∥2C1+β(Td).

Combining this inequality with a simple duality argument, we obtain∣∣∣∣ˆ (ϕϵ+h − ϕϵ − E−1
ϵ [pϵ+h − pϵ]

)
d(P̂ − P )

∣∣∣∣
≲
∥∥ϕϵ+h − ϕϵ − E−1

ϵ [pϵ+h − pϵ]
∥∥
H2+β(Td)

∥p̂− p∥H−(2+β)(Td)

≲ ∥pϵ+h − pϵ∥2C1+β(Td)∥p̂− p∥H−(2+β)(Td) ≲ h
2.

Returning to equation (7.8), we deduce

g′′(ϵ) = lim
h→0

1

h

ˆ
(ϕϵ+h − ϕϵ)d(P̂ − P )

= lim
h→0

1

h

ˆ
E−1
ϵ [pϵ+h − pϵ]d(P̂ − P )

=

ˆ
E−1
ϵ [p̂− p]d(P̂ − P ),

where we used the fact that pϵ+h − pϵ = h(p̂ − p). We have thus shown that g is twice
differentiable. One may equivalently express the second derivative in terms of the periodic
Green’s function Γϵ associated to the operator Eϵ,

g′′(ϵ) =

ˆ ˆ
Γϵ(x, y)d(P̂ − P )(y)d(P̂ − P )(x).

It now follows from a second-order Taylor expansion that

|g(1)− g(0)− g′(0)− g′′(0)| ≤ sup
ϵ,ϵ′∈[0,1]

|g′′(ϵ)− g′′(ϵ′)|.

To prove the claim, it thus remains to bound the quantity on the right-hand of the above display.
Notice that for any given ϵ, ϵ′ ∈ [0, 1],

g′′(ϵ)− g′′(ϵ′) =

ˆ
(u− v)d(P̂ − P ),

where u = E−1
ϵ [p̂− p] and v = E−1

ϵ′ [p̂− p]. We have

Eϵu = p̂− p = Eϵ′v,

whence Eϵ′ [v − u] = (Eϵ − Eϵ′)u, and so, for any x ∈ Td,

v(x)− u(x) = E−1
ϵ′
[
(Eϵ − Eϵ′)u

]
(x)
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= −
ˆ

Γϵ′(·, x)
(
div(Aϵ∇u)− div(Aϵ′∇u)

)
=

ˆ
∇yΓϵ′(y, x)

⊤(Aϵ −Aϵ′
)
(y)∇u(y)dy.

We thus have,

g′′(ϵ)− g′′(ϵ) =

ˆ ˆ
∇yΓϵ′(y, x)

⊤(Aϵ −Aϵ′
)
(y)∇u(y)dydx

=

ˆ
∇E−1

ϵ′ [p̂− p](y)
(
Aϵ −Aϵ′

)
(y)∇u(y)dy,

where the final equality follows from Fubini’s theorem. Deduce that for any fixed β > 0,

|g′′(ϵ)− g′′(ϵ′)| ≲
∥∥∇E−1

ϵ [p̂− p]
∥∥
L2(Td)

∥Aϵ −Aϵ′∥L∞(Td)

∥∥∇u∥∥
L2(Td)

≲ ∥p̂− p∥H−1(Td)∥pϵ − pϵ′∥Cβ(Td)∥p̂− p∥H−1(Td)

≲ ∥p̂− p∥Cβ(Td)∥p̂− p∥2H−1(Td),

where the penultimate inequality can be deduced from the stability bound of Proposition 36
and Lemma 59 of Chapter 6. The claim thus follows.

We are now ready to prove the main result.

7.4.2 Proof of Theorem 30

Fix β ∈ (0, 1) so small that s− β/2 > max{d/4− 1, 2}. Throughout the proof, we will tacitly
make use of the fact that, by Lemma 108, there almost surely exists N > 0 such that for all
n ≥ N , there exists λ > 0 such that

inf
x∈Td

p̂n(x) ≥ λ−1, and ∥p̂n∥C2+β(Td) ≤ λ.

We will always work over this almost sure event without explicit mention. We also abbreviate
En[ · ] := E[ · |X1, . . . , Xn] and Varn[ · ] = Var[ · |X1, . . . , Xn].

Notice first that

W 2
2 (P,Q)−Wn

=

ˆ
ϕ̂nd(P − P ′

n) +

¨
Γ̂nd(P − P̂n)d(P − P̂n)− Ungn

+

[
W 2

2 (P,Q)−W 2
2 (P̂n, Q)−

ˆ
ϕ̂nd(P − P̂n)−

¨
Γ̂nd(P − P̂n)d(P − P̂n)

]
=

ˆ
ϕ̂nd(P − P ′

n) +

¨
Γ̂nd(P − P̂n)d(P − P̂n)− Ungn

+Op

(
∥p̂n − p∥Cβ(Td)∥p̂n − p∥2H−1(Td)

)
,
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where we used Theorem 29. By independence of X(1) and X(2), it is a simple observation that

√
n

ˆ
ϕ̂nd(P − P ′

n)
d−→ N(0, σ20)

as n→ ∞, by a similar reasoning as in the proof of Theorem 28. Therefore, to prove the claim,
it suffices to show that the remaining terms in the final line of the penultimate display are of
order op(n−1/2). We easily obtain

∥p̂n − p∥Cβ(Td)∥p̂n − p∥2H−1(Td) = Op

(
n−

3s+2−β
2s+d

)
= op(n

−1/2)

under the condition s− β/2 > d/4− 1, by Propositions 42–43. It thus remains to show that

Rn :=

¨
Γ̂nd(P − P̂n)d(P − P̂n)− Ungn = op(n

−1/2). (7.9)

To do so, we separately bound the bias and variance of Rn. Regarding the bias, we clearly have

En[Ungn] =
¨

gndPdP =

¨
Γ̃nd(P − P̂n)d(P − P̂n),

thus, for a large enough constant C > 0,∣∣En[Rn]
∣∣ = ∣∣∣∣¨ (

Γ̃n − Γ̂n
)
d(P − P̂n)d(P − P̂n)

∣∣∣∣
=

∣∣∣∣∣∣
∑
j>Jn

¨
λ−1
j ηj(x)ηj(y)d(P − P̂n)(x)d(P − P̂n)(y)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑
j>Jn

λ−1
j ⟨p̂n − p, ηj⟩2L2(Td)

∣∣∣∣∣∣
≲
∑
j>Jn

j−2/d⟨p̂n − p, ηj⟩2L2(Td).

Now, reasoning similarly as in the proof of Dunlop et al. (2020, Lemma 17), it holds that∑
j>Jn

λsj⟨p̂n − p, ηj⟩2L2(Td) ≲ ∥p̂n∥2Hs(Td) + ∥p∥2Hs(Td) ≲ 1,

thus ∣∣En[Rn]
∣∣ ≲ J− 2(s+1)

d
n

∑
j>Jn

j2s/d⟨p̂n − p, ηj⟩2L2(Td) ≲ J
− 2(s+1)

d
n ,

Let us now turn to the variance. Using an elementary bound on the variance of U-statistics (Robins
et al., 2009), we have

Varn[Rn] = Varn [Ungn] ≲
1

n
En

[(ˆ
Td

gn(X
′
1, y)dP (y)

)2
]
+

1

n2
En
[
g2n(X

′
2, X

′
1)
]
.
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Now, notice that for any x ∈ Td,
ˆ
Td

gn(x, y)dP (y) =

ˆ
Γ̃n(y, x)d(P − P̂n)(y) +

ˆ (ˆ
Γ̃n(y, x

′)d(P − P̂n)(y)

)
dP̂n(x

′)

≲ ∥p̂n − p∥L∞(Td),

where we used the fact that gn ∈ L1(Td×Td) with uniformly bounded norm. Using this same
fact again, we arrive at

Varn[Rn] ≲
∥p̂n − p∥L∞(Td)

n
+

1

n2

(
1 + En

[
Γ̃2
n(X

′
2, X

′
1)
] )
.

Regarding the final term, it holds that

E
[
Γ̃2
n(X

′
1, X

′
2)
]
≲
ˆ ˆ ∑

j≤Jn

ηj(x)ηj(y)

λj

2

dP (x)dP (y)

≍
∑
j,k≤Jn

λ−1
j λ−1

k

¨
ηj(x)ηj(y)ηk(x)ηk(y)dxdy

=
∑
j≤Jn

λ−2
j ≍ J1−4/d

n .

Combining these facts, and recalling that J1/d
n ≍ n

2
4s+d , we thus arrive at

E[R2
n] ≲ J

− 4(s+1)
d

n +
∥p̂n − p∥L∞(Td)

n
+
J
1−4/d
n

n2
≲ n−

8(s+1)
4s+d + o(n−1).

Under the condition s > d/4− 1, the above display is of order o(n−1). The claim follows from
here.

7.A Proofs of Central Limit Theorems for Plugin Estimators

The aim of this appendix is to prove Theorem 26. We also state and prove Proposition 40,
regarding the question of variance estimation. We begin by deriving limit laws for the functional´
ϕ0(p̂n − p), which form an important component of our central limit theorems. Here, p̂n is

one of the estimators p̂(bc)n , and p̂(ker)n , which respectively arise from the boundary-corrected
and kernel density estimators p̃(bc)n , and p̃(ker)n . We also write

p
(bc)
Jn

= E[p̃(bc)n ], p
(ker)
hn

= E[p̃(ker)n ].

We have the following.

Lemma 89. Let ϵ, s > 0, and let h−1
n ≍ 2Jn ↑ ∞.
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(i) (Unit Hypercube) Let p ∈ Cϵ([0, 1]d) be positive over [0, 1]d. Assume that ϕ0 ∈ Cs([0, 1]d)
satisfies VarP [ϕ0(X)] > 0. Then, as n→ ∞,

√
n

ˆ
ϕ0(p̂

(bc)
n − p

(bc)
Jn

)⇝ N(0,VarP [ϕ0(X)]).

(ii) (Flat Torus) Let p ∈ Cϵ(Td) be positive over Td. Assume that ϕ0 ∈ Cs(Td) satisfies
VarP [ϕ0(X)] > 0. Then, as n→ ∞,

√
n

ˆ
ϕ0(p̂

(ker)
n − p

(ker)
hn

)⇝ N(0,VarP [ϕ0(X)]).

7.A.1 Proof of Lemma 89

The proof is standard, thus we only prove claim (i). The remaining claims can be proven
similarly. For simplicity, we write Ψbc

j0−1 = Φbc throughout the proof. Reasoning as in the
proof of Lemma 36, and in particular using Lemma 105, it holds that

√
n

ˆ
ϕ0(p̂

(bc)
n − p

(bc)
Jn

) =
√
n

ˆ
ϕ0(p̃

(bc)
n − p

(bc)
Jn

) +
√
n

ˆ
ϕ0(p̂

(bc)
n − p̃(bc)n )

=
√
n

ˆ
ϕ0(p̃

(bc)
n − p

(bc)
Jn

) + op(1)

=
1√
n

n∑
i=1

(Zn,i − E[Zn,i]),

where we write

Zn,i =

Jn∑
j=j0−1

∑
ξ∈Ψbc

j

ξ(Xi)γξ, i = 1, . . . , n,

and where γξ =
´
ϕ0ξ for all ξ ∈ Ψbc. By Lyapunov’s central limit theorem (Billingsley (1968),

Theorem 7.3), it holds that

1√∑n
i=1Var[Zn,i]

n∑
i=1

(Zn,i − E[Zn,i])⇝ N(0, 1), (7.10)

provided that for some p > 2, ∑n
i=1 E [|Zn,i − EZn,i|p]
(
∑n

i=1Var[Zn,i])
p/2

→ 0. (7.11)

Now, using Lemma 101, it holds that

sup
n≥1

sup
1≤i≤n

|Zn,i| ≤ sup
n≥1

∥∥∥∥∥∥∥
Jn∑

j=j0−1

∑
ξ∈Ψbc

j

ξγξ

∥∥∥∥∥∥∥
∞
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≤
∞∑

j=j0−1

∥(γξ)ξ∈Ψbc
j
∥ℓ∞

 sup
ξ∈Ψbc

j

∥ξ∥∞


∥∥∥∥∥∥∥
∑
ξ∈Ψbc

j

I(|ξ| > 0)

∥∥∥∥∥∥∥
∞

≲
∞∑

j=j0−1

2−j(
d
2
+s)2

dj
2 ≲

∞∑
j=j0−1

2−js <∞. (7.12)

On the other hand, under the stated conditions, it follows from Lemma 36 that
n∑
i=1

Var[Zn,i] = n(VarP [ϕ0(X)] + o(1)). (7.13)

Since VarP [ϕ0(X)] > 0, the denominator in equation (7.11) is of the order np/2, while the
numerator is of order n by equation (7.12). It follows that Lyapunov’s condition (7.11) holds
for all p > 2. The claim thus follows from equations (7.10) and (7.13).

7.A.2 Proof of Theorem 26

Assume first that σ0, σ1 > 0. We begin with part (i). Under the stated conditions on the
densities, it follows from Theorem 4 that φ0 satisfies condition A1(λ) for some λ > 0. Apply
the stability bound of Theorem 18 to obtain,

0 ≤W 2
2 (P̂

(ker)
n , Q)−W 2

2 (P,Q)−
ˆ
ϕ0d(P̂

(ker)
n − P ) ≤W 2

2 (P̂
(ker)
n , P ).

Using the convergence rate of P̂ (ker)
n under W 2

2 in Proposition 46, and Lemma 47 regarding
the bias of

´
ϕ0dP̂

(ker)
n , we obtain

W 2
2 (P̂

(ker)
n , Q)−W 2

2 (P,Q) =

ˆ
ϕ0(p̂

(ker)
n − p

(ker)
hn

) +Op

(
n
− 2α

2(α−1)+d ∨ (log n)2

n

)
.

Using the assumption 2(α+ 1) > d, deduce that

√
n
(
W 2

2 (P̂
(ker)
n , Q)−W 2

2 (P,Q)
)
=

√
n

ˆ
ϕ0(p̂

(ker)
n − p

(ker)
hn

) + op(1).

Apply Lemma 89 to deduce that
√
n
(
W 2

2 (P̂
(ker)
n , Q)−W 2

2 (P,Q)
)
⇝ N(0, σ20), as n→ ∞.

By the same reasoning, but now using the two-sample stability bound of Proposition 23, we
also have√

nm

n+m

(
W 2

2 (P̂
(ker)
n , Q(ker)

m )−W 2
2 (P,Q)

)
=
√

(1− ρ)n

ˆ
ϕ0(p̂

(ker)
n − p

(ker)
hn

) +
√
ρm

ˆ
ψ0(q̂

(ker)
m − q

(ker)
hm

) + op(1),
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as n,m → ∞ such that n/(n + m) → ρ ∈ [0, 1]. By Lemma 89 and the independence of
X1, . . . , Xn, Y1, . . . , Ym, we deduce that√

nm

n+m

(
W 2

2 (P̂
(ker)
n , Q(ker)

m )−W 2
2 (P,Q)

)
⇝ N(0, σ2ρ),

as n,m→ ∞ such that n/(n+m) → ρ. This proves claim (i) for kernel estimators. Claim (ii)
regarding the boundary-corrected wavelet estimators (P̂n, Q̂m) now follows analogously by
using Lemma 36 to bound the bias of

´
ϕ0dP̂n, Lemma 106 to bound the convergence rate of

P̂n in Wasserstein distance, Proposition 28, to bound the bias of the plugin estimator of the
Wasserstein distance, and Lemma 89 to obtain the limiting distribution of

´
ϕ0(p̃n − E[p̃n]).

Finally, to prove part (v), apply Corollary 19 and the result of Divol (2021) to deduce that,
for Ω ∈ {[0, 1]d,Td}, since the densities p and q are bounded and bounded away from zero,
we have √

nW 2
2 (Pn, P ) = op(1),

√
mW 2

2 (Qm, Q) = op(1),

as n,m → ∞, whenever d ≤ 3. Therefore, using Theorem 18, Proposition 23, and Proposi-
tion 27, we obtain

√
n
(
W 2

2 (Pn, Q)−W 2
2 (P,Q)

)
=

√
n

ˆ
ϕ0d(Pn − P ) + op(1),√

nm

n+m

(
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

)
=
√
(1− ρ)n

ˆ
ϕ0d(Pn − P )

+
√
ρm

ˆ
ψ0d(Qm −Q) + op(1).

Claim (v) then follows by the classical central limit theorem.

It thus remains to consider the situation where σ1 = 0 or σ0 = 0. Notice that the
Kantorovich potentials ϕ0 and ψ0 are almost everywhere constant if and only if P = Q. As
a result, the statements “σ0 = 0”, “σ1 = 0”, and “P = Q” are equivalent, thus it remains to
prove the claim when P = Q. In this case, it suffices to show that

√
nW 2

2 (P̂n, P ) = op(1) and√
nm
n+mW

2
2 (P̂n, Q̂m) = op(1) for the various estimators P̂n and Q̂m under consideration. But

these assertions are a direct consequence of the aforementioned convergence rates of these
estimators in Wasserstein distance, under the assumptions of each of parts (i)–(v). The claim
thus follows.

7.A.3 Variance Estimation

We now state a simple result regarding the estimation of variances appearing in Theorem 26.
In what follows, let Ω be equal to Td, or to a compact and connected subset of Rd, and let
P,Q ∈ Pac(Ω). Let (ϕ0, ψ0) be a pair of Kantorovich potentials in the optimal transport
problem from P to Q. Furthermore, let

X1, . . . , Xn ∼ P, Y1, . . . , Ym ∼ Q
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be i.i.d. samples which are independent of each other, and letPn andQm denote their respective
empirical measures.

Proposition 40. Let the distributions P,Q ∈ Pac(Ω) have positive densities over Ω. Let P̂n
and Q̂m be estimators such that

W2(P̂n, P ) = op(1), and W2(Q̂m, Q) = op(1),

as n,m→ ∞. Let (ϕ̂nm, ψ̂nm) be a uniformly bounded pair of Kantorovich potentials in the
optimal transport problem from P̂n to Q̂m. Then, as n,m→ ∞,

σ̂20,nm := VarU∼Pn [ϕ̂nm(U)]
p−→ Var[ϕ0(X)], and,

σ̂21,nm := VarV∼Qm [ψ̂nm(V )]
p−→ Var[ψ0(Y )].

Note that the assumption of uniform boundedness of the fitted potentials can always be
satisfied, due to the compactness of Ω (Villani, 2003, Remark 1.13). In particular, the conditions
of Proposition 40 are met for any of the estimators (P̂n, Q̂m) appearing in the statement of
Theorem 26.

Proof of Proposition 40. To prove the claim, we shall make use of the following stability result
for Kantorovich potentials over compact metric spaces, due to Santambrogio (2015, Theorem
1.52), which we only state in the generality required for our proofs.

Lemma 90 (Santambrogio (2015)). Let P,Q ∈ Pac(Ω), and assume that at least one of P and Q
has support equal to Ω. Let (P k)k≥1, (Qk)k≥1 ⊆ P(Ω) be sequences which respectively converge
to P,Q weakly. Let (ϕk, ψk) denote a pair of Kantorovich potentials in the optimal transport
problem from P k to Qk, for all k ≥ 1. Then, it holds that ϕk → ϕ0 and ψk → ψ0 as k → ∞,
the convergence being uniform over Ω, for some pair of Kantorovich potentials (ϕ0, ψ0) in the
optimal transport problem from P to Q, which is uniquely defined up to translation by constants.

We will prove the claim for σ̂20,nm, and a symmetric argument may be used for σ̂21,nm. By
Lemma 90, there exists a random variable anm such that ϕ̂onm := ϕ̂nm + anm and ψ̂onm :=
ψ̂nm − anm converge uniformly to ϕ0 and ψ0 respectively. We have,

|σ̂20,nm − σ20| =
∣∣∣VarPn [ϕ̂nm(U)]−VarP [ϕ0(X)]

∣∣∣
=
∣∣∣VarPn [ϕ̂

o
nm(U)]−VarP [ϕ0(X)]

∣∣∣
≲

∣∣∣∣ˆ (ϕ̂onm)
2dPn −

ˆ
Td

ϕ20dP

∣∣∣∣+ ∣∣∣∣ˆ ϕ̂onmdPn −
ˆ
Td

ϕ0dP

∣∣∣∣
≲

∣∣∣∣ˆ (ϕ̂onm)
2d(Pn − P )

∣∣∣∣+ ∣∣∣∣ˆ ϕ̂onmd(Pn − P )

∣∣∣∣+ ∥∥ϕ̂onm − ϕ0
∥∥
L2(P )

.

Since ϕ̂onm is convex up to translation by a quadratic function, and uniformly bounded, it must
be Lipschitz with respect to ∥ · ∥ over the compact set Ω, with a uniform constant depending
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only on the diameter of this set (Hiriart-Urruty and Lemaréchal (2004), Lemma 3.1.1, p. 102).
Thus, (ϕ̂onm)2 is also Lipschitz over Ω with uniform constant. The set of Lipschitz functions with
a uniformly bounded Lipschitz constant, over any given compact domain, forms a Glivenko-
Cantelli class (van der Vaart and Wellner (1996), Theorem 2.7.1), thus the first two terms on the
right-hand side of the above display vanish in probability. The final term vanishes due to the
uniform convergence of ϕ̂onm to ϕ0.

7.B Proofs of Efficiency Lower Bounds

Throughout this appendix, given Q ∈ Pac(Ω), we abbreviate the functional ΦQ by Φ, and the
influence functions Φ̃(P,Q) and Ψ̃(P,Q) by Φ̃ and Ψ̃, respectively.

We begin by defining the differentiable paths (Pt,h1)t≥0 and (Qt,h2)t≥0, for all (h1, h2) ∈
R2, as announced in Section 7.2. We follow a construction from Example 1.12 of van der Vaart
(2002). Recall that P,Q ∈ Pac(Ω) admit respective densities p, q. Let ζ ∈ C∞(R) ∩ C2(R) be a
bounded nonnegative map, which is bounded away from zero over R by a positive constant,
and which satisfies ζ(0) = ζ ′(0) = ζ ′′(0) = 1. For any functions f ∈ L2

0(P ) and g ∈ L2
0(Q),

define P ft , Q
g
t ∈ Pac(Ω) to be the distributions with densities

pft (x) ∝ ζ(tf(x))p(x), qgt (y) ∝ ζ(tg(y))q(y), (7.14)

for all x, y ∈ Ω and t ≥ 0. Since ζ is bounded away from zero over R, notice that the implicit
normalizing constants in the above display are bounded from above by a constant which does
not depend on t, f, g, p, q. We now turn to the proofs of Lemma 86 and Theorem 27.

7.B.1 Proof of Lemma 86

Let f ∈ ṖP be an arbitrary score function, and abbreviate the differentiable path Pt := P ft , and
its density pt := pft , for all t ≥ 0. Here, we use the definition in equation (7.14). Let (ϕt, ψt)
denote a pair of Kantorovich potentials in the optimal transport problem from Pt to Q, which
we may and do choose to be uniformly bounded by diam(Ω)2, and hence uniformly bounded
in t. By the Kantorovich duality, one has

Φ(Pt)− Φ(P ) = sup
(ϕ,ψ)∈K

[ˆ
ϕdPt +

ˆ
ψdQ

]
−
ˆ
ϕ0dP −

ˆ
ψ0dQ

≥
ˆ
ϕ0dPt +

ˆ
ψ0dQ−

ˆ
ϕ0dP −

ˆ
ψ0dQ =

ˆ
ϕ0d(Pt − P ),

Φ(Pt)− Φ(P ) =

ˆ
ϕtdPt +

ˆ
ψtdQ− sup

(ϕ,ψ)∈K

[ˆ
ϕdP −

ˆ
ψdQ

]
≤
ˆ
ϕtd(Pt − P ).

(7.15)
By construction, the map t ∈ [0,∞) 7→ pt(x) is differentiable for every x ∈ Ω, and letting
∆t(x) = (pt(x)− p(x))/t, we have

lim
t→0

∆t(x) =
∂

∂t
pt(x)

∣∣∣∣
t=0

= f(x)p(x). (7.16)
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Now, notice that for all t ≥ 0,

|∆t(x)| ≲
∣∣∣∣ζ(tf(x))− 1

t

∣∣∣∣ p(x) = ∣∣∣∣ζ(tf(x))− ζ(0)

t

∣∣∣∣ p(x) ≤ ∥ζ∥C1(Rd)f(x)p(x).

Since f ∈ L2
0(P ) ⊆ L1

0(P ), we deduce that ∆t(x) is dominated by an integrable function,
uniformly in t. Since ϕ0 is uniformly bounded, we also deduce that the map |ϕ0||∆t − fp| is
dominated by an integrable function. We then have, by equation (7.16) and the Dominated
Convergence Theorem,

lim inf
t→0

Φ(Pt)− Φ(P )

t
≥ lim inf

t→0

ˆ
Ω
ϕ0∆tdL

=

ˆ
Ω
ϕ0fdP + lim inf

t→0

ˆ
Ω
ϕ0 [∆t − fp] dL

≥
ˆ
Ω
ϕ0fdP − lim sup

t→0

ˆ
Ω
|ϕ0| |∆t − fp| dL

≥
ˆ
Ω
ϕ0fdP −

ˆ
Ω
|ϕ0| lim sup

t→0
|∆t − fp| dL =

ˆ
ϕ0fdP, (7.17)

and similarly,

lim sup
t→0

Φ(Pt)− Φ(P )

t
≤ lim sup

t→0

ˆ
ϕt∆tdL

≤ lim sup
t→0

ˆ
ϕtfdP +

(
sup
t≥0

∥ϕt∥L∞(Ω)

)
lim sup
t→0

ˆ
|∆t − fp| dL

= lim sup
t→0

ˆ
ϕtfdP.

Let tk ↓ 0 be a sequence achieving the limit superior, in the sense that limk→∞
´
ϕtkfdP =

lim supt→0

´
ϕtdP . Up to taking a subsequence of (tk), Lemma 90 implies that ϕtk converges

uniformly to a Kantorovich potential f0 from P to Q, which is unique up to translation by a
constant, and which therefore takes the form f0 = ϕ0 + a for some a ∈ R. The limit superior
clearly continues to be achieved along this subsequence, thus we replace it by (ϕtk) without
loss of generality. We thus have

lim sup
t→0

ˆ
ϕtfdP = lim

k→∞

ˆ
ϕtkfdP =

ˆ (
lim
k→∞

ϕtk

)
fdP =

ˆ
(ϕ0+ a)fdP =

ˆ
ϕ0fdP,

where the interchange of limit and integration holds again by the Dominated Convergence The-
orem, since ϕt are uniformly bounded, and f ∈ L2

0(P ). Combine this fact with equation (7.17)
to deduce that

lim
t→0

Φ(Pt)− Φ(P )

t
=

ˆ
ϕ0fdP.

It follows that Φ̃ = ϕ0 −
´
ϕ0dP is an influence function of Φ with respect to ṖP . Since

we assumed that Φ̃ ∈ ṖP , it must in fact be the case that Φ̃ is the unique efficient influence
function of Φ with respect to ṖP (van der Vaart, 2002), and the claim follows.
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7.B.2 Proof of Theorem 27

We shall use the following abbrevations of the differentiable paths defined in equation (7.14).
For any h ∈ R and t ≥ 0, if f = hΦ̃ and g = hΨ̃, we write

Pt,h := P ft , pt,h(x) := pft (x) = ch(t)ζ(thΦ̃(x))p(x), (7.18)
Qt,h := Qgt , qt,h(y) := qgt (y) = kh(t)ζ(thΨ̃(y))q(y), (7.19)

for all x, y ∈ Td, where the normalizing constants are explicitly denoted

ch(t) =

(ˆ
Td

ζ(thΦ̃(x))dP (x)

)−1

, kh(t) =

(ˆ
Td

ζ(thΨ̃(y))dQ(y)

)−1

.

In this case, the collections {(Pt,h)t≥0 : h ∈ R} and {(Qt,h)t≥0 : h ∈ R} respectively have
score functions given by the tangent spaces

ṖP = {hΦ̃ : h ∈ R}, ṖQ = {hΨ̃ : h ∈ R}.

We begin by showing that there exist M,γ, u > 0 such that pt,h ∈ Cα−1(Td;M,γ) uni-
formly in t|h| ≤ u. An identical argument may then be used to show that qt,h ∈ Cα−1(Td;M,γ)
for all appropriate t, h. Our proof then proceeds by proving parts (i) and (ii).

Since p ≥ γ−1, and since ζ is bounded from below by a positive constant, it is clear that
there must exist γ > 0 depending on γ and ζ such that

γ̄−1 ≤ pt,h over Td, for all t ≥ 0, h ∈ R. (7.20)

We next prove the uniform Hölder continuity of pt,h. We begin by studying the Hölder
continuity of the map ζ(thΦ̃(·)). Since p, q ∈ Cα−1(Td;M,γ), and since we assumed α ̸∈ N,
we have by Theorem 4 that, for some constant λ > 0 depending only on M,γ, α,

∥Φ̃∥Cα+1(Td) ≤ λ. (7.21)

Furthermore, recall that ζ ∈ C∞(R). Thus, by the multivariate Faà di Bruno formula (see,
for instance, Encinas and Masque (2003); Constantine and Savits (1996)), it holds that for all
multi-indices 1 ≤ |β| ≤ ⌊α+ 1⌋,

Dβζ(thΦ̃(·)) = β!

|β|∑
ℓ=0

(th)ℓζ(ℓ)(thΦ̃(·))
∑

(ej),(τj)

d∏
j=1

1

ej !

(
1

τj !
Dτj Φ̃(·)

)ej
,

where the second summation is taken over all indices (ej)1≤j≤d ⊆ N and multi-indices
(τj)1≤j≤d ⊆ Nd such that for some 1 ≤ s ≤ d− 1, τj = 0 and ej = 0 for all 1 ≤ j ≤ s, ej ̸= 0

and τj ̸= 0 for s+ 1 ≤ j ≤ d, and for which it holds that
∑d

j=1 eτ = ℓ and
∑d

j=1 ejτj = β.
Furthermore, β! = β1! . . . βd!, and τj ! is defined similarly for all j. Since ζ ∈ C∞(R), its
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derivatives of all orders less than α + 1 are uniformly bounded over any fixed compact set.
Since Φ̃ is bounded, we deduce that for any u > 0,

sup
0≤ℓ≤⌊α+1⌋

sup
t≥0,h∈R
t|h|≤u

∥(th)ℓζ(ℓ)(thΦ̃(·))∥∞ ≲u,α 1.

Furthermore, we have ∥Dτ Φ̃∥∞ ≤ λ for any 0 ≤ |τ | ≤ ⌊α+ 1⌋. This fact together with the
preceding two displays implies

sup
0≤|β|≤⌊α+1⌋

sup
t≥0,h∈R
t|h|≤u

∥Dβζ(thΦ̃(·))∥∞ ≲λ,u,α 1. (7.22)

Now, recall that pt,h(·) = ch(t)ζ(thΦ̃(·))p(·), and that ch(t) is uniformly bounded in h and t
because ζ is bounded away from zero by a positive constant. Thus, using the above display,
the fact that p ∈ Cα−1(Td;M), and Lemma 95, we deduce there exists a constant M > 0,
depending only on M,u, α and the choice of ζ , such that

sup
t≥0,h∈R
t|h|≤u

∥pt,h∥Cα−1(Td) ≤M.

Combine this fact with equation (7.20) to deduce that

pt,h ∈ Cα−1(Td;M,γ), for all t ≥ 0, h ∈ R, t|h| ≤ u.

We now prove part (i). Since Φ̃ ∈ ṖP , it follows from Lemma 86 that Φ̃ is the efficient
influence function of Φ relative to ṖP . Since ṖP is a vector space, it follows from Theorem 25.21
of van der Vaart (1998) that for any estimator sequence Un,

sup
I⊆R
|I|<∞

lim inf
n→∞

sup
h∈I

nEn,h
∣∣Un − ΦQ(Pn−1/2,h)

∣∣2 ≥ VarP [ϕ0(X)],

where the infimum is over all estimator sequences.

We next prove part (ii). Inspired by the proof of Theorem 11 of Berrett and Samworth
(2023), our goal will be to invoke a more general version of Theorem 25.21 of van der Vaart
(1998), given in Theorem 3.11.5 of van der Vaart and Wellner (1996), whose statement we briefly
summarize here. Let H be a Hilbert space with inner product ⟨·, ·⟩H , and norm ∥·∥H . Let
(Xn,An, µn,h : h ∈ H) be a sequence of asymptotically normal experiments (as defined in
Section 3.11 of van der Vaart and Wellner (1996)). A parameter sequence (κn(h) : h ∈ H) ⊆ R
is said to be regular if there exists a nonnegative sequence (rn) such that

rn
(
κn(h)− κn(0)

)
→ κ̇(h), h ∈ H,

for a continuous linear map κ̇ : H → R. Denote by κ̇∗ : R → H the adjoint of κ̇, namely the
map satisfying ⟨κ̇∗(b∗), h⟩H = b∗κ̇(h) for all h ∈ H .
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Lemma 91 (van der Vaart and Wellner (1996), Theorem 3.11.5). Let the sequence of experiments
(Xn,An, µn,h : h ∈ H) be asymptotically normal, and let the parameter sequence (κn(h) : h ∈
H) be regular. Suppose there exists a Gaussian random variable G such that for all b∗ ∈ R,
b∗G ∼ N(0, ∥κ̇∗(b∗)∥2H). Then, for any estimator sequence (Un)n≥1,

sup
I⊆H
|I|<∞

lim inf
n→∞

sup
h∈I

r2nEµn,h
(Un − κn(h))

2 ≥ Var[G].

Returning to the proof, define the Hilbert space H = R2 with inner product

⟨(h1, h2), (h′1, h′2)⟩H = h1h
′
1VarP [ϕ0(X)] + h2h

′
2VarQ[ψ0(Y )], (h1, h2), (h

′
1, h

′
2) ∈ H,

and the sequence of experiments

µn,h = P⊗n
n−1/2,h1

⊗Q⊗m
m−1/2,h2

, h = (h1, h2) ∈ R2,

endowed with the standard Borel σ-algebra. Here,m is viewed as a function of nwhich satisfies
n/(n +m) → ρ ∈ [0, 1] as n → ∞. The following result can be deduced from Section 7.5
of Berrett and Samworth (2023) with minor modifications, using our assumptions placed on ζ .

Lemma 92 (Berrett and Samworth (2023)). The sequence of experiments (µn,h : h ∈ H) is
asymptotically normal.

For all h = (h1, h2) ∈ H , let κn(h) = Ψ(Pn−1/2,h1
, Qm−1/2,h2

), where again m is treated
as a function of n. Notice that κn(0) = Ψ(P,Q) for any n ≥ 1. By following the same
argument as in the proof of Lemma 86, using the Kantorovich duality and the stability result
for Kantorovich potentials in Lemma 90, one has

κn(h)− κn(0) =

ˆ
ϕ0d(Pn−1/2,h1

− P ) +

ˆ
ψ0d(Qm−1/2,h2

−Q) + o(1).

Now, since ζ(0) = ζ ′(0) = 1 and
´
Φ̃dP = 0, we have for all t ≥ 0,∣∣∣∣∣ 1

ch1(t)
− 1

∣∣∣∣∣ =
∣∣∣∣ˆ [ζ(th1Φ̃(x))− 1− th1Φ̃(x)

]
dP (x)

∣∣∣∣ ≲ ∥ζ∥C2(R)t
2h21∥Φ̃∥L2(P ).

Recall that p and ζ are bounded, and that ch1(n−1/2) is uniformly bounded in h1 and n, thus
for all x ∈ Td,

pn−1/2,h1
(x)− p(x) = p(x)

[
ch1(n

−1/2)ζ
(
h1n

−1/2Φ̃(x)
)
− 1
]

= p(x)
[
ζ
(
h1n

−1/2Φ̃(x)
)
− 1
]
+O

(
∥p∥∞∥ζ∥∞h21

n

)
= p(x)h1n

−1/2Φ̃(x) +O
(
h21/n

)
,

where we again used the fact that ζ(0) = ζ ′(0) = 1. Similarly, for all y ∈ Td,

qm−1/2,h2
(y)− q(y) = q(y)h2m

−1/2Ψ̃(y) +O
(
h22/m

)
,
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implying that,

κn(h)− κn(0) = h1n
−1/2

ˆ
ϕ0Φ̃dP + h2m

−1/2

ˆ
ψ0Ψ̃dQ+O(h21/n+ h22/m)

= h1n
−1/2VarP [ϕ0(X)] + h2m

−1/2VarQ[ψ0(Y )] +O(h21/n+ h22/m).

We deduce that√
nm

m+m
(κn(h)− κn(0)) −→ κ̇(h) := ⟨(

√
1− ρ,

√
ρ), (h1, h2)⟩H ,

as n,m→ ∞ such that n/(n+m) → ρ. It follows that the sequence of parameters (κn(h) :
h ∈ H) is regular. Furthermore, the adjoint of κ̇ is easily seen to be κ̇∗(b∗) = b∗(

√
1− ρ,

√
ρ),

for all b∗ ∈ R, and one has

∥κ̇∗(b∗)∥2H = b∗
(
(1− ρ)VarP [ϕ0(X)] + ρVarQ[ψ0(Y )]

)
.

The claim now follows from Lemma 91.

7.C Alternate Proofs of Central Limit Theorems

In this Section, we provide an alternate proof of Theorem 26 which does not rely on our stability
bounds in Theorem 18 and Proposition 23. We instead follow the strategy developed by del
Barrio and Loubes (2019) for obtaining limit laws of the process

√
n(W 2

2 (Pn, Q)−W 2
2 (P,Q)).

For the sake of brevity, we only prove the one-sample case of Theorem 26(ii), and the remaining
assertions of Theorem 26 can be handled similarly. Throughout this section, we abbreviate
Ψ = Ψbc and P̂n = P̂

(bc)
n .

We shall make use of the classical Efron-Stein inequality (see for instance Boucheron,
Lugosi, and Massart (2013), Theorem 3.1) for bounding the variance of functions of independent
random variables, stated as follows.

Lemma 93 (Efron-Stein Inequality). Let X1, X
′
1, X2, X

′
2, . . . , Xn, X

′
n be independent random

variables, and let Rn = f(X1, . . . , Xn) be a square-integrable function of X1, . . . , Xn. Let

R′
ni = f(X1, . . . , Xi−1, X

′
i, Xi+1, . . . , Xn), i = 1, . . . , n.

Then,

Var[Rn] ≤
n∑
i=1

E(Rn −R′
ni)

2
+.

With these results in place, we turn to proving the one-sample case of Theorem 26(ii). In
view of Lemma 106, it suffices to assume P ̸= Q, in which case Var[ϕ0(X)] > 0. We abbreviate
P̂n = P̂

(bc)
n , and we begin with the following result.

Proposition 41. Assume the same conditions as Theorem 26(ii). Define

Rn =W 2
2 (P̂n, Q)−

ˆ
ϕ0dP̂n.

Then, as n→ ∞, nVar(Rn) → 0.
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7.C.1 Proof of Proposition 41

Let X ′
1 ∼ P denote a random variable independent of X1, . . . , Xn, and let

P ′
n =

1

n
δX′

1
+

1

n

n∑
i=2

δXi

denote the corresponding empirical measure. Let P̂ ′
n be the distribution with density

p̂′n =
∑
ζ∈Φ

β̂′ζζ +

Jn∑
j=j0

∑
ξ∈Ψj

β̂′ξξ =

Jn∑
j=j0−1

∑
ξ∈Ψj

β̂′ξξ, where β̂′ξ =
ˆ
ξdP̂ ′

n, ξ ∈ Ψ,

where we write Ψj0−1 = Φ for ease of notation. Set

R′
n =W 2

2 (P̂
′
n, Q)−

ˆ
ϕ0dP̂

′
n.

By Lemma 93, it will suffice to prove that n2E(Rn −R′
n)

2
+ = o(1). Let (ϕ̂n, ψ̂n) be a pair of

Kantorovich potentials between P̂n and Q. Without loss of generality, we may assume that´
ϕ̂ndL =

´
ϕ0dL for all n ≥ 1. By the Kantorovich duality, we have

W 2
2 (P̂n, Q) =

ˆ
ϕ̂ndP̂n +

ˆ
ψ̂ndQ,

W 2
2 (P̂

′
n, Q) = sup

(ϕ,ψ)∈K

ˆ
ϕdP̂ ′

n +

ˆ
ψdQ

≥
ˆ
ϕ̂ndP̂

′
n +

ˆ
ψ̂ndQ =W 2

2 (P̂n, Q) +

ˆ
ϕ̂nd(P̂

′
n − P̂n).

It follows that, on the event En,

Rn −R′
n ≤
ˆ
(ϕ̂n − ϕ0)d(P̂n − P̂ ′

n).

In view of Lemma 93, the claim will follow if we are able to show that n2E(Rn−R′
n)+ = o(1).

Arguing similarly as in the proof of, for instance, Lemma 36, it holds that P(p̂n = p̃n) ≲ n−3.
Using this fact and the above inequality, it will suffice to prove that the quantity

∆n := n2E
(ˆ

(ϕ̂n − ϕ0)(p̃n − p̃′n)dL
)2

+

vanishes as n→ ∞. To this end, notice that

ˆ
(ϕ̂n − ϕ0)(p̃n − p̃′n)dL =

ˆ
(ϕ̂n − ϕ0)

 Jn∑
j=j0−1

∑
ξ∈Ψj

(β̂ξ − β̂′ξ)ξ





Chapter 7. Efficient Inference for the Quadratic Wasserstein Distance 341

=
1

n

Jn∑
j=j0−1

∑
ξ∈Ψj

(ξ(X1)− ξ(X ′
1))

ˆ
(ϕ̂n − ϕ0)ξ.

Using the locality of the wavelet basis (Lemma 30(ii)) and the Cauchy-Schwarz inequality, we
obtain

∆n ≲ Jn

Jn∑
j=j0−1

∑
ξ∈Ψj

E[ξ2(X)]

ˆ ∥∥ϕ̂n − ϕ0
∥∥2|ξ|2 ≲ Jn Jn∑

j=j0−1

∑
ξ∈Ψj

ˆ ∥∥ϕ̂n − ϕ0
∥∥2|ξ|2.

In the final step, we again used Lemma 30(ii) together with the fact that p is bounded over
[0, 1]d (since p ∈ Cα−1([0, 1]d)), implying that

E[ξ2(X)] =

ˆ
ξ2(x)p(x)dx ≲

ˆ
ξ2(x)dx = 1.

By Lemma 101, for all ξ ∈ Ψj and j ≥ j0, we have supp(ξ) ⊆ Iξ for a rectangle Iξ ⊆ [0, 1]d

satisfying diam(Iξ) ≲ 2−j , and ∥ξ∥L∞(Iξ) ≲ 2dj/2. Thus,

n2E(Rn −R′
n)

2
+ ≲ Jn

Jn∑
j=j0−1

2dj
ˆ
Iξ

∥∥ϕ̂n − ϕ0
∥∥2.

Apply the Poincaré inequality in Lemma 38 together with the bound diam(Iξ) ≲ 2−j to deduce

n2E(Rn −R′
n)

2
+≲Jn

Jn∑
j=j0−1

2(d−2)j

ˆ
Iξ

∥∥∇(ϕ̂n − ϕ0)
∥∥2≲Jn Jn∑

j=j0−1

2(d−2)j
∥∥T̂n − T0

∥∥2
L2(P )

,

where the final inequality holds due to the assumption that p has a positive density over [0, 1]d,
which, due to the continuity of p, implies that there is a constant γ−1 > 0 such that p ≥ γ−1

over [0, 1]d. Apply Theorem 19 to deduce that

n2E(Rn −R′
n)

2
+ ≲ Jn

Jn∑
j=j0−1

2(d−2)j
∥∥T̂n − T0

∥∥2
L2(P )

≲ Jn

(
2Jn(d−2−2α) ∨ (log n)2

n

)
.

Since d < 2(α+ 1) and Jn ≍ log n, the above display is of order o(1), thus the claim follows
from Lemma 93.

To prove the claim from here, write

√
n
(
W 2

2 (P̂n, Q)− EW 2
2 (P̂n, Q)

)
=

√
n

ˆ
ϕ0(p̂n − pJn) +

√
n
(
Rn − E[Rn]

)
,

where recall that pJn = E[p̂n]. It follows from Proposition 41 that the final term of the above
display converges to zero in probability. Furthermore,

√
n
´
ϕ0(p̂n−pJn)⇝ N(0,Var[ϕ0(X)])

by Lemma 89. Combining these facts with the bias bound of Theorem 19, the claim follows.
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Chapter 8

An Application to the Search for
Pairs of Higgs Bosons

Our aim in this final chapter is to provide an application of the methods developed in this thesis
to a statistical problem arising in high energy physics, and more specifically in the search for
new physical phenomena in collider experiments.

8.1 Introduction

The Standard Model (SM) of high energy physics is a theory describing the interactions between
elementary particles—the building blocks of matter. One key component of the SM is the
presumed existence of a quantum field responsible for generating mass in certain elementary
particles. This field is known as the Higgs field, originally theorized by Higgs (1964), Englert
and Brout (1964). Excitations of the Higgs field produce particles, known as Higgs bosons,
which were the subject of an intensive search by experimental particle physicists ever since the
mid 1970s. In July 2012, two independent experiments at the Large Hadron Collider (LHC) at
CERN (the European Organization for Nuclear Research) announced the observation of a new
particle consistent with the SM Higgs boson (ATLAS, 2012; CMS, 2012). Having discovered this
Higgs-like particle, current work is concerned with detailed studies of its properties, in order
to confirm or refute those predicted by the SM. One such property is the so-called Higgs boson
self-coupling, whereby a single excitation of the Higgs field can split into two Higgs bosons
without intermediate interactions with other particles. Observing this phenomenon would
provide compelling new information regarding the mechanism of particle mass generation.
This chapter is concerned with some of the statistical challenges posed by its search.

The LHC is housed in a massive underground tunnel in which two counter-rotating beams
of protons are accelerated to nearly the speed of light. When these protons collide, new particles
are formed, and their paths within particle detectors are recorded. Individual collisions are
referred to as events. An event in which two Higgs bosons are generated is called a double Higgs
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(or di-Higgs) event. The Higgs boson is a highly unstable particle; whenever it is produced,
it decays into other particles almost immediately, making di-Higgs production impossible to
observe directly.

The Higgs boson most commonly decays into a pair of so-called bottom quarks (b-quarks).
An event in which four b-quarks are observed is thus a candidate di-Higgs event, but could
also have arisen from various other physical processes that produce four b-quarks. We say that
a di-Higgs event in which the Higgs bosons decay into four b-quarks is a signal event, while
any other event tagged as having four b-quarks is called a background event. The problem of
searching for double Higgs boson production reduces to testing whether the proportion of
signal events is nonzero among the observed data. As we describe in Section 8.3, carrying
out this test is a well-understood statistical task when the distributions of both background
and signal events are known. While the di-Higgs signal distribution can be approximated to
sufficient accuracy with first-principles simulation, simulating the background distribution
suffers from large high-order corrections which are computationally intractable (Di Micco
et al., 2020). Instead, the background distribution must be estimated using observed data. This
is known as the problem of data-driven background modeling, which is the main subject of this
chapter.

As stated, the background distribution is not a statistically identifiable quantity without
further assumptions, due to the potential presence of an unknown proportion of signal in the
data. Any analysis strategy must therefore make some modeling assumptions to make the
background estimation problem tractable. As we discuss below, it is standard to assume that the
background distribution is related in some way to the distribution of certain auxiliary events,
which in turn is identifiable. An example of useful auxiliary events is those consisting of less
than four observed b-quarks, since they are unlikely to be signal events, but are kinematically
similar to the background events of interest (Bryant, 2018). Stated differently, the distribution of
auxiliary events is an identifiable estimand which has undergone a distributional shift relative
to the non-identifiable background distribution of interest. If the analyst has access to a
sample of auxiliary events, its empirical distribution provides a first naive approximation of
the desired background distribution. To obtain a more precise estimate, one must correct for
the distributional shift.

As we discuss in Section 8.1.2, the most widely-used method for correcting this distributional
shift is based on an estimate of the density ratio between the background and auxiliary events.
This method typically first estimates the density ratio in a signal-free region of the phase
space, known as the Control Region, and then extrapolates it to the region of primary interest,
known as the Signal Region. Any deviation of this extrapolated density ratio from unity is
used to correct the distributional shift undergone by the auxiliary sample. This extrapolation
can be viewed as an instance of transfer learning (Weiss, Khoshgoftaar, and Wang, 2016).
While a careful choice of the density ratio estimator can greatly improve the accuracy of this
extrapolation, it clearly cannot lead to a consistent estimator if the distribution in the Signal
Region is unconstrained relative to its counterpart in the Control Region. This procedure thus
places an implicit modeling assumption on the underlying distributions, which is challenging
to quantify and verify in practice. Nevertheless, variants of this procedure have been used in
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each of the most recent di-Higgs searches in the four b-quark final state (e.g. ATLAS (2018),
ATLAS (2019), ATLAS (2021), CMS (2022), ATLAS (2022)). This raises the important need for
cross-checking the modeling assumption made by such an approach.

8.1.1 Our Contributions

This chapter develops a new methodology for data-driven background modeling in di-Higgs
boson searches. Our approach is fully nonparametric, and does not involve the extrapolation of
density ratios. It hinges upon a characteristic modeling assumption, which is complementary
to that of the density ratio method. These two distinct methods can thus serve as cross-checks
for each other in di-Higgs searches, an important benefit that will increase the analyst’s trust
in the obtained background estimates.

Our approach is based on the optimal transport problem (Villani, 2003) between multi-
dimensional distributions of collider events. Optimal transport has already proven to be a
powerful tool for transfer learning in classification problems (Courty et al., 2016), and here
we propose to use it rather differently to correct distributional shifts between estimates of
the auxiliary and background distributions. Our method involves out-of-sample estimation of
optimal transport maps, for which we consider two different estimators. The first is based on
nearest neighbor extrapolation, and was already introduced in Chapter 5. Our second estimator
appears to be new, and leverages some strengths of the density ratio approach.

Unlike our earlier work on optimal transport map estimation, however, we will find it
useful in this chapter to work with a non-quadratic cost function. We will instead take the cost
to be a metric over the space of collider events which was proposed by Komiske, Metodiev, and
Thaler (2019). This metric is itself obtained through the optimal transport problem of matching
clusters of energy deposits in collision events. Our approach therefore involves a nested use
of optimal transport.

We illustrate the empirical performance of our method, as compared to the density ra-
tio approach, on realistic simulated collider data. We observe that both approaches lead to
quantitatively similar background estimates, despite the complementarity of their underlying
modeling assumptions. In particular, this study illustrates how our methods can be used to
cross-check each other in practice.

8.1.2 Related Work

Di-Higgs boson production has been the subject of numerous recent searches by the ATLAS
and CMS collaborations at the LHC—we refer to the recent survey paper of Di Micco et al. (2020)
for an overview. The four b-quark final state is the most common decay channel for di-Higgs
events, but suffers from a large multijet background. As described previously, each of the
most recent searches in this final state performed data-driven background estimation by first
estimating a density ratio in a Control Region, and extrapolating it to the Signal Region. Certain
searches, such as ATLAS (2019), estimate the density ratio using heuristic one-dimensional
reweighting schemes, while others, such as CMS (2022), use off-the-shelf multivariate classifiers
for this purpose. More broadly, the ihe idea of estimating density ratios using classifiers has a
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long history in statistics—see for instance Fix and Hodges (1951), Silverman and Jones (1989),
Qin (1998), Cheng and Chu (2004), Kpotufe (2017)—and appears in a variety of applications in
experimental particle physics (e.g., Cranmer, Pavez, and Louppe (2015), Brehmer et al. (2020),
CMS (2022)). Classification-based estimators have the practical advantage of circumventing
the need for high-dimensional density estimation, which can be particularly challenging to
perform over the space of collider events.

Rather than density ratios, the key object of interest in our new methodology is a nested
optimal transport problem. Hierarchical optimal transport problems of this kind have recently
been used for other tasks, such as multilevel clustering (Ho et al., 2017, 2019; Huynh et al.,
2021) and multimodal distribution alignment (Lee et al., 2019). Very recently, optimal transport
has also been used in high energy physics for calibrating stochastic simulators (Pollard and
Windischhofer, 2022), for purposes of exploratory data analysis (Komiske, Metodiev, and Thaler,
2019; Komiske et al., 2020; Cai et al., 2020), and for the purpose of defining a geometry on
the space of collider events (Komiske, Metodiev, and Thaler, 2020). We also note that optimal
transport has implicitly been used for one-dimensional template morphing in the early work
of Read (1999).

Beyond the search of di-Higgs boson production, we emphasize that the question of data-
driven background estimation arises in a variety of problems in experimental high-energy
physics, where our methodologies could also potentially be applied. We refer to the book
Behnke et al. (2013) for a pedagogical introduction to statistical aspects of the subject; see
also Appendix 1 of Lyons (1986). Finally, we mention some recent advances on the widely-
used sPlot (Barlow, 1987; Pivk and Le Diberder, 2005; Borisyak and Kazeev, 2019; Dembinski
et al., 2022) and ABCD (Alison, 2015; ATLAS, 2015; Choi and Oh, 2021; Kasieczka et al., 2021)
techniques for background estimation, the latter of which can be viewed as a precursor to the
methods developed in this chapter.

8.2 Background

8.2.1 LHC Experiments and di-Higgs Boson Production

The LHC is the largest particle collider in the world, consisting of a 27 kilometer-long tunnel
in which two counter-rotating beams of protons are accelerated to nearly the speed of light.
These particles are primarily collided in one of four underground detectors, named ALICE,
ATLAS, CMS and LHCb. ATLAS and CMS are general-purpose detectors used for a wide range
of physics analyses, including Higgs boson-related searches, while ALICE and LHCb focus
on specific physics phenomena. We focus on the CMS detector in what follows, but similar
descriptions can be made for the ATLAS detector.

When two protons collide, their energy is converted into matter, in the form of new
particles. The goal of the CMS (Compact Muon Solenoid) detector is to measure the momenta,
energies and types of such particles. To measure their momenta, CMS is built around a giant
superconducting solenoid magnet, depicted in Figure 8.1, which deforms the trajectories of
particles as they move from the center of the detector outward through a silicon tracker. The
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Figure 8.1: Illustration of the CMS detector (Sakuma and McCauley, 2014). Counter-rotating
beams of protons are made to collide in the center of the detector. The trajectory and mass of
each particle emanating from the collision is then recorded.

extent to which the trajectory of a charged particle is bent depends on its momentum and can
hence be used to measure the momentum. After the silicon tracker, CMS consists of several
layers of calorimeters which measure the energies of the particles. We refer to CMS (2008) for
a complete description of the CMS detector.

Proton-proton collisions give rise to highly unstable particles which decay almost instantly
into more stable particles. The detector is only able to observe these longer-lived particles. By
measuring their energies and momenta, insight can be gained into the physical properties of
the unstable particles from which they originate.

The Higgs boson is an example of an unstable particle, which decays within approximately
10−22 seconds. The SM predicts that a Higgs boson decays into a pair of bottom quarks (b-
quarks) 60% of the time, and this decay channel has indeed been observed experimentally
(ATLAS, 2018; CMS, 2018). Other channels which have been observed experimentally include
the decay of a Higgs boson into pairs of photons (ATLAS, 2018; CMS, 2018), W bosons (ATLAS,
2018; CMS, 2019), Z bosons (ATLAS, 2018; CMS, 2018), and tau leptons (ATLAS, 2019; CMS,
2018). The SM further predicts the rare possibility that two Higgs bosons can be produced
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simultaneously, and this chapter is concerned with the statistical challenges arising in the
search for this process, which has yet to be observed experimentally. If this process were to
occur, the two resulting Higgs bosons would each, in turn, be most likely to decay into two
b-quarks, thus making four b-quarks the most common final state of di-Higgs boson events.
We focus on this decay channel (abbreviated HH→ 4b) throughout this chapter. We note that
b-quarks form into bound states with other quarks called b-hadrons which are themselves
unstable, and rapidly decay into collimated sprays of stable particles called b-jets, which can
be efficiently identified by the CMS detector (CMS, 2018).

8.2.2 Collider Events and the CMS Coordinate System

Particles measured by the CMS detector are typically represented in spherical coordinates.
Given a particle with momentum vector p = (x, y, z) ∈ R3, its azimuthal angle ϕ ∈ [0, 2π) is
defined as the angle increasing from the positive x-axis to the positive y-axis, while the polar
angle θ ∈ [0, π) is increasing from the positive z-axis to the positive y-axis. The length of its
projection onto the (x, y) plane is called the transverse momentum pT . It is common to replace
the polar angle θ by the pseudorapidity of the particle, given by η = − log(tan(θ/2)).

In addition to the variables pT , η andϕ, the rest massm of each particle can be obtained from
the energy measurements made by the calorimeters in the CMS detector. Altogether, a particle
jet is analyzed as a single point in this coordinate system, and encoded as a four-dimensional
vector (pT , η, ϕ,m). In our search channel, collisions lead to multiple, sayK ≥ 1, jets measured
by the detector, which may be encoded as the 4K-dimensional vector (pT i, ηi, ϕi,mi : 1 ≤ i ≤
K). We opt for an alternative notation, which will be particularly fruitful for the purpose of
defining a metric between collider events in Section 8.5.2. Specifically, an event will henceforth
be represented by the discrete measure

g =

K∑
i=1

pTiδ(ηi,ϕi,mi), (8.1)

where δx denotes the Dirac measure placing unit mass at a point x ∈ R3. In particular, the
representation (8.1) emphasizes the invariance of an event with respect to the ordering of its
jets. The transverse momenta pTi may be viewed as a proxy for the energy of each jet, thus the
total measure of g denotes its total energy, denoted sT =

∑K
i=1 pTi . The set of events with K

jets of interest is denoted by

G(K) =


K∑
j=1

pTjδ(ηj ,ϕj ,mj) : pTj ,mj > 0, ϕj , ηj ∈ R, 1 ≤ j ≤ K

 ,

where the definition of ϕj is extended from [0, 2π) to the entire real line by 2π-periodicity. In
the context of double Higgs boson production in the four b-jet final state, the choice K = 4
will be most frequently used, and in this case we simply write G = G(4).

Finally, we note that events are deemed invariant under the orientation of the x- and
z-axes. This fact, together with the periodicity of the angle ϕ, implies that two events g =
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∑K
j=1 pTjδ(ηj ,ϕj ,mj) ∈ G(K) and g′ =

∑K
j=1 p

′
Tj
δ(η′j ,ϕ′j ,m′

j)
∈ G(K) may be deemed equivalent

if they are mirror-symmetric in η, ϕ, as well as rotationally symmetric in ϕ, that is, if there
exist ∆ ∈ 2πZ and ι1, ι2 ∈ {−1, 1} such that

K∑
j=1

pTjδ(ι1ηj ,∆+ι2ϕj ,mj) =
K∑
j=1

p′Tjδ(η′j ,ϕ′j ,m′
j)
. (8.2)

Formally, we define an equivalence relation ≃ between events in G(K), such that g ≃ g′ if and
only if there exist ∆, ι1, ι2 for which (8.2) holds.

8.3 Problem Formulation

8.3.1 Overview of Signal Searches at the LHC

In order to make inferences about the presence or absence of a signal process in collider data,
event counts are commonly analyzed as binned Poisson point processes. While we focus on the
setting of double Higgs boson production in the four b-quark final state, the description that
follows is representative of a wide range of signal searches for high-energy physics experiments.

Let ν0 denote a σ-finite Borel measure over the state space G of collider events, with respect
to a fixed choice of Borel σ-algebra on G denoted B(G). Let F denote an inhomogeneous
Poisson point process (Reiss, 2012) with a nonnegative intensity function f ∈ L2(G) on G, that
is, F is a random point measure on G such that

1. F (A) ∼ Poisson(λ(A)), where λ is the intensity measure induced by f , defined by
λ(A) =

´
A fdν0 for all A ∈ B(G);

2. F (A1), . . . , F (Aℓ) are independent for all pairwise disjoint sets A1, . . . , Aℓ ∈ B(G), for
all integers ℓ ≥ 1.

Every four b-jet collision event is either a signal event, namely an event arising from two Higgs
bosons, or a background event, arising from some other physical process. Letting µ ≥ 0 denote
the rate of signal events, we write the intensity measure λ as

λ(·) = β4(·) + µσ(·),

where β4 and σ, respectively, denote nonnegative background and signal intensity measures.
σ is typically normalized such that the value µ = 1 corresponds to the theoretical prediction
of the signal rate. The measures β4 and σ typically depend on nuisance parameters related to
the calibration of the detector, the uncertain parameters of certain physical processes, such
as the parton distribution functions of the proton (Placakyte, 2011), and so on. We suppress
the dependence on such nuisance parameters for ease of exposition. The parameter µ is of
primary interest, since non-zero values of µ indicate the existence of signal events. A search
for the signal process therefore reduces to testing the following hypotheses on the basis of
observations from the Poisson point process F :

H0 : µ = 0 vs. H1 : µ > 0. (8.3)
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Given a sequence G1, G2, . . . of observed events, we may write F =
∑M

i=1 δGi , where
M ∼ Poisson(λ(G)) is independent of the observations, which satisfy

G1, G2, . . .
iid∼ λ/λ(G) = ϵS + (1− ϵ)P4. (8.4)

Here, S = σ/σ(G) and P4 = β4/β4(G) denote the respective signal and background distribu-
tions, and ϵ = µσ(G)/λ(G) the proportion of signal events.

The Poisson point process F is often binned in practice. Let ξ : G → A ⊆ R denote
a dimensionality reduction map, to be discussed below, which will be used to bin the point
process using univariate bins. Let {Ij}Jj=1 denote a collection of bins forming a partition of A,
and define the event counts

Dj = F
(
ξ−1(Ij)

)
=
∣∣{1 ≤ i ≤M : ξ(Gi) ∈ Ij}

∣∣, j = 1, . . . , J. (8.5)
The definition of F implies that the random variables Dj are independent and satisfy

Dj ∼ Poisson
(
Bj + µSj

)
, j = 1, . . . , J, (8.6)

where Bj = β4(ξ
−1(Ij)) and Sj = σ(ξ−1(Ij)).

The likelihood ratio test with respect to the joint distribution of D1, . . . , DJ is typically
used to test the hypotheses (8.3) (ATLAS, CMS, and Higgs Combination Group, 2011). The
binned likelihood function for the parameter µ is given by

L(µ) =

J∏
j=1

(
Bj + µSj

)Dj

Dj !
e−
(
Bj+µSj

)
. (8.7)

Di-Higgs events are rare in comparison to background events, thus the signal-to-background
ratio is low. At the time of writing, values of M which are typically observed at the LHC
may be too small for any test to have power in rejecting the null hypothesis in (8.3) at desired
significance levels (Di Micco et al., 2020). Analyses which fail to reject H0 instead culminate
in an upper confidence bound on µ, also known as an upper limit (ATLAS, CMS, and Higgs
Combination Group, 2011).

The power of the likelihood ratio test for (8.3) may be increased by choosing a function ξ
which maximizes the separation between background and signal event counts across the J
bins. Informally, the optimal such choice of ξ is given by

ξ(g) = P(G is a Signal Event|G = g), (8.8)
which may be estimated using a multivariate classifier, such as a neural network or boosted
decision trees, for discriminating background events from signal events.

The signal intensity measure σ is theoretically predicted by the SM, and can be approximated
well using Monte Carlo event generators (Di Micco et al., 2020). The background intensity β4 is,
however, intractable due to the strongly interacting nature of quantum chromodynamics (QCD)
in which events with the four b-quark final state can be produced via an enormous number of
relevant and complex pathways. The intensity measure β4, or its binned analogue (Bj)

J
j=1,

must therefore be estimated from the collider data itself, which we refer to as data-driven
background modeling. This problem is the primary focus of this chapter.
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8.3.2 Setup for Data-Driven Background Modeling

The aim of this chapter is to develop data-driven estimators of the background intensity measure
β4. The primary challenge is the fact that the sample G1, . . . , GM is contaminated with an
unknown proportion ϵ of signal events. The background estimation problem is thus statistically
unidentifiable as stated, and it will be necessary to impose further modeling assumptions.

In order to formulate these assumptions and our resulting background modeling methods,
we assume that the analyst has access to a second Poisson Point Process T =

∑N
i=1 δHi

consisting of auxiliary events which were tagged by the CMS detector as having four jets, of
which exactly three are b-jets. We refer to such events as “3b events”, as opposed to “4b events”
which were identified as having four b-jets1. We stress that the terms 3b and 4b do not refer to
the true number of b-quarks arising from the collision, rather the number of b-jets identified
by the detector. As we discuss in Section 8.6, the majority of 3b events in fact arise from the
hadronization of two b-quarks and two charm or light quarks, while a small proportion arise
from four b-quarks2. For the purpose of a discovery analysis, the 3b sample H1, . . . ,HN can
therefore be treated as having a negligible proportion of signal events (Bryant, 2018; CMS, 2022).
We treat this proportion as zero for sake of exposition. We henceforth denote the intensity
measure of the point process T by β3, and we denote by P3 = β3/β3(G) the corresponding
probability distribution of the observations H1, H2, . . . .

The kinematics of 3b events are similar, but not equal, to those of 4b background events (CMS,
2022). Unlike β4, however, the intensity measure β3 is an identifiable estimand due to the
lack of signal events in the point process T . Any consistent estimator β̂3 of β3 can be used
to provide a zeroth-order approximation of β4 (up to a correction for normalization). This
approximation is, however, insufficiently accurate to be used as a final estimate of β4 and our
goal is to develop statistical methods for correcting this naive background estimate.

Recall that the four b-jets of any signal event g ∈ G are naturally paired, with each pair
arising from a Higgs boson. The true pairing of the jets is unknown to the detector; however,
it may be approximated, for instance using an algorithm due to Bryant (2018). We use the
same pairing algorithm in our work. Given as input an event g, this deterministic algorithm
outputs one among the three distinct unordered pairs of measures {g1, g2} ⊆ G(2) which
satisfy g = g1 + g2. We refer to g1 and g2 as dijets. When g is a signal event, we expect that
each dijet arose from a decay of a Higgs boson, whereas when g is a background event, we
expect that at least one of the two dijets arose from the decay of a different particle.

The Higgs boson is known to have massmH approximately equal to 125 GeV (ATLAS, 2012;
CMS, 2012). It follows that the two dijets should approximately satisfy m(g1) ≈ m(g2) ≈ mH ,
where m(a) denotes the invariant mass3 of any a ∈ G(K), K ≥ 1. Large deviations of the dijet

13b events were used for background estimation in the HH→ 4b channel in the recent analysis of CMS (2022).
“2b events” consisting of two, rather then three, b-tagged jets have been used in other recent analyses (e.g. ATLAS
(2019, 2021)), and our description also applies to such events with only formal changes.

2As a result, the expected rate of production of 3b events E[N ] is typically higher than that of 4b events E[M ]
by an order of magnitude; cf. Section 8.6

3If E denotes the sum of the energies of the constituent jets of a, and p denotes the magnitude of the sum of
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Figure 8.2: Illustration of the Control and Signal Regions. The two-dimensional histogram
represents simulated 4b collider events described in Section 8.6, plotted in terms of their dijet
invariant masses. We emphasize that this is a low-dimensional representation; the events
considered in this work are 16-dimensional. The red line indicates the boundary of the Signal
Region, while the annulus bounded by the yellow and red lines represents the Control Region.
The constants σc, rc and κs used in this figure are stated in Section 8.6.

invariant masses from 125 GeV indicate that g is not a signal event. This provides a heuristic for
determining events among G1, . . . , GM which are unlikely to be signal events. To elaborate,
we form subsets Gc,Gs ⊆ G such that Gc ∩ Gs = ∅, where Gs is called the Signal Region,
containing events with dijet masses near mH , and Gc is called the Control Region, containing
all other events which will be used in the analysis. We follow Bryant (2018) and employ the
following specific definitions of Gc and Gs:

Gs =

g ∈ G :

√(
1− mH

m(g1)

)2

+

(
1− mH

m(g2)

)2

≤ κs

 , (8.9)

Gc =

{
g ∈ G :

√(
m(g1)− σcmH

)2
+
(
m(g2)− σCmH

)2
≤ rc

}
\ Gs, (8.10)

for some constants σc, rc, κs > 0. These regions are illustrated in Figure 8.2. We similarly
partition the Poisson intensity measures β3, β4, by defining for all A ∈ B(G),

βcj (A) = βj(A ∩ Gc), βsj (A) = βj(A ∩ Gs), j = 3, 4.

These four measures are illustrated in Figure 8.3. Furthermore, we assume for ease of exposition

their momentum vectors, then the invariant mass of e is defined by m(a) =
√

E2 − p2 (Hagedorn, 1964).
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that these measures are absolutely continuous with respect to the dominating measure ν0, and
we let baj = dβaj /dν0 for all j = 3, 4 and a = c, s.

Recall that the collider events associated with the intensity measures βc3 and βs3 are signal-
free by construction, and those from βc4 are also signal-free under the assumption that negligibly
few signal events will fall outside of Gs. These three intensity measures can therefore be
estimated directly by means of their empirical intensity functions. We have thus reduced the
background modeling problem to that of estimating βs4 , given estimates of βc3, βs3 and βc4.

To this end, we will partition the samples into the sets

{Gs1, . . . , Gsms
} := {G1, . . . , GM} ∩ Gs, {Hs

1 , . . . ,H
s
ns
} := {H1, . . . ,HN} ∩ Gs,

{Gc1, . . . , Gcmc
} := {G1, . . . , GM} ∩ Gc, {Hc

1, . . . ,H
c
nc
} := {H1, . . . ,HN} ∩ Gc,

where M = mc +ms and N = nc + ns. Furthermore, let

βc3,nc
= T |Gc =

nc∑
i=1

δHc
i
, βs3,ns

= T |Gs =

ns∑
i=1

δHs
i
, βc4,mc

= F |Gc =

mc∑
i=1

δGc
i

denote the empirical estimators of the measures βc3, βs3, βc4, illustrated in the background of
Figure 8.3. As previously noted, the measure βs3 provides a zeroth-order approximation of βs4
(after a normalization correction), thus a naive first estimate of βs4 is given by βs3,ns

. As we
shall see in the simulation study of Section 8.6, this approximation is insufficiently accurate to
be used as a final estimator. Our methodologies improve upon it by modeling the discrepancy
between the 3b and 4b distributions in the Control Region via βc4,mc

, βc3,nc
, and then using that

information in the Signal Region to improve the accuracy of βs3,ns
as an estimator of βs4 .

Once we are able to derive an estimator β̂s4 of βs4 , based on the signal-free observa-
tions Gc1, . . . , Gcmc

, Hs
1 , . . . ,Hns , Hc

1, . . . ,H
c
nc

, we may define the fitted histogram B̂j =

β̂s4(ξ
−1(Ij)), j = 1, . . . , J . One may then test the hypotheses (8.3) using the likelihood ratio

test, based on the following modification of the likelihood function in equation (8.7),

L̃(µ) =

J∏
J=1

(
B̂j + µSj

)Ds
j

Ds
j !

e−(B̂j+µSj), where Ds
j = |{1 ≤ i ≤ ms : ξ(G

s
i ) ∈ Ij}| .

(8.11)
Here, L̃ can be viewed as a restriction of the likelihood L to the Signal Region. Notice that B̂j
is independent of Ds

k , for any j, k. In practice, it is also necessary to incorporate statistical and
systematic uncertainties pertaining to the estimator B̂j into the hypothesis testing procedure
(ATLAS, CMS, and Higgs Combination Group, 2011). Since formal uncertainty quantification
for background modeling is beyond the scope of this work, we omit further details, and provide
further discussion of this point in Section 8.7.

The primary difficulty remaining in the testing problem (8.3) is that of deriving estimators
of the background intensity measure βs4 . In what follows, we describe two classes of estimators
for βs4: one based on density ratio estimation (Section 8.4), and the second based on optimal
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Figure 8.3: Illustration of the four Poisson intensity measures βc3, βs3, βc4, βs4 , among which
only the latter is nontrivial to estimate, and summary of the three methods developed in this
chapter for estimating βs4 . The method FvT (Four vs. Three) estimates the ratio of the two
densities in the Control Region using a classifier, and then extrapolates it into the Signal Region
using out-of-sample evaluations of the classifier. The OT-kNN (Optimal Transport–k Nearest
Neighbors) method produces an estimator T̂ of the optimal transport map T between the 3b
Control and Signal Region distributions, and evaluates this estimator out-of-sample on an
estimator of the 4b Control Region distribution. The out-of-sample evaluation of T̂ is performed
using nearest-neighbor extrapolation. The OT-FvT (Optimal Transport–Four vs. Three) method
combines these ideas: first, it uses the classifier to produce an estimator of βc4 with the same
support as βc3,nc

, and second, it pushes forward this estimator through T̂ , thereby avoiding
out-of-sample evaluations of both the classifier and optimal transport map. The background of
the figure consists of bivariate histograms of simulated 3b and 4b samples in the Control and
Signal Regions, plotted in terms of their dijet invariant masses, as in Figure 8.2.

transport (Section 8.5). The former is the most common approach to di-Higgs background
modeling, and will later be referred to as the FvT method. The latter is new, and we will discuss
two different instances of this approach, which will later be referred to as the OT-kNN and
OT-FvT methods. These three distinct estimators are summarized in Figure 8.3.
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8.4 Background Modeling via Density Ratio Extrapolation

The discrepancy between 3b and 4b background distributions may be directly quantified in the
Control Region, where no signal events are present. Under a suitable modeling assumption,
this discrepancy may be extrapolated into the Signal Region to produce a correction of the 3b
signal region intensity measure βs3 , leading to an estimate of βs4 . This general strategy forms
the basis of most background modeling methodologies used in recent di-Higgs searches, as
discussed in Section 8.1. in this brief section, we recall how this approach may be carried out
using a classifier for discriminating 3b and 4b events.

Let E denote a random collider event, arising from either the 3b or 4b distributions, and
define the latent binary random variable Z indicating the component membership of E. More
specifically, let Z be a Bernoulli random variable with success probability P(Z = 1) =
β4(G)/(β4(G) + β3(G)), and let E be generated according to the mixture model

E|Z = 0 ∼ P3, E|Z = 1 ∼ P4.

Setting ψ(g) = P(Z = 1|E = g) for all g ∈ G, it follows from Bayes’ Rule that

bc4(g)

bc3(g)
=

ψ(g)

1− ψ(g)
, g ∈ Gc, (8.12)

where we recall that bcj denotes the intensity function associated to βcj , j = 3, 4. Therefore,

βc4(A) =

ˆ
A

ψ(g)

1− ψ(g)
dβc3(g), A ∈ B(Gc). (8.13)

Equations (8.12–8.13) are a reformulation for our context of the well-known fact that, up to
normalization, a likelihood ratio may be expressed as an odds ratio (Silverman and Jones, 1989).
Estimating the ratio of 3b to 4b intensity functions in the Control Region thus reduces to the
classification problem of estimating ψ, say by a classifier ψ̂. This observation has the practical
advantage of circumventing the need of performing high-dimensional density estimation.
Assuming that the estimator ψ̂ can be evaluated in the Signal Region Gs, disjoint from its
training region Gc, we may postulate that the measure

A ∈ B(Gs) 7−→
ˆ
A

ψ̂(g)

1− ψ̂(g)
dβs3(g) (8.14)

provides a reasonable approximation of βs4 . The quality of such an approximation is driven by
the ability of the classifier ψ̂ to generalize between regions of the phase space. To formalize
this, we will assume for simplicity that ψ̂ is an empirical risk minimizer taking values in a class
{ψα : G → [0, 1] : α ∈ Ω}, for some parameter space Ω ⊆ Rd, d ≥ 1. That is, we assume

ψ̂ = ψα̂, where α̂ = argmin
α∈Ω

 1

nc

nc∑
i=1

L
(
ψα(H

c
i ), 0

)
+

1

mc

mc∑
j=1

L
(
ψα(G

c
j), 1

) ,

for some loss function L : [0, 1]× [0, 1] → R. We then make the following assumption:
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Assumption 1. The conditional probability ψ satisfies the following conditions:

(i) (Correct Specification) There exists α∗ ∈ Ω such that ψ = ψα∗ .

(ii) (Generalization) We have

α∗ = argmin
α∈Ω

E
[
L(ψα(G), Z)|G ∈ Gc

]
.

Assumption 1 implies that a classifier trained solely in the Control Region can consistently
estimate the full conditional probability ψ(g), for events g ∈ G lying in both the Control and
Signal Regions. Such an assumption guarantees the ability of the classifier ψ̂ to generalize
from the Control Region, making the ansatz (8.14) justified. A natural estimator for βs4 is then
obtained by replacing βs3 in equation (8.14) by its empirical counterpart βs3,ns

. Doing so leads
to the estimator

β̂s4 =

ns∑
i=1

ψ̂(Hs
i )

1− ψ̂(Hs
i )
δHs

i
. (8.15)

β̂s4 is called the FvT estimator, and we refer to ψ̂ as the FvT (Four vs. Three) classifier.

The validity of Assumption 1 relies crucially upon the choice of the function class {ψα}, or
equivalently the choice of the classifier ψ̂. Indeed, off-the-shelf classifiers may lack the gener-
alization ability to satisfy Assumption 1(ii). In our simulation study, we will use a classifier
that is described further in Manole et al. (2022), and which has been used in the most recent
HH → 4b search at the CMS Collaboration (ATLAS, 2023).

8.5 Background Modeling via Optimal Transport

The methodology described in the previous section hinged upon the ability of the classifier ψ̂
to accurately extrapolate from the Control Region to the Signal Region, implying that the 3b
and 4b intensity functions in the latter region are constrained by their values in the former
region. The validity of this assumption is difficult to verify in practice due to the blinding of
the 4b signal region which motivates us to develop a distinct approach with a complementary
modeling assumption. In this section, rather than extrapolating the discrepancy between the
3b and 4b intensity functions, we will extrapolate the discrepancy between the Control and
Signal Region intensity functions, as illustrated in Figure 8.3.

We cannot use a density ratio to quantify the discrepancy between the intensity functions
in the Control and Signal Regions, because these regions are disjoint. We will instead use a
transport map for this purpose. In order to make use of transport maps, it will be convenient to
normalize all intensity functions throughout this section. That is, we will define an estimator
for βs4 by separately estimating the probability measure P s4 = βs4/β

s
4(Gs) and the normalization

βs4(Gs). More generally, we denote by

P cj = βcj/β
c
j (Gc), P sj = βsj/β

s
j (Gs), j = 3, 4,
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the four population-level probability measures, with corresponding empirical measures

P a3,na
=

1

na

na∑
i=1

δHa
i
, P a4,ma

=
1

ma

ma∑
i=1

δGa
i
, a ∈ {c, s}.

Let us now formally define the optimal transport problem over calG.

We propose to perform background estimation under the following informal modeling
assumption, which will be stated more formally in the sequel.

Assumption 2’. There exists an optimal transport map T0 : Gc → Gs pushing forward P c3
onto P s3 such that

T0#P
c
4 = P s4 . (8.16)

Assumption 2’ requires the 3b and 4b distributions to be sufficiently similar for there to
exist a shared map T0 which pushes forward their restrictions to the Control Region into
their counterparts in the Signal Region. If such a map T0 were available, it would suggest the
following procedure for estimating P s4 :

(a) Fit an estimator T̂ of T0 based only on the 3b observations;
(b) Given any estimator P̂ c4,mc

of P c4 , use the pushforward T̂#P̂ c4,mc
as an estimator of P s4 .

Let us now be more specific about the optimal transport problem arising in Assumption 2’.
Unlike previous chapters, the underlying space G in this problem is a space of measures. We
may nevertheless define the Monge problem of transporting P c3 onto P s3 in the usual way,

argmin
T :Gc→Gs

ˆ
Gc

W (h, T (h))dP c3 (h), s.t. T#P c3 = P s3 , (8.17)

where we take W to be a given metric on the space G; we provide a candidate for such a metric
in Section 8.5.2. When a solution T0 to the Monge problem exists, it is said to be an optimal
transport map, as in previous chapters. We postulate that the optimal transport map from P c3
to P s3 , when it exists, is a sensible candidate among transport maps from P c3 to P s3 to satisfy
equation (8.16).

A shortcoming of this choice is the requirement that there exist a solution to the optimization
problem (8.17). We know from Chapter 1 that the Monge problem over Euclidean space admits
a unique solution for absolutely continuous distributions, when the cost function is the squared
Euclidean norm. While sufficient conditions for the solvability of the Monge problem in more
general spaces are given by Villani (2008, Chapter 9), we do not know whether they are satisfied
by the metric space (G,W ) under consideration. Furthermore, the Monge problem may not
even be feasible between distributions which are not absolutely continuous, which precludes the
possibility of estimating T0 using the optimal transport map between the empirical measures
of P c3 and P s3 .

Motivated by these considerations, we will prefer to formalize Assumption 2’ via the
Kantorovich optimal transport problem from P c3 to P s3 . Define the 1-Wasserstein distance over
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P(G), generated by W , by

W(P c3 , P
s
3 ) = inf

π∈Π(P c
3 ,P

s
3 )

ˆ
Gc×Gs

W (g, h)dπ(g, h), (8.18)

and recall that any coupling π which achieves the infimum is referred to as an optimal coupling
Using the Kantorovich relaxation, we now formalize Assumption 2’ into the following condition,
which we shall require throughout the remainder of this section.

Assumption 2. Assume there exists an optimal coupling π0 ∈ Π(P c3 , P
s
3 ) between P c3 and P s3 .

Given a pair of random variables (Hc, Hs) ∼ π0, let π0(·|h) denote the conditional distribution
of Hs given Hc = h, for any h ∈ Gc. Then, the following implication holds:

Gc ∼ P c4
Gs|Gc ∼ π0(·|Gc)

=⇒ Gs ∼ P s4 . (8.19)

Assumption 2 requires the 3b and 4b distributions to be sufficiently similar for their restric-
tions to the Signal and Control Regions to be related by a common conditional distribution.
It further postulates that this conditional distribution is induced by the optimal coupling π0.
Heuristically, π0(·|H) plays the role of a multivalued optimal transport map for pushing an
event H from the distribution P c3 onto P s3 . Assumption 2 requires this map to additionally
push the distribution P c4 onto its counterpart P s4 in the Signal Region. In the special case where
there exists an optimal transport map T0 from P c3 to P s3 , we note that π0 = (Id, T0)#P

c
3 is an

optimal coupling of P c3 with P s3 , where Id denotes the identity map. In this case, equation (8.19)
is tantamount to equation (8.16).

8.5.1 Background Estimation

We next derive estimators for the background distribution P s4 under Assumption 2. It follows
from equation (8.19) and the law of total probability that

P s4 (·) =
ˆ
Gc

π0(·|g)dP c4 (g).

Since π0(·|g) is the distribution ofHs givenHc = g, induced by the optimal coupling π0, it is an
identified parameter which can be estimated using only the 3b data. Given an estimator π̂(·|g)
of this quantity, and an estimator P̂ c4,mc

of P c4 , it is natural to consider the plugin estimator of
the background distribution P s4 , given by

P̂ s4 (·) :=
ˆ
Gc

π̂(·|g)dP̂ c4,mc
(g). (8.20)

In what follows, we begin by defining an estimator π̂(·|g) in Section 8.5.1.1, followed by two
candidates for the estimator P̂ c4,mc

, leading to two distinct background estimation methods
described in Sections 8.5.1.2 and 8.5.1.3. In Section 8.5.1.4, we briefly discuss how these
constructions also lead to estimators of the unnormalized intensity measure βs4 . We then
provide discussion and comparison of these methodologies in Section 8.5.1.5.
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8.5.1.1 The Empirical Optimal Transport Coupling

A natural plugin estimator for the coupling π0 is the optimal coupling π̂ between the empirical
measures P c3,nc

and P s3,ns
, which has already made an appearance in 5.3 of Chapter 5. In detail,

denoting by q̂ ∈ Rnc×ns the joint probability mass function of π̂, the empirical Kantorovich
problem takes the following form:

q̂ = (q̂ij) ∈ argmin
(qij)∈Rnc×ns

nc∑
i=1

ns∑
j=1

qijW (Hc
i , H

s
j ), s.t. qij ≥ 0,

nc∑
i=1

qij =
1

ns
,

ns∑
j=1

qij =
1

nc
.

(8.21)
Equation (8.21) is a finite-dimensional linear program, for which exact solutions may be
computed using network simplex algorithms such as the Hungarian algorithm (Kuhn, 1955).
We refer to Peyré and Cuturi (2019) for a survey. We then define the estimator π̂(·|Hc

i ), for
i ∈ [nc], as the discrete distribution over {Hs

1 , . . . ,H
s
ns
} with probability mass function

q̂j|i =
q̂ij∑ns
k=1 q̂ik

= nc · q̂ij , j = 1, . . . , ns.

We are now in a position to define estimators of the background distribution P s4 .

8.5.1.2 The OT-kNN Estimator

We first consider the general estimator in equation (8.20) when P̂ c4,mc
is the empirical measure

P c4,mc
. This choice is perhaps most natural, but it requires us to perform out-of-sample eval-

uations of the estimator π̂(·|g). Indeed, recall that the latter is defined over {Hc
1, . . . ,H

c
nc
},

whereas P c4,mc
is supported on {Gc1, . . . , Gcmc

}.

We extend the support of π̂(·|g) to all g ∈ Gc using the nearest-approach set forth in
Chapter 5. Let k ≥ 1 be an integer. For all g ∈ Gc, let Ik(g) denote the indices of the k-
nearest neighbors of g with respect to W , among Hc

1, . . . ,H
c
nc

. Specifically, we set I(g) =
{j1, . . . , jk} ⊆ [nc] where

W (g,Hc
j1) ≤ · · · ≤W (g,Hc

jk
) ≤W (g,Hc

j ), for all j ∈ [nc] \ {j1, . . . , jk}.

Furthermore, define the inverse distance weights

ωi(g) =
1/W (g,Hc

i )∑
l∈Ik(g) 1/W (g,Hc

l )
, i ∈ Ik(g), (8.22)

with the convention ∞/∞ = 1. We then define for all g ∈ Gc,

π̂kNN(·|g) =
∑

i∈Ik(g)

ωi(g)π̂(·|Hc
i ). (8.23)

The estimator π̂kNN(·|g) couples g with all of the events to which its k-nearest neighbors are
coupled under π̂. The coupling values which correspond to the closest nearest neighbors are
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assigned higher weights ωi(g). Furthermore, we note that when g ∈ {Hc
1, . . . ,H

c
nc
}, it holds

that π̂kNN(·|g) = π̂(·|g). With these defintions, the generic estimator (8.20) takes the form,

P̂ s4,kNN(·) :=
ˆ
Gc

π̂kNN(·|g)dP c4,mc
(g) =

1

mc

mc∑
ℓ=1

∑
i∈Ik(Gc

ℓ)

ωi(G
c
ℓ)π̂(·|Hc

i ),

or equivalently,

P̂ s4,kNN =
nc
mc

ns∑
j=1

mc∑
ℓ=1

∑
i∈Ik(Gc

ℓ)

ωi(G
c
ℓ)q̂ij

 δHs
j
.

We refer to P̂ s4,kNN as the OT-kNN (Optimal Transport–k Nearest Neighbor) estimator of P s4 .

8.5.1.3 The OT-FvT Estimator

The rate of production of 3b events typically exceeds that of 4b events by one order of magnitude
(cf. Section 8.6). As a result, in the general formulation (8.20) of our optimal transport map esti-
mators, we expect to have access to a smaller sample size mc for estimating the distribution P c4 ,
than the sample sizes nc and ns for estimating the optimal transport coupling π0. Motivated by
this observation, we next define an estimator P̂ c4,mc

which can leverage the larger 3b sample
size nc.

Let pcj = dP cj /dν0 denote the density of P cj for j = 3, 4. Recall from Section 8.4 that for any
event g, ψ(g) denotes the probability that a random event G arose from the 4b distribution as
opposed to the 3b distribution, given that G = g. Furthermore, ψ̂(g) denotes the [0, 1]-valued
output of the FvT classifier for discriminating 4b events from 3b events. Recall further that for
any g ∈ Gc, it holds that pc4(g)/pc3(g) = (βc3(Gc)/βc4(Gc)) · (ψ(g)/(1− ψ(g)), or equivalently,

P c4 (A) =
βc3(Gc)
βc4(Gc)

ˆ
A

ψ(h)

1− ψ(h)
dP c3 (h), A ∈ B(Gc).

We define a plugin estimator of the above quantity via

P̂ c4,mc
(A) =

nc
mc

ˆ
A

ψ̂(h)

1− ψ̂(h)
dP c3,nc

(h), A ∈ B(Gc). (8.24)

P̂ c4,mc
can be viewed as a reweighted version of the empirical measure P c3,nc

. The weights are
chosen to make the 3b sample resemble a 4b sample, by using the FvT classifier to estimate the
density ratio pc4/pc3. Since the 3b sample is one order of magnitude larger than the 4b sample, we
heuristically expect this estimator to have smaller theoretical risk than the empirical measure
P c4,mc

whenever the density ratio pc4/pc3 is smooth.

A second motivation for using the estimator P̂ c4,mc
is the fact that it is supported on the

domain of definition of the in-sample empirical optimal transport coupling π̂(·|g). We therefore
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do not need to extend the domain of this estimator, unlike the previous section. With these
choices, the generic estimator in equation (8.20) takes the following form:

P̂ s4,OF :=

ˆ
Gc

π̂(·|g)dP̂ c4,mc
(g) =

nc
mc

ns∑
j=1

(
nc∑
i=1

ψ̂(Hc
i )

1− ψ̂(Hc
i )
q̂ij

)
δHs

j
. (8.25)

We refer to P̂ s4,OF as the OT-FvT (Optimal Transport–Four vs. Three) estimator of P s4 .

8.5.1.4 Estimation of the Background Normalization

We briefly show how the OT-kNN and OT-FvT estimators can also be used to estimate the unnor-
malized background intensity function βs4 . We employ the widely-used ABCD method (Alison,
2015; ATLAS, 2015; Choi and Oh, 2021; Kasieczka et al., 2021), which requires the following
assumption.

Assumption 3. It holds that βs4(Gs) = βs3(Gs)βc4(Gc)/βc3(Gc).

Assumption 3 implies that the ratio of the number of 4b to 3b events in the Control
Region should be the same as that in the Signal Region. Under this assumption, a natural
estimator for βs4(Gs) is simply given by mcns/nc. Therefore, under Assumptions 2–3, the
probability measures P̂ s4,kNN and P̂ s4,OF can be used to define the following two estimators of
the unnormalized background intensity measure βs4 ,

β̂s4,kNN =
mcns
nc

P̂ s4,kNN, β̂s4,OF =
mcns
nc

P̂ s4,OF. (8.26)

We respectively refer to the above measures as the OT-kNN and OT-FvT estimators of βs4 , or
simply as the OT-kNN and OT-FvT methods.

8.5.1.5 Remarks

We summarize the three background estimation methods, FvT, OT-kNN and OT-FvT, in Table 8.1,
and make the following remarks:

• Assumption 2 is the primary modeling assumption required by OT-kNN and OT-FvT. We
view this condition as being complementary to Assumption 1(ii), required by the FvT
method. Indeed, it involves an extrapolation (of an optimal coupling) from the 3b to 4b
distribution, rather than an extrapolation (of a density ratio) from the Control Region to
the Signal Region.

• The OT-FvT estimator (8.25) can alternatively be interpreted through the lens of domain
adaptation for the FvT classifier. To make this connection clear, suppose for simplicity
that nc = mc. In this case, it can be shown that π̂ is in fact induced by an optimal
transport map, in the sense that there exists a permutation τ̂ : [nc] → [nc] such that

q̂ij = I(i = τ̂(j))/nc, i, j = 1, . . . , nc.
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Table 8.1: Summary of the three background estimation methods: FvT, OT-kNN, and OT-FvT.
The final estimator for each method takes the form β̂s4 ∝

∑ns
j=1 vjδHs

j
, for the values of vj

listed in the table.

Estimator
(of the form ∝

∑ns
j=1 vjδHs

j
)

FvT OT-FvT OT-kNN

vj
ψ̂(Hs

j )

1− ψ̂(Hs
j )

nc∑
i=1

ψ̂(Hc
i )

1− ψ̂(Hc
i )
q̂ij

mc∑
ℓ=1

∑
i∈Ik(Gc

ℓ)

ωi(G
c
ℓ)q̂ij

The FvT and OT-FvT estimators then take the following form:

β̂s4,FvT ∝
ns∑
j=1

ψ̂(Hs
j )

1− ψ̂(Hs
j )
δHs

j
, β̂s4,OF ∝

ns∑
j=1

ψ̂(Hc
τ̂(j))

1− ψ̂(Hc
τ̂(j))

δHs
j
.

While the FvT method evaluates the density ratio estimator ψ̂/(1− ψ̂) at events Hs
j in

the Signal Region, the OT-FvT method evaluates it at the events Hc
τ̂(j) in the Control

Region, to which the events Hs
j are mapped under the empirical optimal coupling π̂. The

OT-FvT method thus circumvents the evaluation of ψ̂ outside the region where it was
trained. Optimal transport has similarly been used in past literature as a tool for domain
adaptation between train and test data in classification problems (cf. Section 8.1.2).

• In defining the estimator OT-kNN, we proposed to extend the domain of definition of the
empirical optimal transport coupling π̂(·|g) to the entire space Gc via nearest neighbor
extrapolation; cf. equation (8.23). We saw in Chapter 5 that, for the quadratic optimal
transport problem over Euclidean space, such a procedure has statistically minimax
optimal risk for estimating the underlying optimal transport map T0, assuming that it
exists and is Lipschitz continuous. Nevertheless, the risk of this estimator suffers severely
from the curse of dimensionality, and does not generally improve when T0 enjoys higher
regularity. We instead showed in Chapter 5 that plugin estimators of T0 based on density
estimates of P c3 and P s3 may achieve improved convergence rates in such settings. In
our context, it is challenging to perform density estimation over the space of measures
G—and particularly over the non-convex set Gc—thus we did not follow this approach.
Our aim was instead to alleviate the curse of dimensionality inherent to the OT-kNN
method by introducing the OT-FvT method. Indeed, we view the task of estimating
P c4 as a larger statistical bottleneck than that of estimating π0, and the estimator P̂ c4,mc

(used by the OT-FvT method) may potentially achieve smaller risk than the empirical
measure P c4,mc

(used by the OT-kNN method).
• Our theory in Chapter 5 additionally shows that the value k = 1 suffices for the estimator
π̂kNN to enjoy optimal theoretical risk, at least for the Euclidean optimal transport
problem with quadratic cost. In our work, we nevertheless allow for k to be greater than
1 in order to leverage the larger size of the 3b sample. For example, when k = 1, the
estimator β̂s4,kNN is supported on at most mc events, whereas it can be supported on as
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many as ns ≫ mc events if k is chosen sufficiently large. In practice, we recommend
choosing k to be as small as possible while ensuring that β̂s4,kNN has support size on the
same order as ns—this typically amounts to choosing k to be on the order of ns/mc. In
our simulation study (cf. Section 8.6), we therefore choose the value k = 10, but also
illustrate the performance of the OT-kNN method for other values of k.

• We have chosen to separately estimate the probability measure P s4 and the normalization
βs4(Gs), because the classical optimal transport problem is only well-defined between
measures with the same total mass. A possible alternative is to consider the partial (Figalli,
2010) or unbalanced (Liero, Mielke, and Savaré, 2018) optimal transport problems between
the unnormalized intensity measures βc3 and βs3 . These variants of optimal transport are
well-defined between measures that have possibly different mass, but have the downside
of introducing tuning parameters. As we explain in Section 8.6, the normalizations βc3(Gc)
and βs3(Gs) are of the same order of magnitude, and can in fact be made to coincide by
tuning the definition of the Control and Signal regions, thus we have simply focused our
attention on the classical (balanced) optimal transport problem in this work. Nevertheless,
in the following subsection, we will employ a variant of the partial optimal transport
problem to define the metric W .

8.5.2 A Metric between Collider Events

We now describe a candidate for the metric W on G. Recall that the Kantorovich problem in
(8.18) gave rise to the Wasserstein distance W between probability distributions over G. By a re-
cursion of ideas, we will also defineW to be a Wasserstein-type metric, arising from the optimal
transport problem between constituent jets of events. This approach was introduced by Komiske,
Metodiev, and Thaler (2019). They propose to metrize G using a variant of the Wasserstein dis-
tance which is well-defined between measures with non-equal mass (Peleg, Werman, and Rom,
1989; Pele and Werman, 2008). Given any two collider events g =

∑4
j=1 pTjδ(ηj ,ϕj ,mj) ∈ G,

h =
∑4

j=1 p
′
Tj
δ(η′j ,ϕ′j ,m′

j)
∈ G, the metric is defined by

W̃ (g, h) = min
(fij)∈R4×4

1

R

4∑
i=1

4∑
j=1

fij

√
(ηi − η′j)

2 + (ϕi − ϕ′j)
2 +

∣∣∣∣∣
4∑
i=1

(pTi − p′Ti)

∣∣∣∣∣
s.t. fij ≥ 0,

∑
j

fij ≤ pTi ,
∑
i

fij ≤ p′Tj ,
∑
i,j

fij = min(
∑
i

pTi ,
∑
j

p′Tj ),

(8.27)

for a tuning parameter R > 0. We make several remarks about this definition.

• In the context of particle physics, the coupling fij is naturally interpreted as a flow of
energy (measured in terms of the transverse momentum pT ) from jet i of g to jet j of
h, as depicted in Figure 8.4. W̃ (g, h) thus measures the smallest possible transport of
energy required to rearrange the jets of the event g into those of h.

• We have followed Komiske, Metodiev, and Thaler (2019) by omitting the mass variables
mj and m′

j from the definition of W̃ . This choice is further discussed in the context of
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Figure 8.4: Left: (η, ϕ)-plot of two events g, h ∈ G. Each point represents a constituent jet,
with size proportional to its pT value. A line connecting the i-th jet of event g to the j-th jet of
event h indicates a nonzero value of the optimal coupling fij , with line darkness increasing as
a function of the magnitude of fij . Right: (η, ϕ)-plot of events g′, h ∈ G, where g′ ≃ g is an
approximate minimizer in Eq. (8.28). One has W (g, h) =W (g′, h) < W̃ (g, h).

our simulation study in Section 8.6.
• The tuning parameter R trades-off the influence of the angular variables ϕi, ηi, and that

of the energy variables pTi . Our choice of R is further discussed in Section 8.6.

The metric W̃ does not, however, take into account the equivalence relation ≃ over G
defined in equation (8.2). For example, W̃ (g, h) could be nonzero even when g and h are
deemed equivalent for our purposes. We therefore define our final metric W by

W (g, h) = inf
{
W̃ (g′, h) : g′ ≃ g, g′ ∈ G

}
, g, h ∈ G. (8.28)

Strictly speaking,W now becomes a metric over the set of equivalence classes of events induced
by ≃. We refer to Figure 8.4 for an illustration.

8.6 Simulation Study

8.6.1 Simulation Description

In this section, we compare the performance of the three background modeling methods
OT-FvT, OT-kNN and FvT, on realistic simulated collider data, generated using the MadGraph
particle physics software (Alwall et al., 2011). Code for reproducing this simulation study is
publicly available4.

Since b-tagging is imperfect, in practice, we expect the 3b and 4b samples to be composed
of a mixture of different multijet scattering processes which do necessarily arise from b-quarks.

4https://github.com/tmanole/HH4bsim

https://github.com/tmanole/HH4bsim
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We perform a study in MadGraph to estimate the relative scale of such processes. Assuming
a b-jet tagging efficiency of 75%, a charm jet tagging efficiency of 15% and a light jet tagging
efficiency of 1%, we find that the 4b (resp. 3b) sample consists of 90% (10%) events in a final state
with four b quarks, 7% (9%) events in a final state with two b quarks and two charm quarks,
and 4% (80%) in a final state with two b quarks and two light quarks. In particular, we stress
that a fraction of the 3b sample consists of mislabelled 4b events, which could be signal events.
This signal contamination is expected to be sufficiently small to be considered negligible for
purposes of a signal discovery analysis, as in this chapter.

We generate four-quark events in MadGraph according to the percentages listed above. The
calorimeters in the CMS detector are not perfect, and the measured jet energies have a finite
resolution. The distribution of the observed smeared energy is well-approximated by the
normal distribution N(E, σ2(E)), where E denotes the true energy of a jet, and σ(E) satisfies(

σ(E)

E

)2

=

(
S√
E

)2

+

(
N

E

)2

+ C2,

for some constants S,N,C ≥ 0. We apply this smearing to the quark four-vectors, setting
S = 0.98, N = 0, C = 0.054. For simplicity we set the quark masses to zero and omit them
from the the metric W . When applying these methods to real data, it may, however, be useful
to incorporate the jet masses into the definition of W . We also apply jet-level scale factors to
account for the pT dependence of CMS b-tagging for light, charm and bottom quark jets:

Scale Factor =


(2.5 pT e

−7 pT + 0.6)/0.75 b-quark
(pT e

−10 pT + 0.2)/0.15 c-quark
(0.03 pT + 0.01)/0.01 u, d, s-quark or gluon,

where pT is measured in TeV. Events are weighted by the product of the scale factors for the
b-tagged jets.

Following this pre-processing of the data, the pairing algorithm described in Section 8.3.2
is applied to all events, and those falling within the Control and Signal Regions are kept. We
define these regions according to equations (8.9–8.10), with the parameters σc = 1.03, κs = 1.6
and rc = 30GeV. The final sample consists of ns = 201, 568 events in the 3b Signal Region,
nc = 159, 427 events in the 3b Control Region, ms = 28, 980 events in the 4b Signal Region,
and mc = 22, 053 events in the 4b Control Region. The order of magnitude of these sample
sizes, as well as the proportion of 3b to 4b events, is similar to those used in recent di-Higgs
analyses at the LHC (ATLAS, 2019). We also simulate a separate 4b sample of size approximately
10(ns +ms), which we choose not to contain any signal events, and whose distribution we
treat as the ground truth for the purpose of validating our background models.

We additionally generate a Monte Carlo sample from the SM di-Higgs signal distribution,
with which the signal intensity rates (Sj)Jj=1, used to form the likelihood function (8.7), can
be specified. For the purpose of validating our background models, we train a [0, 1]-valued
classifier ξ̂ (abbr. Signal vs. Background, or SvB, classifier) to discriminate the 4b data from the
Monte Carlo di-Higgs sample. Given that our simulated 4b sample contains no signal events, ξ̂
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forms a reasonable proxy for the theoretical binning function ξ in equation (8.8). The SvB
classifier has the same architecture as that of the FvT classifier described in in Manole et al.
(2022). In the sequel, we refer to ξ̂(g) as the SvB value corresponding to an event g.

Finally, we discuss our choice of the parameter R arising in the definition of the metric W .
In order for the two terms in the definition of W̃ to be of comparable order, we make the
requirement that R lie within the range of the first summand in equation (8.27). We identify
this range as follows. Since b-tagging is only performed for values of η lying in the interval
[−2.5, 2.5], we impose R ≤

√
π2 + 52 ≈ 5.9. Furthermore, jet clustering algorithms used by

CMS merge particles whose (η, ϕ)-Euclidean distance is within 0.4 (Cacciari, Salam, and Soyez,
2008; CMS, 2017), thus we impose R ≥ 0.4. Now, since we expect that the largest discrepancies
between the Control and Signal Region distributions arise in the kinematic variables (η, ϕ),
we choose the smallest possible value R = 0.4 when fitting the empirical optimal transport
coupling π̂. On the other hand, for the nearest-neighbor lookup of the OT-kNN method, we set
R = 2.75, which is the midpoint of the interval [0.4, 5.9]. We make no attempt to tune these
values of R, and we leave open the question of choosing them in a data-driven fashion. We
compute the metric W in part using the EnergyFlow Python library (Komiske, Metodiev, and
Thaler, 2022), and we compute optimal couplings between distributions of collider events using
the Python Optimal Transport library (Flamary et al., 2021)—see Appendix 8.A for further
details.

8.6.2 Simulation Results

The fitted intensity measures β̂s4 produced by the three background methods (FvT, OT-kNN and
OT-FvT) are binned and plotted in Figure 8.5. Logarithmic scales are used to better visualize
signal-rich regions. It can be seen that the three methods yield qualitatively similar estimates
of the SvB intensity function. We recall that the SvB variable is of primary interest to model, as
it is used as the final discriminant when testing the signal hypothesis (8.3). The mHH variable
has also been used as the final discriminant in recent di-Higgs studies (Bryant, 2018). Given an
event g ∈ G with dijet pairing {g1, g2}, itsmHH value is defined as follows5, using the notation
of Section 8.3.2,

mHH(g) = m

(
mH
m(g1)

g1 +
mH
m(g2)

g2
)
. (8.29)

Once again, we observe that this variable is well-modelled by all three methods.

In order to provide a quantitative comparison of these methods, we develop a heuristic
two-sample test for testing equality between the distribution of the fitted background models
and of the true upsampled 4b data. Specifically, we form a proxy for a two-sample test by
training classifiers to discriminate each of the background estimates from the upsampled 4b
data (similar approaches have previously used in the high energy physics literature by Krause
and Shih (2023a, 2023b). For each classifier, we record the area under the receiver operating
characteristic curve (AUC; Hanley and McNeil (1982)), and any deviation of this quantity from .5

5Equation (8.29) can be interpreted as the four-body invariant mass after the dijet four-vectors have been
corrected to have the Higgs boson mass.
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Figure 8.5: Histograms of the the SvB classifier output variable (left) and the mHH variable
(right) for the three background models as well as the upsampled 4b data (treated as the ground
truth), the 3b data (normalized by the factor nsmc/nc), and the di-Higgs signal sample (SM
HH). Error bars in the k-th bin of any histogram denote ±

√
Nk, where Nk is the number of

events per bin. Error bars in the ratio plot denote ±
√
Nk/N0k, where N0k is the number of

observed 4b events per bin. The dashed lines in the ratio plot denote ±
√
1/N0k.

is an indication of mismodeling. We again choose our classifiers to be residual neural networks
with the architecture described in Manole et al. (2022). Although this choice is inherently
favourable to the FvT method, and to some extent the OT-FvT method, we use it because it
coincides with the SvB classifier architecture, and will thus be most powerful at detecting
mismodeling in the features which are relevant for the final signal analysis. Small sentence
to address point #6 from the referee — let me know if we should say more. Another caveat
with the use of the AUC as a performance metric is the fact that it may not be sensitive to local
deviations in the signal-rich area of the phase space, since it has low overall yield. The fitted
AUC value for each method is reported in Figure 8.6. Though all AUCs are significantly greater
than .5, they are substantially lower for our background models than for the benchmark method
consisting of the uncorrected 3b sample. The FvT method has the lowest AUC, followed closely
by the OT-FvT method and OT-kNN method. While the OT-1NN method has comparable
AUC point estimate as the OT-FvT method, we emphasize that its variability interval is wider,
which could have been anticipated from the discussion in Section 8.5.1.5, where we emphasized
that the support size of βs4,1NN can be an order of magnitude smaller than ns. In contrast, the
OT-10NN and OT-20NN estimators have narrower variability intervals than OT-1NN, but have
markedly larger AUC point estimates than the remaining methods. The performance of the
OT-kNN method for varying values of k is also illustrated in Figure 8.8 along as a function of
the SvB and mHH variables.

We next provide a qualitative comparison of the fitted weights produced by the three
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Figure 8.6: Fitted AUC values obtained by discriminating each background model from the
upsampled 4b data using the FvT classifier, together with 95% percentile bootstrap variability
intervals, obtained by bootstrapping the predicted classifier probabilities. 1,000 bootstrap
replications are used. Note that this bootstrap procedure does not take into account the
variability of the background estimators themselves. For the 3b-tagged data, we obtain the
AUC 0.5843, with variability interval [0.5812,0.5874].

background modeling methods. Recall that these methods all take the form

β̂s4 =

ns∑
i=1

viδHs
i
,

for some nonnegative weights vi, which are summarized up to normalization in Table 8.1. In
Figure 8.8, we plot the weights of the two optimal transport methods against those of the FvT
method. We observe that the FvT and OT-FvT methods produce weights which are concentrated
and symmetric around the identity. This implies that the odds ratio of the FvT classifier at a
pointHs

j in the Signal Region behaves similarly to the odds ratio at any pointHc
i in the Control

Region to which Hs
j is optimally coupled. This suggests that the transfer learning of the FvT

classifier from the Control Region to the Signal Region is, to some extent, well-modelled by the
optimal transport coupling π̂. This observation heuristically suggests that Assumptions 1–2
both hold in this simulation. In contrast to the method OT-FvT, we observe that the method
OT-10NN produces markedly different weights than the FvT method, which can partly be
anticipated from the discrete nature of the nearest neighbor extrapolation. We conjecture that
the nearest-neighbor estimator of the optimal transport coupling has poorer theoretical risk
than its counterpart in the OT-FvT method.

8.7 Conclusion and Discussion

Our aim has been to study the problem of data-driven background estimation, motivated by
the ongoing search for double Higgs boson production in the 4b final state. After recalling a
widely-used approach to this problem based on transfer learning of a multivariate classifier,
our first contribution was to develop the FvT classifier architecture which is tailored to collider
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Figure 8.7: Histograms of the SvB classifier output variable (left) and the mHH variable (right)
for the OT-kNN estimator, with k ∈ {1, 10, 20}.

data, and which can serve as a powerful tool for implementing this methodology. Our primary
contribution was then to propose a distinct background estimation method based on the optimal
transport problem. A recurring theme throughout our work has been the complementarity of
the modeling assumptions made by these two distinct approaches, which allows them to be
used as cross-checks for one another in practice. We substantiate this point with a realistic
simulation study, in which these methodologies appear to give consistent results despite their
inherently distinct derivations.

Quantifying the uncertainty of our background estimates is a challenging problem left
open by our work, which is nonetheless crucial for applying our methods in practice. In
the experimental particle physics community, it is commonplace to measure both statistical
uncertainties—those arising from fluctuations of the data generating process—and systematic
uncertainties—those arising from potential mismodeling (Heinrich and Lyons, 2007). Both
of these forms of uncertainty are challenging to quantify in our context. For instance, a
prerequisite for quantifying the statistical uncertainty of the methods OT-kNN or OT-FvT is to
obtain uniform confidence bands for optimal transport maps. Although we have taken a first
step toward this question in Chapter 6, our theory is limited to pointwise confidence bands
over the torus, and completely new ideas would be needed to obtain practical uniform bands
over the space of measures G. The question of quantifying systematic uncertainties is more
open-ended, and typically involves heuristics for assessing the extent of potential mismodeling
by the background estimation methods. Due to the complementarity of assumptions placed by
our methods, any lack of closure between them could potentially play a role in quantifying
their systematic uncertainties. While further investigation is required to make such a proposal
formal, it is our hope that the optimal transport methodology presented in our work can help
contribute to the challenging question of systematic uncertainty quantification in the search
for di-Higgs boson production, or in other searches at the Large Hadron Collider.
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Figure 8.8: Bivariate histogram of the 3b data Hs
1 , . . . ,H
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ns

in the Signal Region, plotted in
terms of the weights of the OT-FvT method against those of the FvT method (left), and of the
OT-10NN method against those of the FvT method (right). The purple lines denote the identity
function.

8.A Computation of Optimal Transport Couplings

In this section, we describe our numerical approximation of the empirical optimal transport
coupling q̂ in equation (8.21). Equation (8.21) is a linear program which can be computed
exactly using simplex algorithms (Peyré and Cuturi, 2019). Such approaches have memory
complexity which grows quadratically in nc ∧ ns, since they require the cost matrix

C = (W (Hc
i , H

s
j ) : 1 ≤ i ≤ nc, 1 ≤ j ≤ ns)

to be stored in memory. As described in Section 8.6, the sample sizes nc and ns are at least of
the order 105 in our problem, in which case the storage of the matrix C becomes intractable.
For low-dimensional problems, the storage of C can be avoided by using the so-called back-
and-forth algorithm of Jacobs and Léger (2020), which has linear memory complexity. For
higher dimensional problems, a common approach is to divide the datasets into several (say, B)
batches, and to compute B separate optimal transport couplings. Such batches can either be
obtained through subsampling or deterministic schemes—see Sommerfeld et al. (2019), Fatras
et al. (2021), Nguyen et al. (2022), and references therein.

We follow a similar approach in our work. We partition the two samples

Dc = {Hc
1, . . . ,H

c
nc
}, Ds = {Hs

1 , . . . ,H
s
ns
}

into B ≥ 1 disjoint batches Dc
1, . . . ,Dc

B and Ds
1, . . . ,Ds

B , satisfying Dc =
⋃
k Dc

k and Ds =⋃
k Ds

k. Assume for simplicity that for some ncB, nsB ≥ 1, |Dc
k| = nBc and |Ds

k| = nBs for all
k = 1, . . . , B. We then compute the optimal transport couplings

q̂k = argmin
(qij)⊆RnB

c ×nB
s

∑
Hc∈Dc

k

∑
Hs∈Ds

k

qijW (Hc, Hs)
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where the minimum is taken over all qij ≥ 0 satisfying

nB
c∑

i=1

qij =
1

nBs
,

nB
s∑

j=1

qij =
1

nBc
,

for all k = 1, . . . , B. We then approximate the empirical optimal transport coupling q̂ in
equation (8.21) by the matrix

q̃ =
1

B


q̂1

q̂2

. . .
q̂B

 .

The memory complexity of this algorithm isO(BnBc n
B
s ) as opposed to the complexityO(ncns)

incurred by any method which requires the storage of the matrix C .

In our simulations, we computed the couplings q̂k using the network simplex solver de-
scribed by Bonneel et al. (2011), as implemented in the Python Optimal Transport package (Fla-
mary et al., 2021). Our simulations were run on a standard Linux machine with 12 cores and
32GB of RAM. We chose B = 16, which is approximately the smallest value of B for which
the computation of the couplings q̂k did not exceed our machine’s memory limit.

We chose the batches according to the following procedure. For any eventG =
∑4

j=1 pTjδ(ηj ,ϕj ,mj),
let sT (G) =

∑4
j=1 pTj denote the scalar sum of the transverse momenta of G. Let Hc

(i) denote
the event among Hc

1, . . . ,H
c
nc

with the i-th smallest sT value, for all i = 1, . . . , nc. That is,

sT (H
c
(1)) ≤ sT (H

c
(2)) ≤ · · · ≤ sT (H

c
(nc)

).

We likewise define Hs
(j) for j = 1, . . . , ns such that

sT (H
s
(1)) ≤ sT (H

s
(2)) ≤ · · · ≤ sT (H

s
(ns)

).

We then set, for k = 1, . . . , B,

Dc
k = {Hc

(B(r−1)+k) : 1 ≤ r ≤ nBc }, Ds
k = {Hs

(B(r−1)+k) : 1 ≤ r ≤ nBs }.

This choice ensures that each batch contains events with a comparable range of sT values. We
impose this property because the penalty term in the definition of W̃ (Eq. (8.27)) is sensitive
to large deviations of sT values. We leave open for future work whether different batching
methods, such as subsampling, would yield improved performance.
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Function Spaces

In this Appendix, we collect definitions and properties of Hölder spaces, Besov spaces, and
Sobolev Spaces, which are used throughout this thesis.

A.1 Hölder Spaces

Given a closed set Ω ⊆ Rd, let Cu(Ω) denote the set of uniformly continuous real-valued
functions on Ω. For any function f : Ω → R which is differentiable up to order k ≥ 1 in the
interior of Ω, and any multi-index γ ∈ Nd, we write |γ| =

∑d
i=1 γi, and for all |γ| ≤ k,

Dγf =
∂|γ|f

∂xγ11 . . . ∂xγdd
.

Given an integer k ≥ 0 and β ∈ (0, 1), the Hölder space Ck,β(Ω) is defined as the set of
functions f ∈ Cu(Ω) which are differentiable to order k in the interior of Ω, with derivatives
extending continuously up to the boundary of Ω, and such that the Hölder norm

∥f∥Ck,β(Ω) =
k∑
j=0

sup
|γ|=j

∥Dγf∥∞ +
∑
|γ|=k

sup
x,y∈Ω◦

x̸=y

|Dγf(x)−Dγf(y)|
∥x− y∥β

is finite. We typically use the abbreviation

Cα(Ω) := C⌊α⌋,α−⌊α⌋(Ω),

for any α > 0, and in Chapter 3 we will also use the abbreviation

C α(Ω) := Cα,α−α(Ω),

where α denotes the largest integer strictly less than α (for instance, α = 0 when α = 1).
Furthermore, for anyα ≥ 0, Cα(Td) (resp. Cu(Td)) is defined as the set of Zd-periodic functions
f : Rd → R such that f ∈ Cα(Rd) (resp. f ∈ Cu(Rd)).

372
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Let us now state a few elementary facts about Hölder spaces. The following simple interpo-
lation inequality can be found, for instance, in equations (6.8)–(6.9) of Gilbarg and Trudinger
(2001).

Lemma 94 (Interpolation Inequality for Hölder Norms). For all ϵ > 0, there exists C(ϵ, d) > 0
such that for all f ∈ C2+β(Td),

∥f∥C1+β(Td) ≤ C(ϵ)∥f∥L∞(Td) + ϵ∥f∥C2+β(Td).

The following bound can be deduced from the Leibniz rule together with equation (4.7)
of Gilbarg and Trudinger (2001).

Lemma 95 (Products of Hölder Functions). For any α ≥ 0, there exists a constant C = C(α) >
0 such that for all f, g ∈ Cα(Td),

∥fg∥Cα(Td) ≤ Cα∥f∥Cα(Td)∥g∥Cα(Td).

The following is straightforward.

Lemma 96 (Compositions of Hölder Functions). For any α, β ∈ (0, 1], there exists a constant
C = C(α, β) > 0 such that for all f ∈ C1+α(Td) and g ∈ Cβ(Td),

∥g ◦ ∇f∥Cαβ(Td) ≤ C∥f∥βC1+α(Td;Td)
∥g∥Cβ(Td).

A.2 Sobolev Spaces

A.2.1 Sobolev Spaces on the Torus

Fix the collection of test functions D(Td) = C∞(Td), endowed with the standard test function
topology, and let D0(Td) = C∞

0 (Td). The set of periodic distributions D′(Td) is defined as the
set of continuous linear functionals on C∞(Td), and we denote by ⟨·, ·⟩ the induced duality
pairing. D′

0(Td) is similarly defined as the dual of D0(Td). Furthermore, define the discrete
Schwartz space S(Zd) as the set of maps ϕ : Zd → R such that for any k > 0 there exists
Ck > 0 such that

|ϕ(ξ)| ≤ Ck∥ξ∥−k, for all ξ ∈ Zd.

The set of tempered distributions on Zd is denoted as S ′(Zd), and is defined as the set of
continuous linear functionals from S(Zd) to R. The Fourier transform defines a bijection
F : C∞(Td) → S(Zd), with inverse

F−1a =
∑
ξ∈Zd

aξe
2πi⟨ξ,·⟩, for all a ∈ S(Zd∗)

which extends uniquely to a map F : D′(Td) → S ′(Zd) via the action

⟨Fu, ϕ⟩ = ⟨u, (Fϕ) ◦ ι⟩,
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for any test function ϕ ∈ D(Td), where ι(x) = −x. We represent any periodic distribution
u ∈ D′(Td) by its formal power series

u =
∑
ξ∈Zd

Fu(ξ)e2πi⟨ξ,·⟩,

which coincides with the classical Fourier series of u when it is sufficiently regular.

Define the Riesz kernel of order s ∈ R as the periodic distribution

Is =
∑
ξ∈Zd

∗

∥ξ∥se2πi⟨ξ,·⟩,

which is in fact an L1(Td) function when −d < s < 0 (Stein and Weiss, 1971, Theorem 2.17),
and define the fractional Laplacian of order s as the convolution operator

(−∆)s/2u = Is ⋆ u = F−1
[
∥ · ∥sFu

]
, (A.1)

for any periodic distribution u ∈ D′
0(Td). We then define the inhomogeneous Sobolev space

Hs,r(Td), for all s ∈ R and 1 < r < ∞, as the set of periodic distributions u ∈ D′(Td) for
which the norm

∥u∥Hs,r(Td) =
∥∥(−∆)s/2u

∥∥
Lr(Td)

is finite. Likewise, the homogeneous Sobolev space Hs,r
0 (Td) is the set of periodic distributions

u ∈ D′
0(Td) such that the above norm is finite. In the special case r = 2, we omit the second

superscript in the preceding definitions, and simply write Hs(Td) := Hs,2(Td), Hs
0(Td) :=

Hs,2
0 (Td), and ∥ · ∥Hs(Td) := ∥ · ∥Hs,2(Td).

Given s ≥ 0 and r > 1, it follows from Theorem 3.5.6 of Schmeisser and Triebel (1987)
that the H−s,r(Td) is isomorphic to the dual of the Banach space Hs,r′(Td), where r′ denotes
the Hölder conjugate of r. Combining this fact with a similar argument as in paragraph 3.13
of Adams and Fournier (2003), one may deduce the following.

Lemma 97. Let r > 1 and s ≥ 0. Then, for all u ∈ Lr0(Td),

∥u∥H−s,r(Td) ≍ sup
{
⟨u, v⟩L2(Td) : v ∈ Hs,r′(Td), ∥v∥Hs,r′ (Td) = 1

}
.

Next, we state a standard interpolation identity. Given two complex Banach spaces B1, B2,
we denote their θ-complex interpolation space, for any θ ∈ (0, 1), by (B1, B2)[θ] (Bergh and
Löfström, 1976). The following can be found, for instance, in Theorem 3.6.1/2 of Schmeisser
and Triebel (1987).

Lemma 98. Let r > 1, −∞ < s0 < s1 <∞, θ ∈ (0, 1). If s = (1− θ)s0 + θs1, then

Hs,r(Td) =
(
Hs0,r(Td), Hs1,r(Td)

)
[θ]
, (A.2)

It will be convenient to note the following norm equivalence.
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Lemma 99. For all r > 1 and u ∈ H1,r(Td),

∥u∥H1,r(Td) ≍ ∥u∥Lr(Td) + ∥∇u∥Lr(Td),

and for all u ∈ H1,r
0 (Td),

∥u∥H1,r(Td) ≍ ∥∇u∥Lr(Td),

where the implicit constants in the preceding two displays depend only on d, r.

The first assertion can be deduced from Theorem 3.5.4 of Schmeisser and Triebel (1987),
and the second is then a consequence of the periodic Poincaré inequality.

We will frequently make use of the following Sobolev embedding, for which a self-contained
proof over the torus can be found in Bényi and Oh (2013).

Lemma 100. Let s > 0 and 1 < r < t <∞ satisfy

s

d
=

1

r
− 1

t
.

Then, ∥u∥Lt(Td) ≲ ∥u∥Hs,r(Td) for all u ∈ Hs,r
0 (Td).

A.2.2 Sobolev Spaces over Domains

We now briefly mention a generalization of the preceding spaces to domains of Rd, and we
refer to Triebel (1995) for further details. We define the Bessel Sobolev norm of smoothness
s ∈ R and integrability 1 < r <∞ as follows, for any tempered distribution ϕ over Rd,

∥ϕ∥Hs,r(Rd) =
∥∥F−1

[
⟨·⟩sF [ϕ](·)

]∥∥
Lr(Rd)

,

and we let Hs,r(Rd) denote the completion of C∞
c (Rd) under the above norm. In the special

case r = 2, it follows from Parseval’s identity that

∥ϕ∥Hs,r(Rd) =
∥∥⟨·⟩sF [ϕ](·)

∥∥
L2(Rd)

,

and in this case, we omit the superscript and simply write Hs(Rd) = Hs,2(Rd). Furthermore,
for any domain Ω with C∞ boundary, we define

∥ϕ∥Hs,r(Ω) = inf
f∈Hs,r(Rd)
ϕ=f |Ω

∥f∥Hs,r(Rd),

where the restriction f |Ω is to be understood in the sense of distributions when s < 0. The space
Hs,r(Ω) is then defined as the set of all restrictions f |Ω of tempered distributions f ∈ Hs,r(Ω)
for which the above norm is finite. Once again, we simply write Hs(Ω) := Hs,2(Ω).

Finally, we define the following homogeneous Sobolev seminorms for all s ∈ R,

∥ϕ∥2Hs(Rd) =
∥∥∥ · ∥sFϕ(·)∥∥2

L2(Rd)
,

for any ϕ ∈ Hs(Rd) such that the above display exists and is finite. We define ∥ϕ∥Ḣs(Ω)
analogously.
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A.3 Wavelets and Besov Spaces

In Section 5.2.3 and Appendix 5.G, we make use of the boundary-corrected wavelet system Ψbc

over the unit cube [0, 1]d, and of the periodic wavelet system Ψper over the flat torus Td. In this
section, we provide further descriptions and properties of these wavelet bases, before turning
to definitions and characterizations of Besov spaces over [0, 1]d and Td. For concreteness, we
describe these constructions in terms of the compactly-supportedN -th Daubechies scaling and
wavelet functions ζ0, ξ0 ∈ Cr(Rd), where r = 0.18(N − 1) for an integer N ≥ 2 (Daubechies
(1988); Giné and Nickl (2016), Theorem 4.2.10). We also extend this definition to the case
N = 1 by taking ζ0, ξ0 to be the (discontinuous) Haar functions (Giné and Nickl (2016), p. 298).
Throughout the thesis, whenever we work with a Besov space Bsp,q , we tacitly assume that the
parameter N is chosen such that the regularity r is strictly greater than the parameters ⌈s⌉ or
α, in which case it must at least hold that N ≥ 2.

Our exposition closely follows that of Giné and Nickl (2016), and we also refer the reader
to Cohen, Daubechies, and Vial (1993); Cohen (2003); Härdle et al. (2012) and references therein
for further details.

A.3.1 Boundary-Corrected Wavelets on [0, 1]d

It is well-known that the N -th Daubechies wavelet system

ζ0k = ζ0(· − k), ξ0jk = 2
j
2 ξ0(2

j(·)− k), j ≥ 0, k ∈ Z,

forms a basis of L2(R), with the property that {ζ0k : k ∈ Z} spans all polynomials on R
of degree at most N − 1. While this family may easily be periodized to obtain a basis for
L2([0, 1]), as in the following subsection, doing so may not accurately reflect the regularity of
functions in L2([0, 1]) via the decay of their wavelet coefficients, near the boundaries of the
interval. This consideration motivated Meyer (1991) and Cohen, Daubechies, and Vial (1993)
to introduce the so-called boundary-corrected wavelet system on [0, 1], which preserves the
standard Daubechies scaling functions lying sufficiently far from the boundaries of the interval,
and adds edge scaling functions such that their union continues to span all polynomials up to
degree N − 1 on [0, 1]. In short, given a fixed integer j0 ≥ log2N , the construction of Cohen,
Daubechies, and Vial (1993) leads to smooth scaling edge basis functions

ζ left0j0k
with support contained in [0, (2N − 1)/2j0 ],

ζright0j0k
with support contained in [1− (2N − 1)/2j0 , 1],

which in turn can be used to define edge wavelet functions ξleft0j0k
, ξright0j0k

, for k = 0, . . . , N − 1.
In this case, if one defines,

ζa0jk = 2
j−j0

2 ζa0j0k
(
2j−j0(·)

)
, ξa0jk = 2

j−j0
2 ξa0j0k

(
2j−j0(·)

)
, for all j ≥ j0, a ∈ {left, right},

then the family

Φbc
0 ={ζbc0j0k : 0 ≤ k ≤ 2j0 − 1}=

{
ζ left0j0k, ζ

right
0j0k

, ζ0m : 0 ≤ k ≤ N − 1, N ≤ m ≤ 2j0 −N − 1
}
,
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Ψbc
0 ={ξbc0jk : 0 ≤ k ≤ 2j − 1, j ≥ j0}

=
{
ξleft0jk, ξ

right
0jk , ξ0jm : 0 ≤ k ≤ N − 1, N ≤ m ≤ 2j0 −N − 1, j ≥ j0

}
,

form an orthonormal basis of L2([0, 1]), with the property that Φbc spans all polynomials on
[0, 1] of degree at most N − 1. We then define a tensor product wavelet basis of L2([0, 1]d) by
setting for all j ≥ j0 and all ℓ = (ℓ1, . . . , ℓd) ∈ {0, 1}d \ {0},

ζbcj0k(x) =

d∏
i=1

ζbc0j0ki(xi), and ξbcjkℓ(x) =
∏
i:ℓi=0

ζbc0jki(xi)
∏
i:ℓi=1

ξbc0jki(xi), x ∈ [0, 1]d,

where in the definition of ζbcj0k , the index k = (k1, . . . , kd) ranges over K(j0) := {1, . . . , 2j0 −
1}d, while in the definition of ξbcjkℓ, k ranges over K(j). In this case, the wavelet system

Ψbc = Φbc ∪
∞⋃
j=j0

Ψbc
j , Φbc = {ζbcj0k : k ∈ K(j0)}, Ψbc

j = {ξbcjkℓ : k ∈ K(j)}, j ≥ j0,

announced in Section 5.2.3 forms a basis of L2([0, 1]d). We sometimes make use of the abbrevi-
ation Ψj0−1 = Φ.

A.3.2 Periodic Wavelets on Td

When working over Td, a simpler construction may be used due to the periodicity of the
functions involved. Denote the periodization on T of dilations of the maps ζ0, ξ0 by

ζper0 =
∑
k∈Z

ζ0(· − k) = 1, ξper0j =
∑
k∈Z

2j/2ξ0(2
j(· − k)), j ≥ 0.

In this case, the collection

Ψper
0 =

{
1, ξper0jk = ξper0j (· − 2−jk) : 0 ≤ k ≤ 2j − 1, j ≥ 0

}
forms an orthonormal basis of L2(T), which may again be extended to L2(Td) using tensor
product wavelets. Specifically, if ξperjkℓ =

∏d
i=1(ξ

per
jk )ℓi for all ℓ = (ℓ1, . . . , ℓd) ∈ {0, 1}d \ {0},

then

Ψper = {1} ∪
∞⋃
j=0

Ψper
j , with Ψper

j =
{
ξjkℓ : k ∈ K(j), ℓ ∈ {0, 1}d \ {0}

}
, j ≥ 0,

forms an orthonormal basis of L2(Td) (Daubechies (1992), Section 9.3; Giné and Nickl (2016),
Section 4.3).
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A.3.3 Properties of Boundary-Corrected and Periodic Wavelet Systems

In both of the preceding constructions, one obtains a family Φ of scaling functions and a
sequence of families (Ψj)j≥j0 of wavelet functions, such that

Φ = Ψj0−1 = {ζk : k ∈ K(j0)} =

{
Φbc, for Ψ = Ψbc

{1}, for Ψ = Ψper,

Ψj = {ξjkℓ : k ∈ K(j), ℓ ∈ {0, 1}d \ {0}} =

{
Ψbc
j , for Ψ = Ψbc

Ψper
j , for Ψ = Ψper,

j ≥ j0,

j0 =

{
⌈log2N⌉, for Ψ = Ψbc

0, for Ψ = Ψper,

K(j) = {0, . . . , 2j − 1}d, j ≥ j0.

In both cases, the wavelet system is defined over a domain Ω, which is to be understood as
either [0, 1]d in the boundary-corrected case, or as Td (which itself may be identified with
(0, 1]d) in the periodic case. In either of these settings, the wavelet system

Ψ = Φ ∪
∞⋃
j=j0

Ψj (A.3)

forms a basis of L2(Ω). The following simple result collects several properties and definitions
which are common to both of the above bases.

Lemma 101. Let N ≥ 1. There exist constants C1, C2 ≥ 1 depending only on N, d and on the
choice of basis Ψ ∈ {Ψbc,Ψper} such that the following properties hold.

(i) The cardinalities of Φ and Ψj satisfy |Φ| ≤ C1, |Ψj | ≤ C22
dj for all j ≥ j0.

(ii) For all j ≥ j0 and ξ ∈ Ψj , there exists a rectangle Iξ ⊆ Ω such that diam(Iξ) ≤ C12
−j ,

supp(ξj) ⊆ Iξ , and
∥∥∥∑ξ∈Ψj

I(· ∈ Iξ)
∥∥∥
L∞

≤ C2.

(iii) Every element ξ ∈ Ψ is contained in Cr(Ω).

(iv) Polynomials of degree at most N − 1 over Ω lie in Span(Φ).

(v) If N ≥ 2, we have,

sup
0≤|γ|≤⌊r⌋

sup
ζ∈Φ

∥Dγζ∥L∞ ≤ C1, sup
0≤|γ|≤⌊r⌋

sup
j≥j0

sup
ξ∈Ψj

2−j(
d
2
+|γ|) ∥Dγξ∥L∞ ≤ C2.

Notice that the only Zd-periodic polynomials on Rd are constants, thus Lemma 30(iv) is
nearly vacuous for the basis Ψper.
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A.3.4 Besov Spaces

We next define the Besov spaces Bsp,q(Ω), for s > 0, p, q ≥ 1. Once again, Ω is understood
to be one of [0, 1]d or Td, and Ψ is understood to be the corresponding wavelet basis as in
equation (A.3). Let f ∈ Lp(Ω) admit the wavelet expansion

f =
∑
ζ∈Φ

βζζ +

∞∑
j=j0

∑
ξ∈Ψj

βξξ, over Ω,

with convergence in Lp(Ω), where βξ =
´
ξf for all ξ ∈ Ψ. Then, the Besov norm of f may

be defined by

∥f∥Bs
p,q(Ω) = ∥(βζ)ζ∈Φ∥ℓp +

∥∥∥∥(2j(s+ d
2
− d

p
) ∥∥(βξ)ξ∈Ψj

∥∥
ℓp

)
j≥j0

∥∥∥∥
ℓq

, (A.4)

and we define

Bsp,q(Ω) =


{
f ∈ Lp(Ω) : ∥f∥Bs

p,q(Ω) <∞
}
, 1 ≤ p <∞{

f ∈ Cu(Ω) : ∥f∥Bs
p,q(Ω) <∞

}
, p = ∞.

We extend the above definition to s < 0 by the duality Bsp′,q′(Ω) =
(
B−s
p,q(Ω)

)∗, where
1
p′ +

1
p = 1

q′ +
1
q = 1, for p, q ̸∈ {1,∞}. It can be shown that the resulting norm on the space

Bsp′,q′(Ω) is equivalent to the sequence norm ∥ · ∥Bs
p′,q′ (Ω) in equation (A.4) (cf. Cohen (2003),

Theorem 3.8.1), thus we extend its definition to s < 0.

We will freq The following result summarizes some elementary identities (cf. Theorem
1.122 of Triebel (2006) and Section 4.3.6 of Giné and Nickl (2016)).

We shall often make use of Besov spaces in order to characterize Hölder continuous
functions in terms of the decay of their wavelet coefficients, via the following classical result.

Lemma 102. For all 0 < s < r, and d ≥ 1, we have

Cs([0, 1]d) ⊆ Bs∞,∞([0, 1]d), Cs(Td) ⊆ Bs∞,∞(Td), (A.5)

and there exist C1, C2 > 0 such that

∥·∥Bs
∞,∞([0,1]d) ≤ C1 ∥·∥Cs([0,1]d) , ∥·∥Bs

∞,∞(Td) ≤ C2 ∥·∥Cs(Td) .

If s ̸∈ N, then equation (A.5) holds with equalities, and with equivalent norms.

An analogue of Lemma 102 is well-known to hold for the Daubechies wavelet system over
Rd, in which case it can readily be proven using an equivalent characterization of Besov spaces
in terms of moduli of smoothness (Giné and Nickl (2016), Section 4.3.1). Such characterizations
are also available for the periodized and boundary-corrected wavelet systems (Giné and Nickl
(2016), Theorem 4.3.26 and discussions in Sections 4.3.5–4.3.6), and at least in the periodized
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case can be shown to lead to Lemma 102 (Giné and Nickl (2016), equation (4.167)). For the
boundary-corrected case, Lemma 102 is known to hold in the special case d = 1 (Cohen,
Daubechies, and Vial (1993), Theorem 4; Giné and Nickl (2016), equation (4.152)), but we do
not know of a reference stating this precise result when d > 1, in part due to the potential
ambiguity of defining the Hölder space Cs([0, 1]d) over the closed set [0, 1]d. We thus provide
a self-contained proof of Lemma 102 in the boundary-corrected case for completeness, using
standard arguments.

Proof of Lemma 102 (Boundary-Corrected Case). Let Ω = [0, 1]d. Suppose first that
f ∈ Bs∞,∞(Ω) for some s ̸∈ N, with wavelet expansion

f =
∑
ζ∈Φbc

βζζ +
∞∑
j=j0

∑
ξ∈Ψbc

j

βξξ.

We wish to show that ∥f∥Cs(Ω) ≲ ∥f∥Bs
∞,∞(Ω). By Lemma 101, ξ ∈ Cr(Ω) for all ξ ∈ Ψbc,

where recall that ⌈s⌉ < r, thus we may define the map

fγ =
∑
ζ∈Φbc

βζD
γζ +

∞∑
j=j0

∑
ξ∈Ψbc

j

βξD
γξ, for all 0 ≤ |γ| ≤ ⌊s⌋.

Notice that ∥Dγζ∥L∞ ≲ 1 for all ζ ∈ Φbc, and for all j ≥ j0, k ∈ K(j), ℓ ∈ {0, 1}d \ {0},

Dγξbcjkℓ = 2(j−j0)(
d
2
+|γ|)Dγξbcj0kℓ(2

j−j0(·))

Then, it follows from Lemma 101 that for all x ∈ Ω◦,

|fγ(x)| ≤
∑
ζ∈Φbc

|βζDγζ(x)|+
∞∑
j=j0

∑
ξ∈Ψbc

j

|βξDγξ(x)|

≲
∥∥(βζ)ζ∈Φbc

∥∥
ℓ∞

|Φbc|+
∞∑
j=j0

∥(βξ)ξ∈Ψbc
j
∥ℓ∞2(j−j0)(

d
2
+|γ|)

∑
ξ∈Ψbc

j

I(|ξ(x)| > 0)

≲
∥∥(βζ)ζ∈Φbc

∥∥
ℓ∞

+
∞∑
j=j0

2j(
d
2
+|γ|)∥(βξ)ξ∈Ψbc

j
∥ℓ∞

≲
∥∥(βζ)ζ∈Φbc

∥∥
ℓ∞

+

∥∥∥∥(2j( d
2
+s)∥(βξ)ξ∈Ψbc

j
∥ℓ∞
)
j≥j0

∥∥∥∥
ℓ∞

∞∑
j=j0

2
(|γ|−s)j

2 ≲ ∥f∥Bs
∞,∞(Ω) ,

(A.6)

where on the final line, we used the fact that s is not an integer, thus |γ| < s. An analogous
calculation reveals that the series defining fγ converges uniformly for any 0 ≤ |γ| ≤ ⌊s⌋, thus
it must follow that f is differentiable up to order ⌊s⌋ with derivatives given by Dγf = fγ ,
which by equation (A.6) must satisfy |Dγf(x)| ≤ C ∥f∥Bs

∞,∞(Ω) for all x ∈ Ω◦, for a constant
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C > 0 depending only on d and r We next prove that Dγf is uniformly (s − ⌊s⌋)-Hölder
continuous over Ω◦, for all |γ| = ⌊s⌋. For all x, y ∈ Ω◦, we have,

|Dγf(x)−Dγf(y)| ≤
∑
ζ∈Φbc

|βζ ||Dγζ(x)−Dγζ(y)|+
∞∑
j=j0

∑
ξ∈Ψbc

j

|βξ||Dγξ(x)−Dγξ(y)|.

Since ζ ∈ Cr(Ω), for all ζ ∈ Φbc,∑
ζ∈Φbc

|βζ ||Dγζ(x)−Dγζ(y)| ≲ ∥f∥Bs
∞,∞(Ω) |Φ

bc| ∥x− y∥ ≲ ∥f∥Bs
∞,∞(Ω) ∥x− y∥ .

Furthermore, using the definition of the boundary-corrected wavelet basis and its locality
property in Lemma 30(ii), we have

∞∑
j=j0

∑
ξ∈Ψbc

j

|βξ||Dγξ(x)−Dγξ(y)|

=
∞∑
j=j0

2j−1∑
k=0

∑
l∈{0,1]d\{0}

|βξjkℓ |2
(j−j0)( d

2
+|γ|)|Dγξj0kℓ(2

j−j0(x))−Dγξj0kℓ(2
j−j0(y))|

≲
∞∑
j=j0

∥(βξ)ξ∈Ψbc
j
∥ℓ∞2(j−j0)(

d
2
+|γ|)(∥2j−j0x− 2j−j0y∥ ∧ 1

) ∑
ξ∈Ψbc

j

I(|ξ(x)| ∨ |ξ(y)| > 0)

≲
∞∑
j=j0

∥(βξ)ξ∈Ψbc
j
∥ℓ∞2(j−j0)(

d
2
+|γ|)(2j−j0∥x− y∥ ∧ 1

)
≲

∞∑
j=0

∥(βξ)ξ∈Ψbc
j+j0

∥ℓ∞2j(
d
2
+|γ|)(2j∥x− y∥ ∧ 1

)
≲

J(x,y)∑
j=0

∥(βξ)ξ∈Ψbc
j+j0

∥ℓ∞2j(
d
2
+|γ|+1)∥x− y∥+

∞∑
j=J(x,y)

∥(βξ)ξ∈Ψbc
j+j0

∥ℓ∞2j(
d
2
+|γ|),

where J(x, y) is the smallest integer j ≥ 0 such that 2j |x− y| ≥ 1; in particular,

2−J(x,y) ≤ ∥x− y∥ ≤ 2−J(x,y)+1. (A.7)

Now, since 2j(
d
2
+s)∥(βξ)ξ∈Ψbc

j+j0

∥ℓ∞ ≤ ∥f∥Bs
∞,∞(Ω) <∞, and since |γ| < s ̸∈ N, we obtain

∥f∥−1
Bs
∞,∞(Ω)|D

γf(x)−Dγf(y)| ≲ ∥x− y∥
J(x,y)∑
j=0

2j(|γ|−s+1) +

∞∑
j=J(x,y)

2j(|γ|−s)

≲ ∥x− y∥2J(x,y)(|γ|−s+1) + 2J(x,y)(|γ|−s) ≲ ∥x− y∥s−|γ| ,
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where the final inequality is due to equation (A.7). It readily follows that ∥f∥Cs(Ω) ≲ ∥f∥Bs
∞,∞(Ω).

Furthermore, since Dγf is uniformly Hölder continuous over (0, 1)d, it is in particular uni-
formly continuous and hence extends to a continuous function over [0, 1]d, thus f ∈ Cs([0, 1]d).
We next show that Cs([0, 1]d) ⊆ Bs∞,∞([0, 1]d) for all s > 0, with the requisite Hölder norms.
Assume ∥f∥Cs(Ω) <∞, and let βξ =

´
fξ for all ξ ∈ Ψbc. By definition of the Besov norm, it

will suffice to prove that∥∥(βζ)ζ∈Φbc∥ ≲ ∥f∥Cs([0,1]d) ,
∥∥(βξ)ξ∈Ψbc

j
∥ ≲ ∥f∥Cs([0,1]d) 2

−j( d
2
+s), j ≥ j0.

The first bound is immediate, since f is bounded above by ∥f∥Cs([0,1]d) over [0, 1]d. To prove
the second bound, let x0 ∈ (0, 1)d, and let s denote the largest integer strictly less than s. By a
Taylor expansion to order s, there exists cs > 0 such that∣∣∣∣∣∣f(x)−

∑
0≤|γ|≤s

Dγf(x0)(x− x0)
γ

∣∣∣∣∣∣ ≤ cs ∥f∥Cs(Ω) ∥x− x0∥s , x ∈ Ω, (A.8)

where (x − x0)
γ =

∏d
i=1(xi − x0i)

γi . In particular, for any given ξ ∈ Ψbc
j , j ≥ j0, choose

x0 ∈ Iξ ∩ (0, 1)d, where diam(Iξ) ≲ 2−j and Iξ is a set containing the support of ξ, as defined
in Lemma 30(ii). We then have,

∣∣∣∣ˆ ξf

∣∣∣∣ ≲
∣∣∣∣∣∣
ˆ
ξ(x)

∑
0≤|γ|≤s

Dγf(x0)(x− x0)
γdx

∣∣∣∣∣∣
+ ∥f∥Cs(Ω)

ˆ
|ξ(x)| ∥x− x0∥s dx = ∥f∥Cs(Ω)

ˆ
|ξ(x)| ∥x− x0∥s dx,

where the final equality uses the fact that polynomials of degree at most ⌊r⌋ lie in Span(Φbc)
by Lemma 30(iv), and are therefore orthogonal to ξ. We thus have,

|βξ| ≲ ∥f∥Cs(Ω)

ˆ
Ω
|ξ(x)| ∥x− x0∥s dx

= ∥f∥Cs(Ω)

ˆ
Iξ

|ξ(x)| ∥x− x0∥s dx

≲ ∥f∥Cs(Ω)2
dj/2 diam(Iξ)

sL(Iξ) ≲ ∥f∥Cs(Ω)2
−j( d

2
+s).

The claim readily follows.
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Wavelet and Kernel Density
Estimation

In this Appendix, we state several properties of wavelet and kernel density estimators which
are used throughout our development. We always work over [0, 1]d or Td in what follows.

B.1 Wavelet Density Estimation

We begin by discussing wavelet density estimators over Ω ∈ {Td, [0, 1]d}, with the correspond-
ing basis Ψ ∈ {Ψper,Ψbc} as in Section A.3.3. Let q ∈ L2(Ω) denote a probability density with
corresponding probability distribution Q, and with corresponding wavelet expansion

q =
∑
ζ∈Φ

βζζ +
∞∑
j=j0

∑
ξ∈Ψj

βξξ.

Given an i.i.d. sampleY1, . . . , Yn ∼ Qwith corresponding empirical measureQn = (1/n)
∑n

i=1 δYi ,
define the unnormalized and normalized wavelet density estimators of the density q of Q,

q̃n =
∑
ζ∈Φ

β̂ζζ +

Jn∑
j=j0

∑
ξ∈Ψj

β̂ξξ, q̂n =
q̃nI(q̃n ≥ 0)´
q̃n≥0 q̃ndL

, (B.1)

where Jn ≥ j0 is a deterministic threshold, and β̂ξ =
´
ξdQn for all ξ ∈ Ψj , j0 ≤ j ≤ Jn. The

following simple result guarantees that q̃n integrates to unity since q is a probability density.

Lemma 103. We have
´
Ω q̃n = 1. In particular, it follows that

∑
ζ∈Φ β̂ζ

´
Ω ζ = 1.

The proof of Lemma 103 appears in Appendix B.1.0.1. In the special case of the periodic
wavelet system, for which Φper consists only of the constant function 1, Lemma 103 implies that
the corresponding estimated coefficient satisfies β̂1 = 1 deterministically, thus the definition
of q̃n in equation (B.1) coincides with that which will be given in Appendix 5.G.

383
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With this result in place, we turn to L∞ concentration results for q̃n, as well as for Besov
norms of q̃n, which we frequently use throughout our proofs. In what follows, write

qJn(y) = E[q̃Jn(y)] =
∑
ζ∈Φ

βζζ +

Jn∑
j=j0

∑
ξ∈Ψj

βξξ, y ∈ Ω.

Lemma 104. Let N ≥ 2 and q ∈ Bs∞,∞(Ω) for some s > 0. Then, there exist constants v, b > 0
depending only on the choice of wavelet system, such that for any Jn ≥ j0, and all u > 0,

P

(
sup
ζ∈Φ

|β̂ζ − βζ | ≥ u

)
≲ exp

{
−nu

2

b

}
, (B.2)

P

(
sup
ξ∈Ψj

|β̂ξ − βξ| ≥ u

)
≲ 2

dj
2 exp

{
− nu2

v + 2jd/2bu

}
, j0 ≤ j ≤ Jn. (B.3)

Furthermore, if 2Jn = c0n
1

d+2s for some c0 > 0, then there exists a constant C > 0, depending
on c0 and on the choice of wavelet system Ψ, such that the following assertions hold.

(i) For all 0 < u ≤ 1,

P
(
∥q̃n∥Bs/2

∞,∞(Ω)
≥ u+ ∥q∥Bs/2

∞,∞(Ω)

)
≤ CJn2

dJn exp
(
− u22sJn/C

)
.

(ii) For all 2−Jn ≤ u ≤ 1,

P
(
∥q̃n − qJn∥L∞(Ω) ≥ u

)
≤ CJn2

Jnd(d+3) exp
(
− nu22−dJn/C

)
.

Lemma 30(ii) is implicit in the proofs of almost sure L∞ bounds for wavelet estimators by
Masry (1997) and Guo and Kou (2019), as well as Giné and Nickl (2009) when d = 1. While
these results are based on wavelet estimators over Rd, they can readily be adapted to the
wavelet systems considered here, as consequences of inequalities (B.2)–(B.3). For completeness,
we provide a proof of Lemma 30(ii), along with the remaining assertions of Lemma 104, in
Appendix B.1.0.2.

Using Lemmas 103 and 30(ii), the following result is now straightforward.

Lemma 105. Let N ≥ 2. Assume there exist γ, s > 0 such that q ≥ 1/γ over Ω, and such that
q ∈ Bs∞,∞(Ω). Then, there exists c1 > 0 depending on γ, ∥q∥Bs

∞,∞(Ω) such that with probability
at least 1− c1/n

2, q̃n is a valid probability density over Ω, and hence q̂n = q̃n. If we instead have
N = 1, then under no conditions on q it holds that q̂n = q̃n almost surely.

Having now established that q̃n is a valid density with high probability, we may speak of
its convergence in Wasserstein distance. Niles-Weed and Berthet (2022) previously derived
upper bounds on the risk, in Wasserstein distance over [0, 1]d, of a projection of q̃n onto the set
of probability densities. Using Lemma 105, we are able to extend their result to the estimator
Q̂n, i.e. the distribution function of the density q̂n defined in equation (B.1). We also state this
result for a general exponent of the 2-Wasserstein distance.
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Lemma 106. Let Ψ = Ψbc with N ≥ 2. Assume that q ∈ Bs∞,∞([0, 1]d) for some s > 0.
Assume further that q ≥ 1/γ over [0, 1]d for some γ > 0. Let 2Jn ≍ n1/(d+2s). Then, for any
ρ ≥ 0, there exists a constant C > 0 depending on M,γ, ρ, s such that

EW ρ
2 (Q̂n, Q) ≤ C


n−

ρ(s+1)
2s+d , d ≥ 3

(log n/
√
n)ρ, d = 2

1/nρ/2, d = 1.

(B.4)

Furthermore, when N = 1, equation (B.4) continues to hold with s = 0 for any density satisfying
γ−1 ≤ q ≤ γ over [0, 1]d, for some γ > 0.

The proof appears in Appendix B.1.0.4.

B.1.0.1 Proof of Lemma 103

Recall that Span(Φ) contains all polynomials of degree at mostN −1 over Ω, by Lemma 30(iv).
In particular, it contains the constant function 1, thus if β′ζ =

´
Ω ζ , we obtain 1 =

∑
ζ∈Φ β

′
ζζ.

It then follows by orthonormality of Ψ that

ˆ
Ω
q̃n =

ˆ
Ω

∑
ζ∈Φ

β′ζζ

∑
ζ∈Φ

β̂ζζ +

Jn∑
j=j0

∑
ξ∈Ψj

β̂ξξ

 =
∑
ζ∈Φ

β′ζ β̂ζ =

ˆ ∑
ζ∈Φ

β′ζζ

 dQn = 1.

This proves the claim.

B.1.0.2 Proof of Lemma 104

Throughout the proof, b, v, c > 0 denote constants depending only on c0 and the choice of
wavelet system, whose value may change from line to line. To prove inequality (B.2), recall
first from Lemma 30(v) that

sup
ζ∈Φ

∥ζ∥L∞(Ω) ≤ b, sup
j≥j0

2−jd/2 sup
ξ∈Ψj

∥ξ∥L∞(Ω) ≤ b. (B.5)

By Hoeffding’s inequality, equation (B.5) implies that for all u > 0,

P

(
sup
ζ∈Φ

|β̂ζ − βζ | ≥ u

)
≤
∑
ζ∈Φ

P
(∣∣∣∣ˆ ζd(Qn −Q)

∣∣∣∣ ≥ u

)
≲ exp

{
−nu

2

b2

}
, (B.6)

where we have used the fact that |Φ| ≲ 1 by Lemma 30(i). To prove equation (B.3), notice that
for all ξ ∈ Ψj and j ≥ j0, given Y ∼ Q,

Var[ξ(Y )] ≤
ˆ
ξ2(y)q(y)dy ≤ ∥q∥L∞(Ω)

ˆ
ξ2(y)dy = ∥q∥L∞(Ω) ≤ v,
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where we used the fact that q ∈ Bs∞,∞(Ω) ⊆ L∞(Ω). Therefore, by Bernstein’s inequality, we
have for all u > 0 and j0 ≤ j ≤ Jn,

P

(
sup
ξ∈Ψj

|β̂ξ − βξ| ≥ u

)
≤
∑
ξ∈Ψj

P
(
|β̂ξ − βξ| ≥ u

)
≲ 2dj exp

{
− nu2

v + 2jd/2bu

}
. (B.7)

Here, the last inequality uses the fact that |Ψj | ≲ 2dj by Lemma 30(i) for all j ≥ j0.

To prove part (i) from here, let 0 < u ≤ 1. A union bound combined with the above display
leads to

P

(
sup

j0≤j≤Jn
sup
ξ∈Ψj

|β̂ξ − βξ| ≥ u

)
≲ Jn2

dJn exp

{
− nu2

v + 2Jnd/2bu

}
, (B.8)

whence, since 2Jn ≍ n
1

d+2s ,

P

(
2

Jn(s+d)
2 sup

j0≤j≤Jn

∥∥(β̂ξ − βξ)ξ∈Ψj

∥∥
ℓ∞

≥ u

)
(B.9)

≲ Jn2
dJn exp

{
− nu22−Jn(s+d)

v+b2
dJn
2 2−

Jns
2

− dJn
2 u

}
≤ Jn2

dJn exp
{
−cu22Jns

}
.

Combining this fact with equation (B.6), we have

P
(
∥q̃n − qJn∥Bs/2

∞,∞
≥ u

)
≤ P

(∥∥(β̂ζ − βζ)ζ∈Φ
∥∥
ℓ∞

≥ u/2
)
+ P

(
2

Jn(d+s)
2 sup

j0≤j≤Jn

∥∥(β̂ξ − βξ)ξ∈Ψj

∥∥
ℓ∞

≥ u/2

)
≤ CJn2

dJn exp{−u22Jns/C},

for a large enough constant C > 0. Thus, we have

∥q̃n∥Bs/2
∞,∞

≤ ∥q̃n − qJn∥Bs/2
∞,∞

+ ∥qJn∥Bs/2
∞,∞

≤ u+ ∥q∥Bs/2
∞,∞

with probability at least 1− CJn2
dJn exp{−u22Jns/C}. Part (i) thus follows. To prove part

(ii), let δn ≤ 2Jn(d+2)/(4C0), for a constant C0 > 0 to be specified below. Notice that for all
x, y ∈ Ω,

|q̃n(x)− q̃n(y)| ≤

∣∣∣∣∣∣
∑
ζ∈Φ

β̂ζ(ζ(x)− ζ(y))

∣∣∣∣∣∣+
∣∣∣∣∣∣
Jn∑
j=j0

∑
ξ∈Ψj

β̂ξ(ξ(x)− ξ(y))

∣∣∣∣∣∣
≲
∑
ζ∈Φ

|β̂ζ |∥x− y∥+
Jn∑
j=j0

2j(
d
2
+1)|β̂ξ|∥x− y∥

∑
ξ∈Ψj

I(ξ(x) ∧ ξ(y) > 0)
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≲ ∥x− y∥+
Jn∑
j=j0

2j(
d
2
+1)∥ξ∥L∞(Ω)∥x− y∥

≲
Jn∑
j=j0

2j(d+1)∥x− y∥ ≲ 2Jn(d+1)∥x− y∥,

where we have again used the properties appearing in Lemma 101. Upon repeating an analogous
calculation, we deduce that both q̃n and qJn are C02

Jn(d+1)-Lipschitz.

Let Kn = O(1/δdn) = O(2−Jnd(d+2)) denote the δn-covering number of the unit cube
[0, 1]d with respect to the Euclidean norm, and let {x0k : 1 ≤ k ≤ Kn} be a corresponding
δn-cover. Letting Ik = {x ∈ [0, 1]d : ∥x− x0k∥ ≤ δn}, we have (for both Ω ∈ {[0, 1]d,Td}),

∥q̃n − qJn∥L∞(Ω) ≤ max
1≤k≤Kn

sup
x∈Ik

|q̃n(x)− qJn(x)|

≤ max
1≤k≤Kn

sup
x∈Ik

|q̃n(x)− q̃n(x0k)|

+ max
1≤k≤Kn

sup
x∈Ik

|qJn(x0k)− qJn(x)|+ max
1≤k≤Kn

|q̃n(x0k)− qJn(x0k)|

≤ 2C02
Jn(d+1)δn + max

1≤k≤Kn

|q̃n(x0k)− qJn(x0k)|

≤ 2−Jn/2 + max
1≤k≤Kn

|q̃n(x0k)− qJn(x0k)|.

Thus, for any 2−Jn ≤ u ≤ 1, using Lemma 101 and the bounds (B.6)–(B.8), we have

P
(
∥q̃n − qJn∥L∞(Ω) ≥ u

)
≤ P

(
max

1≤k≤Kn

|q̃n(x0k)− qJn(x0k)| ≥ u/2

)

≤
Kn∑
k=1

P

∣∣∣∣∣∣
∑
ζ∈Φ

(β̂ζ − βζ)ζ(x0k) +

Jn∑
j=j0

∑
ξ∈Ψj

(β̂ξ − βξ)ξ(x0k)

∣∣∣∣∣∣ ≥ u/2


≤

Kn∑
k=1

P

∣∣∣∣∣∣
∑
ζ∈Φ

(β̂ζ − βζ)ζ(x0k)

∣∣∣∣∣∣ ≥ u/4

+

Kn∑
k=1

P

∣∣∣∣∣∣
Jn∑
j=j0

∑
ξ∈Ψj

(β̂ξ − βξ)ξ(x0k)

∣∣∣∣∣∣ ≥ u/4


≤ KnP

(
sup
ζ∈Φ

|β̂ζ − βζ | ≥ cu

)
+KnP

(
Jn2

dJn
2 sup

j0≤j≤Jn
sup
ξ∈Ψj

|β̂ξ − βξ| ≥ cu

)
≲ Kn exp(−nc2u2/b2) + JnKn2

dJn exp
(
−nc2u22−dJn/(J2

nv + cbJnu)
)
.

It follows that, for a sufficiently large constant C > 0,

P
(
∥q̃n − qJn∥L∞(Ω) ≥ u

)
≤ CJn2

Jnd(d+3) exp
(
− nu22−dJn/(JnC)

)
,

for all 2−Jn < u ≤ 1. The claim readily follows.
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B.1.0.3 Proof of Lemma 105

The claim for N = 1 follows by definition of the Haar system, since in this case q̃n is equal to a
histogram. We thus assume s > 0 andN ≥ 2. Recall that q̃n integrates to unity by Lemma 103,
thus it suffices to show that q̃n ≥ 0 with high probability. Apply Lemma 104 to deduce that

∥q̃n − qJn∥L∞(Ω) ≤ γ−1/4,

except on an event with probability at most c1/n2, for some c1 > 0 depending on γ−1 and
∥q∥Bs

∞,∞(Ω). Furthermore, using Lemma 101, the bias of q̃n satisfies

∥qJn − q∥L∞(Ω) =
∑

j≥Jn+1

2
dj
2 ∥(βξ)ξ∈Ψj

∥ℓ∞

≤ ∥q∥Bs
∞,∞(Ω)

∑
j≥Jn+1

2
dj
2
−j( d

2
+s) ≲ ∥q∥Bs

∞,∞(Ω)2
−Jns ≤ γ−1/4,

for all n larger than a universal constant depending only on ∥q∥Bs
∞,∞(Ω). Therefore, after

possibly increasing c1 > 0, we have with probability at least 1− c1/n
2 that for all n ≥ 1,

∥q̃n − q∥L∞(Ω) ≤ γ−1/2.

Since q ≥ γ−1, we deduce that q̃n ≥ γ−1/2 ≥ 0, over the same high probability event.

B.1.0.4 Proof of Lemma 106

By Jensen’s inequality, it suffices to assume that ρ ≥ 1. It is straightforward to verify from
Lemma 101 that the wavelet system Ψbc satisfies Assumptions E.1–E.6 of Niles-Weed and
Berthet (2022), except Assumption E.2 in the special case N = 1. We also have γ−1 ≤ q ≤ γ
over [0, 1]d. These conditions are sufficient to invoke their Theorem 4 for any N ≥ 1, leading
to

W2(Q̂n, Q) ≲γ ∥q̂n − q∥B−1
2,1([0,1]

d) .

Furthermore, it follows from Lemma 105 that the eventAn = {q̂n = q̃n} satisfies P(Ac
n) ≲ n

−2.
Let qJn = E[q̃n], so that

EW ρ
2 (Q̂n, Q) = E

[
W ρ

2 (Q̂n, Q)IAn

]
+ E

[
W ρ

2 (Q̂n, Q)IAc
n

]
≲ E∥q̃n − q∥ρB−1

2,1([0,1]
d)
+ n−2.

Now, we make use of the following result which can be deduced from the proofs of Theorem 1
and Proposition 4 of Niles-Weed and Berthet (2022).

Lemma 107 (Niles-Weed and Berthet (2022)). Let q be a density satisfying γ−1 ≤ q ≤ γ over
[0, 1]d. Assume further that q ∈ Bs∞,∞([0, 1]d) for some s ≥ 0. Then,

∥qJn − q∥ρB−1
2,1([0,1]

d)
≲ 2−ρJn(s+1),

E
∥∥(β̂ζ − βζ)ζ∈Φbc

∥∥ρ
ℓ2
≲ 1/nρ/2, E

∥∥(β̂ξ − βξ)ξ∈Ψbc
j

∥∥ρ
ℓ2
≲
(
2dj/n1/2

)ρ
, j ≥ j0.
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Let ρ′ ≥ 1 satisfy 1
ρ +

1
ρ′ = 1. Lemma 107 implies,

E∥q̃n − q∥ρB−1
2,1([0,1]

d)

≲ E∥q̃n − qJn∥
ρ

B−1
2,1([0,1]

d)
+ ∥qJn − q∥ρB−1

2,1([0,1]
d)

≲ E
∥∥(β̂ζ − βζ)ζ∈Φbc

∥∥ρ
ℓ2
+ E

 Jn∑
j=j0

2−j
∥∥(β̂ξ − βξ)ξ∈Ψbc

j

∥∥
ℓ2

ρ

+ 2−ρJn(s+1)

≲ n−
ρ
2 +

 Jn∑
j=j0

2ρ(η−1)jE
∥∥(β̂ξ − βξ)ξ∈Ψbc

j

∥∥ρ
ℓ2

 Jn∑
j=j0

2−ρ
′ηj


ρ
ρ′

+ 2−ρJn(s+1)

≲ n−
ρ
2 + n−

ρ
2

 Jn∑
j=j0

2ρ(η+
d
2
−1)j

 Jn∑
j=j0

2−ρ
′ηj


ρ
ρ′

+ 2−ρJn(s+1),

for any η ∈ R. Now, when d ≥ 3, choose 1− d
2 < η < 0. In this case, the above display is of

order

n−
ρ
2 2[ρ(η+

d
2
−1)−ρη]Jn + 2−ρJn(s+1) = 2ρ(

d
2
−1)Jn + 2−ρJn(s+1) ≲ n−

ρ(s+1)
2s+d ,

which proves the claim for d ≥ 3. When d ≤ 2, choose η = 0. Then, the penultimate display is
dominated by its second term, which is of order n−ρ/2 when d = 1 and of order (log n/

√
n)ρ

when d = 2. The claim follows.

B.2 Kernel Density Estimation

Recall that we define the kernel density estimator

q̃n = Khn ⋆ Qn =

ˆ
Rd

Khn(· − y)dQn(y),

where, in the above display, Qn ∈ P(Td) is extended by Zd-periodicity to a Borel measure on
Rd. Under condition K(α), we assume that K ∈ C∞

c (0, 1)d, and thus it is easy to see that the
periodization of Khn , denoted by

Khn =
∑
ξ∈Zd

Khn(· − ξ),

defines a function in C∞(Td), with the property that for all x ∈ Rd, there exists ξ ∈ Zd such
that Khn(x) = Khn(x− ξ). By the Poisson summation formula, it holds that

F [Khn ](ξ) = F [Khn ](ξ) = F [K](hnξ), for all ξ ∈ Zd. (B.10)

Throughout what follows, we write for all u ∈ L1(Td),

Khnu = Khn ⋆ u− u.
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The aim of this appendix is to derive the convergence rate of the kernel density estimator
under the Hölder norms Cγ(Td) with γ ≥ 0, and under the negative Sobolev normsH−γ,r(Td),
r ≥ 2. We begin with the former.

B.2.1 Convergence Rate under Hölder Norms

When γ ≥ 0 is an integer, the question of characterizing the convergence rate of q̃n under the
Cγ(Td) norm reduces to deriving the uniform convergence rate of derivatives of the kernel
density estimator, which is a classical topic (Bhattacharya, 1967; Silverman, 1978; Giné and
Nickl, 2016). Using an elementary interpolation argument, we can extend this existing work to
non-integer values of γ, as stated next.

Proposition 42. Let 0 ≤ γ < s, and assume q ∈ Cs(Td). Let K satisfy condition K(s). Then,
there exist constants C, b > 0 depending on ∥q∥Cs(Td), γ, s such that for any hn ≥ 0,

E∥qhn − q∥Cγ(Td) ≤ Chs−γn ,

and such that for any hn ≤ u ≤ 1,

P
(
∥q̃n − qhn∥Cγ(Td) ≥ u

)
≤ Ch−bn exp

(
− nu2h2γ+dn /C

)
.

In particular, there exists a constant C1 > 0, depending in particular on q, such that, almost
surely for all n ≥ 1,

∥q̃n − qhn∥Cγ(Td) ≤ C1

√
log(h−1

n )

nh2γ+dn

.

Proof of Proposition 42. Given a, b ≥ 0 and a bounded linear operator F : Ca(Td) → Cb(Td),
denote the norm of F by

∥F∥Ca(Td)→Cb(Td) = sup
u∈Ca(Td)\{0}

∥Fu∥Ca(Td)

∥u∥Cb(Td)

.

When γ is an integer, it is a standard fact that the following bound holds under condition K(s)
(see for instance Giné and Nickl (2016), page 402):

∥Khn∥Cs(Td)→Cγ(Td) ≲ h
s−γ
n .

If instead γ > 0 is not an integer, let γ0 = ⌊γ⌋, γ1 = ⌈γ⌉ and θ = γ/γ1. The periodic
Hölder space Cγ(Td) is a real interpolation space of exponent θ between Cγ0(Td) and Cγ1(Td)
(cf. Schmeisser and Triebel (1987), page 173), whence it follows that

∥Khn∥Cs(Td)→Cγ(Td) ≲ ∥Khn∥1−θCs(Td)→Cγ0 (Td)
∥Khn∥θCs(Td)→Cγ1 (Td)

≲
(
hs−γ0n

)1−θ(
hs−γ1n

)θ
= hs−γn .
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This proves the first claim. To prove the second claim, it can be deduced from the proof of
Lemma 32 of Manole et al. (2021) (see also Giné and Guillou (2002)) that for all integers γ ≥ 0,
there exists C > 0 such that for all hn < u ≤ 1,

P
(
∥q̃n − qhn∥Cγ(Td) ≥ u/hγn

)
≤ Ch−d(d+γ+2)

n exp
(
− nu2hdn/C

)
.

If instead γ > 0 is a real number, it follows again from the interpolation property of the periodic
Hölder spaces that the following inequality holds (cf. Lunardi (2018, Corollary 1.7)),

∥q̃n − qhn∥Cγ(Td) ≲ ∥q̃n − qhn∥
1− γ

⌈γ⌉
C⌊γ⌋ ∥q̃n − qhn∥

γ
⌈γ⌉
C⌈γ⌉ .

The preceding two displays imply,

P
(
∥q̃n − qhn∥Cγ(Td) ≥ u/hγn

)
≤ P

(
∥q̃n − qhn∥C⌊γ⌋(Td) ≥ u/h⌊γ⌋n

)
+ P

(
∥q̃n − qhn∥C⌈γ⌉(Td) ≥ u/h⌈γ⌉n

)
≲ h−d(d+⌈γ⌉+2)

n exp
(
− nu2hdn/C

)
,

from which the second claim follows. The final claim is now a direct consequence of the first
Borel-Cantelli Lemma.

We deduce the following Lemma.

Lemma 108. Let q ∈ Cs+(Td) for some s > 0, and let 0 ≤ γ < s. Let K satisfy condition K(s).
Suppose that for some c > 0,

hn = c · n−a, with 0 < a <
1

2γ + d
,

Then, for any b > 0, there exist constants C, δ > 0 depending on K, γ, b, c such that with
probability at least 1− C/nb.

1. ∥q̃n∥Cγ(Td) ≤ C .

2. q̃n is a valid density; in particular, q̃n ≥ C−1 > 0 and
´
Td q̃n = 1.

In particular, there exist constants C,N > 0, possibly depending on q, such that the two preceding
assertions hold almost surely for all n ≥ N .

In particular, the following is an immediate consequence of Lemma 108 and Theorem 3.

Lemma 109. Let p, q ∈ Cs+(Td) and let 0 < γ < s, γ ̸∈ N. Suppose that for some c > 0,

hn = c · n−a, with 0 < a <
1

2γ + d
.

Then, for any b > 0, there exist constants C, λ depending on ωs(p, q), γ, b, c such that with
probability at least 1− C/nb, the unique mean-zero Brenier potential φ̂n whose gradient pushes
forward p onto q̃n is well-defined and satisfies

∥φ̂n∥Cγ+2(Td) ≤ λ, and φ̂n is λ−1-strongly convex.



Appendix B. Wavelet and Kernel Density Estimation 392

In particular, there exist constants C,N, λ > 0 depending on p and q such that the above display
holds almost surely for all n ≥ N .

B.2.2 Convergence Rate under Negative Sobolev Norms

We now turn to the question of bounding the convergence rate of the kernel density estimator
under the negative Riesz potential Sobolev norms.

Proposition 43. Let 0 < α < d, s ≥ 0, r ≥ 2, and q ∈ Cs+(Td). Assume K satisfies
condition K(s + α). Assume further that for some c > 0, hn ≥ c · n−1/d. Then, there exists a
constant C = C(ωs(q),K, c, α, s, r) > 0 such that

∥qhn − q∥H−α,r(Td) ≤ Chs+αn ,

and,

E∥q̃n − qhn∥H−α,r(Td) ≤
(
E∥q̃n − qhn∥rH−α,r(Td)

) 1
r ≤ C

h
α− d

2
n√
n
.

Furthermore,

C−1h
2α−d
n

n
≤ E∥q̃n − qhn∥2H−α(Td) ≤ C

h2α−dn

n
.

When α = 0, the above result reduces to the traditional convergence rate of the kernel
density estimator under Lr(Td) norms (Giné and Nickl, 2016). When s = 0 and α = 1,
this result has previously appeared in Divol (2021), and our proof below is inspired by their
approach.

Proof of Proposition 43. We begin with the bound on the bias of q̃n. Recall the definition of the
fractional Laplacian (−∆)−α/2 and its associated Riesz kernel Iα, given in Chapter A. We have,

∥qhn − q∥H−α,r(Td) =
∥∥Iα ⋆Khn [q]

∥∥
Lr(Td)

=
∥∥Khn [Iα ⋆ q]

∥∥
Lr(Td)

=
∥∥Khn

[
(−∆)−α/2q

]∥∥
Lr(Td)

. (B.11)

Now, let γ = α+ s, and notice that by definition of the Riesz potential spaces,∥∥(−∆)−α/2q
∥∥
Hγ,r(Td)

≲ ∥q∥Hs,r(Td). (B.12)

Therefore, the question of bounding the expression in equation (B.11) reduces to the question
of bounding the Lr(Td) approximation error of the convolution of the Hγ,r(Td) function
f := (−∆)−α/2[q]. When γ is an integer (Giné and Nickl, 2016), but we provide below a direct
proof for general γ. Specifically, we aim to show

∥Khn [f ]∥Lr(Td) ≲ h
γ
n.
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Define M := ∥ · ∥−γ
(
F [K](·)− 1

)
, with 0/0 = 0. We will show below that M(a·) is a Lr(Td)

Fourier multiplier for any given a > 0, in the sense that∥∥F−1[M(a·)Ff ]
∥∥
Lr(Td)

≤ C∥f∥Lr(Td)

for all f ∈ Lr(Td), for a constant C > 0 independent of a. Taking this fact for granted
momentarily, let us show how the claim follows. Using equation (B.10), we have

∥Khn [f ]∥Lr(Td) =
∥∥F−1

(
F [Khn [f ]

)∥∥
Lr(Td)

= hγn
∥∥F−1

(
M(hnξ)∥ξ∥γF [f ](ξ)

)∥∥
Lr(Td)

≲ hγn
∥∥F−1

(
∥ξ∥γF [f ](ξ)

)∥∥
Lr(Td)

= hγn∥f∥Hγ,r(Td) ≲ h
s+α
n ∥q∥Hs,r(Td),

where we used equation (B.12) to obtain the final inequality.

It thus remains to show that M(a·) is indeed a Fourier multiplier, with norm independent
of a > 0. To do so, it will suffice to show that M satisfies the conditions of Mikhlin’s multiplier
theorem (Grafakos, 2008, Theorem 6.2.7). Abbreviate g = F [K]. By condition K(γ), M is
bounded over Rd. Furthermore, recall that condition K(γ) implies that K is a kernel of order
γ − 1, i.e. Dκg(0) = 0 for all multi-indices κ such that 1 ≤ |κ| ≤ γ − 1. For any such κ, we
have

Dκg(ξ) = Dκg(0) +
∑

α:1≤|ω|≤γ−1−|κ|

Dκ+ωg(0)ξω +O(∥ξ∥γ−|κ|) = O(∥ξ∥γ−|κ|),

for ∥ξ∥ ≤ 1. Since K and g are Schwartz functions, the above bound also continues to hold
trivially for all |κ| ≥ γ. Using the general Leibniz rule, we deduce that for all multi-indices ω
satisfying 1 ≤ |ω| ≤ d

2 + 1, we have1∣∣DωM(ξ)
∣∣ = ∣∣Dω

(
g(ξ)∥ξ∥−γ

)∣∣
=

∣∣∣∣∣∣
∑
κ≤ω

(
ω

κ

)(
Dκg(ξ)

)(
Dω−κ∥ξ∥−γ

)∣∣∣∣∣∣
≲
∑
κ≤ω

∣∣Dκg(ξ)
∣∣∣∣Dω−κ∥ξ∥−γ

∣∣
≲
∑
κ≤ω

∥ξ∥γ−|κ|∥ξ∥−γ−|ω−κ|

≲ ∥ξ∥−|ω|,

for all ∥ξ∥ ≤ 1. Finally, since g is a Schwarz function, the last bound of the above display
continues to hold trivially when ∥ξ∥ > 1. The conditions of Mikhlin’s Multiplier Theorem are
thus satisfied. This completes the proof of the bias bound.

1The notation κ ≤ ω is to be understood componentwise. Furthermore, we write
(
ω
κ

)
=

∏d
i=1

(
ω
κi

)
.
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To prove the first claim about the variance, we follow the proof of Divol (2021) closely. We
would like to bound V = E∥(1/n)

∑n
i=1

(
Ui − EUi

)
∥r
Lr(Td)

, where

Ui(x) = Iα ⋆ K
o
hn(Xi − x), x ∈ Td,

where we write Ko
hn

= Khn − 1. Using Rosenthal’s inequality (Rosenthal, 1970, 1972), it holds
that

V ≲ n−r/2
ˆ
Td

(
E|U1(x)|2

)r/2
dx+ n1−r

ˆ
Td

E|U1(x)|rdx.

Notice that, due to the upper-boundedness of q, one has for any x ∈ Td,

E|U1(x)|r =
ˆ
Td

∣∣Iα ⋆ Ko
hn(y − x)

∣∣rq(y)dy
≲
ˆ
Td

∣∣Iα ⋆ Ko
hn(y − x)

∣∣rdy =

ˆ
Td

∣∣Iα ⋆ Ko
hn(y)

∣∣rdy = ∥Ko
hn∥

r
H−α,r(Td),

where we used the translational invariance of L. We now make use of the following.

Lemma 110. Let 0 < α < d, r ≥ 2, and assume condition K(α) holds. Then, there exists
C = C(α, r) > 0 such that

C−1hrα−(r−1)d
n ≤ ∥Ko

hn∥
r
H−α,r(Td) ≤ Chrα−(r−1)d

n .

The proof appears below. We thus have

V ≲ n−r/2
(
h2α−dn

)r/2
+ n1−rhrα−(r−1)d

n = n−r/2h
r(α− d

2 )
n + n1−rhrα−(r−1)d

n . (B.13)

Note that

c · n−r/2hr(α−
d
2 )

n ≥ n1−rhrα−(r−1)d
n ⇐⇒ hn ≥ c · n−1/d,

thus, under our assumption that hn ≥ cn−1/d, the first term on the right-hand side of equa-
tion (B.13) dominates, and we obtain

V ≲ n−r/2h
r(α− d

2 )
n .

It thus remains to prove the final claim, for which it suffices to prove the lower bound. We
have,

E∥q̃n − qhn∥2H−α(Td) = E∥(1/n)
n∑
i=1

(
Ui − EUi

)
∥2L2(Td)

≍ 1

n

ˆ
Td

ˆ
Td

∣∣Iα ⋆ Ko
hn(y − x)

∣∣2dxdy
=

1

n
∥Ko

hn∥
2
H−α(Td) ≍

1

n
h2α−dn ,

where we used the fact that q is bounded from above and below over Td, and we invoked
Lemma 110 in the final order assessment. The claim follows.
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Proof of Lemma 110. Let

κ = sup
ξ∈Rd\{0}

|F [K](ξ)− 1|
∥ξ∥

,

which is finite by condition K(1). By the Hausdorff-Young inequality, notice that

∥Ko
hn∥H−α,r(Td) =

∥∥F−1
[
∥ · ∥−αF [Ko

hn ]
]∥∥
Lr(Td)

≤
∥∥(∥ · ∥−αF [Ko

hn ]
)
ξ∈Zd

∗

∥∥
ℓr′ (Zd

∗)
,

where r′ = r/(r − 1) is the Hölder conjugate of r. We thus have,

∥Ko
hn∥

r′

H−α,r(Td) ≤
∑
ξ∈Zd

∗

|F [K](hnξ)|r
′

∥ξ∥αr′
,

where

Sn,1 =
∑
ξ∈Zd

∗
κ∥hnξ∥≤1/2

∣∣F [K](hnξ)
∣∣r′

∥2πξ∥r′α
, Sn,2 =

∑
ξ∈Zd

∗
κ∥hnξ∥>1/2

∣∣F [K](hnξ)
∣∣r′

∥2πξ∥r′α
.

Regarding term Sn,1, apply condition K(α) to obtain

Sn,1 ≥
∑
ξ∈Zd

∗
κ∥hnξ∥≤1/2

(1− κ∥hnξ∥)r
′

+

∥2πξ∥r′α

≥ 1

2r′∥2π∥r′α
∑
ξ∈Zd

∗
κ∥hnξ∥≤1/2

1

∥ξ∥r′α
≍ hr

′α−d
n ,

where the final order assessment holds due to the condition rα < d(r − 1), which implies
r′α < d. A similar argument shows that Sn,1 ≲ hr

′α−d
n . It thus remains to upper bound Sn,2.

Recall that K ∈ C∞
c (Rd), thus K and F [K] both belong to the Schwartz space. In particular,

F [K](ξ) ≲ ∥ξ∥−ℓ for any ℓ > 0. Choosing ℓ such that r′(ℓ+ α) > d, it follows that

Sn,2 ≲ h
−r′ℓ
n

∑
ξ∈Zd

∗
κ∥hnξ∥ρ>1/2

∥ξ∥−r′(ℓ+α) ≲ h−r′ℓn h−d+r
′(ℓ+α)

n = hr
′α−d
n .

Deduce from here that

∥Ko
hn∥

r
H−α,r(Td) ≍ h

r
r′ (r

′α−d)
n = hrα−(r−1)d

n .

This proves the claim.
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Hütter, J.-C. and Rigollet, P. (2021). Minimax rates of estimation for smooth optimal transport
maps. The Annals of Statistics, 49:1166–1194.

Huynh, V., Ho, N., Dam, N., Nguyen, X., Yurochkin, M., Bui, H., and Phung, D. (2021). On
efficient multilevel clustering via Wasserstein distances. Journal of Machine Learning Research,
22:1–43.

Imaizumi, M., Ota, H., and Hamaguchi, T. (2022). Hypothesis test and confidence analysis with
wasserstein distance on general dimension. Neural Computation, 34:1448–1487.

Ivanoff, B. G. and Merzbach, E. (1999). Set-Indexed Martingales, volume 85. CRC Press.

Jacobs, M. and Léger, F. (2020). A fast approach to optimal transport: The back-and-forth
method. Numerische Mathematik, 146:513–544.



Bibliography 411

Jamieson, K., Malloy, M., Nowak, R., and Bubeck, S. (2014). Lil’UCB : An Optimal Exploration
Algorithm for Multi-Armed Bandits. In Conference on Learning Theory, pages 423–439.

Jordan, R., Kinderlehrer, D., and Otto, F. (1998). The variational formulation of the Fokker–Planck
equation. SIAM Journal on Mathematical Analysis, 29:1–17.

Josien, M. (2019). Decomposition and pointwise estimates of periodic Green functions of some
elliptic equations with periodic oscillatory coefficients. Asymptotic Analysis, 112:227–246.

Kallenberg, O. (2006). Probabilistic Symmetries and Invariance Principles. Springer Science &
Business Media.

Kamath, S., Orlitsky, A., Pichapati, D., and Suresh, A. T. (2015). On Learning Distributions from
their Samples. In Proceedings of The 28th Conference on Learning Theory, pages 1066–1100.
PMLR.

Kantorovich, L. V. (1942). On the translocation of masses. In Dokl. Akad. Nauk. USSR (NS),
volume 37, pages 199–201.

Kantorovich, L. V. (1948). On a problem of Monge. In CR (Doklady) Acad. Sci. URSS (NS),
volume 3, pages 225–226.

Karampatziakis, N., Mineiro, P., and Ramdas, A. (2021). Off-policy Confidence Sequences. In
Proceedings of the 38th International Conference on Machine Learning, pages 5301–5310. PMLR
139.

Kasieczka, G., Nachman, B., Schwartz, M. D., and Shih, D. (2021). Automating the ABCD
method with machine learning. Physical Review D, 103:035021.
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