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Abstract

Optimal transport is a flexible framework for comparing probability distribu-
tions, which has received a recent surge of interest as a methodological tool in
statistics. The aim of this thesis is to develop procedures for performing valid and
efficient statistical inference for various objects arising from the optimal transport
framework. On the one hand, we derive a semiparametric efficient estimator of the
quadratic Wasserstein distance between probability measures of arbitrary fixed
dimension. On the other hand, we develop a pointwise central limit theorem for
the quadratic optimal transport map between multivariate periodic distributions.
We also develop nonasymptotic and sequential inferential procedures for various
optimal transport divergence functionals. These results provide a step toward the
longstanding problem of performing practical inference for optimal transport in
arbitrary dimension. Along the way, this thesis studies the related question of
performing minimax estimation for optimal transport maps and costs, leading to
new minimax upper or lower bounds for these problems in various settings. We
close with an application of these ideas to a problem arising in experimental high
energy physics, where we show that optimal transport can be used to address
the problem of data-driven background estimation, arising in the search for new
physical phenomena at the Large Hadron Collider.
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Chapter 1

Introduction

The field of optimal transport arose from a resource allocation problem first posed by Monge
(1781), and has since developed into a rich branch of mathematical analysis (Ambrosio, Gigli, and
Savare, 2008; Villani, 2008; Figalli and Glaudo, 2021), shaped by important historical influences
from economics (Kantorovich, 1942; Galichon, 2016) and physics (Jordan, Kinderlehrer, and
Otto, 1998; Benamou and Brenier, 2000).

In statistical contexts, optimal transport has historically been used as a theoretical tool
for asymptotic theory (Bickel and Freedman, 1981; Shao and Tu, 2012), since it gives rise to a
convenient characterization of weak convergence over the space of probability measures. In
recent years, however, optimal transport has proven to be more than just a useful theoretical
device, and has gained widespread popularity as a methodological tool in statistics. Such
methodological applications date back at least to the early paper of Munk and Czado (1998),
who proposed the use of optimal transport to solve a univariate bioequivalence hypothesis
testing problem. This work was followed up by several other related papers on univariate
nonparametric testing (e.g. Freitag, Czado, and Munk (2007) and references therein), but it
was not until the past five to ten years that the optimal transport framework began to receive
widespread adoption in the statistics community. This surge of recent interest was driven
in part by computational advances (Cuturi, 2013; Peyré and Cuturi, 2019), the availability
of inferential procedures beyond univariate measures (Sommerfeld and Munk, 2018), and
successful applications in the machine learning and computer vision communities (e.g. Arjovsky,
Chintala, and Bottou (2017)). Optimal transport has now been used as a methodological tool for
a variety of statistical tasks, ranging from multivariate distribution-free testing, to inference
over the space of probability measures. We refer to Kolouri et al. (2017), Panaretos and
Zemel (2019a, 2019b), Hallin (2022), for surveys of recent developments.

In order to see why optimal transport has been such a successful data analytic tool, let us
provide a heuristic introduction to the subject, deferring a more formal description to Section 1.3
below. In its most basic formulation, the optimal transport problem is a question about transport
maps between probability measures. Concretely, given two absolutely continuous probability
distributions P and Q supported in R, a transport map from P to Q is a vector field T which
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satisfies the relation
T(X) ~ @, forany random variable X ~ P. (1.1)

Thus, a transport map 7 is simply a transformation of a random variable X ~ P onto a second
random variable Y = T'(X') whose distribution is ). Said differently, ) is a pushforward of P
under the map 7.

A wide range of statistical applications involve transforming random variables to ensure
they follow a desired distribution, and transport maps play a natural role in such applications.
As a classical example, the technique of quantile-quantile (Q-Q) plots consists of assessing the
discrepancy between two univariate distributions by visualizaing a transport map between
them, and determining the extent to which it deviates from the identity. Another example is the
probability integral transform, which is a procedure for sampling from univariate probability
measures, based on the fact that the quantile function of a univariate measure () is a transport
map from the uniform distribution P = /[0, 1] onto ). More generally, a popular approach
in machine learning for high-dimensional sampling is to construct a suitable transport map
between a given reference distribution P, and the distribution of interest, say (). To sample
from the complex measure (), it then suffices to draw observations from the simple measure P,
and push them through the map 7. In general, there may exist infinitely-many transport maps
T that one can choose to carry out this procedure, and different choices have led to extremely
successful sampling procedures, such as the methods of normalizing flows (Kobyzev, Prince,
and Brubaker, 2020) or denoising diffusion probabilistic models (Ho, Jain, and Abbeel, 2020).

One of the classical results in the optimal transport framework is that, among the poten-
tially infinite collection of transport maps between two given distributions, there exists one
which is most parsimonious (in a suitable sense), and which satisfies a multivariate notion
of monotonicity. This object is called the Brenier map, or the (quadratic) optimal transport
map, and can be viewed as a default choice of transport map for applications where no other
canonical choice is available. There are several equivalent ways of defining the Brenier map;
the following is one approach, that arises from the celebrated paper of Brenier (1991).

Theorem 1 (Brenier’s Polar Factorization Theorem (Informal)). For any absolutely continuous
probability measures P and Q on R?, there exists a unique gradient of a convex function Ty = Vg
which pushes forward P onto (). Furthermore, for any transport map T from P to (), the following
decomposition holds

T = TO o) S,

where S is a measure-preserving map, i.e. a transport map from P onto itself. Ty is called the
Brenier map, or (quadratic) optimal transport map, from P to Q).

By analogy to univariate convex functions, whose derivatives are always monotonic (when
they exist), it is natural to think of gradients of multivariate convex functions as satisfying a
multivariate notion of monotonicity. In this language, Brenier’s polar factorization theorem
implies that for any given measures P and (), there exists a unique monotonic vector field Ty
which pushes P forward onto (). Furthermore, the theorem shows that any other transport
map T from P to ) can be written as a composition of this monotonic vector field 7p, and a
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map S which is redundant as far as the problem of transporting P to () is concerned. It is in
this sense that Tj is most parsimonious among all transport maps, since it is the one for which
the redundant component is .S = Id.

Later on, we will see that the Brenier map can also be characterized in terms of an optimiza-
tion problem: it can be shown that Tj is the unique solution to the so-called Monge optimal
transport problem, defined by

T(P,Q) = T.ﬁianE[c(X’T(X))]’ subject to T'(X) ~ @, (1.2)

where c(z,y) = ||z — y||? for all z,y € R% and X ~ P. Equation (1.2) characterizes the
Brenier map as the L?(P) projection of the identity onto the space of transport maps from
P to Q. This provides a different sense in which T} is most parsimonious. One could also
consider different types of projections by choosing a different cost function ¢ : R* x R4 — R,
in the above display, but this leads to different notions of optimal transport maps which do not
enjoy the properties set forth in Theorem 1.

Let us begin by illustrating the statistical utility of Brenier maps, by showing how they can
be used to address the longstanding problem of defining multivariate analogues of traditional
notions from univariate statistics, such as quantiles functions, cumulative distribution functions,
and their empirical analogues, based on ranks and signs. As mentioned previously, it is well-
known that the quantile function G~ of a univariate probability measure () is a transport
map from the uniform distribution P = 1[0, 1] onto Q). Recalling that quantile functions are
monotonic, we deduce from Theorem 1 that G~ must, in fact, be the unique Brenier map
which pushes forward P onto (). This suggests a very simple definition for a multivariate
quantile: given a measure ) supported in R?, and given a reference measure P, such as the
uniform distribution on [0, 1]¢, it is natural to define the quantile function of @ as the unique
optimal transport map pushing forward P onto (). This map is referred to as the Monge-
Kantorovich quantile function of (. Notions of cumulative distribution functions, ranks, and
signs, can then be defined using a similar principle. These definitions were first proposed
by Chernozhukov et al. (2017); Hallin et al. (2021), who argue that they retain essentially all of
the desirable properties of their univariate counterparts which makes them useful tools for
distribution-free inference. A great deal of follow-up work has then used these definitions
to propose multivariate rank-based, distribution-free procedures for testing hypotheses of
goodness-of-fit, two-sample equality, independence, and symmetry, which often retain the
same asymptotic efficiency properties as their univariate counterparts (cf. Shi, Drton, and Han
(2020); Deb, Ghosal, and Sen (2021); Deb, Bhattacharya, and Sen (2021); Huang and Sen (2023)).
We refer to Hallin (2022) for a survey. Beyond these examples, optimal transport maps have
been used in a variety of other recent methodological tasks, such as domain adaptation (Courty
et al., 2016; Redko et al., 2019; Rakotomamonjy et al., 2022; Zhu et al., 2021), distributional
regression (Ghodrati and Panaretos, 2022), and generative modeling (Finlay et al., 2020; Onken
et al.,, 2021).

Although we have primarily focused on optimal transport maps up to this point, an equally
important quantity for statistical applications turns out to be the optimal objective value of the
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optimization problem (1.2). The quantity 7.(P, Q) has the natural interpretation of measuring
the expected cost in transporting probability mass from P forward onto @, and thus defines
an interpretable notion of divergence between these measures. In the special case where the

cost function c is of the form c(z,y) = ||z — y||", for some r > 1, we write

W= (T,)"",

and the functional W, turns out to define a metric over the space of probability measures on
R< with finite moments up to order r, known as the r-Wasserstein distance. In its most general
formulation that we will give in Section 1.3 below, the Wasserstein distance does not presume
distributions which are absolutely continuous with respect to a common dominating measure.
Furthermore, contrary to other classical metric between probability measures, such as the
Hellinger or Total Variation distances, the Wasserstein distance is sensitive to the underlying
geometry of the measures being compared, due to the Euclidean norm embedded into its
definition. These considerations make it a natural and powerful data analytic tool. For example,
the empirical Wasserstein distance has been advocated as a natural test statistic for goodness-
of-fit or two-sample testing Munk and Czado (1998); Ramdas, Trillos, and Cuturi (2017);
Sommerfeld and Munk (2018); Hallin, Mordant, and Segers (2021). Wasserstein distances are
also a natural tool for metrizing the space of mixing measures in latent variable models (Nguyen,
2013; Ho, Yang, and Jordan, 2022; Wang, 2019), an observation which has both been used for
the theoretical purpose of deriving convergence rates of estimation procedures (cf. Chen
(2023) for a survey), and for the methodological purpose of defining new model selection
methods (cf. Do et al. (2024) and references therein). Let us also mention that Wasserstein
distances have been used for a variety of other tasks, such as distributional clustering (Ho et al.,
2017; Verdinelli and Wasserman, 2019), performing inference from simulations (Bernton et al.,
2019), minimum distance estimation (Bernton et al., 2019; Zhang and Chen, 2022), analyzing
exchangeable random graphs (Lei, 2021), and performing inference over the space of probability
measures (Petersen and Miiller, 2019; Panaretos and Zemel, 2019).

Finally, we emphasize that there is an increasing number of statistical applications where
the optimal transport problem has a scientific interpretation, and thus becomes the object
of interest in its own right. For instance, the Wasserstein distance has recently been used in
experimental high energy to quantify the distance between histograms of energy deposits
produced by collider events (Komiske et al., 2019), while optimal transport maps have been
used in biological applications to model the development of embryonic cells (Schiebinger et
al., 2019), and in biophysics to quantify the colocalization of cellular samples (Tameling et
al., 2021). In these applications, optimal transport quantities become the primary target of
statistical inference.

1.1 What this Thesis is About

The preceding applications raise the important question of performing statistical inference
for objects in the optimal transport framework. Concretely, if a practitioner has access to i.i.d.

samples
Xi,...,Xpn~P, Yi,....Y ~Q (1.3)
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from unknown measures P and (), how can they perform statistical inference for objects like
Wasserstein distances and optimal transport maps? For example, if a statistician wishes to
report a point estimate of a Monge-Kantorovich median, how can they also provide a confidence
interval centered at their estimate? If a biophysist wishes to use optimal transport to quantify
the colocalization of two protein samples, how can they test whether the level of colocalization
is nonzero? How does one optimally test hypotheses separated in Wasserstein distance? This
thesis is broadly motivated by inferential questions of this type.

Thesis Statement: To develop procedures for performing valid and efficient sta-
tistical inference for optimal transport maps and optimal transport costs, between
probability measures of arbitrary fixed dimension.

The subject of inference for optimal transport was still in its infancy when this thesis began,
but has since been the subject of intensive study in the literature. Let us briefly highlight some
of these recent developments, deferring a more thorough survey to the individual chapters
which will follow.

Perhaps the object which has received the most attention in recent literature has been the
empirical Wasserstein distance, which is the natural sample analogue of the Wasserstein distance.
As mentioned previously, the study of limiting distributions for the empirical Wasserstein
distance was initiated in the univariate setting by Munk and Czado (1998), and followed up by
the works of del Barrio et al. (1999); Freitag, Munk, and Vogt (2003); Samworth and Johnson
(2005); del Barrio, Giné, and Utzet (2005); Freitag and Munk (2005); Freitag, Czado, and Munk
(2007), as well as the more recent works of del Barrio, Gordaliza, and Loubes (2019); Berthet,
Fort, and Klein (2020). Each of these papers heavily exploit the one-dimensional structure of the
Wasserstein distance, which allows it to be expressed as the L" distance between the quantile
functions of the distributions to be compared. This allows for limit laws for the empirical
Wasserstein distance to be derived using the classical asymptotic theory of the empirical
quantile process.

The first studies of the empirical Wasserstein distance beyond the univariate setting were
the works of Sommerfeld and Munk (2018) and Tameling, Sommerfeld, and Munk (2019), which
considered the case where the measures are supported on a finite or countably infinite metric
space. This setting already provides a significant departure from that of univariate measures,
requiring new insights to deal with the lack of total ordering of the underlying space, and the
resulting lack of Hadamard smoothness of the Wasserstein functional. The ideas in these works
have also been extended to the situation where at least one of the two measures P and Q is
finitely-supported (Sadhu, Goldfeld, and Kato, 2023; del Barrio, Gonzalez-Sanz, and Loubes,
2024).

Moving now to the situation where both P and () are genuinely d-dimensional distributions,
say absolutely continuous with respect to the Lebesgue measure, a fundamental contribution
was made by del Barrio and Loubes (2019), who showed that, under mild regularity conditions,
the quadratic empirical Wasserstein distance W2 (P, Q,,), between independent empirical
measures P, and (), comprised of the ii.d.samples (1.3), enjoys a central limit theorem
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centered at its expectation in arbitrary dimension d > 1:

nm
n-—+m

(WQQ(Pna Qm) - EWQQ(Pm Qm)) ~ N(Oa 02)a (1-4)

for some o > 0, which is positive if and only if P # (. This result was also extended to more
general optimal transport costs by del Barrio, Gonzalez-Sanz, and Loubes (2021). Although
these results are very useful, their centering sequence is a barrier to their use for inferential
purposes. Indeed, we will see in Chapter 3 below that the bias of the empirical Wasserstein
distance in general dimension typically satisfies

EW3(Pp, Qm) — WE(P,Q) 2 (n Am)~2/4,

This rate is of leading order whenever d > 4, and in this case, the centering sequence in
equation (1.4) cannot be replaced by the population Wasserstein distance. This precludes
the possibility of constructing an asymptotic confidence interval using equation (1.4) when
d > 4. Nevertheless, we emphasize that limit laws with desirable centering are available in the
low-dimensional regime d < 3, and more generally when only one of the two measures P and
Q is of low intrinsic dimension (Hundrieser et al., 2022). One of the contributions of this thesis
will be to show, in Chapter 7 below, that there exists a distinct estimator of the Wasserstein
distance which enjoys a central limit theorem centered at its population counterpart in any
dimension d > 1, under appropriate smoothness and support assumptions. To the best of our
knowledge, this leads to the first procedure for constructing confidence sets for the Wasserstein
distance in general dimension.

Beyond the Wasserstein distance, let us emphasize that the question of inference for other
optimal transport divergence functionals—such as the Sinkhorn divergence, the Sliced Wasser-
stein distance, and the Gaussian-Smoothed Wasserstein distance—turns out to be significantly
more tractable than that of the vanilla Wasserstein distance, and has received a comprehensive
treatment in the literature—see for instance Mena and Weed (2019), Goldfeld and Greenewald
(2020), Sadhu, Goldfeld, and Kato (2021), Gonzalez-Sanz, Loubes, and Niles-Weed (2022), del
Barrio et al. (2023), Gonzalez-Sanz and Hundrieser (2023), and Goldfeld et al. (2024a, 2024b,
2024c).

The question of performing inference for optimal transport maps has received significantly
less attention. In the one-dimensional case, uniform confidence bands for optimal transport
maps can be derived using classical strong approximation theory for the quantile-quantile
process (Aly, 1986), or using asymptotics for kernel-based estimators (Ponnoprat, Okano,
and Imaizumi, 2024). In the case where P and () are discrete distributions, Klatt, Munk, and
Zemel (2022) have derived central limit theorems for optimal transport couplings, while del
Barrio, Gonzalez-Sanz, and Loubes (2024) and Sadhu, Goldfeld, and Kato (2023) considered the
case where only one of P or () is discrete. Let us also emphasize that uniform limit laws for
regularized variants of the Brenier map are well-studied—see for instance Harchaoui, Liu, and
Pal (2020), Gunsilius and Xu (2021), Gonzalez-Sanz, Loubes, and Niles-Weed (2022), Goldfeld
et al. (2024), and Gonzalez-Sanz and Hundrieser (2023). Nevertheless, we are not aware of
any prior work on the question of performing inference for Brenier maps themselves, when
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the underlying measures are absolutely continuous and of dimension greater than one. Our
work in Chapter 6 provides a first step in this direction, by deriving pointwise limit laws for an
estimator of Brenier maps on the d-dimensional flat torus, when d > 3.

1.2 Organization of this Thesis

Let us now provide a chapter-by-chapter summary of the various contributions of this thesis.

Chapter 2: Minimax Confidence Intervals for the Sliced Wasserstein Dis-
tance.

In this chapter, we take a preliminary step toward the question of performing statistical
inference for the Wasserstein distance, by studying a related functional known as the Sliced
Wasserstein distance. Introduced by Rabin et al. (2011); Bonneel et al. (2015), this metric is
obtained by averaging the Wasserstein distance between random one-dimensional projections
of the distributions to be compared. The resulting metric shares some of the same qualitative
behaviour as the multivariate Wasserstein distance, but is significantly easier to compute, since
the Wasserstein distance between univariate projections is available in closed-form. We will see
that slicing also has statistical advantages: Our results imply that the minimax rate of estimating
the sliced distance is significantly faster than that of estimating the multivariate Wasserstein
distance itself. We will also show that the definition of the Sliced Wasserstein distance makes
it easily amenable to performing inference. Indeed, on the one hand, we construct confidence
intervals for the sliced distance which have finite-sample validity under very mild assumptions,
based on self-normalized concentration inequalities for the empirical quantile process. On
the other hand, under somewhat stronger regularity conditions, we will show that the sample
analogue of the Sliced Wasserstein distance enjoys a y/n-central limit theorem centered at
its population counterpart, and we establish the validity of the bootstrap in estimating this
limiting distribution. Altogether, these results provide a relatively comprehensive set of tools
for performing inference for the Sliced Wasserstein distance.

The contents of this chapter are adapted from the following publication:

* Manole, T., Balakrishnan, S., and Wasserman, L. (2022). Minimax Confidence Intervals
for the Sliced Wasserstein Distance. Electronic Journal of Statistics, 16:2252-2345.

Chapter 3: Sharp Rates for Empirical Optimal Transport with Smooth Costs.

In this chapter, we return our attention to the multivariate Wasserstein distance, and more
generally, to a broad class of optimal transport functionals 7. with respect to a convex ground
cost function c. Our aim is to derive sharp upper and lower bounds on the minimax risk of
estimating 7.(P, Q) for probability measures P, ) which are of arbitrary (fixed) dimension.
To avoid several corner cases arising in low dimension, we focus on the regime d > 5.

It is well known that an empirical measure comprising n independent observations from
an absolutely continuous distribution on R? converges to that distribution at the rate n=/% in
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Wasserstein distance, which can be used to prove that the sample analogue of the functional 7,
converges at this same rate, for a wide range of cost functions c¢. However, we show somewhat
surprisingly that when the cost c is smooth, this analysis is loose: plug-in estimators based
on empirical measures may converge as much as quadratically faster, at the rate n~2/%. This
finding generalizes a result for the quadratic optimal transport cost proven by Chizat et al. (2020)
concurrently to this thesis. As a corollary, we show that the Wasserstein distance between two
distributions is significantly easier to estimate when the measures are well-separated. Building
upon work of Niles-Weed and Rigollet (2022), we also prove corresponding minimax lower
bounds, which altogether lead to the following characterization of the minimax functional
estimation risk:

(nlogn)~*/* < inf sup Bira) |70 = T(P,Q)| Sn™/" (d>5), (1.5)

where the cost function c is assumed to satisfy several structural properties, including the
smoothness assumption ¢ € C* for some « € (0, 2]. Furthermore, the infimum in the above
display is over all estimators of 7.(P, Q) based on independent i.i.d. samples X1,..., X,, ~ P
and Y7,...,Y, ~ @, and the supremum is over all pairs of probability measures supported
in a fixed convex and compact subset of R%. Our proofs rely on empirical process theory
arguments based on tight control of L? covering numbers for locally Lipschitz and semi-
concave functions. As a byproduct of our proofs, we derive L> estimates on the displacement
induced by the optimal coupling between any two measures satisfying suitable concentration
and anticoncentration conditions, for a wide range of cost functions.

The contents of this chapter are adapted from the following publication:

* Manole, T., and Niles-Weed, J. (2024). Sharp Convergence Rates for Empirical Optimal
Transport with Smooth Costs. The Annals of Applied Probability, 34: 1108-1135.

Let us also mention that the results of this chapter have already been extended in several
directions. On the one hand, Hundrieser, Staudt, and Munk (2022) showed that the minimax
rate in equation (1.5) can be considerably improved if at least one of the measures P and
@ has low intrinsic dimension, a phenomenon which they refer to as the lower complexity
adaptation (LCA) principle. Versions of the LCA principle have also been found to hold for
entropic optimal transport (Stromme, 2023; Groppe and Hundrieser, 2023; Pooladian, Divol,
and Niles-Weed, 2023). On the other hand, Staudt and Hundrieser (2023) showed that the
minimax rate (1.5) continues to hold when the measures P and () satisfy tail conditions which
are considerably weaker than ours. Finally, let us also emphasize that Deb and Mukherjee
(2024) have recently identified how the rate (1.5) changes when the underlying samples from
P and Q) are dependent.

Chapter 4: Sequential Estimation of Optimal Transport Costs.

The previous chapter provides an essentially sharp characterization of the risk of the sample
estimator of the optimal transport cost 7.(P, (), showing that it typically degrades exponen-
tially with the dimension. Implicit in our proofs, however, is the fact that this rate is driven
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entirely by the bias of the estimator: indeed, it is a simple observation that its variance scales
at the parametric rate under mild assumptions. Furthermore, as we already discussed above, it
is known that the empirical estimator 7.(P,, Q,,) enjoys a \/n-central limit theorem centered
at its expectation, and satisfies the following sub-Gaussian concentration bound (at least when
¢ is bounded): for a constant C' > 0 and all 6 € (0, 1),

n

P <%(Pn,Qn> —ETo(Pa,Qn) > C W) <6

The aim of this chapter is to prove that a sequential analogue of the above concentration
inequality also holds. Specifically, we will prove that,

P (vn > 1: TP Qu) — ETo(Pa.Qn) > c\/ os(1/0) *+los log ”) <s

where 7 = [n/2]. Bounds of the above type are sometimes known as finite law of the iterated
logarithm bounds (Jamieson et al., 2014), and have received a surge of interest in recent years,
due to their applications to sequential analysis (see for instance Howard et al. (2021) and
references therein). Though our main interest is in finite-sample bounds of the above type, we
also show that they lead to an asymptotic one-sided law of the iterated logarithm for optimal
transport costs, which may be of independent interest: whenever P is a compactly-supported
measure such that 7(P,,, P) = O(n~'/?) a.s., we show that there is a variance proxy o> > 0
for which

P, P
lim sup nTo(Fn, P) <1, almost surely.
n—oo +/20%nloglogn
Our results are proven using martingale methods, upon noting that the process (72(Pn, Qn))n>1
is a reverse submartingale. We also consider the setting where the samples from P and Q
are of different sizes, say n and m, in which case we show that (%(Pn, Qm)) is a

n,m>1
partially-ordered reverse submartingale, and distinct techniques need to be adopted.

The contents of this chapter are adapted from the following publication:

* Manole, T., and Ramdas, A. (2023). Martingale Methods for Sequential Estimation of
Convex Functionals and Divergences. IEEE Transactions on Information Theory, 69:4641-
4658.

Chapter 5: Plugin Estimation of Smooth Optimal Transport Maps

In this and the following chapter, we momentarily pause our study of inference for optimal
transport costs in order to study the distinct question of estimation and inference for optimal
transport maps. It will turn out that our study also leads to several useful tools for the question
of inference for the 2-Wasserstein distance, a topic which take up in Chapter 7.

The aim of this chapter is to analyze a number of natural estimators for optimal transport
maps, and show that they are minimax optimal. The theoretical analysis of optimal transport



Chapter 1. Introduction 10

map estimators was initiated by Hutter and Rigollet (2021), who derived the minimax rate
of estimating optimal transport maps in L?, under nonparametric smoothness assumptions.
Their results show that this problem shares some of the salient features of other nonparametric
function estimation problems: optimal transport maps with high smoothness can be estimated
at nearly the parametric rate, while those with low smoothness suffer from a curse of dimen-
sionality. Hiitter and Rigollet derive an estimator which achieves the minimax rate, but which is
computationally intractable. In contrast, in this chapter, we analyze computationally tractable
estimators based on the plugin approach: our estimators are simply optimal couplings between
measures derived from our observations, appropriately extended so that they define functions
on R%. When the underlying map is assumed to be Lipschitz, we show that computing the
optimal coupling between the empirical measures, and extending it using linear smoothers,
already gives a minimax optimal estimator. When the underlying map enjoys higher regularity,
we show that the optimal coupling between appropriate nonparametric density estimates
yields faster rates. Our work also provides new bounds on the risk of corresponding plugin
estimators for the quadratic Wasserstein distance, and we show how this problem relates to
that of estimating optimal transport maps using stability arguments for smooth and strongly
convex Brenier potentials.

The contents of this chapter are adapted from the following preprint:

* Manole, T., Balakrishnan, S., Niles-Weed, J., and Wasserman, L. (2021+). Plugin Estimation
of Smooth Optimal Transport Maps. The Annals of Statistics. (To appear.)

Chapter 6: Central Limit Theorems for Smooth Optimal Transport Maps

In this chapter, we focus our attention on one of the optimal transport map estimators derived in
the previous chapter, and show that it enjoys a pointwise central limit theorem. For simplicity,
we limit our setting to that of probability measures supported over the d-dimensional torus T¢,
with d > 3. We analyze a one-sample plugin estimator fn of the optimal transport map, defined
as the unique optimal transport map pushing P forward onto a kernel density estimator of ()
with bandwidth h,, > 0. Under suitable conditions on the densities and bandwidth, including
an undersmoothing condition, we prove that for every point = € T¢, there is a positive definite
matrix ¥(z) € R%9 such that

\/nhid=? (fn(x) — Ty(z)) LN N(0,%X(z)), asn — oo. (1.6)

The limiting variance 3(z) can be consistently estimated, thus the above limit law immediately
leads to a pointwise confidence band for the true optimal transport map 7g. To the best of our
knowledge, this result provides the first procedure for performing inference for the optimal
transport map between two absolutely continuous, multivariate distributions (albeit under the
strong assumption that the measures are supported on the torus).

The contents of this chapter are adapted from the following preprint:

* Manole, T., Balakrishnan, S., Niles-Weed, J., and Wasserman, L. (2023+). Central Limit
Theorems for Smooth Optimal Transport Maps. arXiv preprint arXiv:2312.12407.
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Chapter 7: Efficient Inference for the Quadratic Wasserstein Distance

In this chapter, we turn back to the study of optimal transport costs, focusing on the quadratic
Wasserstein distance. We build upon the ideas developed in the preceding two chapters to
develop central limit theorems for estimators of the Wasserstein distance, centered at their
population counterpart. These limit laws lead perhaps to the first procedures in the literature
for constructing nonparametric confidence intervals for the Wasserstein distance in arbitrary
dimension (particularly in the regime d > 4), assuming the underlying measures are sufficiently
regular.

More specifically, we derive limit laws for three classes of estimators. The first are plugin
estimators based on suitably-chosen density estimators, of the type introduced in Chapter 5.
An appealing aspect of our results is the fact that undersmoothing is not needed: the bandwidth
of the density estimators may be taken to be the minimax optimal choice. While this is a useful
practical benefit, it has the downside of forcing us to place strong structural assumptions on
the underlying domain of the measures, and on the choice of density estimators, in order to
guarantee that the resulting plugin estimators do not have leading-order bias. Motivated by
this drawback, we introduce a second class of estimators obtained by first-order debiasing. We
show that these “one-step” estimators retain the same asymptotics as our plugin estimators,
but now the density estimators are permitted to be arbitrary, so long as they satisfy black-box
rate conditions. Furthermore, this result removes any assumptions on the underlying support
of the measures, an important benefit which we believe could see this estimator gain adoption
in practical applications. We close this chapter with a discussion of higher-order debiasing, and
show that there exists a second-order debiased estimator over the torus which achieves the
same asymptotics as the preceding estimators, but under a significantly weaker smoothness
assumption. Nevertheless, as is typical in semiparametric statistics, this second-order estimator
loses some of the benefits of its first-order counterpart, since it does not allow for black-box
density estimators, and requires us to again place strong structural assumptions on the support
of the underlying measures.

In addition to these limit laws, we develop the semiparametric efficiency theory for the
Wasserstein distance functional. We state the efficient influence function of the Wasserstein
distance, derive asymptotic minimax lower bounds, and show that our various estimators of
the Wasserstein distance are asymptotically efficient.

The contents of this chapter are based in part on unpublished work, and in part on results
from the paper cited in the above description of Chapter 5.

Chapter 8: An Application to the Search for Pairs of Higgs Bosons

We close this thesis by considering a statistical application of optimal transport to a problem
arising in the search for new physical phenomena at the Large Hadron Collider (LHC) of the
European Center for Nuclear Research (CERN).

In 2012, the LHC marked its most significant milestone when two independent collabo-
rations announced the discovery of a Higgs boson—a long sought-after particle which was
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theorized by high energy physicists 50 years prior. Having discovered this Higgs-like particle,
current work is concerned with detailed studies of its properties, in order to confirm or refute
those predicted by the Standard Model of high energy physics. One such property is the
so-called Higgs boson self-coupling, whereby a single excitation of the Higgs field can split
into two Higgs bosons without intermediate interactions with other particles. Observing this
phenomenon would provide compelling new information regarding the mechanism of particle
mass generation, and is therefore considered a major objective for the LHC. Unfortunately,
the search for di-Higgs production suffers from a very low signal-to- noise ratio: Collider
events which produce pairs of Higgs bosons, known as signal, are indistinguishable from
collider events producing other physical processes, known as background. The data arising
in this problem is thus a mixture of unlabeled background and signal events, and the goal
is to test the null hypothesis that the proportion of signal events is zero. In the high energy
physics community, the standard approach to testing these hypotheses treats the background
distribution as a nuisance parameter, which must first be estimated using held-out data. This is
known as the problem of data-driven background estimation.

This chapter proposes a new approach to the data-driven background estimation problem
by casting it as a domain adaptation problem. We then show how optimal transport maps can
be used to correct the underlying distribution shift. Our method relies on modeling assumptions
which are complementary to those used by existing approaches in experimental high energy
physics. It can thus serve as a powerful cross-check for existing methods, an important benefit
which we hope will increase the analyst’s trust in the obtained background estimates of future
studies at the LHC. Our approach involves the estimation of optimal transport maps, for which
we use some of the estimators introduced in Chapter 5.

The contents of this chapter are adapted from the following preprint:

* Manole, T., Bryant, P., Alison, J., Kuusela, M., and Wasserman, L. (2022+). Background
Modeling for Double Higgs Boson Production: Density Ratios and Optimal Transport.
Under Minor Revision, The Annals of Applied Statistics. arXiv preprint arXiv:2208.02807.

Additional Contributions

During my PhD, I also pursued a separate line of work that does not appear in this thesis, in
which I used optimal transport as a theoretical tool for the analysis of estimation and model
selection procedures in finite mixture models. This research has appeared in the following
preprints and publications:

* Manole, T., Ho, N. (2020+). “Uniform Convergence Rates for Maximum Likelihood Esti-
mation under Two-Component Finite Mixture Models”. arXiv preprint arXiv:2006.00704.

* Manole, T, Khalili, A. (2021). “Estimating the Number of Components in Finite Mixture
Models via the Group-Sort-Fuse Procedure”. The Annals of Statistics 49, 3043—3069.

+ Manole, T., Ho, N. (2022). “Refined Convergence Rates for Maximum Likelihood Esti-

mation in Finite Mixtures Models”. Proceedings of the 39th International Conference on
Machine Learning, PMLR 162:14979-15006.
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1.3 Background on Optimal Transport

Before turning to the opening chapter of this thesis, we provide a brief introduction to the
notions from optimal transport which will be used throughout what follows. All notation
introduced in this section will be used systematically in subsequent chapters, and all additional
notational conventions are summarized in Section 1.4 below.

1.3.1 Generalities

The Monge and Kantorovich Problems Let d > 1 be an integer, and let X’ and ) denote
subsets' of R Let B(X') denote the Borel o-algebra over X, and let P(X') denote the set of
Borel probability measures over X'. Given two probability measures P € P(X) and Q € P(Y),
amap T : X — ) is said to push P forward onto () if it satisfies

TyP(B):= P(T"*(B)) = Q(B), forall B B(Y).

The above display is equivalent to the requirement that X ~ P imply T'(X) ~ (). Whenever
this property holds, we say that T is a transport map between P and (), and the set of all such
maps is denoted T (P, Q).

Let ¢ : X X Y — R be a nonnegative Borel-measurable function, known as a cost function.
The Monge optimal transport problem is then defined as the optimization problem

Te’lrr(llfD,Q) /X c(x,T(z))dP(x). (1.7)
Whenever a minimizer exists, we shall denote it by Ty € 7 (P, Q). The solvability of the Monge
problem is, however, a delicate question. The set 7 (P, () may generally be empty, which is
for instance the case whenever P = §, is a Dirac mass at a point z € &, and () is supported
on at least two points in ). Even when 7 (P, ()) is nonempty, solutions the minimization
problem (1.7) are generally difficult to analyze due to the lack of convexity of both the objective
function and of the set 7 (P, ))—we refrain from saying more for now, and refer the reader
to Gangbo and McCann (1996) and Villani (2008, Chapter 9) for sufficient conditions on P, @, ¢
under which unique solutions of the Monge problem can be derived.

These difficulties motivated Kantorovich (1942, 1948) to develop a convex relaxation of
the Monge problem. This relaxation will involve an optimization over couplings rather than
transport maps. A coupling between P and @ is a joint distribution 7 € P(X x )) with
marginal distributions P and (), and the set of such couplings is denoted

(P,Q)={r e P(X x V) :1(- x V) = P,m(X x ) = Q}.

The Kantorovich problem is then defined as

inf /Qc(:c, y)dr(x,y). (1.8)

Tell(P,Q)

'Whenever X = ) in subsequent chapters, we typically write Q2 := X = ). The only exception is Chapter 4,
where we prefer to retain the notation €2 to denote the sample space of the underlying probability space.
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Unlike the Monge problem, the Kantorovich problem is always feasible since P® Q € TI(P, Q).
Furthermore, a minimizer m( in equation (1.8) exists as soon as the cost function c is lower
semi-continuous (Villani (2008), Theorem 4.1), and is called an optimal coupling. In the special
case where 7 is supported in the graph of a map 7y : X — ), namely on a set of the form
{(z,To(x)) : x € X'}, it must be the case that Ty € T (P, Q) due to the marginal constraints
in the definition of II( P, @), and it must then follow that 7} is an optimal transport map from
P to Q). Therefore, the Kantorovich problem is indeed a relaxation of the Monge problem.
Crucially, this relaxation is a convex (albeit infinite-dimensional) problem.

The Kantorovich Duality In addition to being convex, the Kantorovich problem is a linear
program. It admits a dual maximization problem, known as the Kantorovich dual problem,

defined by

sup / bdP + / wdQ, (1.9)
(¢7¢)E¢C(P1Q)

where
0.(P,Q) = {(6,0) € L'(P) x L'(Q) ;

(1.10)
o(x) +Y(y) < c(x,y) for P-a.e. x € X and Q-a.e. y € y}.

As soon as c is lower semicontinuous, it can be shown that strong duality holds, so that the
optimal objective values in equations (1.8) and (1.9) are equal. Furthermore, under a mild
integrability condition on ¢, the maximizer of the dual Kantorivich problem admits a solution
(¢0,10) € P.(P, Q) (Villani (2008), Theorem 5.10), known as a pair of Kantorovich potentials.

It is useful to note that the description of the set ®.(P, () may be significantly simplified.
Indeed, once a solution (¢, 0) € ®.(P, Q) exists, notice that the pair (¢, ¢f), where

96(y) = inf {e(w,y) = do(2)}, (1.11)

is itself a pair of Kantorovich potentials, since replacing 1)y by ¢ can only increase the objective
value (1.9), while retaining the constraint (¢o, ¢f) € ®.(P, Q). ¢f is called the c-conjugate of
$0, and any function on ) which can be written as f¢ for some f : X — R :=RU {—o00} is
said to be c-concave, provided that it is not identically equal to —oo. It can be deduced that the
Kantorovich dual problem is equivalent to

sup )/<z>dP+/¢>CdQ, (1.12)

e Ll (P

where the supremum can further be restricted to the set of c-concave functions in L' (P).

Optimal Transport Costs and Wasserstein Distances The main quantities of interest
in the Monge and Kantorovich problems are the optimal transport map Tj, or the optimal
coupling 7, as they define an optimal transference plan between the probability measures P
and Q). Of equal interest is the cost of this optimal transference plan, as it provides a notion of
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divergence between P and (). We define the optimal transport cost as the optimal objective
value in the Kantorovich problem, that is,

TP~ _jnt | el nn(zy), (113

Optimal transport costs can be used to define a family of metrics between probability measures
known as the Wasserstein distances. Assume 2 := X = ), let » > 1, and define

Pr(X) = {P € Pr(Q): / lz||"dP(x) < oo} .
Q
Then, the r-Wasserstein distance is defined as

Wy PAQ) 5 Ry, Wo =T
Wasserstein distances can naturally be interpreted as measuring the cost of deforming one
measure into another. Furthermore, they are sensitive to the topology of the underlying space 2
due to the metric d embedded into their definition. These are important motivations for their
use in statistical applications. We also note that Wasserstein distances place no assumptions
on the absolute continuity of P with respect to ). Therefore, unlike many classical metrics
between probability distributions, plugin estimators for Wasserstein distances are well-defined
without any smoothing.

1.3.2 The Quadratic Optimal Transport Problem over R¢

We shall pay particular attention to the optimal transport problem with respect to the quadratic
cost c(z,y) = ||z — y||*. This case is arguably most important for statistical applications, and
turns out to be simplest to analyze due to a celebrated result of Brenier which we have already
informally seen in Theorem 1: a coupling is optimal for the quadratic cost if and only if it is
supported on the subdifferential of a convex function. Let us explore this result in further
detail.

Brenier’s Theorem Let P € Py(X) and Q € Pa())). Since || - ||? is smooth, strong duality
holds in the Kantorovich dual problem with respect to the quadratic cost, and there exists a
pair of Kantorovich potentials (¢, ¢f) solving the maximization problem (1.12). If we define
@0 = ||||* — 260, then ¢ equivalently takes the form ¢§ = ||-||* — 2%, where for any function
f:R? = RU {oc}, we denote by

[y = Suﬂgi{@,w — f(x)}, yeRY

the Legendre-Fenchel conjugate of f. Under this reparametrization, the Kantorovich dual
problem is equivalent to the so-called semi-dual problem

inf /@dP+/¢*dQ, (1.14)

peL1(P)
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in the sense that ¢y is a solution to the semi-dual problem if and only if (||||* — 2¢0, ||-||* — 25)
is a solution to the Kantorovich dual problem (1.9). Solutions to the semi-dual problem are
closely related to the Monge problem, as described by the following result due to Knott and
Smith (1984); Brenier (1991). We denote by P, (X') the set of measures in P(X’) which are
absolutely continuous with respect to the Lebesgue measure on X

Theorem 2 (Brenier’s Theorem). Let P € Pyc(2) and Q € P(Q).

(i) There exists an optimal transport map Ty between P and () which takes the form
Ty = V. for a convex function g : R* — R which solves the semi-dual problem (1.14).
Furthermore, Tj is uniquely determined P-almost everywhere.

(ii) If we further have @) € P,.(12), then Vj is the (Q-almost everywhere uniquely deter-
mined) gradient of a convex function such that Vy #Q = P, and solves the Monge
problem for transporting () onto P. Furthermore, for Lebesgue-almost every z,y € 2

Vg o Vo(z) =z, Voo Vei(y) =y.

Brenier’s Theorem implies that a unique optimal transport map exists between any abso-
lutely continuous distribution P and any distribution ), where uniqueness is always understood
in the Lebesgue-almost everywhere sense. It further characterizes this map as the gradient of
an optimal semi-dual potential ¢, which we also refer to as a Brenier potential. Unlike optimal
transport maps, we emphasize that Brenier potentials are not a.e.-uniquely determined by P
and Q); for instance, one may always add a constant to ¢y without changing its gradient.

Regularity of Optimal Transport Maps Let ) := X = ), and let the distributions
P,Q € Pac(£2) admit respective Lebesgue densities p, ¢ over some compact set Q C R?. Fix a
Brenier potential ¢y whose gradient T pushes forward P onto (). The convexity of ¢ implies
that it will be almost-everywhere twice differentiable. The basic question we will try to answer
in this section is the following: what are sufficient conditions on P, (), {2 which ensure that Ty
has entries lying in the Holder space C*(£2), for some o > 0?

Regularity properties of Brenier potentials, and therefore of optimal transport maps, have
historically been studied via the regularity theory of partial differential equations of the Monge-
Ampere type; we refer to De Philippis and Figalli (2014); Figalli (2017) for surveys. To understand
this connection, notice that if g were in fact everywhere twice continuously differentiable, then
the constraint Vo, P = ) would imply—by the traditional change-of-variable formula—that
o solves the equation

p(x)
det (V2o (2)) = —————,
(Vo) = @)
Equation (1.15) is a second-order, fully nonlinear elliptic PDE which falls into the class of
Monge-Ampere equations. By analogy with the regularity theory of uniformly elliptic PDEs
of second-order (Gilbarg and Trudinger, 2001), it is natural to guess from equation (1.15) that
o generally admits two degrees of smoothness more than the densities p and g, provided

z € Q. (1.15)
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that ¢ is bounded away from zero. This intuition indeed turns out to hold true under suitable
regularity conditions on (2, as was established in a series of publications by Caffarelli (1991),
Caffarelli (1992, 1992), Caffarelli (1996). The following is a summary of these results, as stated
by Villani (2008, Chapter 12).

Theorem 3 (Caffarelli’s Regularity Theory). Assume ) is a compact, convex set. Assume
further that there exists v > 0 such that y~! < p, ¢ < 7 over €. Then, the Brenier potential
o is unique up to an additive constant, and satisfies the following.

(i) (Interior Regularity) Suppose there exists & > 1, a ¢ N, such that p,q € C*~1(Q°).
Then g € C*T1(Q°). Moreover, for any open subdomain €’ such that ¥/ C Q°, there
exists a constant C' > 0 depending on 7y, c, 2, €', [|ol| Lo (02), ||pHca—1(Qo) , ”cha—l(Qo)
such that

‘|<P0Hca+1(£2') <C.

(ii) (Global Regularity) Assume {2 admits a C?> boundary and is uniformly convex. Assume
further that there exists a > 1, a € N, such that p, ¢ € C*~1(2). Then, g € C*T1(Q).

Theorem 3(ii) implies that, under suitable conditions, the optimal transport map 7y inherits
one degree of smoothness more than the densities p and g over 2. Unlike the interior regularity
result of Theorem 3(i), however, Theorem 3(ii) does not imply a uniform bound on |[¢o||ca+1(q)
and therefore does not preclude the possibility that the latter quantity diverges when p, g vary
in a C* () ball. Closely related global regularity results have also been established by Urbas
(1997) under slightly stronger conditions, but we do not know if either of these results can be
made uniform up to the boundary in an analogous way to the interior result of Theorem 3(i).
Whenever global uniform regularity results are needed in our development, we sidestep this
issue by working with the optimal transport problem over the torus, for which boundary
considerations do not arise.

1.3.3 The Quadratic Optimal Transport Problem over the Flat Torus

Denote by T% = R%/Z? the flat d-dimensional torus. Specifically, T is the set of equivalence
classes [z] = {z + k : k € Z%}, for all z € [0,1)%. Abusing notation, we typically write =
instead of [z]. T¢ is endowed with the standard metric?

|z — yllpa = min{||lz —y + k|| : k € Zd}, T,y € T,

We identify P(T9) with the set of Borel measures P on R? such that P([0,1)?) = 1 and
which are Z?-periodic, in the sense that P(B) = P(k + B) for all k € Z? and all Borel sets
B C R<. Furthermore, Py (T¢) denotes the subset of measures in P(T%) which are absolutely
continuous with respect to the Lebesgue measure on R?. A function f : T¢ — R is understood
to be a function on R which is Z%-periodic, and we write T : T? — T¢ when T is a map from

RY to R such that [T'(x)] = [T(y)] whenever [z] = [y].

®0Of course, || - — - ||y« does not define a norm; this notation is meant to be taken at face value. We write
|2||za := || — O||3a for any = € T
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The optimal transport problem over T¢ with the quadratic cost d%d largely mirrors that of
the squared Euclidean cost over RY. Define for all P, Q) € Pa.(T¢) the Monge problem

argmin |z — T(z)||2dP(z), (1.16)
TeT (P,Q) J T4

where the integral is understood as being taken over [0, 1)%. The Kantorovich problem and its
dual give rise to the squared Wasserstein distance over P(T¢),

W2(P,Q) = inf /||a:—yHTdd7r(:c y) = sup /¢dP+/¢dQ, (1.17)
mell(P,Q) (¢l

where /Cr denotes the set of pairs of potentials (¢,1) € L'(P) x L'(Q) satisfying the dual
constraint ¢(z) + 1(y) < ||z — yl|2, for all z,y € T%. We abuse notation by writing W to
denote both the 2-Wasserstein distance over R? and T¢. Whenever we speak of the optimal
transport problem or Wasserstein distance between two measures P, Q € P(2), the underlying
cost function is tacitly understood to be || - — - || when Q C R%, and || - — - H%d when Q = T,

The following result due to Cordero-Erausquin (1999) is an analogue of Brenier’s Theorem,
together with additional properties about the optimal transport problem over T¢.

Proposition 1. Let P € P,.(T%) and Q € P(T4). Then, there exists a (P-a.e. uniquely deter-
mined) optimal transport map Tp = Vg from P to () which solves the Monge problem (1.16),
where g : R? — R is a convex function satisfying the following properties.

@) [|-* /2 — o is Z%-periodic.
(i) To(x + k) = To(z) + k for almost every x € R? and k € Z7.
(iii) To(z) — || = dpa(z, To(z)).

Assume further that Q) € PaC(Td), and denote the respective densities of P, ( by p, q. Then,

(v) Vi is the (Q-a.e. uniquely determined) optimal transport map from () to P.
(I-I* = 2¢0, |I-II* — 2¢8) is a pair of optimal Kantorovich potentials in equation (1.17).
(vii) If o € C2(]0,1]%), then it solves the Monge-Ampére equation
det(V20(2))a(Vipo(2)) = plz), @ € RY,

In particular, if y~! < p, ¢ < 7 for some 7 > 0, then ¢ is A-strongly convex, for some
constant A > 0 depending only on vy and |¢oll¢2(9 1j4)-

With Proposition 1 in place, regularity properties of Brenier potentials ¢9 may be deduced
from smoothness conditions on p, q. The following result was stated by Cordero-Erausquin
(1999) without explicit mention of the uniformity of the Holder norms appearing therein, but
can readily be made uniform using Caffarelli’s interior regularity theory (Theorem 3(i); Figalli
(2017), Chapter 4). We also note that this result was stated by Ambrosio et al. (2012) in the
special case d = 2.
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Theorem 4. Let P, € P(T%) be absolutely continuous with respect to the Lebesgue measure,
with respective densities p, ¢ satisfying v~! < p, ¢ < 7 for some v > 0. Assume further that
p,q € CY(T?) for some o > 1. Then, there exists a constant C' > 0 depending only on
Qs HPHcafl(qrd) and Hqucafl(qrd) such that, <P0Hca+1([0,1]d) <C.

1.4 Notation

The following notational conventions will be used throughout this thesis.

Elementary Definitions. The Euclidean norm on R? is denoted |-||, and the ¢, norm of
a sequence (an)n>1 C R is written H(an)n21||£p = (st lan|P)/P forall 1 < p < co. For
any B € N, the permutation group on [B] = {1,..., B} is denoted Sp. For any a,b € R,
let a Vb = max{a,b} and a A b = min{a,b}, ay = a V0. Ifa > 0, |a] and [a] denote
the respective floor and ceiling of a. We write R = RU {c0}, Ry = [0,00), N = {1,2,...}
and Ng = {0,1,...}. Given aset 2 C RY its interior, closure, and boundary with respect to
the Euclidean norm are respectively denoted Q°,Q, and 92. The logarithm of base b > 1 is
denoted log,(x) = log 2/ log b, where log is the natural logarithm. For all z € R% and € > 0,
B(z,€) = Bye={y e RY: ||lz —y|| <€}

Given a twice differentiable map f : R? — R, the gradient of f is denoted V £, its Hessian
is denoted V2 f, and its Laplacian is denoted Af = Z?Zl 0% f/0x?. The divergence of a
differentiable vector field F = (Fy,..., F;) : RY — R? is denoted div(F) = Zle OF;/0x;.

Given a measure space (2, F,P), and two sub-o-algebras G, H C F, we use the standard
notation for joins and intersections of o-algebras, respectively given by G\/ H := 0(G U H)
andG AH:=GNH.

Convex Analysis. Given a convex function ¢ : R? — R U {c0}, we denote by

¢') = swp {{z.9) —pl@) ).y B!

its convex conjugate, and by
dpa) = {z € R : p(y) — (@) > (z,y — ), y € R’}

its subdifferential at a point 2 € R,

Spaces of Probability Measures. Given a set 2 C R%, we denote by P(Q) the set of Borel
probability measures on €2, and for any r > 0,

Po(Q) = {P cP(O) : /Q 2| dP(z) < oo}.

Furthermore, P,.(2) denotes the subset of measures in P (€2) which are absolutely continuous
with respect to the Lebesgue measure £. We adopt similar conventions when 2 is replaced by
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the flat torus T¢ = R?/T9. A probability measure P € P(R?) is said to be o-sub-Gaussian
for some o2 > 0 if it holds for Y ~ P that

Eexp(AT(Y —EY)) < exp(||A|? 0%/2), forall A € R%

Divergences between Probability Measures. Let P, Q € P(R%) be probability measures
such that P < (). We denote by

IP=Qllrv = sup |[P(A)—Q(A)], rX(P,Q) = / (Vap - @)2
AeB(RY)

the total variation and Hellinger distances, and by

KL(P,Q) = /log (ZQ> dP, X*(P,Q) = / <Zg — 1>2dQ,

the Kullback-Leibler and y2-divergences.

Function Spaces. Given a measure space (€2, F,v), LP(v) denotes the Lebesgue space of
order 1 < p < o0, endowed with the norm || f|| 1, = (Ji, | (@) |Pdv(x)) /P, for any measur-
able function f : 2 — R. Throughout this thesis we will adopt the following nonstandard
convention: the subscript “0” on a function space will always be used to indicate a restriction
to mean zero functions, and will never refer to a boundary condition. For example, we write

L) = f € ) [ fav =0}

When v is the Lebesgue measure £ on Q C RY, we write LP(Q) (or L5(Q)) instead of LP(L)
(or LB(L)). We adopt the same convention when (2 is equal to the flat torus T¢ = R%/Z, in
which case, by abuse of notation, £ denotes the standard Haar measure over T, normalized to
be a probability measure. We often abbreviate [ fdL by [ f.

Givenamap T = (T1,...,Ty) : Q — €, where Q is either a subset of R? or the flat torus
T¢, we will write by abuse of notation

1T les o) - Z | T

ey 1Tl : ZHT!

L’P

forany s > 0,1 <r < 0.

In defining standard function spaces, we follow similar conventions as Triebel (1983);
Schmeisser and Triebel (1987). In particular, given a set (), which is either a closed subset
of R? or the d-dimensional flat torus 2 = T¢, and given real numbers o > 0, s € R\ {0},
1 < p,q < oo, the Holder spaces C*(£2), Besov spaces B; ,(£2), Sobolev spaces H*?((), and
their respective norms |- || ca (). || grs.r () are defined in Appendix A. We drop the

Ilss ¢
p,q
suffix {2 when the underlying space can be understood from context.
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Fourier Transform and Convolution. The Fourier transform of a function K € L!'(R%)
is denoted

FIK](&) = y f(:U)e_Q”ingdw, for any ¢ € R%.

Given a map f € L%(T%), we continue to denote by F[f](£) the Fourier coefficients of f, now
restricted to all ¢ € Z%. We also write Z¢ = Z¢.

The convolution of functions f, g : R — R is denoted by (f * g)(z) = [ f(z — y)g(y)dy.
Furthermore, the convolution of two Borel probability measures P, () is the measure (P
Q)(B) = [Ig(z + y)dP(z)dQ(y) for all B € B(R?), where Ig(x) = I(z € B) is the
indicator function of B. The convolution of P with f is the function (P x f)(z) = [ f(z —
y)dP(y).

Constants. Given two real numbers a,b > 0, we write a < b if there exists a universal
constant C' > O0—not depending on a and b but possibly depending on quantities which are
either clear from context or specified explicitly—such that a < Cb. We writea < bifa S b < a.
When we wish to emphasize the dependence of C' on a particular quantity g, we may write <
or <.

Many constants throughout Chapters 5-7 will depend on quantities such as || f|lcs(q)
and || f || (q), for some s > 0 and f € C*(Q2). We therefore introduce the following
abbreviation: forany s > 0,k > 1, f1,..., fx € Ci(Td),

k
wo(f1, for s fo) =D (fillescray + 1F5  ll pos ray) - (1.18)

j=1
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Chapter 2

Minimax Confidence Intervals for
the Sliced Wasserstein Distance

2.1 Introduction

In this chapter, we take a first step toward the question of performing statistical inference for the
Wasserstein distance, by studying a related functional known as the Sliced Wasserstein distance.
Introduced by Rabin et al. (2011); Bonneel et al. (2015), this metric is obtained by averaging the
Wasserstein distance between random one-dimensional projections of the distributions to be
compared. Concretely, let SY! be the unit ball of R? with respect to the Euclidean norm, and
let /1 denote the uniform probability measure on S%~!. Then, the r-th order Sliced Wasserstein
distance between two probability distributions P, Q € P,(R%), for some r > 1, is given by

swo(rQ) = ([ Wi Qoau) @

where for any § € ST, we let mp : © € R? — 276, and write Py = mox P and Qg = my4 Q.

The primary motivation for defining the Sliced Wasserstein distance is its computational
tractability. Indeed, in spite of the recent popularity of the Wasserstein distance, its high
computational complexity often limits its applicability to large-scale problems. A key exception
to this high computational cost is the univariate case, in which the Wasserstein distance admits
a closed form as the L™ norm between the quantile functions of the distributions to be compared,
which is easy to compute. Since the measures Py and (Qy appearing in the above display are
univariate, it follows that the Sliced Wasserstein is itself computable in closed form (as we
shall see in Section 2.2). Furthermore, the Sliced Wasserstein distance shares some of the same
qualitative behaviour as the multivariate Wasserstein distance, and even induces the same
topology on P, (R%) (Bonnotte, 2013). These considerations make it an attractive and easily
computable alternative to the Wasserstein distance in large-scale applications.

Motivated by the fact that the Wasserstein distance and its sliced analogue are sensitive to
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outliers and heavy tails, we introduce a trimmed version of the Sliced Wasserstein distance,
denoted by SW, 5(P, Q) for some trimming constant 6 € [0, 1/2), which we defined formally
in equation (2.8). This robustification of the Sliced Wasserstein distance compares distributions
up to a 20 fraction of their probability mass, thereby generalizing the one-dimensional trimmed
Wasserstein distance introduced by Munk and Czado (1998). One of the aims of this chapter
is to derive confidence intervals for the trimmed Sliced Wasserstein distance which make
either no assumptions or mild moment assumptions on the unknown distributions P and Q).
Specifically, given a level a € (0, 1) and ii.d. samples X1,...,X,, ~ Pand Y7,...,Y,, ~ Q,
we derive confidence sets C,,;,, C R such that

nf P(SWrs(P,Q) € Cum) 21—, (2.2)

where the infimum is over a suitable family of distributions P, ).

One of the main reasons that the Wasserstein distance has found many applications is the
fact that it is a useful notion of distance under weak assumptions. Unlike the Total Variation,
Hellinger, Kullback-Leibler and other divergences, the Wasserstein distance between a pair
of distributions can be estimated from samples (optimally) under mild assumptions without
requiring any smoothing. However, existing results on inference for the univariate Wasserstein
distance (Munk and Czado, 1998; Freitag, Munk, and Vogt, 2003; Freitag, Czado, and Munk,
2007; Freitag and Munk, 2005) typically require strong smoothness assumptions and suggest
different inferential procedures when P = () as compared to when P # (). In contrast, we
construct various assumption-light confidence intervals C),,,, which have finite-sample validity
under weak moment assumptions.

The confidence intervals we construct are adaptive to the regularity of the distributions
P and @, as measured by a functional SJ, 5 introduced formally in Section 2.3.1 (equation
(2.14)). The magnitude of SJ, 5(P) is largely controlled by the tails of P and by whether its
one-dimensional projections have connected support. The one-dimensional counterpart of this
functional was identified in the work of Bobkov and Ledoux (2019) who showed that when this
functional is finite, the empirical measure of X1, ..., X, converges to P under the Wasserstein
distance at the fast rate of O(1/4/n), assuming d = 1. On the other hand, when this functional
is infinite Bobkov and Ledoux (2019) showed that this convergence happens at a slower rate
of O((1/n)/?"). Our work shows that the role of the SJ,. 5 functional in inference is more
nuanced. When SJ,. s(P) and SJ, 5(Q) are finite, our confidence intervals have length scaling
at the fast rate of O(1/y/n A m), mirroring the rates of convergence in the work of Bobkov
and Ledoux (2019). On the other hand, when these values are infinite, a dichotomy arises:
in full generality, when SW, 5(P, Q) is allowed to take arbitrary (small) values uncertainty
quantification is difficult and our intervals can have lengths scaling as O((1/n A m)*/?7) in
the worst case. However, we find, somewhat surprisingly, even when the SJ, 5 functional is
infinite, accurate O(1/v/n A m)-inference is possible so long as SW, s(P, Q) is bounded away
from 0. We emphasize that the intervals we construct are adaptive, i.e. they have small lengths
under appropriate conditions on the SJ, 5 functional and SW,. 5( P, @), without needing the
statistician to specify or have knowledge of these quantities. We also show that our confidence
intervals have minimax optimal length over classes of distributions with varying magnitudes
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of SJ, 5(P).

To complement our results on confidence intervals for the Sliced Wasserstein distance
we also consider the problem of estimating the Sliced Wasserstein distance between two
distributions, given samples from each of them. We provide minimax upper and lower bounds
for this problem as well. Indeed, our minimax lower bounds for confidence interval length are
derived directly from minimax lower bounds for estimating the Sliced Wasserstein distance
by noting that the minimax length of a confidence interval is bounded from below by the
corresponding minimax estimation rate.

We illustrate the practical significance of our methodology via an application to likelihood-
free inference (Sisson, Fan, and Beaumont, 2018), in which a parametrized stochastic simulator
for the data-generating process is available, but its underlying distribution is intractable. Here,
our goal is to construct confidence intervals for unknown parameters of the simulator, on the
basis of minimizing its Sliced Wasserstein distance from an observed sample. Distributional
assumptions such as those made in past work on inference for the one-dimensional Wasserstein
distance (Munk and Czado, 1998; Freitag, Munk, and Vogt, 2003; Freitag, Czado, and Munk,
2007; Freitag and Munk, 2005) are typically unverifiable in such applications.

Our Contributions. We summarize the contributions of this chapter as follows.

* We define the J-trimmed Sliced Wasserstein distance SW,. 5, and the functional SJ, s,
generalizing the functional J, of Bobkov and Ledoux (2019). We show that the finiteness
of 8J,. 5(P) is a sufficient condition for the empirical measure to estimate P at the para-
metric rate under the trimmed Sliced Wasserstein distance, and we prove corresponding
minimax lower bounds. We also derive minimax rates of estimating the Sliced Wasser-
stein distance between two distributions, both in the trimmed and untrimmed settings.
These rates are sensitive to the magnitude of the SJ,. s functional.

* We propose two-sample confidence intervals for SW,. 5( P, Q) which have finite-sample
coverage under minimal moment assumptions. We bound the length of our confidence
intervals, showing that they are adaptive both to the magnitude of SJ, s(P), SJ; 5(Q)
and to whether or not P = (). These lengths achieve the minimax rate of estimating the
Sliced Wasserstein distance, up to polylogarithmic factors.

* We further contrast our finite-sample confidence intervals with asymptotic methods. In
particular, under certain regularity conditions, we derive limit laws and show that the
bootstrap is consistent in estimating the distribution of the empirical 7-Sliced Wasserstein
distance for all r > 1, whenever P # (). We then show how this last assumption may
be removed by combining the strengths of our finite-sample intervals and the bootstrap.

* We illustrate our theoretical findings with a simulation study and an application to
likelihood-free inference.
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2.2 Background and Related Work

In this section, we first provide some further background on the (univariate) Wasserstein
distance and its sliced counterpart before turning our attention to a detailed discussion of
related work.

2.2.1 The Univariate Wasserstein Distance

Throughout this chapter, we will make use of the well-known fact that the univariate r-
Wasserstein distance can be expressed as the L™ norm of the quantile functions of the probability
distributions to be compared. Concretely, let X C R and P, € P,.(X). Let F, G denote the
cumulative distribution functions (CDFs) of P and (), and denote their respective quantile
functions by F —1and G1, where

F7l'(u)=inf{z € R: F(z) >u}, forallu € [0,1].

We extend F'~! to be defined over the entire real line under the convention F~!(u) = inf(X)
for all w < 0 and F~!(u) = sup(X) for all u > 1, and similarly for G~!. Then, the one-
dimensional Wasserstein distance admits the following closed form (Bobkov and Ledoux,
2019):

1 1/r
W,.(P,Q) = </ |F_1(u) - G_l(u)rdu) . (2.3)
0
We will also make use of the co-Wasserstein distance: when X is a bounded set, the limit
Weo(P,Q) := lim W,.(P,Q) = sup ‘F_l(u) - G_l(u)‘ (2.4)
r—00 0<u<l1

exists, and defines a new metric W, on P(X). The relationship W,.(P,Q) < W (P, Q)
shows that W, is a stronger metric than W, for any » > 1. In fact, it is strictly stronger: for
instance, W,.(dp, (1 — €)dp + €d1) — 0 as € — 0 if and only if 7 is finite. In contrast, the metrics
W, induce the same (weak) topology for all finite , when diam(X") < oo (Villani, 2003).

The One-Dimensional Trimmed Wasserstein Distance. Given distributions P, Q) €
P(R) and a trimming constant € [0,1/2), Munk and Czado (1998) define the §-trimmed
Wasserstein distance (up to rescaling) by
1 1-6 B
Wis(P,Q) = (1 — 25/ |~ (u) — G—l(u)’rdu> ) (2.5)
4

When § = 0, W, 5 reduces to the original Wasserstein distance W, and when 6 > 0, W, s
compares the distributions P and @) up to a 26 fraction of their tail mass. Specifically, let
P? denote the distribution with CDF F?(z) = (F(x) — §)/(1 — 26), for all F~1(§) < 2 <
F~'(1 - §), and similarly for Q°. Then, Alvarez-Esteban et al. (2008) note that W, 5(P, Q) =
W,.(P?,Q%).

In addition, we define the trimmed co-Wasserstein distance by

Woos(P,Q) := lim W, s(P,Q) = sup ‘Fﬁl(u) — Gil(u)‘.
r—00 §<u<l—§



Chapter 2. Minimax Confidence Intervals for the Sliced Wasserstein Distance 27

2.2.2 The Sliced Wasserstein Distance

Recall the definition of the Sliced Wasserstein distance given in equation (2.1). In view of
equation (2.3), the Sliced Wasserstein distance admits the following closed form, for any
P,Q € P.(RY)

T

SW,.(P,Q) = ( /S . /0 1 |Fy ' (w) —G;l(u)rduduw)) : (2.6)

where Fj ! and G;l are the respective quantile functions of Py and (J¢. Both integrals of
the above expression can be approximated via Monte Carlo sampling from S?~! and from
the unit interval [0, 1]. This fact makes the computation of the Sliced Wasserstein distance
significantly simpler than that of the Wasserstein distance. Moreover, the Sliced Wasserstein
distance retains some of the qualitative behaviour of the Wasserstein distance, at least for
compactly-supported distributions. Indeed, Bonnotte (2013) showed that for any distributions
P,QcP{xcR?: |z| < M}), where M > 0, we have

SW(P,Q) < cqyW/(P,Q) < Cy, M"Y/ (d+DgW1/(d+1) (p ), (2.7)

where Cy, > 0 is a constant depending on d and r, but not depending on M, and cg, =
L Jsa—1 10|l dp(8), which is bounded above by 1/d whenever r > 2. In particular, it follows
that the metrics W, and SW, are topologically equivalent over P(X’) when diam(X') < oc.
As we shall see, however, the statistical behaviour of the Wasserstein and Sliced Wasserstein
distances can differ dramatically for large dimensions d.

Though the original Sliced Wasserstein distance of Rabin et al. (2011) was defined in terms
of the uniform distribution ;1 over S?!, a straightforward adaptation of Proposition 5.12
of Bonnotte (2013) shows that SW,. remains a metric over P(R?) when 1 is replaced by any
probability measure which is absolutely continuous with respect to the Hausdorff measure on
S%1. We allow 4 to be any such measure throughout the sequel.

The Trimmed Sliced Wasserstein Distance. In analogy to the trimmed Wasserstein dis-
tance in equation (2.5), we further define

T

1-6
SW,5(P, Q) = (1—125 /Sd—l/a ‘Fe_l(u) - Gg_l(u)}rdudu(@)> , (2.8)

for some § € [0, 1/2). We also define the trimmed co-Sliced Wasserstein distance by SW o 5(P, Q) =
de,l Woo 5(Pp, Qp)dpi(6), and more generally, we write

SWOHP.Q) = [ Whs(Po. Qu)aul0).

When § > 0, the trimmed-Sliced Wasserstein distance is well-defined and finite for all dis-
tributions P,Q € P(R?), including those admitting fewer than r moments. Nevertheless,
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it can be easily seen that supp gepra) SWrs(P, Q) = oo. It will be fruitful in our develop-
ment to impose moment conditions which ensure that the quantity SW, 5(P, @) is uniformly
bounded—one such condition is given in terms of the class

Kop0) = {PePEY: [ Bxep[XT0P)Fn0) <0} bprz1 @9
Sd—1

We shall use the special case p = 2 most often, in which case we drop the subscript p and
simply write /C,.(b) := K, 2(b). It follows from Lemma 3 in Section 2.A that SW, 5(P, @) is
uniformly bounded over distributions P, Q € KC,.(b), by a constant depending only on b, r and
5. Notice that if b = b*/7, then KC,. ,(b) contains the class

K,(b) = {P e P,RY : Exop||X]?] < B} . (2.10)
Finally, we write IC,. , = szl Krp(b), K = szl K. (b) and K, = Uézl 1@(5).

2.2.3 Related Work

We are unaware of any other work regarding statistical inference for the Sliced Wasserstein
distance, except in the special case d = 1 when it coincides with the one-dimensional Wasser-
stein distance. In this case, Munk and Czado (1998) study limiting distributions of the empirical
(plug-in) Wasserstein distance estimator, and Freitag, Munk, and Vogt (2003); Freitag, Czado,
and Munk (2007); Freitag and Munk (2005) establish sufficient conditions for the validity of the
bootstrap in estimating the distribution of the empirical second-order trimmed Wasserstein
distance. While these results are very useful, they assume that (i) P and () are absolutely
continuous, (ii) with densities supported on connected sets, and (iii) require different inferential
procedures at the classical null (P = @) and away from the null (P # Q). In contrast, the con-
fidence intervals derived in the present chapter are valid under either no assumptions or mild
moment assumptions on P and (), and are applied more generally to the Sliced Wasserstein
distance in arbitrary dimension. Though our methodology is assumption-light, our confidence
intervals are adaptive to (iii), and assumptions (i) and (ii) are closely related to the finiteness of
SJy5(P),8J,.5(Q), to which our confidence intervals are also adaptive.

The Sliced Wasserstein distance is one of many modifications of the Wasserstein distance
based on low-dimensional projections. We mention here the Generalized Sliced (Kolouri et al.,
2019), Tree-Sliced (Le et al., 2019), max-Sliced (Deshpande et al., 2019), Subspace Robust (Paty
and Cuturi, 2019; Niles-Weed and Rigollet, 2022), and Distributional Sliced (Nguyen et al., 2020)
Wasserstein distances. It is also possible to define various other interesting distances by slicing
(averaging along univariate projections—see Kim, Balakrishnan, and Wasserman (2020)).

Beyond the aforementioned inferential results for the one-dimensional Wasserstein distance,
statistical inference for Wasserstein distances over finite or countable spaces has been studied
by Sommerfeld and Munk (2018); Tameling, Sommerfeld, and Munk (2019); Klatt, Tameling, and
Munk (2020); Klatt, Munk, and Zemel (2022). For distributions with multidimensional support,
Rippl, Munk, and Sturm (2016) consider the situation where P and () only differ by a location-
scale transformation. Imaizumi, Ota, and Hamaguchi (2022) study the validity of the multiplier
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bootstrap for estimating the distribution of the plug-in estimator of an approximation of the
Wasserstein distance. Central Limit Theorems for empirical Wasserstein distances in general
dimension have been established by del Barrio and Loubes (2019); del Barrio, Gonzalez-Sanz,
and Loubes (2021), but with unknown centering constants which are a barrier to using these
results for statistical inference.

Rates of convergence for the problem of estimating a distribution under the Wasserstein
distance (Dudley (1969); Boissard and Le Gouic (2014); Fournier and Guillin (2015); Bobkov
and Ledoux (2019); Weed and Bach (2019); Singh and Poczos (2019); Lei (2020), and references
therein) have received significantly more attention than the problem of estimating the Wasser-
stein distance, the latter being more closely related to our work. Minimax rates of estimating
the Wasserstein distance between two distributions have been established by Niles-Weed and
Rigollet (2022), as well as by Liang (2019) when r = 1; we will also return to this topic in the
following chapter. In the special case d = 1, where the Sliced Wasserstein distance coincides
with the Wasserstein distance, our results refine those of Niles-Weed and Rigollet (2022) by
showing that faster rates can be achieved depending on the finiteness of the SJ,. 5 functional,
and on the magnitude of SW, 5(P, Q).

Likelihood-free inference methodology with respect to the Wasserstein and Sliced Wasser-
stein distances has recently been developed by Bernton et al. (2019) and Nadjahi et al. (2020).
In contrast to these methods, both of which employ approximate Bayesian computation, our
work provides frequentist coverage guarantees under minimal assumptions.

2.3 Estimating the Sliced Wasserstein Distance

The goal of this section is to bound the minimax risk of estimating the Sliced Wasserstein
distance between two distributions, that is

Ram = Ram(O;7) = inf  sup  Epenggem ’gnm - SW,.5(P, Q)
Snm (P,Q)€O

: (2.11)

where the infimum is over all estimators §nm of the Sliced Wasserstein distance based on
a sample of size n from P and a sample of size m from @, and O C P(RY) x P(R?) is a
collection of pairs of distributions. Our motivation for studying this quantity is the observation
that R, lower bounds the minimax length of a confidence interval for the Sliced Wasserstein
distance. We construct confidence intervals with matching length in Section 2.4.

The estimation problem in equation (2.11) is related to, but distinct from, the problem of
estimating a distribution under the Sliced Wasserstein distance. The minimax risk associated
with this problem is given by

M, = M, (J;r) = inf sup EPW{SWr’g(ﬁn,P)}, (2.12)
P, PeJ

where the infimum is over all estimators P, of Borel probability distributions P, based on a
sample of size n from P, and J C P(Rd). Problems (2.11) and (2.12) are related as follows:
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Given estimators P,, and Q,, for two distributions P, Q € P(R%), which are minimax optimal
in the sense of equation (2.12), we have, by the triangle inequality,

Rum(O;7) SE[SW,5(Pr, Q) — SW,.5(P, Q)|
< ESW,.§(Pn, P) + ESW,.5(Qm, Q) S Muam(T;7), (2.13)

for suitable families 7 and O (typically O C J x J). Inequality (2.13) implies that estimating
a distribution under SW,. 5 is a more challenging problem, statistically, than that of estimating
the Sliced Wasserstein distance between two distributions. It is unclear, however, whether the
rate M, is a tight upper bound on R, or whether the latter can be further reduced. For
the Wasserstein distance W, in general dimension, Liang (2019) and Niles-Weed and Rigollet
(2022) showed that there is no gap between these minimax risks (ignoring polylogarithmic
factors) for compactly supported distributions.

Let us now briefly summarize the main results of this section. We bound M,, and R,
and show that there can be a large gap between these minimax risks when the pairs of
distributions in O are appropriately separated. In the special case d = 1, SW, s reduces to
the (trimmed) Wasserstein distance, and our results imply faster rates than those of Liang
(2019) and Niles-Weed and Rigollet (2022), for estimating the Wasserstein distance between
distributions bounded away from each other. Furthermore, in contrast to the minimax risk
for estimating the Wasserstein distance and estimating under the Wasserstein distance, the
minimax risks we obtain for the Sliced Wasserstein distance when d > 1 are dimension-free.

Though our primary interest is in R, (due to its direct connection to confidence intervals)
we begin by studying M, to motivate our choices of families O. Inspired by Bobkov and
Ledoux (2019), in Section 2.3.1 we define a functional SJ, 5, whose magnitude is related to the
regularity of the supports of P and (), and whose finiteness implies improved rates of decay
for M,,. We then study the minimax risk R, over various families O in Section 2.3.2.

2.3.1 Minimax Estimation under the Sliced Wasserstein Distance

Letd € [0,1/2), P € P(RY),andlet X1,..., X,, ~ Pbeaniid. sample. Let P, = 2 3" | 6,
denote the corresponding empirical measure. The goal of this section is to characterize the
rates of convergence of P, to the distribution P under the (trimmed) Sliced Wasserstein
distance, extending the comprehensive treatment by Bobkov and Ledoux (2019). We then
provide corresponding minimax lower bounds on M,,.

For any 6 € S, let py denote the density of the absolutely continuous component in the
Lebesgue decomposition of the measure Py = 7y P. Define the functional

1-26 /Sdl/(; <p9(F91(u))> d dﬂ(e)a (2.14)

with the convention that 0/0 = 0. When d = 1, we write J;5 instead of SJ, s, and in the
untrimmed case § = 0, we omit the subscript § and write SJ,. or J,. Whend = 1 and § = 0,
Bobkov and Ledoux (2019) prove that the finiteness of J,.(P) is a necessary and sufficient

SJT,5(P) =
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condition for E [WT(PH, P)] to decay at the parametric rate n~ /2. The magnitude of J,. is thus
closely related to the convergence behaviour of empirical measures under one-dimensional
Wasserstein distances, and we show below that the same is true for the SJ, s functional with
respect to trimmed Sliced Wasserstein distances, using distinct proof techniques.

It can be seen that a necessary condition for the finiteness of SJ, 5(P) is that for y-almost
every 6 € S?~1, the density py is supported on a (possibly infinite) interval. When § vanishes,
the value of SJ,. 5(P) also depends on the tail behaviour of P and the value of 7. For example,
if P = N(0, I4) is the standard Gaussian distribution, it can be shown that SJ, 5(P) < oo
whenever 0 > 0, whereas for 6 = 0, S]J,.(P) < ooifandonlyif 1 < r < 2by a similar argument
as Bobkov and Ledoux (2019, p. 46). On the other hand, if P = 1U(0, A1) + U (A, 1), for
some 0 < A; < Ay < 1, where U(a, b) denotes the uniform distribution on the interval
(a,b) C R, one has SJ,. 5(P) < oo if and only if A; = Ay, for every § € [0,1/2).

We now provide two upper bounds on E[SW,. 5(P,,, P)], which are effective when SJ,. 5(P) <
oo and SJ, 5(P) = oo respectively. Recall the class /C,.(b) from equation (2.9).

Proposition 2. Let b, > 1 and § € (0,1/2). Assume P € K, (b), and that § > 2(r + 2)/n.

(i) There exist constants ¢,, ¢, > 0 depending only on r such that

1 logn cr(bne*clrn‘s)%
E[SW,5(P,, P)| < ¢,SJ7 , (P . 2.15
[SWra(Fo P)] <81, s (PIY =7+ =05 1)

(ii) There exists a constant k, > 0 depending only on r such that

1
ke (b N7 1o
E[SW,.5(Pn, P)] < 7 (1 —25) nH2r (2.16)

Proposition 2 provides two upper bounds on the rate of convergence of the empirical
measure under SW, s, which are closely related to those of Theorem 5.3 and Theorem 7.16 of
Bobkov and Ledoux (2019) for the one-dimensional untrimmed Wasserstein distance. Bobkov
and Ledoux (2019) established these results by hinging upon a representation of the empirical
one-dimensional Wasserstein distance in terms of the so-called mean square beta distribution,
coupled with Poincaré-type inequalities for such measures. While extensions of these tech-
niques to the untrimmed Sliced Wasserstein distance are straightforward, and will be stated
for completeness in Section 2.3.3, it was unclear to us whether they may be adapted to the
trimmed setting 6 > 0. Our proof of Proposition 2 is instead based on uniform concentration
inequalities for the empirical quantile process—an approach which we now describe, and which
foreshadows the construction of our confidence intervals in Section 2.4.

Proposition 2(i) is proved using a uniform bound for self-normalized empirical processes,
known as the relative Vapnik-Chervonenkis (VC) inequality (Vapnik, 2013; Bousquet, Boucheron,
and Lugosi, 2003), which will be further described in Example 2 below. This result shows that
the empirical measure converges at the parametric rate under SW,. s, up to a polylogarithmic
factor, provided SJ r,6/2 (P) is bounded, and provided, for instance, that the trimming constant
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§ does not vanish at a rate faster than n =% for some 3 € (0,1). We emphasize that this
convergence is uniform in P—for instance, one has that for all s > 1,

1

sup E[SWW;(Pn,P)] < s%\/ ognj when 6 < n™?, for some 3 € (0,1).
PeKr(b) b,r n

SJT,(S/Q(P)SS

In fact, the above bound continues to hold when s < 1—a regime relevant for distributions
with vanishing variances—so long as s*/"/log n /m remains greater than the second term in
equation (2.15). Finally, we note that the polylogarithmic factor in the above display arises
from the relative VC inequality. Example 2.7 of Giné and Koltchinskii (2006) suggests that this
factor may be improved to /log log n, but not further if § > 1/n. We do not know whether
this factor can be omitted if stronger conditions are placed on § while allowing it to vanish.

Proposition 2(ii) is primarily of interest for distributions such that SJ,. 5(P) = oo, and is
proved using the Dvoretzky-Kiefer-Wolfowitz inequality (Dvoretzky, Kiefer, and Wolfowitz,
1956; Massart, 1990). This result shows that the empirical measure converges to P at the
nonparametric rate n~ /2" under no assumptions on P apart from the mild moment assumption
P € K, (b). In contrast to Proposition 2(i), however, this result suffers from a markedly worse
dependence on 0. Indeed, the resulting rate of convergence deteriorates as soon as 6 = o(1),
and we conjecture that this behaviour is necessary under the stated assumptions.

The rates in Proposition 2 do not depend on the dimension d, contrasting generic rates of
convergence of the empirical measure under the Wasserstein distance. For instance, if P is
supported on a bounded set in R?, Lei (2020) (see also Fournier and Guillin (2015), Weed and
Bach (2019)) shows that E[W,.(P,,, P)] < n~'/¢ whenever d > 2r, and this rate is known to
be tight (Dudley, 1969; Singh and Pdczos, 2019). Thus, estimating a distribution in the Sliced
Wasserstein distance does not suffer from the curse of dimensionality despite metrizing the
same topology on P(R%)—see equation (2.7).

For completeness, we close this subsection by stating a lower bound on the minimax risk
M., in equation (2.12). In view of Proposition 2, it is natural to carry out our analysis over the
class of distributions

J(s)={P e K,(b): S, 5(P) < s}, se€[0,00]

Proposition 3. Let b, > 1 and 0 € (0, 1/2). Then, there exist constants C, Cy > 0, possibly
depending on b, 7, 8, such that for all s > 0 satisfying b > (2s)'/",

M(T(s);7) = Crstn2, and My (T (00);r) > Con /",

Proposition 3 implies that the rates achieved by the empirical measure in Proposition 2 are
minimax optimal over the classes considered above, up to polylogarithmic factors. The proof
of this result will follow as a special case of our bounds on the minimax risk R, to which
we turn our attention next.



Chapter 2. Minimax Confidence Intervals for the Sliced Wasserstein Distance 33

2.3.2 Minimax Estimation of the Sliced Wasserstein Distance

In this section, we bound the minimax risk R, defined in equation (2.11). We begin by
providing upper bounds on the estimation error of the empirical Sliced Wasserstein distance,
SW,.5(Pp, Q). Recall that, P,, and @, denote the empirical measures of i.i.d. samples
Xi,..., Xy, ~Pand Y7,...,Y,, ~ Q, respectively.

Proposition 4. Let b,r > 1 and § € (0,1/2). Assume P,Q € K,(b), and that 6 > 2(r +
2)/(n Am).

(i) There exists a constant ¢, > 0, possibly depending on r, such that

E[SW,5(Po, Q) — SW,5(P, Q)]

1 1 1
b T2 1 logn  (bne=cm9)x
< - B I3
7(1—25) 75 /\(SJng(P)\/ —+ 75
1 1
b m 2 1 logm  (bme=¢™)r
- (1 _25> 7" (SJng(Q)\/ ——+ 7 .

(ii) Suppose SW, s(P,Q) > T, for some real number I' > 0. Then,

b
E[SW,5(Pn, Qm) — SW,5(P, Q)] Fg S5 (n_% +m_%>_

Proposition 4(i) is an immediate consequence of inequality (2.13), which implies that the
rate of estimating the Sliced Wasserstein distance with the plug-in estimator SW, 5( P, Q)
is no worse than the rate of convergence of the empirical measures under SW,. 5 given in
Proposition 2. In particular, these results show that the parametric rate for estimating SW,. 5
is achievable for distributions satisfying SJ,. 5/2(P),SJ, 5/2(Q) < 0o, while the rate n=1/2r 4
m~1/?" is otherwise achievable. On the other hand, Proposition 4(ii) implies that the parametric
rate of estimating SW, s(P, Q) is always achievable when P and () are bounded away from
each other under SW, 5. This fast rate of convergence is obtained irrespective of the values of
SJ;s(P) and SJ, 5(Q). Discrepancies between rates of convergence at the null (P = @)) and
away from the null (P # Q) have previously been noted by Sommerfeld and Munk (2018) for
Wasserstein distances over finite spaces—indeed, their rates match those of Proposition 4 when
SJr.5/2(P),8J,.5/2(Q) = oc. Finally, we note that the natural estimator SW,. 5( Py, Qm) is
adaptive to the typically unknown quantities SJ,. 5/2(P) and SJ;. 5(Q), and does not require the
statistician to specify if P = @Q or P # Q. Instead, the estimator adapts and yields favorable
rates in favorable situations—when either the SJ, s/ functionals are finite, or when P and @)
are sufficiently well-separated.

We now provide corresponding lower bounds on the minimax risk R,,,,. Inspired by
Proposition 4, we define the following collection of pairs of distributions,

O(Ts 51,52)={ (P, Q)EK(D) : $3,5(P) < 51,81,5(Q) < 52, SW,5(P,Q) = T},
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where s1, s2 € [0,00] and I" > 0. To ensure that the class O(T'; s1, s2) is nonempty, we assume
in what follows that I'" < ¢,b, for some sufficiently small constant ¢, > 0 depending only on
r. With these definitions in place we now state our minimax lower bounds on the risk R .

Theorem 5. Letb,r > 1 and § € (0,1/2). Fixs > 0, and assume b > (2s)'/".

(i) There exists a constant C1 > 0, possibly depending on 6, r,b, such that for any s1, s2 €

[O’OO]J 1 1
n 2 4+m 2r, 8§ =8 =00
an<0(0;31782>;7") > Cl s% s%
\/15 + \/%’ s1Vsy<s

(ii) For any T’ > 0 such that I'" < c,.b, there exists a constant Cy > 0 possibly depending on
0,7,b, 1" such that

Rum (O(T; 00,00); 1) > Co (n_% 4 m_%) )

Theorem 5 implies that the rates achieved by the empirical Sliced Wasserstein distance
SW,.(Py,, @m ) in Proposition 4, including their dependence on the SJ,. 5 functional, are minimax
optimal (ignoring polylogarithmic factors). We defer its proof to Section 2.C. This result is
proved by a standard information-theoretic technique of constructing pairs of distributions
which are statistically indistinguishable but have very different Sliced Wasserstein distances.
We then obtain lower bounds via an application of Le Cam’s Lemma (see, for instance, Theorem
2.2 of Tsybakov (2008)). Beyond this careful choice of distributions, the bulk of our technical
effort lies in tightly bounding the various Sliced Wasserstein distances (see Lemma 10 in
Section 2.C).

In Section 2.4, we construct finite-sample confidence intervals for SW, s(P, Q) whose
lengths achieve these same rates of convergence, up to polylogarithmic factors. Before turning
to these results, we discuss estimation rates in the untrimmed case when § = 0.

2.3.3 Minimax Estimation of the Untrimmed Sliced Wasserstein Distance

Though our results below on finite-sample and asymptotic inference will focus on the trimmed
Sliced Wasserstein distance, as it is an estimand for which assumption-free inference is possi-
ble, we end this section by deriving convergence rates for estimating the untrimmed Sliced
Wasserstein distance. In this setting, a straightforward extension of Theorem 5.3 and Theo-
rem 7.16 of Bobkov and Ledoux (2019) already leads to the following untrimmed analogue of
Proposition 2, which we state for completeness. We recall that the class /C;. ,(b) is defined in
equation (2.9).

Proposition 5. Let r > 1 and s > 0. Then,
sup ESW,(P,,P) <, sTn73.

PcP(R?)
SJ-(P)<s
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Furthermore, for any p > 2r and b > 0,

sup ESW,.(Pp, P) Sppr n"ar.
PeK,,,(b)

Convergence rates for estimating SW,.( P, Q) immediately follow from Proposition 5. For
example, we obtain

Vv W 1 1
e E‘S r(Pn, Qm) — SWr (P, Q)‘ Shpr 2 A mT 2,
P,QEK 5 (b)

By analogy with Proposition 4(ii), it is natural to ask whether the above convergence rate may
be improved to the parametric rate when P and () are separated in Sliced Wasserstein distance.
Such an assertion cannot be deduced from the work of Bobkov and Ledoux (2019), and is the
subject of the following main result.

Theorem 6. Foranyr,b> 1,1 > 0, and any p > 2r, it holds that

1 1
sup E[SW, (P, Qu) = SWo(P.Q)| Srpr b \/ Og"+\/ B @)
P,QEK, »(b) n m

Theorem 6 proves that the parametric rate for estimating the Sliced Wasserstein distance
between well-separated distributions continues to hold in the absence of trimming, at the price
of a polylogarithmic factor. In fact, our proof shows more generally that the following bound
holds without separation conditions on P and @),

1 1
sup E[SWI(Py, Q) — SWI(P, Q)| Spur b Og”+\/ =R R E)
P,QeK, ,(b) n m

The only regularity condition required for these bounds is that P, QQ € K,. ,(b), for some
p > 2r. When d = 1, this condition is equivalent to assuming that P and () have finite
moments of order p, and is otherwise weaker when d > 1. The threshold p > 2r appears to
be nearly sharp, at least for the conclusion of equation (2.18) to hold. One clearly requires
p > r, as otherwise SW,.(P, Q) may be infinite. In the range r < p < 2r, for the special case
d =1 and P = @, Fournier and Guillin (2015) argue that the rate in equation (2.18) cannot be

_p-r
improved beyond n » , which is polynomially slower than the parametric rate. While we do
not know the sharp rate in this regime when P # (), we expect that the parametric rate is not
achievable even under this restriction, for p < 2r.

Theorem 6 is proved using a peeling argument, coupled with a uniform self-normalized
concentration inequality for the empirical quantile process, which was already discussed
following the statement of Proposition 2. Unlike the latter result, where this inequality allowed
us to obtain rates which adapt to the SJ, 5 functional, its use here is essential for obtaining a
nearly sharp rate without unnecessary moment assumptions, as it allows us to tightly control
the behaviour of extremal empirical quantiles. We defer the proof to Section 2.D.
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2.4 Finite-Sample Confidence Intervals

2.4.1 Finite-Sample Confidence Intervals in Dimension One

Throughout this subsection, let 7 > 1 and ¢ € [0, 1/2) be given, let P, ) € P(R) be probability
distributions with respective CDFs F, Gz, and let X1,...,X,, ~ Pand Y7,...,Y,, ~ Q be
iid. samples. Let Fj,(z) = 2 3% | I(X; < z) and Gy (z) = L "L, 1(Yj < x) denote their
corresponding empirical CDFs, for all x € R. We derive confidence intervals C,,,;, C R for the
0-trimmed Wasserstein distance, with the following non-asymptotic coverage guarantee
inf P(W,s(P,Q) € C >1-—a, 2.19
P,ngP(R) ( 725( Q) nm) Z « (2.19)

for some pre-specified level &« € (0,1). Our approach hinges on the fact that the one-
dimensional Wasserstein distance may be expressed as the L" norm of the quantile functions of
P and @ (cf. equation (2.3)), suggesting that a confidence interval may be derived via uniform
control of the empirical quantile process. Specifically, the starting point for our confidence
intervals is a confidence band of the form

. igf(R)P(FJI(%,n(U)) < FH(u) < Fy ' (nam(w), Vu € (0, 1)) >1-a/2, (2.20)

€

for some sequences of functions Yo n; Ma,n : (0,1) = R. The study of uniform quantile bounds
of the form (2.20) is a classical topic (see for instance, the book of Shorack and Wellner (2009)).
We discuss two prominent examples that will form the basis of our development.

Example 1. By the Dvoretzky-Kiefer-Wolfowitz (DKW) inequality (Dvoretzky, Kiefer, and
Wolfowitz, 1956; Massart, 1990), we have

P(|Fn(x) - F(‘T)| < ﬁna Vr € R) >1- g7 ﬁn = %lOg(Zl/a)' (2.21)

[\

Inverting this inequality leads to the choice

Yo (W) == Bn,  Nam(uw) =u+ Bn, we(0,1). (2.22)

Example 2. Scale-dependent choices of 7, , and 7,,, may be obtained via the relative Vapnik-
Chervonenkis (VC) inequality (Vapnik, 2013). The latter implies the inequality

P (\Fn(:r) — F(2)] € van/Fa@)(1 - Fu(z)), Yz € R) >1- % (2.23)

where v, p, 1= \/ 16 [log(16/cx) + log(2n + 1)]. As shown in Section 2.G.5, inverting inequality
(2.23) leads to the following choice, for all u € (0, 1),

2u+v2, — Vayn\/ygvn + 4u(l — )
2(14+2v3) 7

Ya,n (u) =

(2.24)
2u+ 2, + l/a,n\/ygé’n + 4u(l — u)

21+ l/gm)

7704,71(“) =
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Given sequences of functions yq n, 1o, satisfying equation (2.20), one has with probability
atleast 1 — v, Ay (u) < |F71(u) — G7H(u)| < Bpm(u) uniformly in v € [6, 1 — 4], where,

Apm(u) = [Fn_l (’)’a,n(u» - G;zl (na,m(u))] v [G;zl (’Ya,m(u)) - Fn_l (na,n(u))] V0,
B (u) = [Fn_l (na,n(“)) - G;zl ('VaJn(u))] \ [G;ml (na,m(“)) - Fn_l ('Ya,n(u))]'

This observation readily leads to the following Proposition.

Proposition 6. Let 6 € [0,1/2) and r > 1. Then, the interval

1 1-6 ; 1 1-6 &
Chom = (1 —55 /6 Anm(u)du> ) (1 35 /5 Bnm(u)du> , (2.25)

tisies inf P(W,s5(P,Q) € Cpm) > 1 — .
satis eSP,ngP(R) (W, 5(P,Q) ) a

Proposition 6 establishes the finite-sample coverage of the confidence interval C,,,, under
no assumptions on the distributions P, (). We emphasize, however, that for distributions P, )
with unbounded support, the interval C,,,,, only has finite length under the following condition.

A1(d; o) We have ’Ya,n/\m(5> > 0 and na,n/\m(l - 6) <1

If Ya,n, Na,n are chosen via the DKW inequality (2.22), these inequalities imply the choice
§ > (n Am)~Y/2, while if they are chosen via the relative VC inequality (2.24), one must
take 6 > log(n A m)(n A m)~1. These choices exclude the untrimmed case § = 0, for which
statistical inference for the Wasserstein distance is not possible without any assumptions on
the tail behaviour of P and Q. If explicit bounds on the quantile functions of P and () are
known near the boundary of the unit interval—which is for instance the case when an upper
bound on the moments of P and () is known—these may be used to replace the confidence
band [F; } (Van (1)), Fyy Y (a.n(u))] by one of finite length for values of u € [0, 1] satisfying
Yan(u) < 0and ne ,(u) > 1. Doing so would lead to a confidence interval C,,,, of finite length
for the untrimmed Wasserstein distance. Since our goal is assumption-free inference, however,
we do not pursue this avenue here and we therefore assume A1(d; ) holds throughout the
sequel.

2.4.2 Finite-Sample Confidence Intervals in General Dimension

We now use Proposition 6 to derive a confidence interval for SW,. 5( P, Q), where P, Q € P(R9).
In analogy to Section 2.4.1, a natural approach is to choose functions 7, , and 7, such that

P (Fejg (Fam(w) < Fy ' (w) < Fy ) (Tan(u)), Vu € (0,1),0 € Sd‘l) >1-— % (2.26)

uniformly in P € P(RY), where Fy,,(z) = (1/n)>."  I(X;'0 < x) forall » € R and
6 € S%1 and Fg_1 denotes the quantile function of Py = mp4P. Such a bound can be
obtained, for instance, by applying the VC inequality (Vapnik, 2013) to the empirical process
indexed by the set of half-spaces in R%. An assumption-free confidence interval for SW,.5(P, Q)
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with finite-sample coverage may then be constructed by following the same lines as in the
previous section. Due to the uniformity of equation (2.26) over the unit sphere, however, it can
be seen that the length of such an interval is necessarily dimension-dependent. In what follows,
we instead show that it is possible to obtain a confidence interval with dimension-independent
length by exploiting the fact that the Sliced Wasserstein distance is a mean with respect to p.

Let 61,...,0xN be an ii.d. sample from the distribution u, for some integer N > 1, and let
un = (1/N) Zfi 1 0, denote the corresponding empirical measure. Consider the following
Monte Carlo approximation of the Sliced Wasserstein distance between the distributions P

and @),

1 N
sWV Q) = ([ W adun(®) = | Wi, Q)
j=1

For any 0 € S?1, let [{ 1um (0), un nm(6)] be the confidence interval in equation (2.25) for
W, 5(FPp,Qg), atlevel 1 — a/N. Let

Lo = [ Beam@dinn(0), Uvan = [ @) (0)

d—1

and set

Cé%) = |: Nnm’ U]<7 nm:| ' (2'27)

By a Bonferroni correction, we obtain conditional coverage of SW (P @), i.e. almost surely,

inf  P(SWW(P.Q)ec®™ |o,,....08)>1—a.
o POV (P € D 01 0) 21 —a

We further obtain finite-sample coverage of the Sliced Wasserstein distance itself by the
N)

following small enlargement of C’y(m .

Proposition 7. Let b,r > 1 and 6 € (0,1/2). Let (Mn)3’_; be a nonnegative sequence such
that My — oo as N — 0o. Define

1 1
cin) = [(LN,nm_MN/\/N)T : (UN,nm+MN/\/N)T:|. (2.28)
Then, there is a constant ¢ > 0 depending only on 7 such that
inf P@W@GM®€5W0>1—a——E;
P,QEK2.(b) noAY nm J = MZor

Proposition 7 ensures that an enlargement of the interval Cy(%), of size less than (My /v N) 3
will cover SW,. 5(P, Q) atlevel 1 — a. — O(My?), for any fixed sample sizes n and m. Notice
that IV is chosen by the practitioner, so that this enlargement can be made to be of lower order



Chapter 2. Minimax Confidence Intervals for the Sliced Wasserstein Distance 39

than the length of C,(L%). We shall therefore focus our analysis and numerical studies on the
(N) (V)

interval Cy,,,, rather than C;,,, .

Although the coverage of the above intervals requires no assumptions on P and (), apart
from the mild moment condition P, ) € K2, (b), we now show that their length achieves the
minimax rates established in Theorem 5, and is adaptive to the magnitude of SJ, 5(P), SJ, 5(Q).

2.4.2.1 Bounds on the Confidence Interval Length

In this section, we state a general upper bound (Theorem 7) on the length of o), depending

on Ya,n; Na,n- We subsequently specialize this result through Corollaries 1, 2 to illustrate the
different rates of convergence which can be obtained under various choices of these functions,
and under various conditions on the underlying distributions.

In what follows, we assume v, 5, and 7,y are both differentiable, invertible with differ-
entiable inverses over (0, 1), and are respectively increasing and decreasing as functions of
a. Given € € (0, 1), for notational convenience we write ¢ := (¢ A «)/N and a = a/N. In
the sequel, we also omit explicitly indexing various quantities by the number of Monte Carlo

samples V. Our upper bounds on the length of Cfl%) will depend on the function

%e,n(u) = max {‘f_l(u) - g_]'(’U,)’ : f?g € {’7(1,7“76,71777&,717776,71}}7 u € (07 1)7

as measured by the following two sequences,

i ) 1-6/2
om0 T, VP [ [

[} )
gSusl—3

_Fen(u) ] dudp(6).

po(Fy ' (u))

Here, recall py denotes the density of the absolutely continuous component of Fy. Additional
technical assumptions B1-B3 regarding Yo, n, 7a,n, Ke,n, appear in Section 2.E. For appropriate
choices of ¢ and ¢, these assumptions are satisfied by the choices of vy, ,, and 14, described in
Examples 1 and 2, for which the corresponding values of k. j, and V. ,,(P) are derived in the
following simple Lemma.

Lemma 1. Lete € (0,1).

1. If Ye.n and ne y, are chosen as in equation (2.22), then there exist constants c1,ca > 0
depending only on r such that

log (4 _
o < e[ B g v ) < (%) SJ,.4 (P).

2. If Ye,n and 0, are chosen as in equation (2.24), then there exist constants ki,ka > 0
depending only on r such that

Ken < k1Ven, and Va,n(P) < kQVgnSJTQ(P)'
’ 2
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The proof is a straightforward consequence of Examples 1, 2, together with the derivations
in Appendices 2.B and 2.G.5, and is therefore omitted. We now define the functional

1 — — r—1
Ucn(P) = sup ‘Fe "(u+h) - F, 1(u)’ du(0).
1—-26 §d—1 \ §<u<l—§
|h‘§’fs,n

Uz n(P) is an upper bound on the magnitude of the largest jump discontinuity of the quantile
function F; !, averaged over directions § € S?~1. When SJ,.5(P) < oo, the quantile function
F 0_1 is absolutely continuous for almost all # € S%~! (see Lemma 2 in Section 2.A), implying
that Us ,,(P) decays to zero as n — oo. The lengths of our confidence intervals will now
depend on the quantities

(SWE (P QU (P4 U (@) Voen S

<

g(P)\/SJT,g (Q)=00

¢a,nm: — 7
(SW75(P, Q)+ Vern(P)+Verm(Q) T [Veu(P)])7 , otherwise,
and,
(SWU LD (P, Q)+Uen(P)+U- (@) Yoz, 81, 5 (P)VSJ, 5(Q)=00
Penm=

r—1

(SWI5(P, Q)+ Ver(P)+Vem(Q)) ™ [Vem(Q)]

S =

, otherwise.

With this notation in place, we arrive at the following upper bound on the length of CT(ZJTV,Z).
Recall that A\ denotes the Lebesgue measure on R. To simplify our statement, we shall only
consider the case where ¢ is bounded away from 1/2.

Theorem 7. Letr,b > 1 anda,e € (0,1). Let P,Q € K2(b), and define § € (0, 6q) for some
do € (0,1/2). Recall thate = (e A o) /N, and assume K¢ pam < g A (1 — 20). Assume further
that conditions B1-B3 hold for some constants K1, Ko > 0. Then, there exists ¢ > 0 depending
only on K1, Ko, dg, T such that with probability at least 1 — e,

1/r
)‘(Cyr\rfz ) S {SW;,ﬁ(Pa Q) + C(ws,nm + Penm + %N)} - SWT,&(P7 Q)

Here, > denotes a random variable depending only on juy, such that B|sen| < ey N~V/?"I(d >
2), for a constant ¢y > 0 depending on b, r, 6 and K;-K>.

The proof of Theorem 7 appears in Section 2.E. As we shall see, the presence of SWC(;_&I) (P,Q)
or SW,.5(P, Q) in the definition of ¢ ;,, and ¢ p,, implies distinct rates of deca}; for the
confidence interval length, depending on whether P, () approach each other under the Sliced
Wasserstein distance. The fact that SW s is a stronger metric than SW,. 5, and the presence
of the functional U, ,,, will imply a second dichotomy in the rate of decay of the confidence
interval length, based on whether or not SJ,. 5/5(P) V 8J,.5/2(Q) < <.

The following result specializes Theorem 7 to Examples 1 and 2.
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Corollary 1. Letr,b > 1 and a, e € (0,1). Let P,Q € K2(b), and define 5 € (0, &) for some
dp € (0,1/2).

(i) Suppose Yon,Na,n are chosen as in Example 1. Then, there is a constant c,, > 0 such that
whenever § A (1 —28) > /cqlog(N/e€)/(n A m), we have with probability at least 1 — e,

62 log(N/e) 2 (n*% + m*;T), 5, 4(P) VS, 4(Q) = o0

+ 1 1
SJr P SJr
a,b,00,7 53 log(N/E)%< ’“’\5//52( ) + T%(Q)>, otherwise.

2=

MOy <y

nm

(ii) Suppose Yo,nNa,n are chosen as in Example 2. Let B¢ yym = log(n A m) +log(N/€). Then,
there is a constant ke > 0 such that whenever § A (1 — 20) > \/kaBenm/(n A m), we
have with probability at least 1 — ¢,

1

5482 (), 83, 4(P) VST, 5(@) = o0

1 1
e 3 SI50(P)  S1T5,5(Q) .
a,b,00,7 Be%nm( ré/2y | o4 T ré/2 , otherwise.

vn vm

Whenever the trimming sequence is chosen as § =< (n A m)~* for some a € (0,1/2),
notice that one may allow € to vanish at an exponentially fast rate with respect to n A m, in
both cases of Corollary 1. The high-probability bounds in this result may then be turned into
bounds on the expected confidence interval lengths, similarly as in Proposition 4, though we
avoid doing so here for brevity.

Corollary 1(i) shows that the length of the DKW-based interval achieves the minimax lower
bound of Theorem 5(i), up to a polylogarithmic factor in /V and the approximation error . It
does not, however, achieve the optimal dependence on 4. This is a consequence of the DKW
inequality not adapting to the variance of the distributions therein. Corollary 1(ii) instead shows
that the relative VC-based interval has length depending on J solely through the magnitude
of the SJ, 5/ functional, at the expense of a polylogarithmic term in 7, m. In both cases, the
confidence interval length scales polynomially with 6~ when SJ, 5/5(P) V SJ,.5/2(Q) = o<,
suggesting that in this case, the practitioner should not let § vanish with n A m at a rate faster
than logarithmic, to guarantee consistent inference.

When the distributions P and () are assumed to be bounded away from each other in
1

1
SW,. 5, Theorem 5(ii) suggests that the nonparametric rate n~ 2 + m™2r in Corollary 1 is
improvable. This is indeed the case, as shown below.

Corollary 2. Suppose P,Q € K2(b) satisfy SW,s(P, Q) > T for some constant T’ > 0. Then,
under the assumptions of Theorem 7, we have with probability at least 1 — e,

5_% ("ié,n + Ré,m)v SJT,5/2(P) \ SJT,6/2(Q> =

MC)) S v+ .
I',60.,,7 E/lT(P)—|—VE,£I(Q), otherwise.
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For example, when v, p,, 7 », are based on the DKW inequality (Example 1), Corollary 2
implies that the length of Cﬁli,? achieves the parametric rate n"% +m~2 with high probability
(ignoring factors depending only on N and §), under the mere condition that P and () are
bounded away from each other. Theorem 5(ii) implies that this rate is minimax optimal. As
before, adaptivity to the magnitudes of SJ,. 5/2(P), SJ; 5/2(Q), without further dependence on

0, is available using the relative VC-based interval in Example 2.

2.5 Asymptotic Confidence Intervals

We now discuss several existing asymptotic confidence intervals for the one-dimensional
Wasserstein distance, their extensions to the Sliced Wasserstein distance, and we compare
them to our finite-sample confidence intervals in Section 2.4.

In the context of goodness-of-fit testing, Munk and Czado (1998) prove central limit the-
orems of the form , /-2 {W22,5(Pn, Qm) — W2275(P, Q)} ~ N(0,0?), where P and Q are

n+m

one-dimensional distributions, and o > 0. They also construct a consistent estimator of o.
These results assume that P # (), and that each of P and () satisfy the following condition,

(C) Fis twice continuously differentiable, with density p, which is strictly positive over the
real line. Moreover,

P (z)

p*(x)

Assumption (C) originates from strong approximation theorems for the empirical quantile
process (Csorgo and Revesz, 1978), and entails that P and () have differentiable densities,
whose supports are intervals. Under the weaker assumption that P and () merely admit
continuous and positive densities on the real line, and still retaining the assumption that
P # @), Freitag, Munk, and Vogt (2003); Freitag and Munk (2005); Freitag, Czado, and Munk
(2007) prove the consistency of the bootstrap in estimating the distribution of W 5(P,, Q)
in the one-dimensional case. 7

sup F(z)(1 — F(z))
r€R

< 00

The Wasserstein distance is well-defined between any pairs of (possibly mutually singular)
distributions with sufficient moments, unlike other classical metrics between probability distri-
butions such as the Hellinger and L" metrics. Indeed, this feature of the Wasserstein distance is
a primary motivation for its use in statistical applications. Smoothness assumptions such as (C)
are therefore prohibitive in inferential problems for the Wasserstein distance, and motivated
our development of assumption-light confidence intervals in the previous section. Nevertheless,
when a smoothness assumption such as (C) happens to hold, asymptotic confidence intervals
based on limit laws such as those of Munk and Czado (1998) above, or those based on the
bootstrap, may have shorter length than those described in Section 2.4.

We show in Section 2.5.1 that under some regularity conditions, the bootstrap is valid in
estimating the distribution of SW, (P, Qy,) for all > 1, thereby generalizing the results of
Freitag, Munk, and Vogt (2003); Freitag and Munk (2005); Freitag, Czado, and Munk (2007) from
the case d = 1 and » = 2. We then illustrate in Section 2.5.2, how the strengths of bootstrap
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can be combined with those of the finite-sample confidence intervals of Section 2.4.

2.5.1 Bootstrapping the Sliced Wasserstein Distance
Let P,Q € P(R?), and let X1,...,X,, ~ P,Y1,...,Y,, ~ Q be iid. samples which are

independent of each other. Furthermore, let P, and (), denote their corresponding empirical
measures, and let P and )}, denote their bootstrap counterparts (that is, P is the sampling
distribution of a sample of size n drawn from P,). Lemma 13 in Section 2.F establishes the
Hadamard differentiability of the Sliced Wasserstein distance at pairs of distributions (P, Q)
satisfying certain regularity conditions. Limit laws for the empirical Sliced Wasserstein distance,
together with consistency of the bootstrap, then follow from the functional delta method (van
der Vaart and Wellner, 1996), as outlined in Theorem 8 below. We first introduce some notation.
Denote by BL; the set of 1-Lipschitz functions f : R — R, such that || f||, < 1. We also write
forallu € [§,1 — 6] and all § € S9~1,

w(u,0) = ;—ssen (Fy ! (u) = Gy () |y (u) = G ()|,
as well as,
1-6 o 5) )
/ (/ / Fy(x), G)dxdp(e)) dt
sd-1 L(svt)
1-96 9
(/ /Sd 1/ L(svi) Fo(x), 0>d$dﬂ(9)dt> ,
and,

7 = /016 </s /GGe(l;;é) (Go (), 9)d~”ﬂdu(9)>2dt
L L s o)

Finally, for any absolutely continuous distribution P € P(R) with density p, we shall make
use of the following trimmed version of the J, functional introduced by Bobkov and Ledoux
(2019),

1
Joo5(P) = esssup ——=——~.
+(P) s<u<i—6 P(F1(u))

With this notation in place, the main result of this section is stated as follows.
Theorem 8. Let § € [0,1/2) andr > 1. Let P,Q € Ko be distributions such that for all

0 € S, Py, Qg are absolutely continuous with respect to the Lebesgue measure, with respective
families of densities {pp}gcsi—1, {qo }gcsi—1 which are uniformly integrable over R. Assume that,

sup Joo 5/2(Po) V Jso 5/2(Qp) < 0. (2.29)
pesd

Then, the following statements hold as n, m — oo such that

(0,1).
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(i) (Central Limit Theorem) We have,

nm

i (SWQ(;(Pn, Qum) — SWI4(P, Q)) w N(0,(1 - )0 + acd).

(ii) (Bootstrap Consistency) For X = (X1,...,X,),Y = (Y1,...,Y},,), we have

B [ (|2 (W Qi) — WP} ) [ Y]
a1 ([ WP ) - SWL (R0} )] ‘ o

Theorem 8(i) provides a central limit theorem for the empirical trimmed Sliced Wasserstein
distance, centered at its population counterpart. The primary assumptions required for this
result are (a) the existence and uniform integrability of the densities of Py and @y along
directions # € S%~!, and (b) a uniform lower bound on these densities, over the compact sets
[F;(6/2), Fy ' (1 — 6/2)], as measured by the J, /2 functional. Note that assumption (a)
holds if P, Q admit upper bounded densities with respect to the Lebesgue measure over R?,
but is strictly weaker; indeed, it can be satisfied by non-atomic measures which are singular
with respect to the Lebesgue measure on R?. Furthermore, we note that the assumption of
uniform integrability is vacuous in the special case d = 1. Assumption (b) requires the bulk
of the supports of Py and Qg to be connected. Such a condition is necessary for the limit
in Theorem 8(i) to be a mean-zero Gaussian distribution, as can be anticipated, for instance,
from the lack of Hadamard differentiability of the Wasserstein distance over finite spaces
(Sommerfeld and Munk, 2018). Nevertheless, our condition is stronger, since we have assumed
Joo,5/2(P) and Jo 5/2(Qp) are uniformly bounded in 6. Inspired by our results on estimation
and finite sample inference for the Sliced Wasserstein distance, it is natural to ask whether this
condition can be replaced by, say, SJ, s(P),SJ;5(Q) < co. Such a condition would allow the
densities py and gy to approach zero at a sufficiently slow rate, which is currently precluded by
our theorem. We leave this question open for future work.

sup
heBLy

in outer probability.

In the special case d = 1 and r = 2, the limiting variance obtained in Theorem 8(i) is equal
to the one obtained by Munk and Czado (1998), up to renormalizing their definition of the
trimmed Wasserstein distance, though our assumptions are significantly weaker since we do
not require the aforementioned condition (C). Nevertheless, their result allows the trimming
constant d to vanish, while we require § to be held fixed and, in fact, positive, when P and Q)
have unbounded support. In this regard, our result is closer to those of Freitag, Munk, and Vogt
(2003); Freitag and Munk (2005); Freitag, Czado, and Munk (2007), who prove, in particular,
the Hadamard differentiability of the functional W2 s for a nonvanishing trimming constant §.
Their results require P and () to admit positive and continuously differentiable densities over
the real line, which is a strictly stronger assumption than those of Theorem 8. In particular, we
require no smoothness conditions on the various densities.
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We next compare Theorem 8(i) to existing central limit theorems for untrimmed Wasserstein
distances. Let d = 1, and assume P and () are compactly-supported, so that one may take
0 = 0 in Theorem 8(i). In this case, the limiting variance may be reformulated in terms of the
expressions

op = Varlgo(X)], og = Var[yo(Y)],
where X ~ P € P(R),Y ~ @ € P(R), and forall z,y € R,

¢o(x)=/x w(F(1))dt, wo(y)zfy w(G(t))dt.

— 00 — 00

Here, we abbreviate w(-) = w(+, #) in the one-dimensional case. It can be deduced from Gangbo
and McCann (1996) that (¢o, ¥9) forms an optimal pair of Kantorovich potentials in the dual
| - |"-optimal transport problem (Villani, 2003) from P to ). In particular, for = 2, the limiting
variance in Theorem 8(i) reduces to the one obtained by del Barrio and Loubes (2019), who
derive central limit theorems for W2 (P, Q,,), in general dimension d > 1. Their results are
not centered at W3 (P, Q) due to the large bias of empirical Wasserstein distances in general
dimension, however, it was shown by del Barrio, Gordaliza, and Loubes (2019) that when
d = 1, these limit theorems may be centered at the population Wasserstein distance under
assumptions akin to condition (C). We also refer to Berthet, Fort, and Klein (2020) and the
recent work of Hundrieser et al. (2022) for distinct assumptions under which such a result can
be obtained.

Theorem 8(ii) proves the consistency of the bootstrap in estimating the distribution of
SW, 5(Pn, Q). Letting Fy;,,, denote the CDF of SW7 (P, Q5,) — SW{ 5(F, Qm), it follows
that an asymptotic (1 — «)-confidence interval for SW, 5(P, Q) is given by

3=

1

G = [(SW7 (P, Qun) = F0 = 0/2)) 7 (SW] (P, Qun) + Fipa0/2))7]

The CDF F},, is typically estimated via Monte Carlo simulation (Efron and Tibshirani, 1994).
The assumptions for the validity of C7;,, are those of Theorem 8, and in addition, the condition
that SW, 5(P, Q) > 0, which is necessary and sufficient for the limiting variance ac% + (1 —
a)ag2 in Theorem 8 to be positive. Failure of the bootstrap at the null SW, 5(P, Q) = 0 is due
to the Sliced Wasserstein distance being a functional with first-order degeneracy (Munk and
Czado, 1998), for which corrections such as those of Chen and Fang (2019), or the m-out-of-n
bootstrap (Sommerfeld and Munk, 2018), yield consistent procedures, but are practically less
attractive as they introduce further tuning parameters.

We illustrate in the sequel how our finite sample confidence intervals can be combined
with the bootstrap to relax this assumption.

2.5.2 A Hybrid Bootstrap Approach

Let C, denote the preceding bootstrap confidence interval at level 1 — /2, and let Clhm
denote the assumption-light confidence interval for SW,. 5(P, )) in equation (2.28) at level
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1 — a/2. Assume that the number of Monte Carlo replications N therein is taken to diverge as
n, m — oo. We define the (1 — «)-hybrid confidence interval as:

o {C,Em, if0 € Chm,
C*

nm?

(2.30)
otherwise.

Roughly, we use the bootstrap interval if we are reasonably certain that P and () are bounded
away from each other in Sliced Wasserstein distance, and fall back on the finite-sample interval
otherwise. The following simple result characterizes the asymptotic coverage and length of
the hybrid interval. In order to simplify our discussion, we write Cy,,, = [a#g, b}/mr] and we
focus on bounding the length of the confidence interval [a;,,, by ] for the r-th power of the
r-Sliced Wasserstein distance. We also assume that the finite-sample interval C';[bm is defined
in terms of the DKW confidence band in Example 1.

Proposition 8. Let a, v € (0,1), 5 € (0,1/2), and assume the same conditions as Theorem 8.

Then, the following holds assuming -+~ — a when n,m — oo.

(i) (Coverage) We have,
lim inf ]P’(SWT,(;(P, Q) € Cnm) >1—oa. (2.31)

n,Mm—00

(ii) (Length) Let N < n"*, and choose My = log N in the definition of Cm. Then, we have
with probability at least 1 — «,

(b — ) = O ((105”); + SWT«S\/%R@> .

Proposition 8 establishes the asymptotic coverage of C),,,, under the same conditions as
Theorem 8. In particular, it removes the assumption SW, 5(P, Q) > 0, which is needed for
the asymptotic coverage of the bootstrap interval C;, . We note that many other existing
corrections of the bootstrap for functionals with first-order degeneracy, such as the m-out-of-n
bootstrap or the procedures outlined in Section 2.1 of Verdinelli and Wasserman (2024), involve
expanding the asymptotic length of the interval, leading to a loss of efficiency. In contrast,
Proposition 8 shows that with high (albeit, fixed) probability, the hybrid interval achieves the
rate-optimal asymptotic length both at the null SW, 5(P, Q) = 0 and away from the null, up
to a polylogarithmic factor in NV (which can be removed when d = 1). We emphasize that this
adapativity is obtained without tuning parameters, apart from the sequences My, N whose
precise choice does not greatly alter the properties of C,,,,. Once again, the choice of these
sequences is vacuous in the special case d = 1.

Though this methodology inherits benefits from both the bootstrap and finite-sample
confidence intervals, it is not assumption-free. In principle, it is possible to extend this procedure
by empirically testing whether the conditions of Theorem 8 are met, and to use the outcome
of such a test in the conditions of equation (2.30). While doing so may allow for certain
assumptions to be relaxed, it could become impractical: for instance, we do not know of a test
for the finiteness of the J s/, functional which is free of tuning parameters.
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2.6 Conclusion and Discussion

Our aim in this chapter has been to develop assumption-light finite-sample confidence in-
tervals for the Sliced Wasserstein distance. After deriving minimax rates for estimating the
Sliced Wasserstein distance, which are of independent interest, we bounded the length of our
confidence intervals, showing that they achieve near minimax optimal length. Their length is
also shown to be adaptive to whether or not the underlying distributions are near the classical
null, as well as to their regularity, as measured by the magnitude of the functional SJ, 5. These
findings contrast asymptotic methods such as the bootstrap, whose validity we show is subject
to certain prohibitive assumptions on the underlying distributions, and whose asymptotic
length does not enjoy the same adaptivity as that of our finite-sample intervals.

This chapter leaves open the problem of statistical inference for Wasserstein distances in
dimension greater than one, which we will return to in later chapters below. Indeed, our work
has hinged upon the representation of the one-dimensional Wasserstein distance as the L"
distance between quantile functions, which is unavailable in general dimension. For the same
reason, our work does not shed light on statistical inference for other modifications of the
Wasserstein distance based on projections of distributions to low-dimensions greater than one,
such as those summarized in Section 2.2.3. We have shown that the Sliced Wasserstein distance
can be estimated at dimension-independent rates, and it is of interest to understand how this
finding changes for other low-dimensional modifications of the Wasserstein distance.

2.A Preliminary Technical Results

In this section, we collect several preliminary results which will frequently be used in the
sequel. We begin with the following straightforward Lemma, which follows from Appendix A
of Bobkov and Ledoux (2019).

Lemma 2. Let P € P(R?),r > 1,and d € (0,1/2). Let F,; * denote the quantile function of
Py = mguP forall6 € S IfSJ, 5(P) < oo, then Fgfl\[&l_g] is absolutely continuous for
p-almost all € S41.

Furthermore, we describe the following characterization of distributions falling in the

collections K, ,(b) and KC,.(b).
Lemma 3. Let6 € (0,1/2) andr, p,b > 1. Then, for all distributions P € IC,. ,(b),

/ ‘Fﬁ_l(a)rd/‘(e) < b<2/5)r/p7 ac {57 1- 6}'
Sd*l

Furthermore, for all distributions P € Er(b), we have

1
20\ r
sup |F, ' (a)] < <6> , ac{0,1—7}.

feSd—1

Proof of Lemma 3. The claim is a simple consequence of Markov’s inequality. Given
0 € S?1, it must hold that (a) F}, *(§) < 0 or (b) F,; *(1 — &) > 0. In the former case, since
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Fy(F;1(6)) > &, we have

5 <P{XT0<F,1(0)} =P{ - XT0>|F, ()]}
M
RO

<P{XT0 > |F, ()|} < (2.32)

while in the latter case, Fy(F, (1 — §)/2'/P) < 1 — 4, therefore

Fyla— Fyla - xXTo|
S<PIXTH> Fy (1=0) <P{|XTH > [Fy (1 =0)l < 212' ad (2.33)
21/p 21/p |Ey (1= 8))

We deduce,
2E| X Tl
max _|F, ' (a)| < (!H) : (2.34)
ac{6,1-0}

Indeed, when both (a) and (b) hold, the above display follows from equations (2.32) and (2.33).
When only (a) holds, it is clear that |F, ' (8)| > |F,; (1 — 4)],
from equation (2.33), and similarly when only case (b) holds. Thus, since the above display
holds for any 6 € S?~1, we deduce that for both a € {6,1 — d},

/g)d1 |5 (a)|"dp(0) < <§>; /Sd1 E[|X 70/ du(6) < (2) ' b,

where we used the assumption P € IC,. ,(b).

To prove the second claim, one similarly has the following bound when P € K, (b), for
ac{0,1—0},

sup ‘Fe_l(a)‘ < sup
fesd—1 fesd—1

1 1
< (2e]| sup IxTor| | = <2E[||X||P])” < <Qb>
(S gegdfl (S 6

<2E[|)§T0|P1>i

2.B Proof of Propositions 2 and 4

We shall begin by proving Proposition 2(i) and Proposition 4(ii). As we shall explain, Proposi-
tion 2(ii) will then follow as a special case of Proposition 4(ii), and Proposition 4(i) will follow
from Proposition 2(i). Our proofs will make use of Examples 1 and 2 which appear in Section 2.4
of the main text, and of their corresponding proofs in Section 2.G. We shall also make use of
the following Lemma, which is proven in Section 2.B.1.
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Lemma 4. Let 6 € (0,1/2). Then, for any 7 € [r,r + 1], there exists a constant B, > 0
depending only on r such that for all§ € S* and all 6 > 2(r + 2)/n,

I3

max E [‘FH_,;(Q)V] <B, |1+ max ‘Fe_l(a)r—i- < 5

E|XTo[”
ae{3,1-6) ae{31-3}

In the above result and throughout this section, recall that Fj % (resp. Ge_;, Fy Y Ge_l)
denotes the quantile function of the distribution Py ,, = mg4 P, (resp. Qgm = To4Qm, Py =
oy P, Qg = mp 4 Q), for any 0 € S9-1, Finally, throughout the remainder of this section, the

symbol “<” is used to hide universal constants depending only on 7.

Proof of Proposition 2(i). The claim is trivial if SJ, 5 /2<P) = 00, thus assume otherwise.
We shall begin bounding the expectation of the following quantity

Zn(0) = W 5(Pon, Pa),

for any fixed # € S?~!. The result will then follow by integration over S*~!. We begin with
the following key high probability bound.

Lemma 5. Letyg = \/8/4 and C, > 0 a constant depending only on r. Then, for all y € (0, yo],
we have on i1 ,

eSSSUPIP’(Zn(9) > Cry'J, 5/2(P0)) < T e,

pesd—1 ’ 16

where the essential supremum is taken with respect to the measure .

Lemma 5 is proven in Section 2.B.2. Now, let Ty = C,.yjJ,. 5 /Q(Pg), so that
E[Zn(0)] = E[Zn(0) - 1(Zn(0) > Ty)] + E[Zn(0) - 1(Zn(0) < Tp)]. (2.35)

To bound the first term, notice first that
1 1-46

Zn(0) = =%/, Fe_é(u) — Fy N ()| du S ae?gz?fé} ‘Fe_’g(a)v +|F; Ya)"

Now, let s = 1/(1 — 1/n), where n = 7/r and 7 € (r,r + 1]. Then, by Hélder’s inequality, we
have uniformly in 6 € S,

E[Zn(0) - 1(Za(6) > Ty)]
< 2Ol e 11(Z06) > To)ll o

) N
T | )] ) 11(Z0(0) > To) |l s py

< max ((1F @)

= L
s (EXTOPNZ\" [2n4+ 1\ _md
< (1 + max |F,'(a)| + <|5|> ) < nlg_ ) e Toe (2.36)

oe{$1-4}
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1
o2n+1\s _ v
e 163’
16

where we invoked Lemmas 3-5 in equation (2.36). Therefore, using the fact that s > 1,
P € K, (b), and invoking Lemma 3, we obtain

[l

Tp|2
(oo, o+ (20

ac{3.1-3}

/ E[Z(0) - 1(Zn(0) > Tp)]du(0) < (b/ar/Z)ne—% < bne=0™ /5712 (2.37)
Sd—1

for a universal constant ¢y > 0 depending only on r. We further bound the second term in
equation (2.35). Setting tg = Ty A Cy.J,. 5/2(Fp) (16 log (2"+1))T/2, we arrive at

E[Z,(0) - I(Z,(0) < Ty)]

_ /Oop(znw) 1(Zn(0) < Ty) > z)dx
0

<y +2n—|—1/T9 n x 2/r p
N N S
=T ), P16 Jms/z(Pe)C )
b)

r(2n + 1)CyJ, 579 (P
16 //10 2n+1
2+ 1)Cy . 5/9(Py)

<ot r(2n +1)CrJ; 5/2(Fp)

corrm i (4

e yer—ldy

e V' dy,

1/r
where we used the change of variable y = % (W) , and where the final inequality

holds for all n larger than a universal constant depending only on r. It follows that

Jr6/2(Fp) 1 2n 4 1\1"
E[Zn(0) - I(Zn(0) < Tp)] Sto + — 7 S Jrsy2(P) [n log ( 16 )] :

Putting this fact together with equation (2.37), we have by the Fubini-Tonelli Theorem,

E[SW? (P, P)] = /S EIZu(0))du(6)

logn

< SJT’(S/Q(P) ( ) ’ + bne_c(m&/dr/Q‘

1

The claim now follows since E[SW, (P, P)| < (IE [S\?\/:7(5(f’7l7 P)D " O
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Proof of Proposition 4(ii). As we shall show, the assumption SW, 5(P, Q) > I' implies
that the deviation
Anm = SWT,&(Pny Qm) - SWr,é(Pa Q)

is of same order as

Dypm = SWy (P, Qm) — SW, 5(P, Q).
To bound this quantity, define for all § € S,

ap = min { F;(8), F;,1(6),G7(9), G, (0) },
be = max {Fe_l(l —8),Fy (1 6),Gy (1 -6),G5 L1~ 5)},
M(0) = max {|F;(6/2)], |G (/2. | Fy (1 = 8/2)|. |65 (1 = 8/2)]. 1},

and

1-6
Zun(0) = o a0 [ [IFg ) = B )] + 16710 = G5 () .

The bulk of our proof is now contained in the following result.

Lemma 6. We have,
| Drm| <

1-26 /Sd1 Znm (0)dpu(9).

Assume further that P, Q € K, (b). Let yo = /2. Then, there exists a universal constant A > 0
such that for ally € (0, yo)

sup P(|Zum(0)| > AM™(0)y) < 4exp(—2(n A m)y?).
fesd—1

Let A,yo > 0 be as in Lemma 6. Similarly as in the proof of Proposition 2, let Ty =
AMT(0)yo. Then, we have,

E[Zyum ()] = E[Zum(O) I (Zum(0) > Tp)] + E[Zum (O)I(Zam(0) < T)].  (238)

Set s = 1/(1 — 1/n), where again n = 7/r and 7 € (r,r + 1], so that by Holder’s inequality,
we have uniformly in § € S¢!

E[Zum(0) - I( Znm (0) > Ty)]
<N Zum ()| oy 1 (Zrm () = To)ll s p)

0
1
S (Naslizre) + Neoloey ) " exp(=2(n Am)yd/s5)

N (MT(H) + (E’X;HP) : + <E‘Y;9‘2> ;> % exp(=2(n Am)yg/s)
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Toi2\ 3 T2\ 2
< (MT(H) + <E|X50|) + <E|Y59‘> ) exp(—Q(n/\m)y(Q)/s), (2.39)

where we invoked Lemmas 4 and 6. Now, notice that [, M"(0)du(0) < b/67/2 by Lemma 3,
since P, ) € K, (b). Therefore, integrating both sides of the above display with respect to 1
leads to

/S E[Zun () (Zun(6) > )] du(0) < expl—caln A m)s*)b/577,

for a constant ¢; > 0. We now bound the second term in equation (2.38). We again use Lemma 6
to obtain

/Sd-lE[an”) [(Zym(9) < Tp)]dps(9)

/Sd 1/ A (Znm(0) < Tp) > x)dadp(0)

< /S B / TG]P(an(H) > o) dedu(0)
<4/Sd 1/T9exp{ 2(n A m) <M>2}dxdu(9)

b
S vnAm Jsi M (O)dn(®) 5 §2/n Am

Putting this fact together with equation (2.39), and applying the Fubini-Tonelli Theorem and
Lemma 6, we arrive at

1
E|Dym| < E L (0 0
Danl S 1255 | [ Zunt0)i00)]

1 b
= E|Z,m(0)|du(d . 2.40
1-26 Jgar [Znm(0)]dpu(6) 3772(1 — 20)v/n Am (240)
Finally, the numerical inequality |x" — y"| > y" 1|z — y| for all z, y > 0 implies
E|Dym| > SW 51 (P, Q)E|Apm| = T E[Apn, (2.41)
so that E|A | ST 7b(n Am)~1/2/(67/2(1 — 26)), as claimed. O
Proof of Proposition 2(ii). Introduce an i.i.d. sample X/,..., X] ~ P independent of

X1,..., Xy, and let P, = % Sy dx;. It follows from convexity of the mapping (P, Q) —
SW,.5(P, Q), similarly as in the proof of Theorem 4.3 of Bobkov and Ledoux (2019), that
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The claim now follows from equation (2.40) with P = (), which implies the bound

bn—l/Z
E[SW' (P, P)] < — .

so that, E[SW,.5(P,, P;)] < b/ L2 (/5(1 — 26)1/T). =

Proof of Proposition 4(i). The claim is immediate from Proposition 2(i), by the triangle
inequality. O

It remains to prove Lemmas 4-6.

2.B.1 Proof of Lemma 4

We shall make use of Bennett’s inequality, which we recall as follows using the notation of
Pollard (2002).

Lemma 7 (Bennett’s Inequality). Let 71, ..., Z, beiid. random variables bounded above by 1,
and such that E[Z1] = p € R, Var[Z;1] = v > 0. Then,

" 22 T
E . > < = i
P{izl(ZZ N)_m} _exp{ oY (W)}
forallx > 0, where W > nw is arbitrary, and where for allt > —1,

vl = EEREEED L fort 20, andu0) = 1.

Turning back to the proof, fix € S¥~1. Set my = E(|X 70/?), and
xg = 2[|F, 1 (6/2)| V| Fy N (1= 6/2)| V £y/mg /5 v 1],
for a constant £ > 0 to be determined below. In particular, for all x > zy,
Fo(x) >1—-40/2, and Fy(—z)<4/2.

Then, for all x > xy,

, (0n)? no
: exp{ 8Wo v (ZVVG)} 7
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for any given Wy > n Var[I(X 70 < —x2)] = nFy(—z)(1 — Fy(—x)), by Bennett’s inequality.
Now, from Markov’s inequality, one also has

Fo(—z)=P(XT0< —2)=P(-X"0>2z) <P(|X 0| > z) < mg/2?,

thus, we may take Wy = nmy/22. Furthermore,

(6n)2 [ nd \  (6n)2 (1+ =) log(1+ 95) — 53
Wy = \2Wy ) 8Wp (5202 /2

W

no no no
- 14+ -2 Jlog (14+ =) - 19
We < +2W9> °g< +2W9> QWJ

S n 226 oo (1 + 226 B )
- 2 & 2my 2my

where the last inequality holds for all z > 2y upon choosing the constant £ = {/2(e? — 1) in
the definition of zg. Therefore, for all such x,

nd
.CC26 T4
— 1 < -

Applying a similar argument, we obtain that for all z > zy,

P(F, (1 —6) > 2) <P(1 - Fy(z) > 0)

,n

22 -
< P(Fy(x) — Fyn(x) > 6/2) < (1 T Qmi) |

Now notice that
|Fya(1=08)| < Fy 1 (1=6) V (=F5 (),

thus we arrive at

)

1 1‘25 _%
P(|F97n(1—5)|2x)§2<1+2m0> , T > .

It follows that
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B 00 B JJZ(S _nTé
<zxp+ 2/ 2"t <1 + > dx, (Since £ > 1)
75

(NIl

nd

3
>
N—
(NIl
—_

=nt (F) g < ()
2

where we used the assumptions 0 > 2(r + 2)/n and 7 < r + 1 on the final line of the above
display. Therefore, E|F, ! (1 — &)|" < x}, + (mg/J)2. Upon repeating the same argument for
the J-quantile, we obtain

_ s & (M3 L our . (M5
E|F7 ()" < 2F (7> <1 r 7 (7)
hax Bl (@ S2+ () S +a€£i§%}! o (@ + (5
This proves the claim. O

2.B.2 Proof of Lemma 5

Since SJ, ; /Q(P) < 00, it follows from Lemma 2 that Fe_l is absolutely continuous over
[6/2,1 — §/2] for y-almost every 6 € S, We fix any such @ throughout the sequel.

To prove the claim, we shall make use of the following analogue of the relative VC inequality
described in Example 2 (Bousquet, Boucheron, and Lugosi, 2003). For any given # € S%~! and
€ € (0,1), we have

P (\Fe,n(x) — Fy(@)| < ven/Fo(a)(1 — Fy(x)), Vo € ]R) >1-e

Notice here that the right-hand side of the inequality within the above probability involves
the population CDF Fjy rather than Fy ,,. Similarly as in Example 2 and Section 2.G, the above
bound implies that

)

P(Fa_l(%,n(u)) < Fy N u) < Fy Y (nen(u), Yu € (0, 1)) >1-—e¢

where, for all u € (0,1),

2u+ V2, — Ve \/yf,n + 4u(l — u)
2(1+22,) 7

Ye,n (U) =

(2.42)
2u+ V2, + Ve \/yg,n + 4u(l — u)

21+ Vgn)

Nen(u) =
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These functions are invertible over [0, 1], with inverses given by

Ven
n;%(t):t_ye,n t(l_t)7 te[ne,n(o)vne,n(l)]: 1+;/2 71]7
orn (2.43)
1
=t €,n 1—1 t €,n €,n )
A0 = D), 1€ Fin(0) 2] = [0,

We shall further make use of the following elementary Lemma, proven in Section 2.B.3.

Lemma 8. Assume ¢ € (0,1) is chosen such that ve,, < yo = V6/4. Then, for all u €
ten(w) 1 1= men(w) 1
u l—u — 2
In particular, for allz € [0/2,1 —6/2], and ally € [Yen (), Nen ()], zg:z; <1
By Lemma 8, the inequalities 7. ,(6) > 6/2 and 7 ,(1 — J) < 1 — 6/2 hold whenever
Ven < Y0, and this last inequality is satisfied whenever € > ¢ : ZTGFI exp(— nyg /16). For all
such ¢, define the event

DO | =

E.=E.(0) = {Fgl(%n(u)) < Fy N w) < By (en(w), Vu € [6,1 — 5]}.

Over the event E,, we have
1 1-6 L . .
Zn(0) = 1_25/ Fy,(u) = Fy ' (u)| du

1— 6
S1-9%% 1-26 / nen )) - Fe_l(’)/e,n(u»] Tdu.

Now, recall that § was chosen such that Fj, * is absolutely continuous over [§/2,1 — §/2],
whence

e,n (1)
At = i i) = [ i

Now, since ve , < yo, we have for all u € [§,1 — ],

Ve,n\/yz,n + 4u(1 - u)
(1+2v2,)

<2V5n\/ 1_’LL +V€n_3V6n ’LL(].—’LL) (2.44)

Using Jensen’s inequality, we deduce that, over the event E.,

ne,n(u) - 7e,n(u) ==

(1 — 26)Zn(6)

1-6 Ne,n(u) 1 r
B U —
0 Ye,n (1) pG(Fg (t))
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< Nen(U) = Yen(w)) ™ / — tdu
) ’Ye,n(u) pe(FG 1(t))

__/Pﬁmmuo—%mwwr1/%W”<vﬂ1—ﬂ>Tw“—“”“%mU
J Y

(u(l —u))r/2 ntwy) \Po(Fy (1)) (t(1 =)/

1= nen@ (A=) |
N 1 / % dtdu (By (2.44), Lem. 8)
g V U(]_ - U) "Ye,n(u) pQ(Fe (t))

1-6/2 Yo (t) a—n\
o [T (LY,
5/2 Ne,n(t) u(l—u) pe( 2] (t))

where we interchanged the order of integration, and used the fact that /2 < 7 ,(u) <
Nen(u) <1—0/2forallu € [0,1 — J]. We further have

du

o aroms , foruf €  argmin u(l —u).

—1 — —
/%,n(t) 1 - 767& (t) — 7767% (t)
n up (1 —uf) nem () Su<yEA (1)
By again applying Lemma 8, and equation (2.43), we obtain

7;71 (t) - U;%(t) < Ven ( —1

1
= *Van-
ui(l=ui) — uf(l—uf) = 2

~~
—
(AN

We have thus shown

Zn(0) S

Vi, (102 ( Vi 1)

dt = Vszr Pg .
1—26 5/2 p@(Fg_l(t))> , ,5/2( )

n 2
Thus, setting € = Qq—gle_l% for any y € (0, yo], we have
P(Zu(0) > Cry 5 Py)) < e,
for a universal constant C, > 0 depending only on 7. O

2.B.3 Proof of Lemma 8
Forall u € [§/2,1 — 6/2], and all € such that 2,, < §/16, we have

Ve (W) S 1 Ve,n\/l/gn +4du(l —u) — 12,
(T S 2u(l+ 12,
s 1 veVl-u
SR Va2
1 V2Vl —u

T2, 4Ve(1402,)



Chapter 2. Minimax Confidence Intervals for the Sliced Wasserstein Distance 58

1 1
> _
T4z, 2v2(1+02,)
22— 1 2v2 -1
= v = V2 >1/2.
2v2(1+12,) — 2v2(1+1/16)
Similarly,
1 — Nen(u) S 1 I/zn + Ve,n\/l/gn + 4u(l — u)
l—u  — 1402, 201 —u)(1+22,)
1 Vez,n + Ven U(l — 'LL)

> —
T 1402, (I —u)(1+22,)
1—v2,/(1—u) B Ven /U
1+2v2, V1—u(l+v2,)
> 1- Ve2,n/6 _ \/EVe,n
B 1+V€2{” \/5(1_‘_1/62,71)
1-1/16 1
— 1+ Vgn 2v/2(1 + Vgn)
2v2(1—-1/16) — 1
2v/2(1 + 1/16)

In particular, for all x € [§/2,1 — /2], and all y € [Ye (), Ne n(x)],

z(1—x) x 1—xz < 1
Y(1=y) = Yen(@) 1 = nepn(z) — 2°

The claim follows. O

2.B.4 Proof of Lemma 6

When r > 1, we have,

(1 —20)SW7 5(Pn, Qm)
1-5
/Sd 1/ FG_T}(U) - Gg_in(u)rdudu(g)
1-5 i
/Sd / {'F o (W) + rsgn(Fy ) (w) — Gy (w)
|F9 (u) — Ge_ ()| (F, on u)_Fe_l(“))_(G;M“)_G(Zl(U))}}dudu(g),

by a Taylor expansion of the map (z,y) — |z — y|” about (F}, ' (u), G, ' (u)), where ﬁefrlb (u)
(resp. C:’(;Tln(u)) is a real number on the line joining F}, ' (u) and F(,_i(u) (resp. G ' (u) and
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G—l

6,m

(u)). We then have

1-6
T ~_ ~— _
Dunl < 7255 [ | 1@ = Gl

X |1Fgoh () = Fy ()] + Gy () = G (w)] | dudp(9)

r

< o r—1
S 795 fu (e~ )
=0 1 1 1 1
<[ I = Bl + 167 (0 = 65 )| duduto)
i
-5 | 2 @auio)

This proves the first claim when r > 1, and the same conclusion holds trivially when » = 1 by
the triangle inequality. To prove the second claim, given 6 € S?~!, define the following event
forany ¢t € (0,6/2],

E, = E,(0) = {ng;(u — 1) < FyNu) < Fyl(ut t), Yue 51— 5]}
N {G_l (u—1t) < Gyl(u) < Gyl (utt), Yue[51- 5]}.

0,m

A union bound together with the Dvoretzky-Kiefer-Wolfowitz inequality (Example 1) implies
that, for all t € (0,6/2], P(E;) > 1 — 4exp(—2(n A m)t?). Now, for all such ¢, the following
inequalities hold over E,

1-§
/5 [y ) — Fy (u) du

1-6
3/5 [F (ut ) — By (u — )] du

1-6—t 1—6+t
:/ Fel(u)du/ Fy N (w)du
0

—t S+t
5+t 1-6+t

= Fal(u)du—}—/ Fyl(u)du
o—t 1-0—t

<S[|Fy N6 =)+ | Fy S+ )|+ | Fy (=0 +t)| + [F, (1= 6 — )]
<2t[|F;1(6/2)| + |Fy (1 —6/2)]]-

Over E}, we also have for all t € (0,0/2],
R 1 1 1
| 163k - 65 )l < 24[1656/2)) + 1651 - 5/2)],

and,

ag > Fyt(0—t) NGy (0 —t) > Fy, 1 (6/2) NG, 1 (6/2),
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by <F,'(1—6+t) VG (1 =8+t < F,N(1—6/2) VG, (1—6/2).

Combining these facts, we deduce that for a universal constant A > 0, we have with probability
at least 1 — 4 exp(—2(n A m)t?),

| Znm (0)] < AtM"(0),

as was to be shown. O

2.C Proof of Theorem 5

Throughout the proof, KL denotes the Kullback-Leibler divergence, and x? denotes the y?-
divergence. In view of the identity W, 5(P, Q) = W,.(P?, Q°) stated in Section 2.2.1, and its
natural analogue for the Sliced Wasserstein distance, together with the fact that all distributions
considered below are compactly supported, there will be no loss of generality in assuming
0 = 0 in what follows.

At a high-level, our general approach is to carefully construct two pairs of distributions
(Po, Qo), (P1,Q1) € O(T; s1, s2) such that the corresponding product measures (Py" @ Q3™)
and (PP" @ Q™) are close in the KL distance, but such that SW,.(Py, Qo) and SW,.(P1, Q1)
are sufficiently different. In particular, if we can show that KL (P ® QF™, P ® QF™) <
¢ < o0, then via an application of Le Cam’s inequality (see for instance, Theorem 2.2 of
Tsybakov (2008)), we obtain the minimax lower bound that,

Rum(O(Ls 51, 52);:7) > c¢|SW,.(Po, Qo) — SW,.(Pr, Q1) (2.45)

where ¢ > 0 is a constant depending only on (. We will use four separate constructions to
handle various cases of the Theorem.

Let €, = k,n~'/2, for a constant k, € (0, 1), possibly depending on r, to be determined
below. We use the following pairs of distributions.

+ Construction 1. For a vector A = (a,0,...,0) € R% and for g > 0, we define:

1 1 1 1

Py = 550 + 5(514, Qo1 = 559A + 55(1+9)A
1 1 1 1

P = (2 + Gn) do + <2 - 671) 5A7 Qll = 5 gA T 56(1+9)A'

+ Construction 2. For 3, A > 0 to be chosen in the sequel we let Pya, P12, Qo2, Q12 €
P(R%) be the probability distributions of random vectors of the form (X, 0, ...,0) € R,
with X respectively distributed according to the distributions

1 1
Py = (0.4, W =v (aof.+ a0

1 1
14-€ Y5 1—e¢ vy L 1 1
Py = 20 (0.8) + 520 (Y f) o v (and.asanf).

2 2 2 2
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* Construction 3. For 0 < 51 < 53 we let Py3, P13, Qo3, Q13 € P(R?) be the probability
distributions of random vectors of the form (X,0,...,0) € R?, with X respectively
distributed according to the distributions

1 1/r 1 1/r
Ry =u(0,s7), Q) =U(0.5),
Pl(?{) =U (07 S}/r> ’ g? = (1 - 6m>U (07 Sé/r> + 6Trl(ssl/?"-
2
* Construction4. For0 < so < s1 welet Py, P14, Qos, Q14 € Ps (Rd) be the probability

distributions of random vectors of the form (X, 0,...,0) € R%, with X respectively
distributed according to the distributions

P =0 (0,517), 0 =u (08",
P = (1= e)U (0,5) + b QY =U (0.557) .

Construction 1 uses pairs of distributions with infinite SJ,., while Constructions 2-4 use pairs
of distributions with finite SJ,.. To compactly state our next result we define several terms,

v ([ o)

B = (s2/51)"", B:=1/8,
Ag:=p—-1, AB::B—L

With these definitions in place the following technical lemma describes the main features of
our constructions.

Lemma 9. There exists a choice of constant k, € (0,1) for which the following statements hold.

* Construction 1. Let g := T'/ ([gus \ATG\"du(G))l/T. Then, there exists a constant
c1 > 0, possibly depending on r, such that

SW7.(Po1,Qo1) =1,
SWi(P11,Q11) > T + crep.

Furthermore, there exists a choice of the vector A for which Py1, Qo1, P11, Q11 € O(T'; 00, 00).

¢ Construction 2. There exists a constant ca > 0, possibly depending on r, such that

SWi(Poz2, Qo2) = 72(t-A)",
SWi.(Pi2,Q12) > 72t§{AT + CQAT_1€n}.

Furthermore, P2, Qo2, P12, Q12 € O(0;72,72).
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* Construction 3. Assume that 5 € (0, 1]. Then,

T

SgtHAB
r—+1

t:SQ r r—1
7’+1{|AB| +T|AB| em}.

Furthermore, Py3, Qo3, P13, Q13 € O(0; 51, 52).

SW.(Po3, Qo3) =

)

SWi.(P13,Q13) >

* Construction 4. Assume that 3 € (0, 1]. Then,
SltHAﬁ T
r+1

LAl A e}
r+1UT7P P "y

Furthermore, Poy, Qo4, P14, Q14 € O(0; 51, 52).

SWi(Poa, Qos) =

)

SWI (P14, Qa) >

In each case, for some fixed universal constant ( > 0 we have that,

KL(PE" @ Q5™ Pi" @ QY™") < ¢ <oo, i=1,2,34.

Taking this result as given, we can now complete the proof of the Theorem. Using Con-
struction 1 with I' = 0, we obtain from equation (2.45) that

R (O(0; 00,00);7) > ¢¢|SW,.(Por, Qo1) — SWo(Pi1, Qu1)| = eb/" =< n~1/%r,

Reversing the roles of n and m we obtain the first claim of part (i) of the Theorem. Choosing I'
to be a strictly positive constant, we instead obtain

1 -1/2
Ci€n\ ¥ cikyn
TR = (1 o(1),

Rum(O(T;00,00);1) 2 T ‘1 — <1 +

by a first-order Taylor expansion of the map = — (1 + x) v The fact that T is bounded away
from zero then implies R, (O(T'; 00, 00); 1) > n~ /2 which proves part (ii) of the theorem,
again upon reversing the roles of n and m. It thus only remains to prove the second claim of
part (i).

Without loss of generality we assume that n < m in the remainder of the proof, noting
that, as above, we may always reverse the roles of n and m and repeat our constructions. We
consider four cases.

Case1: —1 < Ag < —é€5,. In this case, the condition Ag < 0 implies s; > s2. Since

n < m, it therefore suffices to prove R, (O(0, s1, s2); ) = s}/ren. Furthermore, since 8 < 1,
we may invoke Construction 4 to obtain

1/r 1

S tr’Aﬁ’ T€n \ 7 1/r
SW,.(Po4, — SW,.(P14, gt SR -4 —1| = -
ISW, (Pos, Qo) (14QMM_(T+UUT[<+WAM) ] S/

where we have used the assumption |Ag| > €, in the last order assesment of the above display.
This fact together with equation (2.45) yields the desired lower bound for Case 1.
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Case2: —€, < Ag < 0. The inequality s; > so continues to hold, thus it suffices to prove
Rum(0(0; 81, 82);7) 2 si/ren. Notice further that

sé/Ten = s}/rﬁen > s}/r(l —€n)€n = s}/Ten(l +0(1)).
It will therefore suffice to prove Ry, (O(0; s1,52);7) 2 sé/ren. We use Construction 2, and

choose 2 = s9,and A € (0, 1] to be a constant larger than ¢,,. We observe that all distributions
have SJ, value at most s, = min{sj, s }. Furthermore,

1
|SW(Poz, Qo2) — SWi(Pra, Qua)| = sy "t A { (1 + CQAen) T 1} '

Since A > €, it is a straightforward observation that the factor in braces of the above display
is of order ¢,,, thus we have shown

|SW.(Po2, Qo2) — SW,(Pra, Q12)| sy en,

and this together with equation (2.45) yields the desired lower bound for Case 2.

Case3: -1 < Az < —enm and s}/ren < s;/rem. In this case, it suffices to prove that

Rum(0(0, s1,82);7) 2 s;/rem. Notice that 3 < 1, hence we may use Construction 3 to obtain

1/r %
ISW,(Pos, Qos) — SW,(Pr3, Q )\>52/ aeuil PRI Y O
r{403, 03) r( 13, <13 _m @ = 89 €m,

where we have used the assumption [A3| > €, in the last order assesment of the above display.
This fact together with equation (2.45) yields the desired lower bound for Case 1.

Case d: —¢,, < AB < Oor s}/ren > s;/rem. Notice that if the condition AB > —€p, 1S
satisfied, it implies

si/ren = s;/rgen > (1— 6m)6ns;/r >(1- em)ems;/r > 6m5§/r.

For this case, it will thus suffice to prove R, (O(0; s1, $2);7) 2 s}/ren. Since Ag < 0, we
observe that all distributions have SJ, value at most s; = min{s, s2}. Invoking Construction
2 with 9 = 51, the remainder of the argument follows similarly as in Case 2.

It remains to establish Lemma 9 and we turn our attention to this now.

2.C.1 Proof of Lemma9

Bounding the KL divergence in each case is straightforward. We observe that foreach 1 < i < 4,

KL(PZ" @ Q5™, (PE" @ QF™)) = nKL(Py;, Pri) + mKL(Qo;, Q1;)
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< nx?(Poi, Pri) + mx?(Qoi, Qui)-

The x? divergences in each construction can be computed in closed form. Doing so yields the
bounds:
KL(P3" @ Q5" PE" © Q") < nes,

KL(P§" @ Q9™ P © QH™) < me2,.

~

i=1,2,4

Together with the definition of ¢,, we obtain the desired bounds on the KL divergence.

As a second preliminary, let us verify that, for appropriate choice of various parameters, the
distributions we construct have appropriately bounded moments, and belong to the class ;- (b)
defined in equation (2.9). Notice first that the distributions FPy1, Qo1, P11, @11 have support
with diameter bounded above by (1 + G)a. Choosing a (possibly depending on G and hence
I') such that this expression is bounded above by b1/ ensures Po1, Qo1, P11, Q11 € K-(b). We
are guaranteed that such a choice exists by using the assumption I'" < ¢,.b, which ensures that
I cannot be too large.

Furthermore, the distributions P;;, Q;; for i = 2,3,4 and j = 0,1 have supports with
diameter bounded above by s(1 + A) < 2s. The assumption b > (2s)'/" therefore guarantees
Pij,Qij € Kp(b) fori =2,3,4and j =0, 1.

We now consider each construction in turn, establishing the remaining claims. As a
preliminary technical result, it will be useful to study the Wasserstein distance between several
pairs of univariate distributions.

Lemma 10. 1. Let A > € > 0, and define the distributions

1 1
= ;EU(O,1/2)+T€U(1/2,1),

14

andp =U(A,1+ A). Then,

W (v, p) > AT + %AH.

2. Given¢ € (0,1], Ag = & — 1, define for all e € (0, 1],
v=U(0,§), p=(1-¢€U(0,1)+ €d.
Then,
Wi (v, p) > L[m "+ relA |H]
r\Y = F1 13 3

We prove this result in Section 2.C.1.1. Taking this result as given, we can now compute
the various Sliced Wasserstein distances and SJ, evaluations.



Chapter 2. Minimax Confidence Intervals for the Sliced Wasserstein Distance 65

Computing the Sliced Wasserstein distances.

*+ Construction 1. Forany § € Sa-1 et F0119, F 1119, Gallﬂ and Gi{e denote the respective
quantile functions of my# Po1, mg# P11, 779#@()1, mp#(Q11. We have
1 OANATO, we(0,1/2)
Fow(“) = T
OVA'9, well/2,1),
. ONATO, we (0,1/2+¢,)
17119< ) T
OVAG, well/2+¢,,]),
ATon(1 ATo
GEfa(U) = G1_119 =47 T (1+9) T ’ <
' ' gA'OVv (1+g)A'0, €|
Therefore,

SW1.(Po1, Qo)

/Sd 1/ ’FOW 019 )!Tdud,u(e)

- / lgAT 0] dpu(6)
{0eSd-1:AT0>0}

1

2 /{9€sd—1:AT9<o}
= g’"/ AT dpu(h) =T
gd—1

|ATO — (1+g)AT0|"du(6)

Furthermore,

SWI (P11, Q1)

/Sdl/‘ne 110 ‘d’“dﬂ’g)

1/2
:/ (/ 0OANATO—gATOA (14 9)AT0|"du
Sd-1 0

1/2+€n
+ / OANATO—gATOV (14 g)AT0|"du
1/2

1
+ / 0VATe—gATOV (1 + g)eTAdeu> dy()
1/24€n

— (g [ 1ATordulo)
Sd—1
+ en/ OANATO—gATOV (14 g)AT0|"du(0)
§d—1

= (1—en)g"I" + en/ 0OANATO—gATOV (1+g)AT0|"du(9)

gd-1
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=I"+ ciep,

for a positive constant ¢; > 0. It follows that SW,.(Py1,Q11) > SW,(FPo1,Qo1) > T,
thus (Po1, Qo1), (P11, Q11) € O(I'; 00, 00), and

S =

|SW.(Po1, Qo1) — SW, (P11, Qu1)| = ‘F — (I + c16n)

» Construction 2. We use the first part of Lemma 10, and let v = £2U/(0,1/2)
+152U(1/2,1), and p = U(A,1 + A). Notice that if X ~ v, then 721/TX ~ Pl(;),
and if Y ~ p, then 721/ "Y ~ Q(()IQ). Therefore, by Proposition 7.16 of Villani (2003),
Wy (mopPr2, mo4Q12) = |91|721/TWT(1/, p). Thus,

SW.(Pi2,Q12) = . W, (g P12, T Q12)dp(0)
i

r _
= [ a2 p)ul) = oty [A7 4 AT e
Sdfl

by Lemma 10. Furthermore, it is easy to show that
SW}(Pia, Qua) =12 [ [0a1du(6) = (8, A"
d—

+ Construction 3. We use the second part of Lemma 10. We set
v=U(0,8), p=(1-en)U(0,1)+ endi.

Then, for all € € (0, 1],

Wolv, p) = —— [|8g]" + reml Al

r+1
We then obtain

SWi (P13, Q13) = /Sd1 |01]"s2W (v, p)dpu(6)
759
—r+1

(1851 + remlag .
On the other hand, it is easy to see that
saty| Ag|"
SW7 (Po3, Qo3) = —————.
+(Po3; Qo3) 1
+ Construction 4. We again use the second part of Lemma 10, setting

v=U(0,8), p=(1—-¢€U(0,1)+ €,d.

The rest follows by the same argument as for Construction 3.
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Computing the SJ, evaluations. Our next step will be to compute the SJ,. functionals for
the various distributions we have constructed. We note that for Construction 1 our distributions
are allowed to have infinite SJ, so we only need to consider Constructions 2-4. The calculations
for Construction 3 and 4 follow along very similar lines to those of Construction 2, which we
detail below.

« Construction 2. We have

Jr(Qo2) = SJ-(Q12) = SJ-(FPo2)

) r
A“/)Q/mWM) i)
/hwf@dmm<w.

Furthermore,

Vu(l —u) '
Qi) = /Sd 1/ < 1—€,)/ 91|’Yl/r)) Audnt?)

<7(1—en) /0[(1—u)]2du

Choosing the constant k, > 0 to satisfy k, < 1 — ( fo (1—u)]z du) guarantees that
the above display is bounded above by 5.

3=

To complete the proof it remains to prove Lemma 10.

2.C.1.1 Proof of Lemma 10

We prove each of the two claims in turn.

Proof of Claim (1). Notice that the quantile functions of v and p are respectively given by

quﬁzz%3ﬂ+w 0§usa+@m3
PR (14 e)/2<u<]

Thus,

1
wwmm—ArF%m—lewm

e ' 1
:/ du+/
0 126

= (1) + (),

1 — (1 21"
Aqu_l_u=(+e/2
2 1—c¢

A+ u— du

1+e
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say. We have,

(1+6)/2 € r ]."_6 € r+1
_ _ e _ AT+
(I)—/0 [A+1+Eu] du_e(r+1){(A+2) A }

Also,

! € e\
(II):/ A+ —u du
(14€)/2 1—e€ 1—¢
1—¢ € e\t € (14 e)e\ ™
_(T+1)6{((A+1—61—6> <A+1—€2(1—6)>

_ _6(17;61) {A’"“ ~(a+ ;)TH} .

Thus,

_ e\ttt 1+e€ 1—ce¢
(I)+(H)_{(A+2> A+}<e(r+1)+e(r+1)}

ey )

2 r+1 r(r+1)
= AT AT
e(r +1) { TRt Ty

(A 491 - Ar—l—l} 7
for some € € (0, €/2), by a first-order Taylor expansion. Therefore,

W (v, p) = A" + Z(A +or e > AT+ EAHG,
and the claim follows.

Proof of Claim (2). The respective quantile functions of v and p are given by

e . GTlw=guI(0<u<).

u 0<u<1l-—e¢
F—l — = = )
() {1, l-e<u<l

Thus,

SW” (v, p) :/\F—l(u) — G| du

/1—6
0

1—e U r 1
-/ [_gu] dut [ [-€i du, (Since€ € (0,1)
0 € 1

—€

u

r 1
du+/ 11— &ul" du
1

—€

[(—Ag + €€)r+1 . (—Ag)r+1
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1 . —A¢ + Ag|rt
:r+1[(—A§+6§) (1—e+ S ef)—‘ e }

£ §

1 [ T T

= g LA+ @~ 1ag ]
1 I T T

= g 18 + e —1ad]
1 [ T T— T

2 gy el reeladr ™ — A

AT relAg

r+1 r+1
The claim follows. O

2.D Proof of Theorem 6

By the same argument as in the proof of Proposition 4, it will suffice to prove equation (2.18).
Let P,Q € K, ,(b). We prove the claim in five steps.

Step 0: Preparation. By the same argument as in the proof of Lemma 3, notice that there
exists a constant C), > 0 such that for any 6 € Sé-1,

1
b »
1 -1 0
|Fy ()] v [Gy (w)] < G, <u(1_u)> , ue(0,1),
where for X ~ P, Y ~ @ and each § € S%1,
be = E[| X "0|°] + E[|Y T6]°].

Notice that the assumption P,Q € K, ,(b) for p > 2r implies that [ bg du(f) < 2b. In
particular, by is finite for almost all § € S?~1. These statements may be applied analogously to
the empirical measures P, and (). Specifically, we have

1
b »
—1 -1 0,nm
il vicihl <6 (325)" veon,
where we set

S / 1T 0P dP, (x) + / 1y 0P dQum (y).

Combining these facts, we have for all u € (0, 1),

b9 + bO,nm %
u(l — u) ’

By @) v Gy ()] V[ Fy ()| V [ G ()] < () := G, (

We suppress the dependence of ¢y on n and m for ease of notation, but we emphasize that
1p(u) is a random variable.
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Our proof makes use of a uniform self-normalized concentration inequality for the empirical
quantile process, which was introduced in Section 2.B.2, as part of the proof of Lemma 5, and
also in Example 2. Specifically, for any ¢ € (0, 1), let ¢, 1, be the sequences given in
equation (2.42), with inverses given in equation (2.43), and defined in terms of the quantity

Ven = \/1: [log(16/€) + log(2n + 1)],
for any given e € (0,1). Recall that for any § € S, the event
Ac={ue (0,1): F (ven(w) < Fy b (w) < Fy (o) }
satisfies P(A¢) > 1 —e.

Step 1: First Reduction. Apply a similar first-order Taylor expansion as in the proof of
Lemma 6, to the cost function | -

|SWE(Po, Q) — SWE(P, Q)|

<r/ (/r%n Gyl )
gd—-1

X |1Fg k) = By ()] + Gy (w) = Gy ()| dudpa(6),

for some ﬁe_i (u) on the segment joining F, ' (u) and F}, ! (u), and some ée_}n(u) on the
segment joining G, ' (u) and G, | (u). By definition of 109, we deduce

ISW(Py, Q) — SWI(P, Q)\
</, L/ 0 ) 1B () — Fy )] 416 () — G ()| dud9)
1/2
-1/ 9<>W;<> Fy )]+ |Gl (0) — G ()] duda(0)
[ w1 — F )+ G~ 63 | dudn(0),
si-1J1/2
We shall bound the quantity
1
= [ ) - B ) dudu o),
Sd-1.J1/2

and a similar argument can be used to bound the remaining terms in the penultimate display.

Throughout the sequel, let € € (0, 1) be chosen such that v, < 1. Let

1 r\ ¢
5><_) -0, (2.46)
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where we recall that p > 2r. Define 6, = k~#/2 for all k > 1. Notice that §; = 1/2.
Furthermore, let

K=K,=1V [(Cyan)*;mp’ir)J

for a constant ¢ > 8 to be specified below. We summarize a few algebraic facts in relation to
the sequences 0y, e n, Ye,n, Which we prove in Section 2.D.1.

Lemma 11. There exists a choice of the constant ¢ > 8, as well as a constant ¢; > 0, both possibly
depending on [3, p,r, such that for alln > 1, and all € € (0, 1) for which v, , < 1, the following
properties hold.

_P
(i) civly” > Ok. Furthermore, if K > 2, then ¢ > (cyejn)ﬂ%f/z

2
(i) 1= yem(1 = 0k) < Ok + 55— + VenV/Or forallk =1,... K.

(iii) 1:/‘;’“ <Nen(l—0) <1 -6+ l/gn + Ven VO, forallk =1,... K.

(V) Nen(l —0k) < Yem(1 — Og41), forallk =1,.... K — 1, if K > 2.

With these facts in place, consider the decomposition

1
r— [ I - B @ldudn®) = [ Tdu(0), (2a)
Sd-1 .J1/2 Sd—1

where we recall that §; = 1/2, and we set

1 K—-1
7= [ 1R~ B @l wdu =T+ Y Tose 0€ST, a9
1/2 ’ P
1=0p41
Tox = / \Fy t(u) — Fy Y (w) gyt (w)du, k=1,...,K —1, (2.49)
1—6% ’
1
Tyx = /1 S [ Fy o (w) = Fy (w)|gy ™ (u)du. (2.50)
—O0K

In the following two steps, we bound the preceding two terms for any fixed # € S?~! and
k=1,..., K — 1. The symbol “<” will always hide constants which do not depend on ¢ and k.

Step 2: Bounding Té", K+ We have,

1

1
Ty = / ) — Fy () (w)du < / W (u)du
1-0k 1-0k
1

< (bg + Do) ? / (1—u) rdu
1

—Sx
r 1-% T
S, (bﬁ + b@,nm)péK g S (bQ + b@,nm)pye,nu

where the final inequality follows by Lemma 11(i).



Chapter 2. Minimax Confidence Intervals for the Sliced Wasserstein Distance 72

Step 3: Bounding Tp j, in Probability. The bulk of our work will now go into bounding
Ty i, for any given 0 € S¥1land k = 1,..., K — 1. Notice that this case is vacuous when
K = 1. The following derivations are performed over the event A.. By its definition, we have
foranyk=1,..., K — 1,

T </15k+1 [Fy ~ ! v (u)d
0.k S ) 0 ne,n(u)) 0 ('Ve,n(u))]d}e (u)du

5
1 1—-6k41 L .
< 11 = Gen) /1 T ) = By )
—O0k
Men (1=0k+1) on=}(w)
= r 1 -4 / Fl ) —22 " du
( k1) S p (u) P
Yen(1—=0k+1) 0 -1
—/ Fe—l(u)mdu
'YE,n(l_(Sk) au
=y (1 = 641) (Ao + Bog), (2.51)

where

UE,n(l_ékJrl) 'YE,n(l_‘skJrl)
Agj = / Fy (w)du —/ Fy ' (uw)du,
Ne,n (1—0k) Ve,n(1=0k)

Nen (1=6k+1) ot u
Boy = / Fy (u) Men(w) 1\ o
Ne,n(1—0k) du
76,n(1*6k+1) a -1 u
_/ Fe_l(u) L() — 1 du.
Ye,n(1—0) u
Step 3.1: Bounding Ay ;. Consider the decomposition
Yen (1—0k+1) Nen(1—0k41) Ne,n (1—0x) Ye,n(1=0k+1)
Ag = / + / - / — / Ey Y (u)du.
”76,77,(1_6](}) 'Ye,n(l_(sk:-ﬁ»l) 'Ye,n(l_ak) 775,71,(1_616)

Using Lemma 11(iv) and the fact that 7 , > 7. », the four lower bounds of integration in the
above display are less than their respective upper bounds. Therefore,

Ne,n(1=0k+1) Ne,n (1—0k)
Agr = / —/ Fyl(w)du
’76,71(1_6k+1) 'Ye,n(l_(sk)
ne,n(1_5k+1) 776,71(1_616)
<(/ +f o (u)du
'76,7L(1_6k+1) 'YE,TL(l_dk)
< wG(nE,n(l - 5k+1)) |:(776,TL(1 - 5k+1) - ’Ye,n(l - 5k+1))

+ (ne,n(l - 5k) - '}’e,n(l - 6k2))i|



Chapter 2. Minimax Confidence Intervals for the Sliced Wasserstein Distance 73

Ven\/VEn +40k11  Veny/V2, + 404

< 1-96
> wG(ne,n( k+1)) 1+ Vgn + 1+ Vgn

S ¢9(Ue,n(1 - 5k+1)) |:V52,n + Ve,n\/a} .

By Lemma 11(i), we deduce that

p—r

1
AG,k 5 ¢9(776,n(1 - 6k+1))”€,n |:6Kp + 5]3:| 5 1/}0(776,71(1 - 51@-}-1))7/6,71\/&7

where we used the assumption p > 2r. We next turn to bounding By ;..

Step 3.2: Bounding By ;. We have,

2w = —[F Y- ] € en(1/2). 7 (1),
Dty =14 Y [F Vi ] € Bren(1/2),76n(1)].

Since v, ,, < 1, notice that 7, ,,(1/2) and 7 ,(1/2) are bounded below by a positive universal
constant. Therefore, in the above display, the first terms in brackets are bounded above by
positive universal constants, uniformly over the stated ranges, leading to

8 -1 Ven 1

— _ < >

S0 1) £ % T 1/ )],
a -1 Ven 1

I _ < >

() 1) S 5 e e bn(1/2) ).

Deduce that,

Ne,n(1—0k41) On—1L
By = / F;l(u) M —1 1| du
Nern (1-8) du

’Ye,n(l_(sk+l) a —1
—/ Fy(u) %én(u)—l du
Yo (1-6¢) u

ne,n(1_6k+1) B 1 du
N Ve,n/ |F9 1(“)\ 1 DY
ns,n(l_dk) —u

’YE,n(lf‘skJrl) 1 du
"‘Ve,n/ |Fy (w) "0
Ye,n(1=0k) u

< 20 (e (1= G1))y/ 1 = V(1 — 5)

S Ven®o(Men (1 — 5k+1))\/5k +v2, + Vm\/& (By Lemma 11(ii))
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1

< Ven®o(Nen (1 — Opq1)) f+<5 ’ +62P “| (By Lemma 11(i))

S Ve,an(nE,n(l - 5k+1))ﬁ7

where we again used the assumption p > 2r.

Step 4: Bounding Ty in Probability. Combine the conclusions of Steps 3.1 and 3.2 with
equation (2.51) to deduce

=

—1
iy
1

e
Il

K-1
Sven D VORUp T (1= k1)t (Men (1 — 0ki1))
k=1

K-1
S Ven Z \/@Wé(ﬁe,n(l — Ok+1))
k=1

K-1
k=1
. K-1
< Ven(bg + bo,nm) \/(T [5k - V — Ven } (By Lem. 11(iii))
k=1
LK1 2(p—r) p=r 1 -4
< Ve,n(b9 + b@,nm); ﬁ |:(5k - <6K o4 (SKp (513)/4:| (BY Lem. 11(1))
k=1
e
SJ Ve,n(bﬁ + b@,nm); 5;3 p,
k=1

where we again used the fact that p > 27 on the final line. By definition of 3 in equation (2.46),

the sequence §; ” is summable, thus the summation in the final line of the above display
is bounded above by a finite constant depending only on 7, p, 5. Combine this fact with the
conclusion of Step 2 to deduce that, for a constant C' = C(3, p, ), we have

Tp < C(bG + bG,nm)%VE,ny (2.52)

over the high-probability event A, for all € such that v, < 1.

Step 4: Bounding T in Expectation. We now wish to turn the preceding display into a

bound on the expectation E[Tp]. Notice that E[bg ,,,,,] = by, thus by Markov’s inequality, we
have for all 4y > 0,

POy > b/ y) < Elbgmly " /bs <y P/

6,nm
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Furthermore, by inverting the definition of v, ,, in terms of €, equation (2.52) implies that for
all0 <u <1,

2n + 1 2
P (Tg > Cu(bg + bg,nm)r/p) < nl—g exp <—nu> .

Combine the preceding two displays to deduce that for all 0 < u < 1,
2
P {Tg > Cubg/p + Cu(bg/n)"'? exp (W) }

z b 5 T THLQ r i nu2
=P {Te > Cubj + Cu (9> " b < (bg )P }
n 2

(r/p)nu? (r/p)nu?

—{—]P’{Tg>C’ub£/p+0u(b9/n)r/pe 16 ,b;/rf > (bg/n)"/Pe 16 }

m

r T 2
SP{%>CM@5+%mﬂ}+P{%%n>wwmﬁm“pC”@?u>}

T 1 2
<P{Ty > Culby + bo,um)? | +P {béﬂnm > (bo/n)"/7 exp <W[1))6nu> }

Let fn(u) = Cubg/p + Cu(by/n)"/? exp ((r/p)nu®/16). fy is strictly increasing over R,
thus it is invertible with inverse f,, !. Notice that f,,1(0) = 0 and f, ! (u) — oo as u — oo.
Furthermore,

fi(u) < bz/p + (bg/n)"? [exp ((r/p)nu2/16) + nu? exp ((r/p)nuz/lﬁ)}.
Now, let t,, = 4/ 161% and let n be sufficiently large to ensure ¢,, < 1. We have,

E[Ty - 1(Ty < fu(1)]
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76

n

S faltn) + by */mexp(—nt2 /16)

r/
; (Z;j) "R+ Vit exp (- n(1 - r/p)2/16),

be r/p 1
+ () n2/ u2exp(—n(1—r/p)u2/16)du
tTL

where the bound on the final term can be obtained by integration by parts. Thus,

E|\Ty- I(Ty < fn(l))}

* [logn bg/p bo\"'? r_1 _ .~ [logn
S by - —&-%—i- o vnlogn-ne " S by m—

Finally, in order to control E [Ty - I(Ty > fn(1))], we use the naive bound

_ ! —1 —1 r—1
T, = / () — Fy (@)l (u)du

/2
! r 1 du T
S [ pdu S G + 0007 [ (o b0
1/2 12 (1 —u)/e

Using the inequality 2r < p and Jensen’s inequality, we deduce

- 2r

o o
E [T7] S El(bo + boum)*/?] = b + Elbgum] » = 2b .

V)

Thus, using the Cauchy-Schwarz inequality, we arrive at

E[Te 1Ty > fn(l))] < \/E[Tg]IP’(Te > fa(1)) S ng/ﬁexp(—n/%)-
We deduce that

E[Ty) = E[Ty- I(Ty > f2(0)] +E[Ty - 1(Ty < £a(1)] < b5 (logn/n) /.

Step 5: Conclusion. By the Fubini-Tonelli Theorem and the nonnegativity of T, we deduce

from the above display that,

E[T] = E [ /S B ngu(e)}

- /Sd_l E [Ty] du(0) < (logn/n)l/z/ by/Pdu(9) < b(logn/n)/2,

gd-1

where the final inequality follows from the assumption that P € K, ,(b). The claim follows.

O]
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2.D.1 Proof of Lemma 11

Part (i) is trivial from the definition of K. To prove parts (ii)—(iv), note that for all £ > 1,

2(1 — b)) + V2, — Vem\/y?’n + 40,(1 — 53)

Ten(l = 0) = 21+ 12,)
> 114:22’; — Ven /0. (2.53)
Therefore, ,
Yen(l = 0%) 21 =8k — 5 f;}n — Ve Ok,

which proves claim (ii). Furthermore,

21— 8¢) + vy + Ve V20 + 464(1 = 61)

1- 6
< en(1 = 6) =
Tz, =Ml 201+ 02,)
1
S(1-8)+3 {2@1 + u€7n\/454
= (1= 6k) + V2, + VenV/ Ok (2.54)

which proves claim (iii). To prove claim (iv), it follows from equations (2.53)—(2.54) that it
suffices to show

1 — k41

5 — Ven 5k+1 > (1 - 5k) + Vgn + VenV 5k
1+ Ven

This assertion is equivalent to

Ok — Ok+1 = Ven [\/ 041+ @] + Vzn [2 — O+ V2 + VeV Ok + Ven/ 5k+1} ,

which, in turn, will be satisfied if the following inequality holds,
O — Opa1 > 2eny/ O + 51/62,71.
Using a first-order Taylor expansion of the map x + 27, notice that 6, — 01 > B(k +
1)~(+8) /2. This fact together with property (i) implies that it is enough to show
p—r

é(k 1)) > 2(20k) K~
2 - c

[NIisY

) p=r
+ 72(25K)2pp )

>

for which, in turn, it suffices to show

3 ok P(35)

D  _ogp=r
Elk+1)~0+0) > Sk
2( +1) S T2 ’
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By definition of 3 in condition (2.46), we have

1+5<ﬁ<2—;)v25’);r,

thus for a sufficiently large choice of ¢, depending only on 3, p, r, the penultimate display
holds for all £ > 1. The claim follows. O

2.E Proof of Theorem 7

We begin by formally stating assumptions B1-B3, referenced in the statement of Theorem 7.

B1 v p(u), nen(u), viewed as functions of u € [0, 1], are nondecreasing, differentiable,
invertible with differentiable inverses, and are also respectively nondecreasing and
nonincreasing functions of € € (0,1) and n > 1.

B2 There exists a constant Ky > 0 such thatforall f, g € {v:/nn, N7 /Np>t : T € {6, €Aa}},
with ¢ the identity function on [0, 1], we have /2 < f(¢), f(1—06) <1—06/2,and

99~ (f(w))

sup o

5/2<u<1-5/2

- 1‘ S Kllﬂe’n.

B3 There exists a constant K5 > 1 such that forall ¢ € [§/2,1 — /2] and all 7. ,,(t) < u <
Nen (t) we have

el = nealn)
Ko ™ nep(t) —ven(t) —

Proof of Theorem 7. Throughout the proof, the symbol “<” is used to hide constants
possibly depending on K7, K3, dg, r. Furthermore, the symbol sy is used to denote a random
variable depending only on 61, ..., 0y, whose definition may change from line to line, but
which always satisfies E en [3n] < CN=Y/?rI(d > 2), where C' > 0 denotes a constant
possibly depending on K1, K3, d, b, r. We prove the claim in five steps.

Step 0: Setup. With probability at least 1 — ¢, uniformly in j = 1,..., N and u € (0,1),
we have both
and,

G@Z%m (VG/N,m(u)) < ngl(u) < ngl,m (ne/N,m(u))' (2-56)

All derivations which follow will be carried out on the event that the above two inequalities are
satisfied, which has probability at least 1 — €. For notational simplicty, we will write a = /N,
e = ¢/N, and we recall that e = e A a.
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Recall that for all 0 € {01,...,0n}, Fy,,, Gom denote the empirical CDFs of Py and Qy
respectively, and F ; Gy }n their corresponding quantile functions. We may write

1
1 1-6 1
= Aj
o [ <1 —20 /Sdl /5 9’”m(u)dUd“N(9)> )

1-6 -
<1 _125 si-1 J§ Bg,nm(u)dUd,uN(e)> ] )
where
Ag () = [Fy (Yan(w)) = Gy g (a,m(w)) ]
V G (Yam (W) = Eg oy (ta,n(w))] VO,
and

BG,nm(u): [Fe_’; (na,n (u)) - Ge_ﬂlﬂ (’Ya,m(u))] v [Ge_ﬂln (na,m(u)) - Fe_ﬂi (’Ya,n (u))] '

We will first show that

1
1—-26

1-6 r
/d L /(; g,nm(u)dUdMN(e)_ [SWS:S[) (P7 Q)} ‘ Slpa,nm‘{'@e,nm‘{'%N-
gd—

A similar argument can be used to bound this expression with Ay ,,,,, replaced by By ,,,,,, and
will lead to the claim.

We will assume without loss of generality that » > 1 in what follows. As will be clear from
the proof, the arguments of Steps 2 and 4 alone may easily be used to prove the claim when
r=1

Step 1: Taylor Expansion Setup. Letu € [§,1 — 4], and 6 € {01,...,0x}. By Taylor
expansion of the map (z,y) € R? — (x — y)", there exists Fe_i (u) (resp. G;}n(u)) on the
segment joining Faj (Yan(u)) and F, ' (u) (resp. G *(u) and G;}n(na,m(u))) such that

[Fyr (Yan(w) = Gy b (nam(u))]” = [Fy () = Gy ()] + &um(u),
where
o) = vy} (w) — Gk () x
{ (FidGan@) = ') = (Gihy (nam(w) = G5 ) }.

Likewise, there exists F', - (u) (resp. G, | (u)) on the segment joining F, ' (u) and F}, } (14, (u))
(resp. G+ (Ya,m(u)) and G, ' (u)) such that

G (am (1)) = Fy 1t (nan(w)]" =[Gy (w) — Fy ' ()] + Com (w),
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where
Goam () = 7 (G, () = Fyhw)
{ (Bt (anw) = F7 @) = (Go b, (am(w) = G () }.

Now, consider the numerical inequality | a” + b) V((=a)"+d) V0 —la]"| < 3( ),
foralla € R, b,d € R, Taking a = (F_ -Gy b= £6,nm and d = (g pm, this inequality
implies

1 1-46
1—25 Sd—1

1-6
1—25/Sd1/

V(G () = B ()" + G >}vo—|F51(u>fG;1<u>|’“

1-6 1-5
S/gd_l/(S KG’"m<u)|dUd“N(9)+/Sd_1/5 |€0.nm (w) | dudpy (6). (2.57)

It will now suffice to bound the second term of the above display, and a similar bound will hold
for the first. Note that

A () dudyiy (0) = [SW (P Q)}'

= G ()" + o m ()]

dudpn (0)

1-6
/ / (Eom (1) dudpin (6) < (T + ),
si-1.Js

where,

1-5 _
=[] B = G ) — B wldudin(e) (259

1-6 _
J = /Sdl /5 ‘Fgé (u) — G;’:n(u)‘r_l{G;’}n (nam(u)) — G;l(u)‘dudmv(ﬁ). (2.59)

It will suffice to prove that Z < ¢ pm and J S @e nm, up to terms depending only on IN. We
consider the cases SJ,. 5/2(P) V' SJ; 5/2(Q) = oo and SJ, 5/2(P) V8J, 5/9(Q) < oo seperately.

Step 2: Bounding Z and J when SJ,. 5/2(P) V 8J,.5/2(Q) = co. We have,

= /sd—l (55}5_5 ’ﬁe_v’i(“) ~ Gy () r_1> x
15
(/5 By O () = Fy7 () d“) dyn (0).

We will bound each factor in the above integral, beginning with the second. Using inequality
(2.55), since e > ¢, we have foralluw € [0,1 — 0] and 6 € {6;,...,0n},

| Fyn (Yo (w) = Fy (w)]
< [Fe_l (7;71L(’7a,n(u))) - Fe_l(u)] + [Fa_l(u) - Fe_l (n;rlz(Va,n(u)))]‘
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Now, write 2, = 72 (Ya,n(6)) and g, = 024 (Yan (1 — 0)). By condition B2 and the definition
of K¢ p, we have
|zy, — |V |yn — 1 — 0| < Kepp, (2.60)

which, combined with the assumption that x. , < % A (1 —20), also implies
<z, <1-0<y,<1-4¢/2.

Thus, for all 6 € {61,...,0n},

1-6
/5 [Fy (72 (Yan (W) — Fy Y (w)]du

n v (ven(u 1-6
:/y Fe_l(u) (W) du_/6 Fe_l(u)du

UYn, 1-96
/ Ey Y du+K1/£5n/ |Fy (u)|du —/ Ey Y (u)du, (By B2)
Tn )

IN

IN

Yn
Fy N (w) du—/ Ey Y (w)du + Kike | Fy H(yn)|
1-6

(9 = 1+ 0) 1By (w)| V | F5 (1 = 9)]

(2n = ) 17 @)V |F; ()] 7 ()]
(g = 1+ 8+ ke )| By (1= 8/2)] + (2 — ) F;(0)]

AN

N+

Since P € Ky(b), the quantiles in the above display are bounded above by a universal multiple
of (b/6)'/2, by Lemma 3. Thus, together with equation (2.60), we arrive at

1-6
/5 [Fy ! (ve) (Yo () = Fy (w)]du S ken(b/6)Y2,

We similarly have,

1-6
[ R 0 = B 0 ) 09

Combining these facts, we obtain

~ ~ r—1
TSwen®/)? [ s |Flw -Gl dve). e
Sd—1 §<u<l—4 ’ ’

We now bound the second factor in the above display. Since we have F 0, () € [F, 9}1 (Yan (w)), Fy H(w)]
and éa_}n(u) € [Gy (1), Gy L (Mam(u))], we deduce that for any u € [4,1 — J],

[Fyoh () = G (w)| (2.62)

<

o (W) = By ()] + [ By () = By ()] + |Gpuw) — Gy (w)
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< ‘Ga_l(u) . Fe_l(u)‘
|5 ) = By (i Q) | 4 G5 (G (lam(@) = G5 w)|- - (263)

It follows that

/S sup ’ﬁg_g (u) — é(ﬁn(u)

d—1 §<u<1-§

r—1

dun(9)

< {SWUL(P.Q) + Uen(P) + Ve (@)} + 2.

We conclude this section of the proof by combining the above display with equation (2.61). We
then have

T S riean(b/0)2 {SW (P.Q) + Uen(P) + Uen(Q) + 528 | S eaum + 5,

and by a symmetric argument,
J g Yenm + %N

Step 3: Bounding Z and J when SJ,. 5/2(P)VSJ, 5,2(Q) < co. Bymeansof Holder’s
inequality, we have

0 ~ r—1
I< / / |Fyn(w) = G ()| [Fy o (Yaim (w) — Fy ' (u)| dudpun (8)
si-1.Js

r—1

= (/Sd_l /616 }ﬁe_ﬁ(U) — é;fn(u)\rdudﬂN(a)> o »
</Sd1 /16 | By (Yam (1)) — Fe_l(u)\rdudm\,(a)>

r—1

(/S/l 6}F9n \dud/w(ﬁ))Tx

1— 6
(/Sd 1/ "(vem (Yan(w)) — Fg‘l(n;i(va,n(u)))}’”duduN(e)>
1-5 N r-t
- (/Sdl /5 }FQ_J}(U) - Ge_}n(u)‘rdUd/ubN(GO X
an(1—5) (o a_}L y
(/ /7 [Fy (vak () — Byt (s (u)] ( 78( )>dud,uN(0)>
gd-1 L

</Sd 1/1 6}F9” (“)‘TdUdMN(9)>T X l

a,n(1—0)
(/sm /’Y [Fy ' (Ve (W) = Fy (02 (w))] (1 + Kmm)duduN(e)) ,
"

1
T

S =

S =

a,n(9)
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where we used condition B2 on the final line. We now reason similarly as in Section 2.B.2.
Since SJ,.5/2(P) < oo, it follows from Lemma 2 that F(,_1 is absolutely continuous over
[6/2,1 — §/2] for p-almost every € S?~1. We thus have for have almost surely that for each
RS {91,...,9]\[},

’Ya,n(l_‘s)
/ [y (vzn () = Fy (2 n(w)] du

a,n(9)
/'ya,n(l—é) /7?,%(") dt
Sy Sl po(Fy (1)
’Ya,n(l_‘s) 'Ya_nlw('“') 1 "
< [M et -yt [ () e
an(® - nhw) \po(F, ()
1-5/2 Nen () 1 "
< (Vem(w) =) du | | ———— | dt
/5/2 (/%,n(w ” R po(F5 (1))

1-3/2 -
<) ( sup (75%@)—77;%(“))“1) Tenlh) ~enlt)

5/2 WS,n(t)SUS’Ws,n(t) [pQ(FG l(t))}r
1-3/2 _ " 1-5/2 o~ "
5/ Nen(t) _17€,n(t) dt 5/ ’fs,r_z(lt) dt,

5/2 po(Fy (1)) 5/2 po(Fy (1))

where we repeatedly used assumption B3 on the final line. We thus arrive at,

r—1
T 1

1-6 N ) .
UAES (/Sd_1/5 | Fya(u) = Gyl (u)] dud,uN(H)> [Ven(P)]" + 52 (2.64)

By using similar calculations as in equations (2.62) and (2.64) to bound the first factor in the
above display, we have

o Fyl(w) - Gy (w)) dudpn (0)
Lo y

1-6
S SWi5(P,Q) + /S . / |Fy () = Fy (0 (Yam (w))) | dudpn (6)

1-6
/Sd / |Gy (Ve (am () = Gy (w)|" dudpun ()
SSWI (P, Q) + Ve (P) + Ve (Q) + s,

Putting these facts together with equation (2.64), we arrive at

r—1 1

7 5 (SW:,(S(Pa Q) + Vs,n(P) + Vz—:,m(Q))T [V;-:,n(P)] T+ AN = ws,nm + =N

Finally, by a symmetric argument, we also have J < ¢z nm + #n.
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Step 4: Conclusion. Returning to equation (2.57), we have shown

1-6
/Sdl /6 |§nm(u)‘duduj\/‘(9) S w&,nm + @E,nm + 7N.

By the same arguments, we may obtain the same upper bound, up to universal constant factors,
on the integral [q4, 5176 |G (w)|dudpn (6) in equation (2.57). We deduce that, for some
c1 > 0 (possibly depending on 7), we have

T

1 1-6
AT
<1 — 20 Jgi-1 Js nm(u)dUd,uN (0))

1
Z { [Swg\éf)(Pa Q)]r —C (ws,nm + Qpe,nm + %N) } "
1

> {SW;(;(P, Q) —C (we,nm + Penm + %N) } "
By the same arguments, there exists a constant co > 0 such that

-

1 1-6
B"
<1 — 20 Jga-1 Js nm(u)dUdMN(9)>

1

< {SW:,6(P> Q) + co (¢s,nm + Penm + %N)}; :

The claim follows by choosing ¢ = ¢; V ca. O

2.F Proof of Theorem 8

The proof of this result has two main components. In Lemma 13 we show that the Sliced
Wasserstein distance is Hadamard differentiable under certain conditions. Theorem 8 then
follows via an application of the functional delta method.

Hadamard Differentiability of the Sliced Wasserstein Distance. Throughout this sub-
section, for a metric space (T, p), C[T'] denotes the set of real-valued continuous functions de-
fined on T', endowed with the supremum norm, and (>°(T") = {f : T — R : sup,cp | f ()] < o0} .
Let D[I] denote the space of cadlag functions defined over an interval I = [a;, a2] C R, en-
dowed with the supremum norm. We will make use of the following result from van der Vaart
and Wellner (1996) (Lemma 3.9.20), regarding the Hadamard differentiability of the quantile
function at a fixed point u € (a1, a2). Let Dy, denote the set of nondecreasing maps A € D|I]
such that the set {x € I : A(x) > u} is nonempty for any given u € (0, 1), and define the map

Y :Dy CD[I] =R, ¢: A A (u) =inf{x € I: A(z) > u}. (2.65)

Lemma 12 (van der Vaart and Wellner (1996)). Let A € D, satisfy the following two properties.

(i) A is differentiable at a point &, € (a1, az2) such that A(§,) = u.
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(ii) A has strictly positive derivative at &,.

Then, 1 is Hadamard-differentiable at A tangentially to the set of functions H € D[I| which are
continuous at &, with Hadamard derivative given by

A = ey

Now, define H = RxS% !, identified with the set of half-spaces in R LetD = ¢ (H),and
let Dy denote the subspace of D consisting of maps F' : H — R such that F'(-, ) € C[R] for all
6 € S?~1. Furthermore, define D as the subset of maps F' : H — R such that F'(-,0) € D[R]
is a CDF for all § € S%~!. Define the map

1 1-6 ,
6 DL Ry, ¢ (FG) > — / / P (1,0) — G~ (u, 0)| dudpu(0),
1—26 Jgi-1 Js

for a fixed constant § € [0, 1/2), where we interchangeably employ the notation F'~!(u, ) =
Fe_l(u) = inf{x € R: Fy(x) > u} and F(-,0) = Fp(-) in this section only.

The Hadamard differentiability of ¢, tangentially to Dy, is established below.

Lemma 13. Assume the same conditions as in Theorem 8. Then, the map ¢ is Hadamard differen-
tiable at (F, G), tangentially to Dy, with Hadamard derivative given by

¢ :Df — R,
1-46
&' (Hy, Ho) = 1—25/Sd 1/ sgn ( (u,0) — G_l(u,é?))x

H2(G (ua 0)79) o Hl(F_l(ua 0)>9)
40(G~(u,0)) po(F~(u,0))

Proof of Lemma 13. Let (Hyz)32,, (Hak)72; C D be sequences satisfying '+ ¢, H1j, G +
tpHyy € Dy for all & > 1, and such that Hj;, converges uniformly to H; € Do, j = 1,2. Let
ti } 0as k — 00, and define for all £ > 1,

1— 6
Bk = (125/Sd 1/ |(F + teH1g) ' (u,0) — (G + tiHop) "' (u, 0)]

— [ (u,0) — G (u, 0)[" }dudu(e).

|F~ (u,0) — G~ (u,0)] " ( > dudu(6).

We will prove that the limit of Ay exists when taking & — oo. For all » > 1, the map
(r,y) € R? — |z — y|" is contmuously dlfferentlable Thus, for all u € [5 1 — 4] and
all # € S, there exists F Y(u, 8) (resp, G Y(u,0)) on the line joining F~'(u,6) (resp.
G Y(u,0)) and (F +tyHug)™ 1(u 6) (resp. (G + txHop) "1 (u, 0)) such that

. -5 -
Bk =02 /§d1/§ o (F H(w, 0); Gy H(u, 0))

x {[(F + tpHig) " (u, 0) — F(u,6)] (2.66)

— [(G + ty Hag) " (u,0) — G~ Y(u, )] }dud,u(G),
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where ¢(z; 1) = sgn(z — y)|r — y|"~!. We will now argue that each of the limits
Bi(u,0) = lim Bip(u,0), Bix(u,0) = o(Fy (u,0): Gy (u.0)),
(F +tpHyg) " H(u,0) — F~(u,0)

)

Bo(u,0) = kILH;O Boy(u,0), DBoy(u,0) =

173
. G+ tpHop) H(u,0) — G (u,6
B3(ua 0) - k;linc}o B3k(u79)’ B3k(u’ 0) - ( : 2k) (tk; ) ( )’

exist for (A ® p)-almost every (u,8) € [5,1 — &] x S¢~L. Throughout the sequel, we write
Iy = [F~%(6/2,0), F~1(1—§/2,0)] for all § € S%~!. By Lemma 3, there exist finite constants
a1 < ag, depending on § and the finite second moments of P and (), such that Ueesd—l Iy C
[a1, ag). We fix I = [ay, as] in what follows.

Regarding the limit B;, we make use of the following observation, which we prove below
in Section 2.F.1. The conclusion of this assertion is stronger than necessary, but will be needed
again in the sequel.

Lemma 14. Assume the same conditions as Theorem 8. Then, for allu € [J,1 — ¢], we have as
k — oo,

sup |(F + tpHix) ' (u,0) — F~'(u,0)| — 0,
fesd—1

sup (G + tpHop) H(u,0) — G~ (u,0)] — 0.
fesd—1

Notice further that the map ¢ is continuous in both of its arguments, therefore we obtain
from Lemma 14 that
By (’LL, 9) = @(Fﬁl(u) 9)7 Gil(uv 6))7

for (A ® p)-almost every (u, 6).

We now turn to the limit Bs. Recall that A := F(-, 6) is absolutely continuous for any
given § € S, For any fixed u € [§,1 — 6], the existence of Ba(u,#) would be implied
by the Hadamard differentiability of the map v in equation (2.65) at A, tangentially to Dy,
sufficient conditions for which are given by conditions (i) and (ii) of Lemma 12. Condition
(i) is immediately satisfied for almost all u € [,1 — ] due to the absolute continuity of A.
Furthermore, the assumption .J., 5/2(P) < oo implies that py is nonzero at A~!(u) for almost
every u € [d,1 — 0], implying that condition (ii) of Lemma 12 is satisfied for all such u. We
deduce from Lemma 12 the limit

CHi(A'(w),6) _ Hi(F~'(4,6),6)
po(A~H(u)) po(F~1(u,0))

for (A ® p)-almost every (u, 6). We similarly obtain, almost everywhere,

Bs(u,0) =

| Hy(GY(u,0),0)
q0(G~1(u,0))

Bs(u,0) =
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With these facts in place, the claim will follow from the Dominated Convergence Theorem if
we are able to interchange the limit as & — oo with the integrations in equation (2.66). To this
end, it will suffice to show that there exists K > 1 such that

esssup esssup sup |Bag(u, 0)] < oo. (2.67)
feSd—1 <u<l-6 k>K

A similar argument may then be used to obtain the same conclusion with By, replaced by
Bgy,.. These facts will imply, in particular, that the maps (F + tp H1;) ! and (G + tx Hop) ™!
are uniformly bounded over [6, 1 — 6] x S?~1, which, together with the continuity of ¢, then
also implies that the above display holds with By, replaced by Biy.

It thus remains to prove equation (2.67). We shall make use of the following properties.
Lemma 15. Under the assumptions of Theorem 8, the following assertions hold.

(i) The family {F'(-,0)}pcsa—1 is uniformly absolutely continuous over I, in the sense that for
allt > 0, there exists €(t) > 0 such that for any [«, 5] C I, we have

(B—a) <et) = esgdp_1 |F(a,9) —F(ﬂ,@)‘ <t.

(ii) We have,

! 961&*15/2@1?1—35/4[ (u+09/4,0) (u, )} >

(iii) There exists a constant K > 1 such that for allk > K,u € [0,1 — 0], and 6 € se-1

F1(36/4,0) < (F + tpHy,) H(u,0) < F7H(1 —6/4,6).

(iv) In particular, (F + t;, Hy,) " (u,0) — v € Iy forall§ € ST 1.

Now, for all u € [6,1 — 6] and 6 € ST, write
o =F 1 (u,0), Eur = (F+tpHip) ' (u,0). (2.68)

Forall k > 1, let € := €(tx) be the constant corresponding to the choice ¢ = ¢}, in the statement
of Lemma 15(i). This defines a sequence (€x);>1, which we may assume is nonincreasing, and
satisfies €, < 7y for all £ > K, without loss of generality. By definition of the quantile function,
we have

(F 4+ trHik) (&ouk — €k:0) < u < (F 4t Hig)(&o,uk, 0)-

We use these inequalities to bound &y 1 — g4 Assume first that g, < &g, Then, by
absolute continuity of F (-, 6) for all § € S¥~!, we have

€o,u
0 < (F+tpHig)(Eouks0) — F(§0,u,0) = tp Hix(§o,un, 0) — / po(x)de.

€0, uk
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By Lemma 15(iii), we have [£g .k, &pu] C g forallk > K, u € [0,1 — 6], and 6 € S?~1.
Therefore, we obtain

0 < trH1r(&o,ur, ) — (o0 — §e,uk)J;}5/2(P9)'
On the other hand, if {g 1. > &5, We have

0> (F +tpHuik)(our — €x) — F(&o,u)
[F(ﬁa,uk —€)) — F(f@,uk)} + [F(§67uk) — F(&ou)| + teHik(Eo,uk — €k)

&0, uk £o,uk
= —/ po(r)dr + / po(x)dx + tpHig(Souk — €k)
3

0,uk —€k Eo,u

> —tg 4 (So,uk — §e,u)J;5/2(P9) + e Hin(Eo,uk — €k)s

where on the final line, we lower bounded the first term as follows. Since €, < -y, we have
£0,uk — €k € Ip C I by Lemma 15(iv). Again, we also have &g, € I by Lemma 15(iii). Therefore,
by the definition of €, = €(t), Lemma 15(i) can be applied to obtain the stated lower bound.
Combine the preceding two displays to deduce,

§0,uk — E0,u

‘BQk<u7 0)’ = P
k

< (1 + [Hik(o,un) | + [Hin(Eo,ur — €k)]) Joo,5/2(F)

< (1+ [[Hiklloo + [[Hoklloo) sup Joo 5/2(Fo)-
fesSd-1

Now, recall that for j = 1,2, Hj converges uniformly to H; € Dy C £° (H). It must also
follow that, up to modifying the value of K > 1, the function Hjy, is bounded, uniformly in
k > K. This fact combined with our assumption on P implies that the right-hand side of the
above display is bounded above by a finite constant not depending on &, u, §. Equation (2.67)
readily follows, leading to the claim. O

Proof of Theorem 8. The claim consists of two statements, to be proven in parallel. Since
the set of half-spaces H forms a separable Vapnik-Chervonenkis class, it is Donsker, implying

that the empirical process Gy = /74 (P — P, Qm — Q) converges weakly in D? =
(o (M) x ((H),

sup
heBLy (]D)Q)

E[(Coun)] — E[R(G(ng))]| — 0, (269)
to a process G(pg) := (v/aGp, 1 — aGq), where Gp and G denote independent P- and
(-Brownian bridges respectively, and where we identify the set  with the set of indicator
functions over H. Under this abuse of notation, notice that the process Gp takes the form
Gp(x,0) = G o F(x,0) for a standard Brownian Bridge G, for all (z, 0) € H. By assumption,
foralld € S* L F (+,0) is continuous, and since almost all sample paths of G are continuous,
we deduce that almost every sample path of Gp(-, ) is also continuous. We deduce that
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G p takes values in Dy almost surely, and similarly for Gg = G o G, where G is a standard
Brownian Bridge independent of G.

Furthermore, Theorem 3.6.3 of van der Vaart and Wellner (1996) implies the same conditional

limiting distribution for the bootstrap empirical process G;,,,, = /7 (P — Py @y — Qm),
sup  |E[(Gh)| X1, ..., Xy Vi, ..., Vi —E[h(G(RQ))H 0,
h€BL1 (D?) (2.70)

E[h(Gh) X1, X Yio oo Yo =BG, ) X1, -, X, Y1, Y], — 0,

in outer probability, where h ranges over BL; (D?). Now, the Hadamard differentiability of ¢
(Lemma 13) together with equation (2.69) and the functional delta method (see for instance
Theorems 3.9.4 of van der Vaart and Wellner (1996)) implies

sup
heBL1 (R)

E [h < M ($(Po, Q) — B(P, Q)))] _ E[h (¢ (Gipg))) ]' 0. (271)

n-+m

Likewise, the delta method for the bootstrap (Theorem 3.9.11 of van der Vaart and Wellner
(1996)) and equations (2.69) and (2.70) imply

sup
h€eBLy (R)

E [h( MM P Q) — ¢>(Pn,Qm))) ‘Xl,...,Xn,n,...,ym]

n+m
~E[n (¢ Gira))] ‘ — 0, (2.72)

in outer probability. A combination of equations (2.71) and (2.72) readily leads to part (ii) of
the claim. In view of equation (2.71), part (i) of the claim will follow upon showing that the
random variable ¢/ (G p,q)) is equal in distribution to N (0, ac% + (1 — a)aé). In the sequel,
write for all u € [6,1 — §],

wP(U):/_ w(u’?)

Notice that

where, on the final line, the interchange of order of integration is valid P-almost surely. Indeed,
the sample paths of G and G are almost surely continuous, whence bounded over [§, 1—4], which



Chapter 2. Minimax Confidence Intervals for the Sliced Wasserstein Distance 90

in turn implies that the functions w(u, §)G(u)/pe(F, ' (u)) and w(u, )G (u)/qe(Gy* (u)) are
almost surely bounded, due to the assumptions placed on P and (). We now make use of the
following fact, which is proven below for completeness.

Lemma 16. Let f : [§,1 — 6] — R be a Lebesgue-measurable and bounded function. Then, the
random variable f51_6 f(uw)G(u)du has Gaussian distribution with mean zero and variance

2

Var [ﬂl_éf(u)G(u)du] :/01_5 (/M F(u du> dt — (/1 6/6 dudt) .

By Lemma 16 and the independence of G and G, we obtain that ¢'(G(p,q)) has Gaussian
distribution with mean zero and variance

Var[qﬁ(G(pQ)
[ ([ ]
[ ([ (du) ([ e dudt”.

Finally, notice that

1-6 1-46 w(u 0) y
/5Vt wp(u)du /5\/15 Sd— pe(F ())du(Q)d

/Sd 1 /(:/t 1) )dud,u,(ﬁ)
-/ / vy V)00,

where, once again, the interchange of the order of integration is valid due to the uniform

boundedness of the integrands almost everywhere A similar computation holds with wp
replaced by wg, thus Var[¢/ (G (pq))] = ach + (1 — a)aQ, and the claim follows. O

It remains to prove Lemmas 14-16.

2.E1 Proof of Lemma 14

Let u € [0, 1 — d]. We prove the claim for F', and an identical argument may then be used for G.
We use the abbreviations in equation (2.68). Let € > 0 be an arbitrary real number satisfying

< inf [F7Y'(1-46/2,0)—F~'(1-406)].
e< dnof [F7(1-6/2,6) ( )]

The infimum on the right-hand side is strictly positive by Lemma 15(ii), whose proof below
is a consequence of the uniform integrability of {pg}gcgd—1, and does not require the present
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result. By definition of €, we have &g ,,, &g, + € € Iy, thus, by absolute continuity of F(-,6),

59,11"'6
'f[F u+,9—]:'f/ d
pf | ([F(Goute0) —u = inf A po(x)dx

> € inf essinf  py(z
668”171 50,u§x§59,u+6 ( )

> € inf essinfpg(z) >0

= pesd1 zely p@( ) )
where the strict inequality follows from the fact that supy Jo 5/2(Fp) < 0o. After repeating a
symmetric argument, we deduce

sup F(gy —€,0) <u< inf F(&, +¢€,0). (2.73)
fesd—1 peSd—1

On the other hand, by definition of quantile, we have for all € > 0 that,

sup (F + tiHyg)(Epur — €,0) <u < inf (F + tHig)(Eouk, 0)-
fesd-1 fes—1

Recall that Hyj, converges in £°°(H) to Hy € (°°(H), thus there exists C' > 0 such that

sup F(ﬁﬁ,uk — €, 9) —Ctp, <u < inf F(fg’uk, 9) + C'ty,.
feSd—1 fesd-1

Since ¢}, | 0, the above display contradicts equation (2.73) for all large enough £ if £y .1 <

§o,u — € orif g yr > o + €. We have therefore shown that for all € > 0 small enough, there

exists a sufficiently large K > 1 such that for all k > K, supy |{g.ut — &o,u| < €, thus leading

to the claim. O

2.FE2 Proof of Lemma 15

Consider the family F = {pg}ycga-1. F is assumed to be uniformly integrable with respect
to the Lebesgue measure over R, and hence is also uniformly integrable with respect to the
finite measure v = A7 (that is, the restriction of the Lebesgue measure to the bounded interval
I). Since v does not possess any atoms, uniform integrability of F is equivalent to F having
uniformly absolutely continuous integrals, by Proposition 4.5.3 of Bogachev (2007). Thus, for
any t > 0, there exists €(¢) > 0 such that for any interval [, 8] C I for which 8 — o < €(t),
we have

sup |F(a,0) — F(B3,0)] <t.
fesd—1

This proves property (i). For part (ii), choose ¢ < §/4 and fix the corresponding value of ().
Let u € [0/2,1 — §/4], and choose a sequence 6; € S?~! such that for all j > 1,

1
|F~ N u+6/4,0;) — F~ ' (u,0;)| < ; + iéldf ) |F~ N (u+6/4,0) — F~'(u,0)].  (2.74)
oo

Let aj = F~(u,0;) and B; = F~(u + §/4,0;). Clearly, F(B;,0;) — F(a;,0;) = §/4 > t,
thus from the uniform absolute continuity of { Fy} in part (i), it must hold that

,Bj —a; = Fﬁl(u—i- d/4, 0]) — Ffl(u,Hj) > 6<t).
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Since this property holds for all 7 > 1, we deduce from equation (2.74) that

eeigifil |[F u+6/4,0) — F~ ' (u,0)] > €(t)/2.

Since €(t) did not depend on u, we finally arrive at

= _ inf inf |[F~'(u+68/4,0) — F~'(u,0)] > €(t)/2
V= il dnE [P et 0/4,6) — F7(w,6)] 2 e(8)/2 > 0,

which proves the second claim. To prove the third and fourth, notice simply that

(F + tpHyp,) " 1(0,6)

> F7'(6,0) — sup |[F71(6,0) — (F + tpHy,) ' (6,0)]
feSd—1

> F1(36/4,0) +~ — sup ‘Fﬁl(é,ﬁ) — (F + t.Hyp) "o, 9)|
fesd-1

By Lemma 14, recall that there exists K > 1 such that supgega—1 | F1(0,0)—(F+t,Hy) 1 (6,0)] <
7, thus for all such k, we have

(F + tpHyp) " 1(0,60) > F~1(35/4,0).
Similarly, up to modifying the value of K, we have for all k£ > K,
(F +tpHyp) (1 —6,0) < F~1(1—6/4,0). (2.75)

The claim follows from here. O

2.F.3 Proof of Lemma 16

We first prove the claim for step functions f. Let M > 1 be an integer and define a partition of
[0,1—¢d]viad =59 < -+ < sp41 =1—06.Letay,...,ap € Randset f = Z?ioaif[si,

Sit1):
Clearly, we may always rewrite f in terms of any refinement of the partition so, ..., Spr41.
Indeed, for any K > 1 and any set of real numbers 0 =ty < - -+ < tx 11 = 1 — § containing
{50, -, Sm+1}, we may find real numbers ay, . . ., ax contained in {«, ..., aps} such that

f= Zf:o arli t,.,)- We must have ap = 0 when ¢y = 0 < 4. Since G is almost surely
continuous over [J, 1 — ¢], and the function f is piecewise continuous, fG is almost surely
Riemann integrable. Therefore, for any choice of the partition {to, ..., tx1} with vanishing
mesh as K — oo, we have

1-6 K+1
/6 FG@)du = lim S Gltp1)(tx — te1)ap_1. (2.76)

K—oco
k=1

Notice that,

K+1

> Gtr-1)(th — te—1)ar—1

k=1



Chapter 2. Minimax Confidence Intervals for the Sliced Wasserstein Distance 93

K
Glte1) | D ajltjer —t5) = Y ajtje — 1))
j=k—

J 1 i=k

K
G(tr) > aj(tisr —t;) —

1-6
(Gltx) - G(ts_1)) / F(w)da

k=1 tk

Now, since f is bounded, the functiont € [0, 1—0] 51\/_;; f(z)dz is continuous and bounded,
thus for any partition as in equation (2.76), we obtain

1-6
f(w)G(u)du
é
K+1 1-6
= i 3 (6(0) — Gltn-0) / oz = | / 2)dzdG(b)

where convergence in the final equality is understood to hold in probability (see, for instance,
Proposition 2.13 of Revuz and Yor (2013)). It now follows from Proposition 2.2.1 of Denker
(1985) that the random variable on the right-hand side of the above display has mean-zero
Gaussian distribution, with variance

1-6 1-6 2
/ < ’ du) dt — < / dudt) |
0 oVt oVt

which leads to the claim when f is a step function.

Assume now that f is a Lebesgue measurable bounded function. By Theorem 4.3 of Stein
and Shakarchi (2009), there exists a sequence of step functions f,, converging pointwise to
f, Lebesgue-almost everywhere on [0, 1 — §]. In view of the preceding result, we have in
probability,

1— 5 1-46
u)du — / u)dudG(t)
tVé

1-§ 1-§ 1-6
</ !fn—fHGH/O (/5 |fn—f|)dG<t>.

Since f is bounded, we may clearly take the functions f,, to be uniformly bounded. Furthermore,
since G is P-almost surely bounded on the comapct set [, 1 — d], the first term on the right-hand

)
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side of the above display vanishes by the Dominated Convergence Theorem, while the second
Vanishes in probability by Theorem 2.12 of Revuz and Yor (2013). Deduce that the identity
[ f(w)G(u)du = 1_6 ft{/;(s f(u)dudG(t) holds, with convergence holding in probability. The
claim then follows as before, by Denker (1985). O

2.G Proofs of Additional Results

2.G.1 Proof of Proposition 7
Given 0 ~ u, we have

1 1-46
W (Py, Qo) = =% /s

< T —1 T
a;{%%ﬂ}\F ol +, dpax,, 160 @)

‘Fe_l(u) — G;l(u)‘Tdu

Therefore, it follows from Lemma 3 that

sup  Var, [W/5(Py,Qp)] <  sup W2 (Py, Qo)dp(6) < b(4/5)".
P,QEKa,(b) P.QEKs, (b) Jsi—1

Thus, denoting Sy = SW (P Q), S =SW,5(P,Q) and Ay = My /v N, we obtain

—P(5 ¢ CL1S™ - Skl > Ax) +P(S & TR, |87 — Skl < Ax)
IP’(\ST — S| > AN)

({8 < L = An}U U + Ay < S} {15 = Si| < An})

15" — Sh| > AN> +IP’(ST ¢C N>)

IP’(\ST STl > AN> VE {P(SN ¢ o) ( b, ... ,9N)}

Varg., [Wrs(Ps, Qo)] be/o"
< ’ <
< NA?V +a< M]2V + «,

il
P

for a constant ¢ > 0 depending only on 7, as claimed. O

2.G.2 Proof of Corollary 1

Under the stated conditions on €, d, it can be seen by direct verification that conditions B1-B3
and the remaining conditions of Theorem 7 hold for the confidence bands of Examples 1-2, for
constants K, K5 possibly depending on «. In what follows, the symbol “<” is used to hide
constants possibly depending on «, b, §g and 7.
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Suppose first that SJ,_ 5 (P) V' SJ 5 (Q) = oc. Then, we use the bound
2 2

< (r—1) Ken
Venm S (SWo, 5 (P, Q)+Uen(P)+Ue,m(Q)) NG

< - F*l r—1 HE,n < K'E,n7
S <ae{552i>£5/2}g;1% ) (@) ) 5 S5

by Lemma 3, under the assumption P, ) € Ko(b). A similar argument can be used to bound
©e.nm, leading to

1/r
ACED) < {SWis(P.Q) + c(tesm + peqm +58) | = SWos(P,Q)
< Cl/r (we,nm + Yenm + %N)l/r

1
S %le/r + 75 (’4;,/7: + "{;,/'r:z)y

with probability at least 1 —e. Parts (i) and (ii) now follow from Lemma 1 in the case SJ, s (P)V
2
SJ r3 (Q) = .

Suppose now that SJ_ s (P) Vv SJ s(Q) < oo. Using the shorthand notations
’2 ’2

A= V;;‘,TL(P) + Vvs,m(Q% S = SWT,&(P7 Q>7

r—1

we have the bounds 9 pm, Yenm S (S + A)

1
A7, whence

1 — 1
MO < st + {s’” +(S"+A) rlA%} s,

with probability at least 1 — €. If S” < A, the right-hand side of the above display is clearly of

order %]1\[/7« + AV7, Likewise, if S” 2 A, we obtain similarly as in equation (2.41),

r—1
s

ACIY < 5t 4 5{{1 + (14 (A/ST) (A/S?")i}i - 1]

r—1 1
s

<+ S(L+ (A/ST) T (A/ST)

1 1
S sy + AT,

with probability at least 1 — e. The conclusion of the above display thus holds irrespective of .S
and A. The claim now follows by substituting the expressions for V ,,(P) stated in Lemma 1
for each of parts (i) and (ii). O

2.G.3 Proof of Corollary 2

We reason similarly as in the proof of Corollary 1. By Theorem 7, we have with probability at
least 1 — ¢,

1/r
A(Com) < {SW15(P,Q) + c(teom + Pemm +28) } = SW5(P.Q)
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< SW,5"(P.Q) (Ve m + Penm + #v)
< rt-r (@Zje,nm + Penm + J{N)a

since SW, 5(P,Q) > T'. The claim now follows by invoking similar bounds on %, ;,,;, and
e nm as in the proof of Corollary 1. O

2.G.4 Proof of Proposition 8

Notice that op, 0 > 0 whenever SW, 5(P, Q) > 0. In view of Theorem 8, it is then a standard
result that the percentile bootstrap interval C7;, satisfies

liminf P(SW, 5(P,Q) € C;,,,) > 1 —a/2, (2.77)

n,m—00

under the assumptions of Theorem 8 and the assumption SW, 5(P, Q) > 0 (see, for instance,
Lemma 23.3 of van der Vaart (1998)). Therefore, when these assumptions hold, we have

P(SWT,J(Pa Q) ¢ Cnm)
= P(SWys(P,Q) & Cri, 0 € Cly) + PSW,5(P,Q) € Cly, 0 € Cy)
< P(SW,5(P.Q) & Cp) +P(SW,5(P.Q)  Cl) < arto(1),
where on the final line, we use equation (2.77) and Proposition 7. Notice that the assumptions

of Proposition 7 are satisfied, since Ko C Ko,. On the other hand, when SW,.5(P,Q) =0, we
obtain

P(Swr,é(Pa Q) g Cnm)
= P(SW,5(P, Q) & iy 0 & Cly) + PSWr5(P.Q) € Ol 0 € Cly)
<2P(0 ¢ Cf,) < a4 o(1).
This proves the stated asymptotic coverage property of the confidence interval C},,,,. In order to

bound its length, note that it is a direct consequence of Theorem 8 that the bootstrap quantiles
Fx(a/2) and F, (1 — a/2) are of the order O,(n~"/?) asn/(n +m) — a € (0,1). Thus,

b;‘;m - a;m = Op(n_1/2)7

where we write C¥, = [(aZ,,)"/", (b%,,)"/"]. Furthermore, under the conditions of Theorem 8,
and for N = n"* and My = log N, it can be deduced from Theorem 7 and Corollary 1 that
when SW, 5(P, Q) = 0, we have

b.i. _ a.l. _ O ].Og n\ 2
nm nm p n

where we write Cjiy, = [(a;rlm)l/ ", (b;rlm)l/ "]. Finally, as in the above proof of coverage of
Crim, when SW,. 5(P, Q) > 0 we have C,,,,, = C;;,,, with probability at least 1 — /2 — o(1),
while when SW, 5(P, Q) = 0 we have Cy,,, = Cfym with probability at least 1 — ar/2 — o(1).
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Combine these facts to deduce that for any ¢ > 0, there exist constants C, ng > 0 such that for

all n > ny,
1 2 W,.5(P,
bnm_anmgc<<ogn> +S ’6( Q)>
n LD
with probability at least 1 — «/2 — €. Choosing € = «/2 leads to the claim. O

The proof is straightforward. We have,
]P(??o ¢ C’%)) < P(&JXQ(UO) > E)
< P(Z;],\Q(no) > 60) = P@(fy\g(??o) > SWos(P, Pn0)>'

The claim now follows from Proposition 7. t

2.G.5 Proof of Example 2

We begin by proving the validity of the inequality in equation (2.23). Let .4 be a collection
of sets, and let S4(n) denote the shattering number (Vapnik, 2013) of A. The relative VC
inequality is then given by

P ( sup [Po(4) = P(A)] >t < 45,4(2n)6_"t2/4, t>0.
AecA Pn(A>

Letting A = {(—o00,z] : # € R} and A = {[z,00) : © € R} respectively, we obtain

P | sup —|Fn(x) — F@) >t <4(2n+ 1)67"t2/4,

P sup —|Fn(x) —Fl@) >t | <4(2n+ 1)6_7”2/4,
z€R 1 — Fy(x)

for all t > 0. By a union bound and the fact that u(1 — u) > $(u A (1 —u)) forall u € [0, 1],
we arrive at
Fo(zx) - F _nt?
P [ sup 220 = F@L S0 < g9 4 1) %5
2ok VFu@)(1 = Fu(2))

Setting t = v, = \/1—n6 [log(16/a) + log(2n 4 1)], we deduce that with probability at least
1—a/2,

|Fp(x) — F(2)| < vanVFu(z)(1 — Fu(z)), VzeR. (2.78)
This proves the validity of equation (2.23).

We now invert equation (2.78) to obtain the functions 7,5, and 7, , which lead to a quantile
confidence band. We will require the following definitions of lower CDF and upper quantile
function,

F(z):= lim F(y)=P(X; <), F (u)=inf{zeR:F(x)>u},

Yy—xr—
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with empirical analogues given by

Fp(z):= lim F,(y) = %ZI(Xi <z), F'(u)=inf{zeR:Fy(z) > u}.
i=1

Yy—xr—

. =1 . . = .
Notice that F'and I’ are right continuous, whereas F' and F'~! are left continuous. Further-
more, we make use of the following elementary inequalities relating quantile functions and
CDFs,

Fo(z) > uw=2>F, (u), (2.79)
Fo(z) <u=uz < F, (u), (2.80)
F(z) > u <=z > F (u), (2.81)
Flz)<u<=z<F 1(u) (2.82)

We now turn to the proof. The calculations which follow are elementary, but tedious. Let
v = F(x). By equation (2.78), we have with probability at least 1 — a//2 that for all x € R,

Fpo(z) + Va,n\/Fn(l‘)(l —Fo(z)) > v > Fp(z) - Va,n\/Fn(m)(l — Fu(z))
= Fy(x)(1 = Fo(@)v5 5 2 (v — Fo(x))”
= (Fy(x) — Fn(:c)Q)uin > 0% — 2uF,(z) + F,(x)?
= Fn(x)2(1 + l/in) — Fo(z) (21} + uﬁn) +02<0

2
2 + ng \/[21; + ygn] —4(1+ ng)U?

= F,(x) > —
n(z) 2 21422, 2(14+22,,)
P - 20+12, Va,n\/’/gz,n +4v(1 —v)
— d — ==
") 2 e ) 2(1+12,,) Yo (V)

— 2> F, (Yan(v)),  (By(279)
= 2> F, ' (Yan(F())).

Now, let u € (0,1). Setting z = F~!(u) and using the fact that F o F~'(u) > u by
equation (2.81), the above display implies

F u) 2 Fy (Yan(F o FH(w) 2 Fy (a,n(u),
uniformly in u € (0, 1), with probability at least 1 — /2.

We now turn to an upper confidence bound on F~!(u). Upon taking limits from the left in
equation (2.78), we obtain

Fo(@) = o\ Fu(@)(1 = Fu(@)) < F(@) < Fu(@) + Vo Fu(@)(1 = Fu(a))

uniformly in x € R, on the same event of probability at least 1 — «/2. Thus, letting v = F(x),
we have

ngnfn(x)(l — Fp(z)) > (Fn(x) - U)2
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B 2ot2e (120102, A0 4 2, e
21+12,) " 201+ 12,)
B ng’n+2v+uan\/1/§7n—|—4v(l —v)
2(1+ V?)z,n)
Han(v)),  (By (2:80))

= Na,n(v)

Therefore, setting © = F_l(u) for u € (0,1), and using the fact that F o F_l(u) < u by
equation (2.82), we obtain

1

F (u) < F (nan(F(F () < 't (agn(w).

Upon taking limits from the right, this implies

F_l(u) < Fn_l(na,n(u))’

uniformly in u with probability at least 1 — /2. We conclude that

P(F, (o (w) < F 71 w) < B, (an(w), Yu € (0,1)) > 11— a/2.

The validity of equation (2.24) follows. O



Chapter 3

Sharp Rates for Empirical Optimal
Transport with Smooth Costs

3.1 Introduction

In this chapter, we return our attention to the study of the multidimensional Wasserstein
distance, and more generally, to a broad class of optimal transport divergence functionals 7.
Our goal will be to characterize the expected convergence rate of empirical estimators of such
optimal transport costs. Though this question has already been studied in great generality in
the literature, our aim in this chapter will be to highlight some unexpected phenomena that
arise when the cost function is smooth.

For concreteness, we focus throughout on the optimal transport problem over the Euclidean
space R? for some integer d > 1. Let X, C R% and P € P(X) and Q € P()). Given a
nonnegative cost function ¢ : X x Y — R, recall that the optimal transport cost based on c is

defined by
T(P.Q) = _int [ cleyin(z.y)

Tell(P,Q)

where II(P, Q) denotes the set of couplings between P and (). In statistical contexts, the
measures P and () are typically unknown, and it is necessary to estimate the optimal transport
cost between them on the basis of i.i.d. observations! X1,...,X,, ~ Pand Y7,...,Y, ~ Q.
A canonical choice is the plugin estimator 7.(FP,, @), obtained by replacing P and @ by their
corresponding empirical measures:

1 — 1 &
P, =— Ox. = — Oy,
n n; X Qn nlz;YZ

We call this quantity the empirical optimal transport cost, and we seek sharp upper and lower
bounds on the expected gap between the empirical optimal transport cost and its population

"The two sample sizes are assumed to be equal in this chapter for ease of exposition.

100
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counterpart:

An(c) :E‘/]::(PnaQn) _7::(P7 Q)| (3~1)

We highlight the dependence of A,, on ¢ because a key finding of our work is that the rate
of decay of A,, is driven by properties of the cost, and can improve significantly when c is
smooth.

To illustrate the phenomena we have in mind, we turn to perhaps the most widely-used
cost functions: those of the form ¢,(x,y) = ||z —y|, p > 1, which give rise to the p-

Wasserstein distances W, = ’Tci/ P The convergence rate of the empirical p-Wasserstein
distance W),(P,, @Qy) to its population counterpart W,(P, Q) is a well-studied problem; for
instance, assuming for simplicity of exposition that X = ) is a compact set, Fournier and
Guillin (2015) prove that there exists a constant Cy > 0, depending only on d and X, such that

EW,(Py, P) < [EWE(P,, P)]7 < Can™ /1, (3.2)
whenever d > 2p. Since W), is a metric, it follows that
E|W,(Pr, Qn) — Wp(P, Q)| < EWy(Pr, P) + EWp(Qn, Q) < 2Cun~ V4 (3.3)

The n~ /% rate in equation (3.3) is well known to be inherent to statistical optimal transport
problems. In particular, it was shown by Niles-Weed and Rigollet (2022) that, up to polylog-
arithmic factors, no estimator of W),(P, Q) improves on the rate in equation (3.3) uniformly
over all pairs of measures (P, (0). Nevertheless, one of the main contributions of this chapter
is to show that this bound is only tight when P = (), and can otherwise be improved up to
quadratically. Indeed, our results imply the bound

n P4 1<p<2
An(cp) = E|WE(Po,Qn) —WE(P,Q)| S {nZ/d 2 < p < oo (3.4)

— 7
which, as we shall see, entails

nPld 1<p<2

E{WP(PTMQN) _Wp(Pv Q)‘ 5 5(1)—17 {n_2/d ) if Wp(Pv Q) > 50 > 0. (35)

2<p< x>

Whenever p > 1, equations (3.4) and (3.5) provide a significant sharpening of the naive estimate
in equation (3.3). We show that such improvements arise due to the Holder smoothness of
the cost ¢p, and in fact, similar rates of convergence for A, (c) are enjoyed by a much broader
collection of smooth cost functions. Beyond smoothness assumptions on ¢, we establish our
main results under the following broad structural condition, which is presumed throughout
the sequel,

(HO) The cost function ¢ : X x ) — R is nonnegative, and takes the form c(z,y) =
h(z — y) where h : RY — R, is convex, even, and lower semi-continuous.

Before summarizing our main results and comparing them to further existing literature, we
begin with an idealized example which illustrates the role of these conditions.
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3.1.1 Example: Location Families

For simplicity, we limit this example to upper bounding the following one-sample analogue of
An (C) s
E|Te(Pn, Q) — Te(P, Q)]

We also continue to assume for simplicity that X = ) is a convex and compact set. Let ¢ be
any cost function such that condition (HO) holds, and assume there exists « € (1, 2] such that

h € €“(X).

Let P, € P(X) be any two measures differing only by a location transformation with
respect to a fixed vector zy € RY, in the sense that Q = Ty, P := P(Ty(+)), where Tp(2) =
z + 2o and # denotes the pushforward operator. In this example, it is simple to find an optimal
coupling between P and (). Indeed, recall that A is convex and even under (HO), thus for all
7 € II(P, Q), Jensen’s inequality implies

[ e = ina = b ( [ eire - [vicw)) = o

Thus, 7c(P, Q) > h(zp), and the lower bound is achieved by the coupling 7 = (Id, Tp)x P,
implying that T is an optimal transport map from P to (). On the other hand, for all couplings
mn € II(Py, P), vn = (Id,Tp) 47y is a (typically suboptimal) coupling between P, and @,
whence

TP Q) < / (2, 9)dyn(z. ) = / (2, To(@))dmn (2, ).

Since we assumed that the Holder norm A := ||h

o (X) is finite, h is close to its first-order
Taylor expansion. Specifically, we obtain from the above display,

To(Po, Q) < / (@ = To(@)) + (Vh(x = To(@)), 2 = @) + A1z = 2|* | dma(z,2). (36)
Due to the marginal constraints in the definition of 7, equation (3.6) is tantamount to
TP @ S TUPQ) + [ (Thiz) Jd(Py = P)+ A [ o=l dma(o). 6)

The final term of the above display is manifestly the ||-||*-transport cost between P, and P,
with respect to a possibly suboptimal coupling m,, € II(P,, P). Since it holds for any choice of
mp, taking the infimum over such couplings leads to

TP Q) S TeP.Q)+ [(Vh(z0), 4d(P, = P)+ AWE (P, P). (39)

The second term on the right-hand side of the above display is a mean-zero sample average,
and hence typically decays at the rate n~'/2 in probability. Equation (3.8) thus provides an
upper bound on 7.(F,,, Q) — Tc(P, Q) which is primarily driven by the rate of convergence of
the empirical measure under the optimal transport cost with respect to ||-||“, which we refer to
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as the a-transport cost in the sequel. By equation (3.2), we arrive at the following one-sided
estimate whenever d > 5,

E[T(Po Q) — TP, Q)] < AE[WE (P, P)] < ACan~*/". (3.9)

Although equation (3.9) does not imply an upper bound in expected absolute value, it captures
the main features of our problem; as we shall see, a simple extension of the above derivations
leads to the bound

E|Te(P, Q) = Tu(P,Q)| < Con™®/",  foralld > 5, (310

for a large enough constant Cjy > 0 depending on d, X and A. Equation (3.10) shows that, for
the class of cost functions under consideration, the rate of convergence of the empirical optimal
transport cost is largely driven by the smoothness of ¢ when P and () differ merely in mean.
In particular, notice that the cost h(z) = ||z||” satisfies h € €7 for all p > 1, which implies
the previously announced result (3.4) in the special case of one-sample location families.

This fast rate of convergence in equation (3.10) arose in the present example because the
first-order term in the Taylor expansion (3.6) is negligible, leading to a rate driven only by its
remainder. While this argument cannot easily be extended to general measures P and @), its
conclusion turns out to be generic, as we now describe.

3.1.2 Our Contributions

The primary contribution of this chapter is to provide sharp upper and lower bounds on A,,(c)
for smooth costs satisfying condition (HO). In this setting, our main result informally states
that whenever h € € for some o > 0,

n «
< Y — —

This upper bound is stated formally in Theorem 9 under the assumption that P and () admit
bounded support. Under additional conditions on ¢, we extend this result to measures P
and ) with unbounded support, satisfying appropriate tail assumptions, in Theorem 11 and
Corollary 5. As in equation (3.5), our results have natural implications for the convergence rate
of empirical Wasserstein distances, which we discuss in Corollary 4. In view of Section 3.1.1,
the convergence rate (3.11) admits a natural interpretation: the first order term in a formal
expansion of the empirical optimal transport cost is typically negligible when d > 5, leading to a
rate that improves with the smoothness parameter « € (0,2). When @ > 2, the quadratic term
in this expansion is not negligible, thus faster rates do not occur without stronger conditions.

At the heart of our proofs is the Kantorovich dual formulation of the optimal transport
problem—summarized in Section 3.1.4—which allows us to reduce the problem of bounding
A, (c) to that of bounding the expected suprema of empirical processes indexed by collections
of sufficiently regular Kantorovich potentials. While characterizing the regularity of these
potentials is routine when P and @ are compactly supported (Gangbo and McCann (1996),
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Appendix C), the bulk of our efforts lies in the case where they admit unbounded support. In
this setting, one of our key technical contributions is to provide quantitative > estimates
on the displacement induced by the optimal coupling between any two measures satisfying
appropriate tail conditions (Theorem 10). For instance, the following is a special case of our
result for the p-transport cost.

Theorem (Informal). Let P,Q € P(R%) and p > 1. Let Q be a 0?-sub-Gaussian mea-
sure (Boucheron, Lugosi, and Massart, 2013) and P have finite p-th moment, and assume there
exist constants c;, ¢z > 0 such that P(B,.1) > ¢1 exp(—cz ||z|?) for all z € R?. Then, for any
optimal coupling 7 between P and @) with respect to the cost ¢, (z,y) = ||z — y||”,

Iyl S olllzll +1), for m-ae. (z,y). (3.12)
In particular, if there exists an optimal transport map 7" from P to () with respect to c,, then

IT(2)[| S ollzll+1), for P-ae. .

Analogues of equation (3.12) have previously been derived by Colombo and Fathi (2021)
in the special case where P is a Gaussian measure and p = 2, and we further discuss these
results below the statement of Theorem 10. As we shall see, equation (3.12) leads to estimates
on the local Lipschitz constants of Kantorovich potentials between any two, possibly atomic
probability measures, and forms the basis of our main results when P and () have unbounded
support. These results are quantitative analogues of the fact, proved by Gangbo and McCann
(1996), that Kantorovich potentials are locally Lipschitz under mild smoothness conditions on
c.

In Section 3.4.1 we explicitly construct measures P and () for which inequality (3.11) is
achieved up to universal constants, inspired by the example in Section 3.1.1. While this result
proves that our upper bounds cannot generally be improved, it does not preclude the possibility
that there exists another estimator 7\;1, i.e. a measurable function of X1,Y7,...,X,,Y,, for
which the quantity E| Tr—Te (P, Q)| scales at a faster rate than that of equation (3.11), uniformly
over pairs of measures P, (). We prove in Section 3.4.2 that, in an information theoretic sense,
such an improvement is not possible up to polylogarithmic factors.

Though we prove inequality (3.11) for all d > 5, notice that it does not generally hold for
all d > 1. Indeed, it is a simple observation that the empirical optimal transport cost cannot
generally achieve a faster rate of convergence than n~ /2 (Niles-Weed and Rigollet, 2022). The
probabilistic behavior of the empirical costs is therefore qualitatively different in low dimension.
While our proof techniques for bounded measures can be extended to the case d < 4, they do
not appear to yield tight results for certain values of o > 0; see Remark 1 below. Similarly, our
techniques for unbounded measures do not generally appear to be tight in the low-dimensional
case. Since our goal in this chapter is to obtain sharp convergence rates, we assume in what
follows that d > 5, where we are able to establish exact results.

Outline of the remainder of the chapter In Sections 3.1.3 and 3.1.4, we review prior
work and recall some important preliminary results on the duality theory of transport costs.
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Section 3.2 contains our main results for compactly supported measures. In Section 3.3, we
extend these results to the unbounded case. Lower bounds appear in Section 3.4. The proofs of
certain intermediary results from Sections 3.2-3.4 are respectively deferred to Appendices 3.A-
3.C.

3.1.3 Related Work

Upper bounds on the expected deviation A, (c) are available in the literature for several special
cases. The closest to our setting is the quadratic cost ¢3(z, y) = ||z — y||?, for which Chizat et al.
(2020) prove that A, (co) < n~2/% when P and Q are compactly supported. Their proof hinges
upon the Knott-Smith optimality criterion, which allows them to relate A,,(c2) to suprema of
empirical processes indexed by convex potentials, which are in fact globally Lipschitz since
P and @) are assumed compact. Empirical processes indexed by globally Lipschitz convex
functions are well-studied (Bronshtein, 1976; Guntuboyina and Sen, 2012), and lead to their
result. Our results extend theirs in two directions: we replace c3 by any smooth cost, and
we remove the condition that the measures be compactly supported. When P and @ are
compactly supported and o = 2, our proof strategy mirrors that of Chizat et al. (2020): though
the potentials arising for other costs are not necessarily convex, it is still possible to use existing
empirical process theory bounds to obtain sharp rates. On the other hand, when P and @) have
unbounded support, the relevant potentials may not even be globally Lipschitz, and our proof
requires significant new techniques.

Faster rates of convergence for estimating optimal transport costs are achievable under
strong conditions on X and Y. For instance, when c is a metric raised to a power p > 1, the
bound A,,(¢) < n~1/2 is known to hold when X and ) are countable (Sommerfeld and Munk,
2018; Tameling, Sommerfeld, and Munk, 2019) or one-dimensional (Munk and Czado, 1998;
Freitag and Munk, 2005; Bobkov and Ledoux, 2019; del Barrio, Gordaliza, and Loubes, 2019)
(see also Chapter 2). In both of these cases, the corresponding empirical p-Wasserstein distance
is known to exhibit distinct convergence rates depending on whether P and () are vanishingly
close or not, similar to our findings in equation (3.5). While these two examples form important
special cases, their underlying proof techniques are closely tied to characterizations of the
optimal transport problem which are only available for discrete and one-dimensional measures,
and do not shed more general light on the behaviour of 7.(P,,, Q).

Though the naive bound in equation (3.3) is loose for p > 1 when W,,(P, Q) is bounded
away from zero, Liang (2019) and Niles-Weed and Rigollet (2022) show that it cannot generally
be improved by more than a polylogarithmic factor when no separation conditions are placed
on P and (). Recall that this upper bound arose from the convergence rate of P, under the
p-Wasserstein distance in equation (3.2). The study of such convergence rates was initiated
by Dudley (1969) in the special case p = 1, who also used arguments from empirical process
theory, due to the dual characterization of W as a supremum over Lipschitz functions (Villani,
2003). For p > 1, distinct techniques have been used to study this problem in great generality
by Boissard and Le Gouic (2014); Fournier and Guillin (2015); Bobkov and Ledoux (2019); Weed
and Bach (2019); Singh and Poczos (2019); Lei (2020), and references therein. Dudley (1969)
also derived deterministic lower bounds on the quality of approximating P by any discrete



Chapter 3. Sharp Rates for Empirical Optimal Transport with Smooth Costs 106

measure supported on n points under W;—we build upon these results to obtain our lower
bounds on A,,(c) in Section 3.4.1.

Another line of work has sought to understand optimal rates of estimation for Wasserstein
distances when the densities—rather than the cost—are smooth. These works (Liang, 2021; Singh
etal., 2018; Niles-Weed and Berthet, 2022) show that the plugin empirical estimator W, (P, Q)
for W,(P, Q) is suboptimal if P and () have smooth densities, but that replacing P, and @),
by appropriate nonparametric density estimators suffices to obtain optimal rates of estimation.
Under similar conditions on P and @), it is also possible to construct appropriate smooth
estimators of the optimal map between P and () (Hiitter and Rigollet, 2021). Our work takes
a quite different perspective: rather than adding additional conditions on P and @), we show
that the rates of convergence of empirical estimators improve under additional smoothness
conditions on the cost.

3.1.4 Notation and Further Background on the Optimal Transport Problem

Our proofs make repeated use of the Kantorovich dual formulation of the optimal transport
problem, described in Section 1.3. In what follows, we state several additional properties related
to the Kantorovich duality which can be deduced from (Villani, 2008, Chapter 5), and will be
used repeatedly throughout this chapter.

Define for all ¢ € L!(P) and ¢ € L(Q) the functional

Trngév) = [ édp+ [ vaq
The regularity condition (HO) is sufficient to imply that the Kantorovich duality

Te(P,Q) = sup  Jp(e,v), (3.13)
(6:)€2e(P.Q)

holds, where we recall that ®.(P, Q) is defined in equation (1.10). If we further assume
c(z,y) < e1(z) + co(y) for some ¢; € LY(P) and ca € L'(Q), then the supremum in
equation (3.13) is achieved by a pair of optimal Kantorovich potentials (¢o, ¢), which we
recall can always be taken to be of the form

Yoly) = é6() = inf {c(@,y) (@)}, yeV.

Recall that when the cost function is taken to be of the form c(z,y) = —x 'y, the defi-
nition (1.11) of c-conjugate reduces to 1§ = —(—¢o)*, where we recall that for any convex
function h on RY, h*(y) = sup,cga{z ' y—h(x)} denotes its Legendre-Fenchel transform. It is
well-known that if A is also lower semi-continuous and not identically infinite, the supremum
in the definition of h*(y) is achieved by a point in its subdifferential; specifically, one has the
relation

y € oh(zx) < ze€dh*(y) < z'y=h(z)+h*y).
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To derive analogous notions for c-concave functions, define the c-superdifferential of a c-concave
function f : X — R by

f ={(z,y) e X x Y :c(v,y) — f(v) > c(x,y) — f(x), Vv e X}.
Furthermore, let 9°f(z) = {y € R : (z,y) € 8°f} and 0°f(B) = U,cp 9°f(z), for all

B C X. The following Lemma summarizes the main properties of c-concave functions which
we shall require. Some of the statements which follow are weaker than necessary, but sufficient
for our purposes.

Lemma 17. Let f : X — R := RU {—o00} be c-concave, and assume condition (HO).
(i) (Villani (2008), Proposition 5.8) We have, f<¢ = f.

(ii) (Villani (2003), Remark 1.13) Assume the cost c is bounded. Then, the supremum in the
Kantorovich dual problem (1.9) is achieved by a c-concave function ¢ € L'(P) such that
0< ¢ < Hc”oo and — Hc”oo < (Z)C <0.

(iii) (Gangbo and McCann (1996), Theorem 2.7) O°f is c-cyclically monotone, in the sense that
for any permutation o on k > 1 letters and any (x1,y1), ..., (Tk, yr) € O°f,

k
c(xj,y;) < o), vj)-
j=1 j=1

(iv) (Gangbo and McCann (1996), Proposition C.4) Assume further that h is superlinear. For any
given x € RY, assume there exists a neighborhood of © over which f is bounded. Then, the
c-superdifferential O° f () is nonempty. Therefore, if f is locally bounded over R%, it holds
that for all z,y € R?,

yedf(r) = zedf(y) = cl,y) = flz)+ ()
In particular,

fl)=inf {c(z,y)— W}, = inf {c(z,y)—f(x)}

yeo° f(x) z€I°fe(y)

Furthermore, if f is in fact an optimal Kantorovich potential for the optimal transport
problem from P to Q), and if T.(P, Q) < oo, then for any optimal coupling m € II(P, Q),
supp(m) C .

3.2 Upper Bounds for Compactly Supported Measures

We begin by bounding the rate of convergence of the empirical optimal transport cost in the
special case where X', Y and Z = X — Y = {x —y : x € X,y € YV} satisfy the following
condition.

(S1) X,Y C R? are convex and compact sets with nonempty interior. Furthermore, we

have X, Y, Z C By ;.
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The assumption of compactness of X and ) will be relaxed in the following section, under
concentration and anticoncentration conditions on the measures. Once X and ) are assumed
compact, notice that the final assumption of (S1) can always be satisfied up to rescaling and
recentering. Furthermore, we recall that the supports of P and () are merely assumed to be
contained in X and ), and thus need not be convex themselves.

We shall also assume throughout this section that the cost ¢ satisfies condition (H0) and
the following smoothness condition.

(H1) There exists o € (0,2] and a convex open set Z; such that Z C Z; C Bypo,
and h € ¥*(2Z;). Furthermore, we have 0 < h < 1 on Z;. We write A :=
1 V ”h”(ga(zl) < Q.

For any measures P € P(X) and Q € P()), recall that X;,..., X, ~ Pand Yy,...,Y, ~ Q@
denote i.i.d. samples, with corresponding empirical measures P,, = % Yo dx, and @, =
% >, Oy;. The main result of this section is now stated as follows.

Theorem 9. Assume conditions (S1), (H0), and (H1). Then, there exists a constant C' > 0
depending only ond, o, X, Y, 21 such that

sup Epg|Te(Po, Qn) — Te(P, Q)| < CAn~/
PEP(X)
QEP(Y)

Theorem 9 proves that the convergence rates anticipated in Section 3.1.1, for measures
differing only in mean, in fact hold for all compactly supported measures. In particular, the
n~%/¢ rate of convergence is achievable as soon as h € €2, for o € (0, 2], though is not
generally claimed to improve further when o > 2. For instance, the quadratic cost ||-||* lies in
C, but one cannot hope for a faster convergence rate than n =2/, Indeed, we derive matching
lower bounds in Section 3.4 under closely related assumptions on the cost function ¢, which
imply that the upper bound of Theorem 9 is generally unimprovable.

A careful investigation of our proof reveals that Theorem 9 in fact continues to hold
for nonconvex costs h. We nevertheless prefer to retain the assumption of convexity in
condition (HO) since it is required for the remainder of our main results; in particular, we do
not claim that the convergence rate in Theorem 9 is sharp when A is not convex.

By letting « vanish, Theorem 9 suggests that the empirical optimal transport cost does
not generally converge at any polynomial rate for cost functions which fail to be uniformly
Holder continuous. Indeed, absent any smoothness assumptions on ¢, 7.(P,,, @) may not
even converge in L'(PP), as can be seen by taking c to be the Hamming metric. In this case,
Te(Pyp, Qn) is simply the Total Variation distance between P,, and @Q,,, which almost surely
equals unity when P and () are absolutely continuous with respect to the Lebesgue measure.

As discussed in Section 3.1, perhaps the most widely-used cost functions satisfying condi-
tions (HO) and (H1) are norms over R raised to a power greater than one. We illustrate the
conclusion of Theorem 9 for such an example.
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Corollary 3 (Powers of £, Norms). Let X, ) satisfy condition (S1), and define the costcp »(z,y) =
|z —ylly forallz € X,y €Y andp,r > 1. Let P € P(X),Q € P(Y).

(i) We have for all p,r > 1, IE|7ZW(P”, Qn) — Te, (P.Q)| S n~ @A/ Iy particular,
specializing tor = 2,

nPld 1<p<?2

E\WP(P,, Qn) — WP(P, N
(W (P Q) = W @)}N{R_W’ ye o

(ii) If X,y C R< gre disjoint, then forallp > 1 andr > 2,

E|T.,, (P, @n) — To,, (P, Q)| S n~2/4.

The proof is deferred to Section 3.A.1. Corollary 3(i) follows from the fact that ||-||] <
¢*\P"r(Z1) for any bounded open set Z1, for all p, > 1. When r > 2, notice that I, is
smooth away from the origin, so that the condition ||-|[} € €?(21) can be satisfied for any
p > 1 whenever the closed set Z C Z; does not contain the point zero. This observation leads
to Corollary 3(ii). This last point implies the rather surprising fact that for all measures P
and () admitting disjoint and compact support, one has

E[W1(Pn, Q) — Wi(P,Q)| S n~/4. (3.14)

When the measures P and () are not vanishingly close, Corollary 3 also translates into conver-
gence rates for empirical Wasserstein distances.

Corollary 4 (Wasserstein Distances). Let p > 1. Let X', ) satisfy condition (81), and let
PeP(X), Qe P(Y). Assume Wy(P, Q) > b, for some constant 69 > 0. Then,

nPd1<p<?2

3.15
n_2/d, 2 <p<oo. (3.15)

E‘Wp(an Qn) - Wp(Pv Q)‘ 5 6(1)71; {

Proof. By the numerical inequality |x — y|<y'~P|2P — yP| for all z,y > 0, p > 1, one has
E[Wp(Pa, Qn) = Wy (P, Q)| < 0 "E|WP(P, Qn) = WE (P, Q).
The claim thus follows from Corollary 3. O

3.2.1 Proof of Theorem 9

We divide our argument into three cases.

3.211 Casel:ax = 2

Under conditions (S1), (HO0) and (H1), it follows from Lemma 17(ii) that there exist Kantorovich
potentials ¢, : X — R and ¢, : Y — R such that 7.(P,,Qn) = Jp,.Q,(¢n,¥n) and
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|énl, |¥n| < 1. Furthermore, since P and () are compactly supported, it follows immediately
from the definition of the c-conjugate that (¢, V) € (P, Q), whence

Te(P,Q)=  sup  Jpg(é,9)
(6.0)€®c(PQ)

> Tp0(bnsthn) = T 0 (s ) + / oud(P — Py) + / Und(Q — Q). (3.16)

On the other hand, recalling that 7.(P,, Q») = Jp,,Q,,(¢n, ¥n), we derive

TP, Qu) — TP, Q) < /cbn (P, — P) /wn .= Q). (317)

Our goal is now to bound the empirical processes arising on the right-hand side of the above
display. Due to the compactness of X and ), it can be deduced from Gangbo and McCann
(1996) that ¢,, and 1), are Lipschitz and semi-concave. The following Lemma is an analogue of
their results with explicit constants, whose proof is included in Section 3.A.2 for completeness.

Lemma 18. Assume conditions (S1) and (HO0), and that condition (H1) holds with o = 2. Then
the maps

~ A ~ A
O @ € X ula) = S lall®s iy €Y dnly) - 5 Iyl

|l [0n] < 2A.

are concave and (2/\)

Forany L,U > 0, let Fr, 7 (K) denote the set of L-Lipschitz convex functions f : K — R
over a convex set K C R% such that |f| < U. Recalling the convexity of X and ) under
condition (S1), define

A, = sup /fd (P, —P)+ sup /gd(Qn - Q).

feF1,1(X) geF1,1(Y)

By Lemma 18, we have (—g, /2A) € F11(X) and (—tn/2A) € F1,1(Y), thus together with
equation (3.17) we obtain

A
TP Q) - TPQ) <208, + 5 [P AP =)+ @-@). @19
On the other hand, lower bounds on 7.(P,,, Q) —Tc(P, Q) are simple to obtain. As before, there

exists a pair of optimal Kantorovich potentials (¢o, 19) € ®.(P, Q) such that |pg| V |1o| < 1
and T.(P, Q) = Jp,g(¢o, ¢o). Therefore,

To(Pa, Q) > I, 0, (00, %0) = To(P.Q) + / dod(Py — P) + / Bod(Qn — Q).

Combining the previous two displays, we deduce

E[Te(Pn, @n) = Te(P, Q)| < 2AE[A] + %E ‘/ I d((Pn = P) + (Qn — Q))‘
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E ‘ / dod (P — P>‘ +E ' / bod(Qn Q)‘ S A(BIA) +072),
(3.19)

where the final bound is a straightforward consequence of Chebyshev’s inequality, and where
we have used the fact that |¢g|, |¢)g| < 1. It thus remains to bound E[A,,]. This last is a sum of
expected suprema of empirical processes indexed by convex Lipschitz functions, upper bounds
for which can be obtained via Dudley’s chaining technique (Dudley, 2014) in terms of the metric
entropy of the class F7, ;7(K). Specifically, recall that for all € > 0, the e-metric entropy of a
set A contained in a metric space (&X', ) is the logarithm of the e-covering number N (e, A, n)

of (A, n), defined by
N(e, A n) :inf{NZ 1:Haxy,...,an CA Ve e A1 <i < N :n(z,x;) < 6}.

The following version of Dudley’s bound will be sufficient for our purposes, and can be deduced
for instance from Lemma 16 of von Luxburg and Bousquet (2004) (see also Lemma 3.2 of van
de Geer (2000)).

Lemma 19 (von Luxburg and Bousquet (2004)). Let G be a set of real-valued measurable
functions on R, Then,

E sup/gd(Pn - P)

geg

|:lnf{7'+/ Vg N(e,G, L2(P,))d H (3.20)

Tight bounds on the metric entropy of the class Fr, ;7 (K) are well known, and were first
obtained in general dimension d by Bronshtein (1976) (see also Dudley (2014)). The following
is a version of Bronshtein’s result stated in Theorem 1 of Guntuboyina and Sen (2012) with
explicit dependence on the constants L and U, which we shall also use in Section 3.3.

Lemma 20 (Bronshtein (1976)). There exist universal constants C, ey > 0 such that for every
L,U > 0andb > a, we have for alle < ¢y(U + L(b — a)),

U—I—L(b—a))g'

€

log N (€, Frv([a, b]?),L®) < C <

Notice that, by condition (S1),
N(-, F1a(X), L*(Py)) < N(-, Fia(X), L®) < N(-, Fra([-1,1)%), L),

and the same upper bound holds for the covering number N (-, 1 1()), L?(Qy)). Combine
these facts with equation (3.19) and with Lemmas 19-20 to deduce that for any 7 > 0,

-4
I (P Qo) = TP Q| S 4 |2 [T el < [uzﬂgfr

n
(3.21)
where we have used the assumption d > 5. Choosing 7 =< n~2/4 leads to the claimed bound,

E|7e(Po, Qn) — Te(P, Q)| S An~2/.
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3212 Case2:1 < a<?2

We prove the claim using a smooth approximation of the cost &, thereby appealing to the result
of Case 1. Let K : R? — R, be an even, smooth mollifier with support lying in By 1. For
o > 0, write K,(x) = 0 %K (x/0). Define the modified cost function ¢, (z,y) = h, (z — y),
where hy = hx K.

Lemma 21. Assume conditions (S1), (H0)-(H1) hold for some o € (1,2). Then, there exist

universal constants C' > 0 and ¢ € (0,1) such that for all o € (0, €), the following statements
hold.

(i) We have,

h — h0'||L°°(Z) S Ao,

(ii) The cost function c, itself satisfies condition (HO0), and satisfies condition (H1) in the sense
that there exists an open set Z1 O Z contained in By 2 such that h, < 1 on Z; and

Hhon(Zl) < Ay i=CAo™ 2

The proof of Lemma 21 appears in Section 3.A.3. Notice that

sup [Te(P,Q) = Te, (P, Q)] < b = ho | e )
PeP(X)
QeP(Y)
thus Lemma 21(i) implies
< E|Te(Pn, Qn) = Tey (Po, Qu)| +E|Te, (Po, Qn) — Te, (P, Q)| + E|Te, (P, Q) — Te(P, Q)|
S 2A0'a +]E‘7;G(Pn,Qn) - 7:20(P7 Q)‘

On the other hand, by Lemma 21(ii), we may apply the result of Case 1 to obtain,
E|Te, (Pn,Qn) — To, (P, Q)| < Ao 2n~2/4,

Altogether, we deduce that for any o € (0, €),
E},]z(Pnan) — 72(P, Q)‘ S A |:O—Oé + O_Q—Qn_%

Choosing o =< n~'/? leads to an upper bound scaling at the rate An~%/? on the right-hand
side of the above display, as claimed.

3213 Case3d:0<a<1

When « € (0, 1], the claim follows by a simpler argument than that of Case 1. For any bounded
set K C R%and L > 0, define the a-Holder ball C*(K; L) = {f € CY(K) : 1 lleaqx) < L},
and let ¢,, and v, be defined as in Case 1. When « < 2, Lemma 18 no longer guarantees that
these potentials are semi-concave, however the following Holder estimate is easily derived,
and stated without proof.
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Lemma 22. Assume conditions (S1) and (HO0), and that condition (H1) holds with o € (0, 1].
Then, ¢, € C*(X; A) and 1, € C*(YV;A) foralln > 1.

By an analogous reduction as in Case 1, we therefore have for any 7 > 0,

BP0 Q) = TP Q| S 4 [0 = [\ flog N(e.o((-1,11%1), L)

By Theorem 2.7.1 of van der Vaart and Wellner (1996), one has
log N(e,C*([~1,1]%1),L®) S e ¥, e >0,

implying that the right-hand side of the penultimate display is of order An~%/4 if 7 =< n~=®/d
and d > 5 > 2«. The claim follows. O

Remark 1. Though Theorem 11 is only stated when d > 5, a simple extension of our proof
yields the rate n~1/2 whenever d < 4 and o = 2, up to a logarithmic factor when d = 4; this
follows by taking 7 = 0 in equation (3.21). A similar extension can be made when « € (0, 1].
On the other hand, our mollification step for the case o € (1,2) does not appear to yield
a sharp convergence rate when d < 2o < 5. After a preprint of this chapter was made
publicly available, the work of Hundrieser, Staudt, and Munk (2022) has extended Theorem 9,
by showing that in all dimensions d > 1, and for all « € (0, 2], the upper bound

n_o‘/d, 20 < d
E|Te(Pr, Qn) — Te(P,Q)| S { n*/4logn, 2a=d (3.22)
n_l/Q, 200 > d

holds under the same assumptions as those of Theorem 9. In particular, this result recovers our
Theorem 9 when d > 5.

3.3 Upper Bounds for Unbounded Measures under Tail Condi-
tions

We now turn to upper bounding the rate of convergence of the empirical optimal transport
cost for measures P, Q € P(R?) with unbounded support, under suitable tail conditions. We
shall assume that the cost function c satisfies the following smoothness assumption, which is a
suitable generalization of condition (H1) to the present setting.

(H2) h € 42 (R?), and there exist p, A > 1 such that 12l g2(p,,) < ArP forallr > 1.

Notice that unlike in Section 3.2, we limit our exposition to costs lying in ;2 rather than )2,
for all a € (0, 2]. As we shall see, our main result is nevertheless sufficiently general to cover
the costs h(z) = ||z||” for all p > 1, via an approximation argument.

Our upper bounds in Section 3.2 hinged upon Lemma 18, which provided quantitative
estimates on the Lipschitz and semi-concavity constants of optimal Kantorovich potentials, for
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any sufficiently smooth cost function over a compact set. In contrast, we now only assume a
local Holder estimate on c in assumption (H2), thus the optimal Kantorovich potentials between
two measures on R? will generally not be globally Lipschitz or semi-concave. While these
properties nevertheless hold locally under rather general conditions (Gangbo and McCann,
1996), we are not aware of existing quantitative estimates under the conditions required for
our development. One of our key technical contributions in this section is to obtain such
quantitative bounds, which we now describe before stating our main result. We begin with the
following straightforward generalization of Lemma 18, whose proof appears in Section 3.B.1.

Lemma 23. Let c be a cost function satisfying conditions (H0) and (H2) with h superlinear. Given
two measures P,Q € P(R%), let m € TI(P, Q) be an optimal coupling with respect to c, and
assume there exists a locally bounded c-concave function ¢ : R? — R such that supp(r) C 9°¢.
Letr > 1, and let

Ar = Asup {||z —y|P : € Bo,, y € 9°¢(Bo)}-
Then, there exist universal constants c1, cy > 0 such that the map
x € Boy > ¢(x) — a1y |22

is concave, and Lipschitz with parameter car\,..

Lemma 23 shows that the local Lipschitz and semi-concavity constants for a Kantorovich
potential ¢ are largely driven by the maximal displacement induced by the coupling 7 over
points lying in By ,. We will show how L°° estimates on these displacements can be obtained
under the following conditions on P, Q.

(i) Super-Gaussian Anticoncentration. We will say a measure P is (-, b)-super-Gaussian
for some v, b > 0 if for any = € R,

P(B,) >b-P(Z € B,), where Z ~ N(0,7%).

(ii) Sub-Weibull Concentration. A measure () is said to be (7, 3)-sub-Weibull (Kuchibhotla
and Chakrabortty, 2022; Vladimirova et al., 2020) for some o > 0and 0 < 8 < 2/if

foo s () s =2

The assumption of super-Gaussianity implies an anticoncentration bound for the underlying
measure, in the sense that it cannot place significantly less probability mass than a Gaussian
distribution in any unit-radius ball. In Section 3.B.9, we show that a measure is super-Gaussian
whenever it admits a regular Lebesgue density in the sense of Polyanskiy and Wu (2016).
For instance, Polyanskiy and Wu show that for any probability measure P with finite first
moment, the mixture distribution /K, x P admits a regular density, where K is the N (0, TQId)
density for some 7 > 0. Any such measure is thus also super-Gaussian. We also note that
absolute continuity is not necessary for super-Gaussianity; for example, given any (possibly
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atomic) measure p € P(R?), any super-Gaussian measure P, and any A € (0, 1), the measure
Ap + (1 — )P is also super-Gaussian.

On the other hand, the sub-Weibull condition is a concentration assumption which gen-
eralizes the well-known sub-Gaussian and sub-exponential conditions, which respectively
correspond to the cases § = 2 and § = 1 up to rescaling of the constant o (Boucheron, Lugosi,
and Massart, 2013). Indeed, it is a straightforward consequence of Markov’s inequality that if
Y has (o, 3)-sub-Weibull distribution for some 5 € (0, 2] and o > 0, then for all u > 0,

u

P(|Y] > u) < 2exp{—; (U)B}. (3.23)

Finally, we shall require the following condition on the cost function c.

(H3) We have h(0) = 0. Furthermore, there exist constants p > 1, x > 1, and a convex
differentiable function w : (1,00) — (1, 00) such that

1 _ _
h) = w(llal), and (=P < W (l2l) < w P forall 2] > 1.

Condition (H3) implies that the function A is superlinear, with order of growth comparable to
that of ||-||” for some p > 1. Aside from the assumption 4(0) = 0, which can always be satisfied
by translation, we emphasize that condition (H3) does not constrain the behaviour of A near
zero, but is nevertheless stronger than the conditions assumed in Section 3.2. Therefore, we
provide several examples of cost functions satisfying these two conditions before turning to
our main results.

The most important example of a cost satisfying our assumptions is, of course, ||-||” forp > 2.
However, when p € (1,2), the cost ||-||” does not satisfy condition (H2); to study this case, we
will employ an approximation argument with the cost function he(z) = (||z|* + €2/P)P/2 — ¢,
which satisfies (H2)-(H3) for any € > 0 and p > 1. This cost function has been of interest in
its own right in the optimal transport literature, as it forms an approximation of ||-||” which
satisfies the celebrated Ma-Trudinger-Wang regularity conditions even when p # 2 (Ma,
Trudinger, and Wang, 2005; Li, Santambrogio, and Wang, 2014).

Conditions (H2)-(H3) also hold for costs that have different power-type behaviors at the
origin and infinity, such as h(z) = A\p|2||P + A¢||2||? for p > ¢ > 2, which arise in the study
of modified transport problems with congestion costs (Brasco, Carlier, and Santambrogio, 2010;
Carlier, Jimenez, and Santambrogio, 2008).

More generally, conditions (H2)—(H3) are satisfied by any twice continuously differentiable
convex cost function of the form

p 1
h(a) oc {Hxn ol >

ho(z), =l <1,

where ho(0) = 0 and p > 2. This family includes, for instance, smooth approximations of the
truncated cost h(z) = ||z||PI(x € Bf), and ¢, analogues of Huber’s loss function.
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While the smoothness condition (H2) will be needed in order to appeal to Lemma 23,
assumption (H3) is sufficient to obtain the following result, which plays a central role in
our development.

Theorem 10. Let P,Q € P(R?) and assume Q is (0, B)-sub-Weibull. Let ¢ be a cost function
satisfying conditions (H0) and (H3), and let m € I1(P, Q) have c-cyclically monotone support.
Then, there exists a constant C' > 0 depending on d, p, 3, k such that for any c-concave function
¢ satisfying supp(m) C 0°¢,

1

1 1
sup |lyll < Co ¢ (|lz||+1)V sup [log < >] ’ , zeR% (3.24)
y€d°p(x) lz—yll<2 P(By)

In particular, if P is (v, b)-super-Gaussian, h is strictly convex, and T.(P,Q) < oo, then the
unique optimal transport map T pushing P forward onto Q satisfies for P-a.e. z € RY,

2
IT ()] < C'o([lz] +1)7, (3.25)
for a constant C' > 0 depending on d, k, p, 3,7, b.

We defer the proof to Section 3.3.2. Theorem 10 implies that any optimal transport plan
between P and Q does not move probability mass from any point z € R? by more than a
polynomial of ||z||. To obtain this result, we required an anticoncentration assumption on the
source measure P and a concentration assumption on the target measure (), ensuring that
their tails are sufficiently comparable to avoid large transports of mass. It is easy to see that
assumptions of this nature are necessary: for instance, if P were compactly supported and ()
were supported over R%, any transport plan in II( P, Q) would couple a nonzero amount of
mass from the bounded support of P with points lying at an arbitrarily far distance.

In the special case where () is sub-Gaussian, its tails are no heavier than those of a super-
Gaussian measure P. Equation (3.25) shows that the optimal transport map from P to ) grows
at most linearly in this regime, irrespective of the order of growth p of the cost function. This
bound is clearly unimprovable in general, as can be seen by taking P = Q).

Our proof of Theorem 10 is inspired by its non-quantitative analogues proven by Gangbo
and McCann (1996), and by Colombo and Fathi (2021) who derived analogous quantitative
bounds for the special case where P is a Gaussian measure and h(z) = ||z|*. Unlike Colombo
and Fathi (2021), our result holds for any cost function satisfying conditions (H0) and (H3), and
for general measures P, () which are not presumed to be absolutely continuous with respect to
the Lebesgue measure. We shall require this level of generality in the sequel, when Theorem 10
will be invoked for P and () replaced by their empirical counterparts.

Equipped with Theorem 10, we are ready to state the main result of this section.

Theorem 11. Assume conditions (H0), (H2) and (H3) hold. Assume further that P, Q € P(R?)
are both (o, 3)-sub-Weibull, and (-, b)-super-Gaussian. Then, there exists a constant C' > 0
depending on o, 8,7, b, k,p, d such that

2

E"]::(P’ruQn) - 7::(P7 Q)‘ <CAn~a.
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Theorem 11 shows that, for ;2 convex costs with polynomial rate of growth, the n=2/d

rate of convergence obtained for compactly supported measures in Section 3.2 carries over to
unboundedly supported measures, with tails satisfying suitable concentration and anticon-
centration conditions. While Theorem 11 does not provide upper bounds for 4}2. costs when
a < 2, it is sufficiently general to deduce the following special case.

Corollary 5. Assume P,Q € P(RY) satisfy the same conditions as Theorem 11. Then, for all
p>1,

n_p/d, l<p<2

For the regime p > 2, this result follows as a direct consequence of Theorem 11, while for
the regime 1 < p < 2, we achieve the claim by using a smooth uniform approximation of ||-||”
which satisfies the conditions of Theorem 11. The proof is deferred to Section 3.B.7.

By reasoning identically as in Corollary 4, one can also deduce a convergence rate for
empirical Wasserstein distances between measures with unbounded support. In particular,
equation (3.15) continues to hold for all P,Q € P(R%) satisfying the conditions of Theorem 11,
and satisfying W), (P, Q) > éo > 0.

3.3.1 Proof of Theorem 11

As in the proof of Theorem 9, we shall reduce the problem of bounding the L*(PP) convergence
rate of 7.(P,, Q) to that of bounding the supremum of an empirical process. Unlike in
Theorem 9, the relevant empirical process in this section will be indexed by locally semi-
concave Lipschitz functions, with quantitative local Lipschitz and semi-concavity moduli
obtained in part by appealing to Theorem 10. Our proof proceeds with eight steps, the first five
of which carry out this reduction, and the last three of which bound the resulting empirical
process. Throughout the proof, C, C’, C;, ¢; > 0,4 > 0, denote constants possibly depending on
o, 8,7, b, k, p, d, which do not depend on A or otherwise on ¢, P and (), and whose value may
change from line to line. Likewise, the symbols < and < hide constants possibly depending on
the former quantities. All intermediary results appearing in the sequel are proven in Section 3.B.

Step 0: Setup. Let L; = [—37, 3j]d forall j > 0. Forall j > 1,let I;1,..., Ijp, denote
the mg := 3¢ — 1 cubes of side-length 2 - 3/~! forming the natural partition of L;j\ Lj_y.For
notational convenience, set Iy = Igp, = Lo forall k = 1, ..., mg, and define

mq
Ij = Lj\Lj,1: UIjk, jZl
k=1

Note that {/; : j > 0} and {I;, : j > 0,1 < k < my} are partitions of R?, up to measure-zero
intersections. We also write £; = sup,¢;, [z = Vd37 for all j > 0.

Let F denote the set of convex functions over R?. Recall that F,, () denotes the set of
m-Lipschitz convex functions over a convex set I C R?, which are uniformly bounded over I
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by u > 0.Let M = (M; : j > 0)and U = (U, : j > 0) denote sequences of nonnegative real
numbers, and let

Kuu = {f R S R: (—f)|]].k € ]:Mj,Uj(Ijk)a j>20,1<k< md}. (3.26)

Step 1: Extension of Kantorovich Potentials. Let

R, = max [|X;| vV [[Yi].
1<i<n

Conditions (H0) and (H3) imply that h(z) < & ||z||” for all z € R?, thus h is bounded above
by R, := k(2R,)P over By g, . It can then be deduced from Lemma 17(ii) that there exist
potentials f,, : supp(P,) — [~Ry,0] and g,, : supp(Q,) — [0, R,,] such that (f,,gn) €
& (P, Qr) and (fn, gn) is optimal for the optimal transport problem from P, to (Q),,. We
extend the domain of f,, and g, to R? using the following construction. Define for all y € RY,

ma(y) = _int  {e(@y) = fule)} AR

z€supp(Pp)

and for all z,y € R,

bnl) = (@) = inf {e(o.y) = ma)}, valy) =) = inf {e(e,y) - ni()}.

yER4 z€R

Lemma 24. Given an optimal coupling m,, between P, and ), the following hold.
(i) Forallz,y € RY, On() + ¥n(y) < clz,y).
(ii) on(x) = fu(z) for all x € supp(P,), and ¥n(y) = gn(y) for ally € supp(Q,). In

particular,

TePus @) = [ éndPst [ Q.

(@) V [¢n(z)| < Ra.
(iv) For all (z,y) € supp(my,), (z,y) € 0°¢p and (y,z) € IYn.

By Lemma 24(iii), ¢,, and 1, are bounded, so ¢,, € L'(P) and v,, € L*(Q). This fact
combined with Lemma 24(i) guarantees that (¢, ¥,,) € ®.(P, Q), whence

T (P, dpP d
(P,Q) = ¢¢21<11>pr)/¢ +/¢Q

> /¢ndp+/wndQ = %(Pnan) + /(bnd(P_ Pn) + /¢nd(Q - Qn)
(3.27)
It remains to bound the last two terms on the right-hand side of the above display. We shall do

so by first proving that ¢,,, ¥, € K,y with high probability, for suitable sequences M and U.
We focus on ¢,,, and a symmetric argument can be used for ,.
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By Lemma 23, recall that the Lipschitz and semi-concavity moduli of ¢y,|1,, are largely
driven by the magnitude of the c-superdifferential 9°¢,,(I;1). The bulk of our effort will go
into bounding this quantity. In fact, it will suffice to bound that of 9°¢,,(L;), for all j > 0. To
do so, we proceed with the following step, in view of invoking Theorem 10 with the measures
P, and Q,,.

Step 2: Global Concentration and Local Anticoncentration of P,,, Q. Fix p = %p \% %,

and set
Vip = / oo () apue), 1o = / oo (117 40, .
, 2007 S 2007

By Jensen’s inequality, notice that

8
/eXp (Hx”> dP,(z) < folvl’" <2, (3.28)

2pV1 no?

implying that P,, is (o/(pV1.,)"/?, B)-sub-Weibull. Similarly, Q,, is (¢(pV2.,)"/?, 8)-sub-Weibull,
implying that both are (¢(pV;,)!/?, B)-sub-Weibull when V;, = V1 ,, + Va ..
We further show that P, satisfies a high-probability anticoncentration bound in a suffi-
ciently small region about the origin. Specifically, define the integer
2

_|! gl
In = {2 logs <4dlog n)J , (3.29)

and the event

z€Lj [lz—y[ <2

J,
~N [ : C
A, = ﬂ { inf inf P,(By) > ;exp(—@/’f)},

where we recall that the parameter v arises from the super-Gaussianity assumption on P
and Q. The following result is proven using elementary tools from empirical process theory.

Lemma 25. There exists a sufficiently large choice of the constant Cy > 0, depending only on +,
such that P(AS) < 1/n.

Step 3: Bounding 9°¢y,. Step 2 will allow us to bound 9°¢,,(L;) whenever 0 < j < J,
by invoking Theorem 10. On the other hand, P, may place insufficient mass outside the box
L, to appeal to Theorem 10 when j > .J,,, thus we treat this case separately below.

« Regime 1: 0 < j < J,,. By Step 2, Q,, is (o(pV;,)"/#, B)-sub-Weibull, and supp(,,) C
0°¢py, by Lemma 24(iv). Therefore, by Theorem 10, we have for all 0 < 5 < J,,

1
1 1 5
sup |yl S V.2 (4; +1)V sup [log <>} )
y€O°pn(Lj) ! llz—y||<2 P (By)

Over the event A,,, we therefore have uniformly in 0 < j < J,,,

5 1 1 2 1
sup |yl SV [+ 1+ 2/4%) 7T SV S Vs
y€O°Pn (L)
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for a large enough exponent ¢; > 1.

* Regime 2: J,, < j < oo. In this regime, it will suffice to provide a crude bound on
0°¢n(L;). We begin with the following result, which is a quantitative generalization of
Proposition C.4 of Gangbo and McCann (1996).

Proposition 9. Let R, > 4. Let ¢ : R? — R be a c-concave function such that |¢| < R
over By ;. Then, under conditions (H0) and (H3), we have

—1 _
sup [ly[" < Cpu(r?T + R),
yeac¢(30,r/2)
for a constant ), . > 0 depending only on p and k.

By Proposition 9, it will suffice to bound |¢y, ()| uniformly over x € L;, for all j > J,.
Recall from Lemma 24 that |¢,,(z)| < R, thus it suffices to bound R,,. Define D,, =
o(4logn)™/? and the event A, = {R,, < D,,}. Apply a union bound together with the
sub-Weibull assumption on P and ) to deduce that

B
P((A7,)%) S nexp {—; (Dn> } < % (3.30)

g

Over the event A/,, we therefore have |¢,(z)| < R, < D for all z € R%. Combined
with Proposition 9, we deduce

_p . .
sup Iyl < {ej n szl] < (logn) T < (39 log n)®,
y€O°Pn(Lj)

for a large enough exponent g3 > 0.

In summary, the following holds over the event A,, N A}, uniformly in j > 0,

1
FUVy, 0<j<Jn

sup |yl < Hj :==C2 9" ,
(37 logn)®, j > J,.

YyEI Pn (L]')

Step 4: Bounding the Lipschitz and Semi-Concavity Moduli of ¢,,. Define for a large
enough constant C5 > 0,

&nlx) = Cs||z)* Y HYI(x € I)),
§=0
and set ¢ (z) = 1¢n(2) — & (z). Under condition (H3), it follows from Lemma 23 that
$n| I 1s Cy H j’? ¢;-Lipschitz and concave for all j > O and k = 1,...,mg. Furthermore, the
map $n — $n(0) is bounded over L;, and hence also over I, by C5H§?€?. Thus, there exist

sufficiently large exponents r; > 1,1 <4 < 4, such that if M=(M;)52,, U=(U;)32,, where

i =

39 0<j<J, 39, 0<j<Jy,
My=c{7 " =)= Uj=c'{" =)=
(37logn)™2, j > Jp. (37 logn)™, j> J,.
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_pr ~
then Vj, ” (d)n - ¢n(0)) € K, over the event A, N A/,.

Step 5: Empirical Process Reduction. We deduce from Step 4 that, over 4,, N A/,

foien-p)- i/W -7+ [satr—r)

<A’/ Jd(P, — P‘+A’/gnp P)‘

< AVnﬂ sup /fd(Pn —P)+A ‘/@d(Pn - P)‘ .

fekm,u

Apply the same argument over the event

JIn
E,=A4,nA N ﬂ { inf inf Q,(By) > C;exp(—ﬁjz/’y%}
=0

z€lj [lz—y[<2

to deduce similarly that v, P8 (thn — 1hn(0)) € K, where Un(y) = Tn(y) — €u(y), up to
increasing the constants C, C’, C3 > 0, and that P(ES) < 1/n. We thus have, over E,,,

p
‘/wn . 'gAv,f sup /gd +A|/§n - ‘ (3:31)
9eX U

In the sequel, we write

X, = ‘/fndu% —P)] " '/énd@n—@

= s [rae-P+ s [od@ - Q)

fekm,u 9€Rm,u

)|, and,

so that,
E {IEn H/ Gnd(Pp — P)‘ + ‘/ Pnd(Qn Q)H }5 AE [VnZAn} + AE[X,)]
<A (1[«: [vn%p}E [Ai])m + AE[X,]

Since P and @ are (o, 3)-sub-Weibull, and since p > 2p/p, it readily follows from Jensen’s
inequality that EVn2 p/8 < 2. Deduce that

E {IEn H/<Z>nd(Pn - P)‘ + '/wnd(cgn - Q)H} SAVE[A2] + AE[X,].  (332)

Step 6: Metric Entropy Bound. Key to bounding E[A2] is the following upper bound on
the L?(P,) metric entropy of the class Ky p.
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Proposition 10. There exists C5 > 0 such that for all e > 0,

o

d
logN(€7ICM,U7L2(Pn)) < 05 ’ Vn467 .

Proof. Using Lemma 20, we prove the following result in Section 3.B.5, inspired by Corollary
2.7.4 of van der Vaart and Wellner (1996).

Lemma 26. Foralle > 0,

d oo mg 417(1
2 < (1) i e i
tog N6, Kagr, (P £ () [ D00 (0 + diam (1) M) 75 Po(10)7
§=0 k=1
In particular, Lemma 26 implies,
4+d
d [ o 1
2 1y> VAT 4
log N (e, Karw, L2(Pn)) S ( - > (U; + 3 M) T Py(I) 7
j=0
By Markov’s inequality, notice that for all j > 0,
B
S exp (1) apy(a) ’
. c < Y
Pn(I]) S n( 3]—1) ~ exp (3(]71)ﬁ/2p0'f8) S Vn exp( C13 ),
so that
4+d
a 0o 4
) 1\2 d ) 2d 5
log N (e, Karor, L2(P,)) < <6> Vit | ) (Uj + 37 M;) ¥+ exp(—c1377)
j=0
1 g d In 2d
< <> 4 <Z (3j7’1 + 3j3jr3)m exp(—cl?)jﬂ)
€
J=0 4+d

i . . 2d_ S\t
+ Z ((3/logn)"™ + 37 (37 log n)™) 4+ exp(—c1379) .
j=dnt1

We deduce that there exist constants co, c3 > 0 such that

logN (e, Karvr, L2(Py))

4+d
1 % a | In . . > . . !
5() Vil Z?ﬂ”exp(—c?,?ﬂﬁ)—l—(logn)°2 Z 392 exp(—c3377)
€
Jj=0 j:J7L+1

Notice that 3 22, 37% exp(—c3377) < oo, thus the first summation on the right-hand side of
the above display is finite. For the second summation, notice that there exists Jo > 0 such that
for all j > Jy, 372 < exp(c437#) where ¢4 = ¢3/2. Thus, since J,, =< loglog n, we obtain

logN (e, Karvr, L*(Py))
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44-d
da 00 4
1\2 ¢
S <6> |1+ (logn)® _EJ c4377)
d d
1\2 4 a4d 1\2 d
S <> |25 [1 + (logn)* exp ( — ¢y (3B 4 1))} T < () Vit
€ €
This proves Proposition 10. O

Step 7: Chaining. Equipped with Proposition 10, we are now in a position to bound the
expected (squared) supremum of the empirical process indexed by Kp7,;7. We begin by noting
the following.

Lemma 27. It holds that

2ry
sup / fap, —py| | < dosm™ |
fekmu n

By combining Lemma 27 with Lemma 19 and Proposition 10, we deduce that for all 7 > 0,

d d
1 2ry E n4 © 71\ 1
sup /fdP - P) ,SM-F T+ v / <) de
fekmu n N €
Since P and @ are (o, 3)-sub-Weibull, and since p > d/4, we again have by Jensen’s inequality
that E[Vd/4] < 2 for both 7 = 1,2, implying that E[VTZJ’M] < ¢5. Choosing 7 =< n~%/% in

the above display thus leads to a bound scaling at the rate n~%/?. Upon repeating the same
argument for @),,, we obtain

sup /fdP —P)

feRm,u

2

E[A2] < n~2/4, (3.33)

Step 8: Conclusion. Let (¢o,10) € @.(P,Q) be a pair of optimal Kantorovich potentials
between P and Q. It follows similarly as in the proof of Theorem 9 that

TePos @) = TUP.Q) = [ oud(Py = )+ [ ud(Qu~ @) = T
Combine the above display with equations (3.27), (3.32) and (3.33) to deduce
E‘,]Z(an Qn) - 7;(P, Q)}

<EIL,| +E [ [ budtp - P>] +E [ [ ni@u - Q)}

< E|T| + A{IE[X ] E[A%]} +E [IE% /¢nd(Pn _ P)] +E [IE% /wnd(Qn - Q)]
SEIT| + A{E[X] + VEAZ]} + /P(ES)ER]

< E|l,| + A{ [X,] +n Q/d} +n " Y2(logn)®. (3.34)

The quantities I';, and &, are simple to bound in expectation, as we now show.
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Lemma 28. Foranye > 0, E|l',| VE[X,] S nee,

Since d > 5, combining equation (3.34) with Lemma 28 leads to the claim. O

3.3.2 Proof of Theorem 10

Fix 2 € RZ If 9°¢(x) is empty, then there is nothing to show, thus suppose otherwise. Choose
Ye € 0°p(x). Let K, = 2(3x%)"/(P~1) and notice that we may assume

Y]l = 4(Kp + (]l + 1), (3.35)

as otherwise we are done. In particular, this assumption implies ||y, — z|| > 4, thus the
following ball is non-empty

U:{ueRd:Hu—y;pHSHﬁU—Z/zH—l}'

Furthermore, define { = (y, — )/ ||y — x
centered at x + 2¢ is contained in U.

, and note that the ball S := B, ¢ of radius 1

If 9°¢(S) = 0, then the condition supp(7) C 9°¢ implies P(S) = 0, in which case the
right-hand side of equation (3.24) is infinite and the claim is trivial. Thus, assume otherwise,
and pick u € S for which 0°(u) is nonempty. Notice that ||z — u|| < 3. Furthermore,
let y, € 0°¢(u) be arbitrary. Since ¢ is c-concave, the set 9°¢ is c-cyclically monotone by
Lemma 17(iii). In particular,

C(l’, ym) - c(u, ym) < C(l‘, yu) - c(”? yu)

Thus, using condition (H3),

c(z,yu) — c(u, yu) = w(llz — yal)) — w(flu — yzl)) (Since [z — yz|| A flu — yal| = 1)
> w(||x — yz||) — w(||x —yz|]| —1) (Since u € U and w is increasing)
> w'(|lz = ya = 1) (By convexity of w)
1
> = (lz — yel — 1P (By condition (H3))
K
-1 .
> el (Since [z — u.| > 4)

Now, conditions (HO0) and (H3) imply that 1(z) < xforall z € By ;. Furthermore, the preceding
display combined with equation (3.35) implies that ¢(x, y,,) > k, whence ||z — y, || > 1. We
may thus again apply conditions (HO) and (H3) to obtain,

e, yu) = e(u, yu) < (VA(z —yu), 2 —u) <& (|lz =) o —ul <35 lo "

We deduce that ||z — y,|| < K, ||z — yu|| , whence,

1
Yzl < Kp |2 = yull + ll2ll < Kp llyull + 2]l (Kp +1) < Kp yull + 7 lly2]l
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where the last inequality is due to equation (3.35). We thus have ||y, || > C'||y.|| for a constant
C > 0 depending only on d, p, k. It follows that,

°6(S) € {v e RY: o] > C |}
Given Y ~ (), we deduce from the sub-Weibull condition on () that

cmmﬁ>

Q°¢(S)) <P (Y]l = Cllyzll) S exp <— 507

On the other hand, using the fact that supp(7w) C 0°¢p, one has
Q(9°¢(S)) = m(R? x 9°¢(5)) = (S x 0°¢(S)) = P(9),
so that,

CP |y, || . .
mp(-Qﬁ,zQ@¢w»zmazm¢%9wa (3.36)

The first claim follows. To prove the second claim, recall from the definition of (v, b)-super-
Gaussianity that for all y € R such that ||z — y|| < 2,

P(By) >

/272

for a constant C; > 0 depending on d, b, . By Lemma 17(iv), since 7.(P, Q) < oo, any optimal
coupling 7 between P and @ lies in the support of a c-concave potential ¢. We may therefore
apply equation (3.36) to deduce that, for some constant C’ > 0, any such coupling satisfies

L(By) inf exp(—|121%/27%) > Crexp(—||z[|*/C1),
z&by

2
lyll < C'o(Jlzl +1)7, m-ae (z,y).

Furthermore, since P is absolutely continuous with respect to the Lebesgue measure, notice that
the conditions of Gangbo and McCann (1996), Theorem 1.2, are satisfied under conditions (HO)
and (H3) and the strict convexity of h. Therefore, there exists a unique optimal transport map
T from P to (), so that the measure 7 in the above display may be taken to be (Id,T")4 P. The
claim follows. O

3.4 Lower Bounds

In this section, we derive two lower bounds which imply that the rates of convergence derived
in Sections 3.2 and 3.3 are typically unimprovable. In Section 3.4.1, we obtain lower bounds
on the rate of convergence of the empirical optimal transport cost, while in Section 3.4.2, we
derive a minimax lower bound which implies that, up to polylogarithmic factors, no estimator
of 7.(P, Q) can achieve a faster rate of convergence than the empirical estimator uniformly
over all pairs of measures P, ().
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In order to state our lower bounds, we require an assumption on the maximal Holder
exponent a € (0, 2] achievable by the cost h. To state such an assumption, recall that our
upper bounds were based, for instance, on the condition A = 1V [|A[|4a(z,) < oo, for some
a € (0, 2], which in particular implies that for all z, zy € Z,

Allz — z||* <1
h(=) = h(zo) < 4 12 = 20l L=t
(Vh(20),2z — z0) + M|z — 20]|", a>1

We shall assume the following dual condition throughout this section.

(H4) X and ) are convex sets with nonempty interior, and are such that h is differentiable
over Z = X — ). Furthermore, there exist A > 0, « € (0,2],and zo = 9 —yp € Z
such that 2o € int(X), yp € int(Y), and for all z € Z,

Az — z|¢ <1
W) = h(zo) = 4 7 2l Lot
(Vh(20),2 — z0) + A ||z — 20||", a>1

Notice that condition (H4) implies that X and ) have positive Lebesgue measure over R%. The
presence of this assumption can be anticipated from the fact that empirical optimal transport
costs may achieve improved rates of convergence when X and ) have intrinsic dimension less
than d (Weed and Bach, 2019). It is straightforward to verify that conditions (HO) and (H4) are
satisfied by the cost h(x) = ||z||” when 1 < p < 2 with @ = p and 2y = 0. These conditions
are also satisfied for 2 < p < oo and a = 2, whenever there exists a neighborhood of zero
which is not contained in Z. We also note that condition (H4) is satisfied with o = 2 by any
differentiable and (2)\)-strongly convex function h over Z.

Finally, we assume throughout this section that X; is independent of Y} forall 1 <, j < n.
Though this condition is not needed to derive our upper bounds, we do not preclude the
possibility that they may be sharpened under particular dependence structures between the
samples from P and Q.

3.41 Lower Bounds for the Empirical Optimal Transport Cost

We begin with the following lower bound on the rate of convergence of the empirical optimal
transport cost.

Proposition 11. Assume conditions (HO) and (H4). Then,

sup  Epq|Te(P, Qn) — Te(P, Q)] 2 An =/,
PEP(X)
QEP(Y)

Proposition 11 implies that the upper bounds in Theorems 9, 11, and Corollaries thereafter
cannot generally be improved, provided that the Holder exponent « therein is chosen maximally
in the sense of condition (H4). As we now show, our lower bound is constructive, and is
typically achieved by absolutely continuous measures differing by a location translation, as in
Example 3.1.1.
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Proof. We prove the claim assuming « € (1, 2], and an analogous argument may be used when
a € (0,1]. Since z € int(X) and yo € int()), there exists € > 0 such that X := By, C X
and )y := By, . € ). Define the measures

P ﬁ’Xo . Q= ﬁ‘yo 7
L(Xo) L(Yo)
where recall that £ is the Lebesgue measure on R%. By construction, Q = Toy P where
To(x) = = + zp. Since h is convex, it follows by the same argument as in Example 3.1.1 that

Tp is an optimal transport map from P to Q).

Let v, denote an optimal coupling between F,, and () with respect to the cost c. Then, by
condition (H4),

Te(Pos @) = TP @) = [ [ela) = el To@)) | dn(a,1)
— [ 1ty =)~ ho) (o)

> [ [(VhGa0).y = = 20) + Ay = = 20l |draa.

= [ {19ty =2} + Al - 2l | dmao, ),
where 7, = (Id, Ty ') 4y € TI(Py, P). 1t follows that

(P Q) - T(P.Q) > / (Vh(z0),y — a)dma(z,y) + AWE (P, P)

> [(Vh(z0), 4d(P = Pa) + AW (P, P).
The first order term on the final line of the above display clearly has mean zero, whence
E|Te(Pas Q) = TP, Q)| = NEWY (Pay P) 2 A[EWA(Py, P)]* 2 An ™o/,

where the final inequality follows from Proposition 2.1 of Dudley (1969), due to the absolute
continuity of P with respect to the Lebesgue measure on R%. Finally, since h is continuous
and Zy = Xy — ) is compact, h is bounded over Zj. Thus, by Lemma 17(ii), there exists a
pair of Kantorovich potentials (¢, 1) such that T.(P,, Q) = Jp, (én, ¥n), whence

Ti(PasQn) > Ty 0, (fnsthn) = TPy Q) + / Gnd(Qn — Q).

Since the random variables X1, ..., X,, are independent of Y7, ..., Y}, ¢, is also independent
of Yi,...,Y,, whence

E [/wnd(Qn — Q)‘Xl, o ,Xn] =0.
It readily follows that E7.(P,,, Qn) > ET.(P,, Q), so that

The claim follows. ]
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3.4.2 Minimax Lower Bounds

We next turn to deriving a minimax lower bound on the rate of estimating the optimal transport
cost between two probability measures. Unlike Proposition 11, our next result will require both
condition (H4) and the smoothness condition (H1) from Section 3.2.

Theorem 12. Assume conditions (H0), (H1) and (H4). Then, there exists a constant C' > 0
depending on \, A, d, X, Y, a such that

inf sup Epg|T, — Te(P,Q)| > C(nlogn)~*/,
Tn PEP(X)
QEP(Y)

~

where the infimum is over all Borel-measurable functions T, of X1,..., X, and Yq,...,Y,.

Theorem 12 shows that the convergence rates exhibited throughout this chapter for the
empirical optimal transport cost estimator cannot be improved by any other estimator uniformly
over all pairs of measures in P(X) x P()), up to a polylogarithmic factor. Minimax lower
bounds scaling at the rate (nlogn)~ /¢ have previously been established for the problem of
estimating p-Wasserstein distances by Niles-Weed and Rigollet (2022) (Theorem 11), and we
build upon their techniques to prove Theorem 12. The proof is deferred to Section 3.C.

3.A Omitted Proofs from Section 3.2
3.A.1 Proof of Corollary 3

Throughout the proof, C' > 0 denotes a constant depending only on d, p, r, whose value may
change from line to line.

The proof is elementary, but tedious. To prove the first claim, it suffices to show that
-7, € €*"""P(Byy). It is clear that ||-||, and ||-||7, are Lipschitz for any r,p > 1, thus it
suffices to assume p, 7 > 1. In this case, -HZ is differentiable, and for alll =1, ... ,d,

p
9 Hx”er
6:13,

= pa|ay|" 7 |1 (3.37)

Next, we show that Ml“ is Holder continuous over By » with suitable exponent, uniformly in

l. Let ¥,y € Bo2, and assume without loss of generality that [|z|[, < ||yl|, . Then,

[l 2l = el 5,

< Jarlealr =2 el =l Nl |+ ol 02" = alanl = 2"

= |z ‘Hw\lﬁfr =7+ Ml a2 = w7
For the first term, notice that

" [l = Ilylty "

—1 — —
< Dl (it = ")
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-1 -1 1A(p—1
< llly " = llellg " < Clly — a0
Furthermore, letting €, = sgn(z;) and €, = sgn(y;), we have,

Iyll7" ||zl = yilwnl 2|
= [lyll7 " |exlzal™™" — eylonl"|
<wlly" (\Gx!f’«"z\r_l - €x|yl|r_1‘ + }Gx’yz’r_l - 6y|yl|r_1‘)
< ylle " (™" =l + ol lew — €y)
<yl " (Nl = Jonl ™" + 2l — ") - (3.38)

We now consider several cases. If p > r, then we readily obtain
ity a2 = yulaal” 2] < € (Jaw = 7 + 2l =l ™) < Cla = N0,

If instead p < r < 2, then from equation (3.38), we obtain

Nlly ™" |l = vy 2| < 3llylly " e —wl "

<3l (il + |y Pl — wP ' < Clay — P~
Finally, if p < r and r > 2, we have from equation (3.38),

lylly, " el = w72 < ylly " (0 = D)2l V w2 = gl + 2la — 9l
< Clylly " (2l + lsa))™ a1 — il
< Cllylly " (il + lyl)"Play — P~ < Clag — g~

The preceding displays readily imply that for all 7, d ||-[[j /dx; € ¢ Nr=DAP=1)(By 5), imply-
ing that ||-||] € €*\"\"(By2). The first claim now follows by applying Theorem 9. To prove
the second claim, notice that when r > 2, the map in equation (3.37) is differentiable with
respect to x; over any open subset of By 2 which does not contain the origin, with derivative

el _ P2l 2 lallZ = p g a2 [(p = )lz|" + (r = 1) [lll7, ]

D2 By tr e l el
Recall that for all positive semidefinite matrices A € R?*?, the 1-Schatten norm of A is equal
to its trace, so that || A|| < tr(A). Thus, for any € > 0,

d
Z S ZH%H a7 < 0.
=1

xEBO Q\BO e =1
It readily follows that ||-[|; € 4*(Boz \ Bj,), with Holder norm depending only on d, 7, p, €.
Now, since &X', ) are convex by condition (S1), so is the set Z = X — ), and since X and Y
are closed and disjoint, there must exist € > 0 such that By . N Z = (). Choose any convex
open set Z; containing Z, and contained in By 2 \ Bo ¢/2> tO deduce that condition (H1) holds
with o = 2, and with A depending only on d, p, r, X y The claim follows. ]

O |lzly.
(%zl

sup HV2 HxHZ
2€Bo,2\Bo,e Bo2\ Bo e




Chapter 3. Sharp Rates for Empirical Optimal Transport with Smooth Costs 130

3.A.2 Proof of Lemma 18

The proof is analogous to that of Proposition C.2 of (Gangbo and McCann, 1996), and is included
for completeness. We prove the claim for ¢y, noting that a symmetric argument can be used
for the map v,,. Define the modified cost function

A
hA:zeZ»—>h(z)—§HzH2.
By condition (H1) with a = 2, Vh is A-Lipschitz over Z, implying that for all 21, 22 € Z,

(Vha(z1) — Vha(22), 21 — 22) = (Vh(z1) — Vh(22), 21 — 22) — A |21 — 2||> < 0.

It follows that —Vhp is monotone, whence hy is concave (Hiriart-Urruty and Lemaréchal
(2004), Theorem 4.1.4). Now, notice that forall z € X,
Fu(a) = inf {e(,y) — va(w)} - > [l
= in — - =
n\L sey caz,y n\Y 5 x

= inf {h(m—y)—A[|x—y| Hy||2+2<x7y>} _wn(y)}

yey

= inf {mato =)+ 5 (191 ~ 200 ~ vt |

yey

By concavity of h, the last line of the above display is an infimum of concave functions of .
It follows that ¢,, is concave. To prove that ¢,, is Lipschitz, let z € X and let (yx) C ) be a
sequence such that

~ A -

Bul@) > ) — () = 5l — K.
Then, forall 2’ € X and k& > 1,
~ A _
(e = 3ulo) < ol 1) = o)~ 11| = [em) — vnlon) = ol | + 47
A _
3 [l 1* = [l=)1*] + &~

/ A / / -1

sup VRN ) ll2” = 2l = 5 (27l = 22"l + lll) + &

= h(z' —y) — h(z — yx) —

< <Sup IVA(2)| + A) |2’ — x| + k7! < 2A||2" — 2| + k7L
ZEZ

Since k is arbitrary, the Lipschitz property follows upon repeating a symmetric argument to
upper bound ¢, () — ¢y (2'). Finally, since |¢y| < 1, [n] < 2A as A > 1. O

3.A.3 Proof of Lemma 21

To prove the first part, recall that condition (H1) implies h € €*(2;) with 1 < o < 2, and
A > [[h|lga(z,)- Forany z € Z,let A; := {u € RY: z —u € Z1}. Since Z is compact and
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Z, is open, there exists € > 0 such that for all z € Z, By C A,. In particular, if o < ¢, then
u € A, for all z € Z and u in the support of K.

Moreover, we have by a first-order Taylor expansion that for all z € Z and u € A,,
h(z —u) — h(z) = —(Vh(z — tu),u),
for some t € (0, 1). By convexity of Z, we have z — tu € Z;. It follows that
|h(z —u) — h(z) + (Vh(z),u)| < [(Vh(z) — Vh(z — tu),u)| < Alul®.

Finally, the fact that K is even implies that [ uK,(u)du = 0. Combining these facts, we
obtain

ho(2) — ()] = ‘ / [h(z - u) — h(2)] Ko (u)du

< ‘/ [h(z = u) = h(z) + (VA(2), u)]| Ky (u)du

+ ‘ / (Vh(2), u) Ky (u)du

(3.39)

< A/ lull* K (u)du < Ao®, (3.40)

since the support of K, lies in By .. This proves the first claim.

To prove the second part, it is easy to see that the cost h, is convex, even, and lower
semi-continuous by assumption on h, thus h, satisfies assumption (HO). Now, let Z, be an
open set such that Z C Z~1 and such that CI(Z~1) C Z,. After possibly decreasing the value
of € > 0, we may again ensure that B, . C 2 forall z € 21. We shall now prove that h,
satisfies assumption (H1) with the Holder norm || A, < CAo*2aslongas o < e That

©2(21)
he < 1 on Z; is immediate, so it suffices to show that h, has the requisite Holder norm.

Define for any given z € Z and all u € R,

h(u) = h(u) — h(z) — (Vh(z),u — 2), he = hx K,.

As before, for any z € Z; and any u € R such that ||Ju — z|| < ¢, we have u € Z1, whence a
first-order Taylor expansion leads to

R(u)] < Az — ull®.
We thus obtain for all z € Z~1,
V2o (2) [l = V2 ho(2)l

< / IV Ky (2 — 1) |sodu

=g 12 / ()| V2K (= = u)/0)||oodu
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< 20712 [z = ul VK ) /o)
=202 [l V2K (@)t < CA0* 2,

for some constant C' depending only on K. This proves the second claim. O

3.B Omitted Proofs from Section 3.3

3.B.1 Proof of Lemma 23

Let f : © € By, — ¢(x) — c1A||z|*. Under condition (H2), recall that for all R > 0,
||h||<€2(BO,R) § ARP Set

R=sup{||z —y| : @ € By, y € 0°¢(Bo,)},

and let A, = ARP. It then follows by the same argument as in the proof of Lemma 18 that the
map

ha

T

A,
12 € Bor— h(z) — 5 [Els

is concave. Now, the assumptions on ¢ in Lemma 17(iv) are satisfied under conditions (H0), (H2),
and under the assumption of superlinearity of A, thus the assumption of local boundedness on
¢ ensures that 0°¢(z) is nonempty for all z € By, and that ¢ admits the representation

o) = it {e(wy) - ")}

yeac¢(BO,r)

It follows that

A,
f@)= it {ele) =6 @) = F o

A, 2
= it -+ Sl - 2] - o }
ot -+ F [ - 2] - o
Notice that ||z — y|| < R for all z, y appearing in the infimum of the final line in the above
display, thus hy, is defined and concave therein. Similarly as in Lemma 18, the last line of the
above display is thus an infimum of concave functions of z, implying that f is concave. To
prove that f is Lipschitz, let z € By, and choose a sequence (y;) C ) such that

F@) > e, ye) — () — % 22— k1.

Then, for all 2/ € By, and k > 1,

Fal) = () < [etalom) = 05) = 1] = et = () = 5 ol + 10

Ay

5 [a'1? = ll2]7) + &~

= h(z" —yg) — h(z — yx) —
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A, -
< ( sup IVh(z)H) 2" =l + = ('l = el + fl2]) + &

ZGBO,R

< ( sup [|VA(z)] +1"Ar> 2’ — ] + &7

ZGBO’R

<2rA ||z — x| + kL

The claim readily follows. O

3.B.2 Proof of Lemma 24

Part (i) is immediate by definition of c-conjugate. For part (ii), note that for any x € supp(P,),

én(w) = inf {e(w,y) —m(y)} > inf {c@.y) = |c(@.y) = ful)| } = ful2). G4

yeRd yeRd

Similarly, for any y € supp(Qy,), since (fn, gn) € Pc(Pp, Qn),

Yaly) = inf, {e(z.y) — 6u(@) |

z€R
> xienﬂgd {c(a:, y) — [c(:c, y) — nn(y)] }
= nn(Y)
= ot {eley) ~ h@) | AR

> gn(y> A Rn = gn(y) )

where the final equality uses that g,, maps into [0, R,,]. Since P, and @Q,, are finitely supported,
either of the above inequalities is strict if and only if

[oudPat [60dQu> [ fudP+ [ guiQu = To(P Q).

in violation of the optimality of (f,,gn). Therefore ¢, and 1), agree with f, and g, on
supp(F,) and supp(Q»n), and

Te(Pos @) = [ 0ndPs+ [ 6, (3.42)

To prove part (iii), note that 7, is nonnegative over RY, since f, is nonpositive over
supp(P,). Therefore, for any = € R,

on(r) = it {e(z,) ~ mly) } < (0) = m(x) <0

Furthermore, since 7),, is bounded above by R,.

On(e) 2 inf, {e(,y) = Ru} > ~Ra, (3.43)
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Thus, |¢, ()| < R,,. Similarly, since ¢,, is nonpositive, 1, is nonnegative, and for all y € RY,

Unly) = inf {c(z,y) = 6u(@)} < (0) = duly) < B,

zeR

tn(7)] < R, as well.

where we used equation (3.43). Thus,
Finally, to prove part (iv), equation (3.42) and the primal definition of T.(P,, @,) < oo
imply
/ [C(x7y) - ¢n(x) - wn(y)] dﬁn(xa y) =0.

By part (i), the integrand of the above display is nonnegative, thus

c(x,y) = ¢n(@) + ¢nly), forall (z,y) € supp(ms).

Since ¢, and 1, are bounded by part (iii), it must then follow from Lemma 17(iv) that for any
(z,y) satisfying the above display, (z,y) € 0°¢, () and (y, x) € 0Un(y). O

3.B.3 Proof of Lemma 25

Let BB denote the set of all balls in R?. Recall that 3 has Vapnik-Chervonenkis dimension d + 2,
thus the Vapnik-Chervonenkis inequality (Vapnik and Chervonenkis, 1968) implies that for all
u > 0,

2
P (sup |P.(B) — P(B)| > u) < ndt2exp (_nu) : (3.44)
BeB 32

By the assumption of (7, b)-super-Gaussianity, we have for all ||y — z|| < 2,
P(By) % | exp (= llull* /(29%))du Z exp (= l|z]* /7?),
Yy

so that, forall 0 < j < J,,,

inf inf P(By)>C —03/9%).

f ot , P(By) 2 Crow(=6/7)
Thus setting u = Cy exp(—ﬁ?/fy2)/2 in equation (3.44) for all 0 < j < J,,, and applying a
union bound, leads to

c d+2 % 2 /.2 d+2 %
P (A7) Sn®“Jpexpq ——-onexp(—205 /v7) p =n"""Jexp — <

128

The claim follows. O
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3.B.4 Proof of Proposition 9

The proof proceeds using a similar argument as that of Proposition C.4 of Gangbo and McCann
(1996). Under conditions (HO0) and (H3), it follows from Lemma 17(iv) that 0°¢(z) is nonempty
for all z € B, /5. For any y € 0°¢(z), we have

d(z) = c(z,y) — ¢°(y).

Letv = x—y. If ||v]| < r there is nothing to prove, so assume otherwise, and define { = 1— m

Our assumption implies that £ € [1/2, 1]. Furthermore, define

u:mg_m:x_;(ngu).

Then, the penultimate display leads to
h(v) = h(&v) = c(z,y) — c(u,y) = c(z,y) — ¢°(y) — [c(u, y) — °(y)] < d(x) — P(u) < 2R.

This fact, together with the convexity and differentiability of h away from zero, under condi-
tion (H3), implies

r

5 (Vh(&v),v/ |[vll) < 2R.

On the other hand, by condition (H3) we have h(0) = 0, thus by convexity of A,
h(&v) < &v 4R
< { Vh(&v), < —.

€]l [kl r

In particular, since h(z) > k™1 ||z||” for all ||z|| > 2 under condition (H3), we have ||€v|[P~* <
AR/r, thus since £ > 1/2and r > 1, |[v[|P~* < R, and hence

—1 —1
Iy~ < [l + R.

The claim follows. O

3.B.5 Proof of Lemma 26

Let J\Zj;i = M; and Ujk =Ujforallj > 0andk =1,...,mg. Fix an enumeration Dy, D, . ..
(resp. My, My, ... and Uy, Us,...) of the set {11, : 7 > 0,1 < k < mg} (resp. (M), (Uji)).
Given a sequence (a;)72; of positive real numbers, let p; = N(ea;, Fyz, g, (D;), L>°) and let
fixs- -, Jip; beacaj-cover for Fy; 5 (Dj) in L. By Lemma 20, we have

_ _ d
Uj + dlam(Dj)MJ> 2

logp; < (
eaj

Now, it can be directly verified that the set

oo
> fik ki€ {l. . p}i =0
j=1
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1/2
forms an € (ZOO a2P,(D; )) -cover of Ky in L?(P,), which is of size [[;2, p;- Thus,

j=1%;
1/2 _ _ d
> > 2. (U;j + diam(D;)M; \ 2
2 2 J j)
logN | e Zajpn(pj) K, L2 (Pr) Szglogpj§2< @ ) .
= J= j=
Now, set .
_ _d 2
a; = (U; + diam(D;)M;) ¥4 P, (D;)~ @+
Then
_ d
> diam(D;)M;\ 2 _ | 2d
3 (UJ + diam(D;) J) = 5" (U + diam(D;) ;) 75 P, (D;) i,
7j=1 g Jj=1
and,
o0 o0 B 2d
> i Pu(Dy) < (Uj + diam(D;) M;) 1 P (D;) 7+
j=1 j=1
We deduce that for all € > 0,
d
= s U; + diam(D;) M, 5
log N (e,ICM,U,LQ(Pn)) < Za?Pn(Dj) ( J | J ])
= = €a,
44d
00 4
1\:2 _ _ . 2d d
N <> (U] + diam(D )M]) a1 P, (D) d+
€ =
The claim follows. O

3.B.6 Proof of Lemma 27

To prove the claim, it suffices to show that the variance of the supremum of the empirical
process is of the order (log n)z’“4 /n. By Boucheron, Lugosi, and Massart (2013, Theorem 11.1),
it holds that

2
sup /fdP —-P)| < E | sup X;) —Ef(Xy)
Jekar,u n? Zz; fEKMU ' Z )
1
S-E| sup f3(X1)
no | fekmu

= Z/ ( sup £ )) dP(x)
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1 o
< gZUfP(Lj)
=0

o0

1 . .
< - J 2ry _..2iB
< D (¥ log )’ exp(—er3)

7=0
2
< (logn)™
~ n

The claim readily follows. O

3.B.7 Proof of Lemma 28

We begin with E|T',,|. Since the quantity | ¢od(P, — P) remains unchanged if a constant is
added to the map ¢y, there is no loss of generality in assuming ¢(0) = 0. By Theorem 10 and
Lemma 23 it must then follow that ¢o(z) < 1+ ||z]| for a sufficiently large exponent ¢ > 1,
implying that

E[¢o(X)*] S 1+ E[|IX||*] < C,

where the final inequality holds because P is (o, §)-sub-Weibull, and thus admits (2¢)-th
moment bounded above by a constant depending only on g, o and g, for all ¢ > 1. Therefore,
by Markov’s inequality,

o > C 1
_p)l= _ —1/2
E’/¢Od(pn p)‘ _/0 P<‘/¢Od(Pn p)‘ Zu) du <n +/n_% —3du s N

Applying a similar argument to 1y leads to E|T',,| < n~1/2.

Turning to X, notice that |£,(z)| < (logn ||z|)? for all z € R, for a sufficiently large
constant ¢’ > 0, thus it follows similarly as before that E[A;,] < (logn)?n~2 < n< 2 for
any € > 0. O

3.B.8 Proof of Corollary 5

The claim is straightforward when p > 2. To prove the claim when p € (1,2), abbreviate
hp(x) = ||z||?, and for all € € [0, 1] define the cost

(N3]

hyelw) = (llal* +e2)* —e.

Lemma 29. We have for allp € (1,2) and all e € [0, 1],

L [hpe — hpll joo < 2€.

2
2. hyp,e satisfies condition (H2) with ||| 42 (g, ) < Aer? forallr > 1, where Ac = creTr

for a universal constant c; > 0. Furthermore, hy, ¢ satisfies condition (H3) with k = 2§_1p.
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Lemma 29(i) implies
E|Th, (Pn, Qn) — Th, (P, Q)| < E|Th, . (Pn, Qn) — Th,.. (P, Q)| + 4e,
which together with Lemma 29(ii) and Theorem 11 imply
_2 _2
E’ﬁlp(Pn’ Qn) - EP(P, Q)’ < 61 pn d + €.

The right-hand side is minimized by choosing € =< n~?/%, leading to the claim. It thus remains
to prove Lemma 29.

3.B.8.1 Proof of Lemma 29

Notice that for all z € RY,

2 | 2\3 2 2\ 5
(@) = hp(@)| = | (2ll” +¢»)* = e = flallP| < (lle]®+ €2 ) * = lo]P +€ < 2¢,

thus part (i) follows. To prove part (ii), choose the function w(z) = (22 + €2/P)P/2 — ¢, We
have h(0) = 0, and for all z > 1,

W'(2) = p(z* + 7)1z,
so that h,, . satisfies condition (H3) with k = 215 p. It remains to prove the Holder estimate.
Clearly, h, . € 62 _.(R?) for all € > 0, and

loc

[NIiS]

-2

VS|

-1

2 2
V2hy(@) = pp =2 (ol + )" aaT +p(llel?+e) " L

Therefore,
3 2, 2\E2 2, 2\EL_ [Tl < er,
IV2hpe(@)p S (N2l +e2)* llal® + (JalP +e2)* 595 7, .
P [z|[P7=, o] > er.
We thus easily deduce that for all » > 1,
<P AE o A2
HhEH%ﬁ(Boﬂ,) SrP+e p<e rrb
and the claim follows. O

3.B.9 On the Super-Gaussianity Assumption

We close this Section with a simple characterization of super-Gaussianity which was stated in
Section 3.3. Recall that we say a measure P is (v, b)-super-Gaussian if P(B,) > b-P(Z € By)
for any = € RY, where Z ~ N(0,~?). Furthermore, we say that P admits a (71, 72)-regular
density (Polyanskiy and Wu, 2016) for some 71, y2 > 0 if P admits a density f with respect to
the Lebesgue measure such that log f is differentiable and satisfies

IViog f(z)|| <1 |lx| + 2, forallz e R,

Lemma 30. Assume P admits a (71, 72)-regular density. Then, there exist constants o,b > 0
such that P is (o, b)-super-Gaussian.
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3.B.9.1 Proof of Lemma 30

By a first-order Taylor expansion, we have for all z € R,

|log f(z) —log £(0)| = |V log (&) " x|,

for some ||z|| < ||x||. Therefore,

|log f(x) — log f(0)| < [|Vlog f@)|[z]l <7 ll«|* + 72 |||,

which entails
f(@) > exp { Tog f(0) = 3 lel* = 12 12| } = £O) exp { =3 o> = 2l }.

If ||z|| > 2, the above display is bounded below by f(0)exp(—(1 + 1) ||z||*), while if
||| < 72, it is bounded below by £(0) exp(—v1 ||||* +~2). In either case, f is bounded below
by a constant multiple of the N (0,~; 1) density, thus the claim readily follows. O

3.C Omitted Proofs from Section 3.4

3.C.1 Proof of Theorem 12

Our proof of Theorem 12 follows similarly as that of Niles-Weed and Rigollet (2022), Theorem
11, which establishes a minimax lower bound for estimating p-Wasserstein distances. Our key
extension of their proof technique is contained in the following result. Similarly as in the proof
of Proposition 11, we write Ty (z) = z + 2o, where zy is defined in condition (H4).

Proposition 12. Assume the same conditions as Theorem 12. Given an integer m > 1, let
u be the uniform distribution on [m]. Then, there exist universal constants C;,C> > 0, a
constant Cy o > 0 depending on A, A, o, and a random function F' : [m] — X, such that for
any distribution ¢ on [m], we have

%(q,u)

CAM™ TV (g, u) — Cya < To(Fyq, (To o F)gu) — h(z)

o N 2
< o™, ) TV (g,0) 4 Oy LY,

with probability at least .9.

Proof. We prove the claim for a € (1,2]. An analogous argument may be used to prove the
claim when o € (0,1]. Recall the notation of condition (H4). Similarly as in the proof of
Proposition 11, there exists v > 0 such that Xy = By, » € X and such that }y = Ty(Xp) C ),
where Ty(2) = z 4 zo. Now, it is a straightforward observation that N (e, Xp, ||-||) > c/e~¢, for
alle € (0,1) and for a constant ¢’ > 0 depending only on d, ~, which implies that the e-packing
number of X’ under |- is also greater than ¢’e ¢ (Wainwright (2019), Lemma 5.5). Therefore,
there exists a set G, = {21, ..., 2m} C Xp such that |z; — x;]| = m~"/? forall i # j. We let
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F be selected uniformly at random from the set of bijections S, from [m| = {1,...,m} to

Gm.

We begin by proving the lower bound. Let 7 denote an optimal coupling between Flxq and
(To o F)yu, and let 7 = (Id, Ty ') 47 € TI(Fyq, Fyu). We then have,

Te(Fya. (T Fygu) — hizo) = [ [y = 2) — h(e0)| R e,
- / [h(y — o+ ) — h(zo)} dn(z,y)
> [(Vhtao)y = o)dn(z,g) 4 [ o = v dr(o.p),
(3.46)
by condition (H4). We next bound the term I';;, = [(Vh(z0),y — x)dn(z,y). Notice that

Ep[Tm] = <Vh(2’0)7ni, > Z(u(j)—q(j))G(j>>

" GeSp j=1
_ <Vh(20),z(u<j> ~a(4)) (;, > G(j>)>.
= " GESm

The quantity % > Ges,, G(j) takes on the same value for all j = 1,...,m, thus we deduce
from the above display that Ex[I',;,] = 0. Similarly, notice that for any 1 < j # k < m,

Er[(Vh(z0), FG)Vh(z0), FR)] = — 37 37 S (Vh(z0), 2) (Vh(z0), )

) $Eg7n yegm Ge'sm

y#z G(j)=z
G(k)=y
1
- nfb(rn—l)xz#’<Vh(ZO),$><Vh(Z0)7y> My,

which is again constant in j, k. It follows that

B |3 (Vh(z0), FGIHTh(z0). F()(a() ~ u(i)a(k) - u<k>>]
J7#k
_ , . B - L1 Mg,
= M1 S (a0) = uDa(8) — k) = ~21a Y- (al) = ) = =2 g
7k =1

whence, letting My := Ep [(Vh(zo), F(j )>2] , which itself is again constant in j, we obtain

2
Varp[I'n]=Er |:(Z<Vh(zo)’F(j)>(Q(j) U(J'))) ]

J=1
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= > Ep[(Vh(z0), ()] (a) — ui))? — g, u) = T2 A2 g ),
j=1

m

Therefore, by Markov’s inequality, there exists a constant Cy o > 0 depending only on M,
and hence only on A\, A, a, such that

2
P <|Fn\ > Cha X(”;]I'LL)> < .025. (3.47)

Thus, returning to equation (3.46), and recalling that for all ,y € Gy, ||z — y|| = m~/4I(z #
y), we deduce that for some Cy > 0, with probability at least .975,

Te(Fyq, (To o F)gu) — h(zg) > Cidm™ iP (X #Y) 4Ty,
> C1Am ™ d TV (Fyq, Fyu) + T,

x%(q, )
A

> Cidm~daTV(q,u) — Cya (3.48)

We now prove the upper bound of the claim. Unlike before, we now let 7 denote an optimal
coupling between Flyq and Fyu, and 7 = (Id,Ty)ym € II(Fyq, (Ty o F)xu) a possibly
suboptimal coupling. By assumption (H1), we then have

Te(Fya. (To o F)gu) — hizo) < [ [y = 2) = hle)|aF(a.)
— [ 1=+ 20) — tzo)dn(a. )
< [(Vhtao)y = wyin(z,y) + A [ oy dn(a,y)
=Dy + AWS (Fyq, Fpu). (3.49)
Now, by Niles-Weed and Rigollet (2022), Proposition 9, there exists a constant Co > 0 such that

a/d

W (Fyu, Faq) < Com™4(x2(g, u))* TV (g, u) 7.

After possibly modifying C', it follows from Markov’s inequality that
_2a
d

P(W3 (Fyu, Fya) < Cohm™/4(x(g,) ™" TV (g,u)! = ) > 975,

so that, together with equations (3.47) and (3.49), we have with probability at least .95,

2 (3
Te(Fyu, (T o F) ) — hzo) < Oy 8 4 om0/ (32 (g, )" TV (g, )%

Combining this fact with equation (3.48) and a union bound leads to the claim. O
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We now prove the main Theorem. In what follows, let D,,, denote the set of probability
distributions q on [m] satisfying x?(g,u) < 9. Also, given § > 0, let D,, 5 denote the subset
of distributions in D,, satisfying TV(q,u) < 6, and by D}, the subset of D,, satisfying
TV(q,u) > 1/4. Furthermore, set

. ClAmfa/d

A
m 16 9

1
and § = ( G2 ) =% Since d > 5 > 2a, we may assume that m is large enough to satisfy

288AC5
/9
A7’VL > 20}\,/\ )y
m

Then, by Proposition 12, for all ¢ € D, s, we have with probability at least .9,

a N 2
To(Fya, (Ty o F)gu) — h(zo) < Cahm™/4(x*(¢,0)) TTV (g, 1) =& + Coay/ > (mq’U)
C1ACoAm™ 194 9 A 9
< —<==4C — < A,
= 288AC, M\ S g Ty =S
Similarly, for all ¢ € D,‘%, we have with probability at least .9,
_a/d XQ((LU)
Te(Fyq, (Ty o F)gu) — h(z) > Crdm™*/9TV (g, u) — Cya -

> gAm_a/d S WIY 2 = 48m — Cx a1/ 9 > 3A,,.
4 ’ m ’ m

Now, for any given estimator 7, based on the independent samples X1, ..., X, and Y7, ..., Y,
define the event A = {|7,, — To(Fyq, (To o F)uu)| > Ay, }. We have by Markov’s inequality,

sup Epgl|Tn — Te(P, Q)]

PeP(X)
QEP(Y)
> Am swp Prg(ITa~ TU(P,Q)| = An)
PEP(X)
QEP(Y)
Ap
>~ Sup ErPr,q mor) zulAl + sup ErPr,q (rpor) .ulA] o (3.50)
9€D,, 5 q€D;,

Notice that for all ¢ € D, 5, we have

EFPF#(],(T()OF)#U[A]

> ErPryq (1h0F) 4u (7A?L > h(z0) +2An, and Te(Fluq, (To o F)uu) < h(zo) + Am)
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> ErPr,q(TvoF) su (7A?L > h(z0) +2An ) — Pp (TC(F#% (To o F')u) > h(z0) + Am>
> EFPF#q,(TooF)#u<

Similarly, for all g € D},

IEFIP)F# q,(TooF)yu [A]

> ErPr,qm00r) #u<7A7z < h(z0) + 2Am, and Te(Fyq, (T, o F)yu) = h(zo) + 3Am)

> EF]PF#Q (TooF) #u<ﬁl < ('ZO) + 2Am> -

Returning to equation (3.50), we thus have,

inf sup EP,Qﬁ;z ~T(P,Q)| = %mf sup Py(yp =1) 4+ sup Py(yp =0) —0.2 5,

Tn PEP(X) Y | ¢ep; 5 €D},
QEP(Y)
where the infimum is over all tests based on the samples X;,...,X,, and Y;,...,Y,,. By

Proposition 10 of Niles-Weed and Rigollet (2022), the infimum on the right-hand side of the
above display is bounded below by a constant if m =< nlogn. The claim then follows by

definition of A,,. O



Chapter 4

Sequential Estimation of Optimal
Transport Costs

4.1 Introduction

We saw in the previous chapter that the risk of the empirical optimal transport cost 7.(P,,, @)
typically degrades exponentially with the dimension. Implicit in our proofs, however, is the
fact that this rate is driven entirely by the bias of the estimator: it is a simple observation
that the fluctuations of the empirical optimal transport cost typically scale at the parametric
rate, which is dimension-free. In fact, it can be shown using McDiarmid’s inequality that, for
bounded cost functions ¢, the empirical optimal transport cost is sub-Gaussian with parameter
O(1/n): there is a constant C' > 0 such that for all § € (0, 1),

P (TC(Pn,Qn) —ETo(P,,Q,) > C bg(W) <

n

One of the main goals of this chapter will be to derive a sequential analogue of the above
concentration inequality. For example, we will see in Corollary 12 below that the following
time-uniform inequality holds for bounded costs c,

+ loglogn
n

oP (\m > 1 TPy Qu) — ET(Pay Qn) > c'\/ log(1/9) ) <5 ()

where . = [n/2], and C’ > 0 depends only on ||¢||. Bounds of the above type are sometimes
known as finite law of the iterated logarithm bounds (Jamieson et al., 2014), and as we shall see
in this chapter, they can be used to derive so-called confidence sequences for the population
optimal transport cost 7.(P, Q) whenever the bias of the empirical Wasserstein distance is of

the order O(n=1/2).

It turns out that the techniques needed to obtain inequality (4.1) rely on a single property
of optimal transport costs: their convexity, when viewed as functionals over the space of

144
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probability measures. Convexity is a property satisfied by many other natural functionals, such
as most commonly-used divergences over the space of probability measures (cf. Section 4.2.1
below). Therefore, we will take a broader perspective in this chapter, and provide a general
toolbox for performing rigorous sequential uncertainty quantification for convex functionals.

Problem Setting Let X C RY. Throughout the sequel, we denote by ¥ : P(X) x P(X) —
R a generic convex functional, that is, a functional satisfying the following condition: for all
measures fi1, (2, V1,2 € P(X) and all A € [0,1],

W (Apn + (1= N, vt + (1= Nva) <A (1, 01) + (1= A)¥(pg,v2).  (4.2)

Given two independent sequences (X¢)7°, and (Y5)32, ofii.d. observations arising respectively
from unknown distributions P, ) € P(X), we aim to construct a sequence of confidence
intervals (Cts)7%—; with the uniform coverage property

P(Vt,s > 1: U(P,Q) € Cys) > 196, (4.3)

for some pre-specified level § € (0,1). Such a sequence (Cts)f5—; is called a confidence
sequence, and differs from the standard notion of confidence interval through the uniformity in
times ¢, s of the probability in equation (4.3). As stated precisely in Section 4.3.3, the guarantee
(4.3) is equivalent to the requirement that for all stopping times (7, o),

P(¥(P,Q) € Cry) > 1 - 6. (4.4)

The scope of potential applications of such confidence sequences is far-reaching. For instance, if
W is a metric between probability measures, then a confidence sequence C;; directly gives rise
to a sequential two-sample test for the null hypothesis Hy : P = @, where the null is rejected
when 0 ¢ C}s. Fixed-time, two-sample testing is a classical problem which continues to receive a
wealth of attention, but sequential, nonparametric two-sample testing is relatively less explored,;
two exceptions include Balsubramani and Ramdas (2016), Lhéritier and Cazals (2018). We also
note that confidence sequences for divergences can sometimes lead to confidence sequences for
other estimands of interest, as illustrated in Section 4.4.5. Though our work is motivated by such
practical applications, our results can also be viewed from a purely theoretical standpoint as
deriving concentration inequalities for divergences, or other functionals, which hold uniformly
over time. We are not aware of analogous time-uniform concentration inequalities in the
literature for the majority of functionals studied explicitly in this chapter.

Our Contributions The primary contribution of our work is to provide a general recipe
for deriving confidence sequences for convex functionals W. Our key observation is that the
process

Mts - \Ij(Pta QS) - \I}(P7 Q)a t,S Z 17 (45)

is a partially-ordered reverse submartingale, with respect to the so-called exchangeable filtra-
tion introduced below. Here, P, = (1/t) 3¢, 6x, and Qs = (1/5) 35, dy; denote empirical
measures. A related property was previously identified by Pollard (1981) for suprema of empir-
ical processes. This reverse submartingale property allows us to apply maximal inequalities to
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(functions of) (M;s)7%—1, which will lead to confidence sequences for W(P, () based on the
plugin estimator W (P, (). We note that this estimator is inconsistent for functionals requiring
the absolute continuity of the probability measures being compared, such as y-divergences for
distributions supported over R%. We therefore extend our results by showing that the process
in equation (4.5) continues to be a reverse submartingale in each of its indices when P; and Q)5
are replaced by their smoothed counterparts, P, x K, and (5 x KC,;, where K, denotes a kernel
with bandwidth o.

We illustrate these findings by deriving explicit confidence sequences for optimal transport
costs, the kernel Maximum Mean Discrepancy (MMD), Total Variation distance, and Kullback-
Leibler divergence, among others, some for distributions over finite alphabets and others for
arbitrary distributions. In all cases, we take care to track the effect of dimensionality, matching
the best known rates is non-sequential settings. To the best of our knowledge, there are no
other existing confidence sequences for these quantities, apart from the linear-time kernel
MMD (Balsubramani and Ramdas, 2016). We also derive a sequential analogue of the celebrated
Dvoretzky-Kiefer-Wolfowitz inequality (Dvoretzky, Kiefer, and Wolfowitz, 1956; Massart, 1990)
quite differently from both Howard and Ramdas (2022) and a recent preprint by Maillard (2021),
and demonstrate how these results can be used to obtain confidence sequences for convex
functionals which do not necessarily arise from divergences.

4.2 Background

4.2.1 IPMs, Optimal Transport Costs, and ¢-Divergences

In this section, we provide several examples of convex divergences, which form the main
examples of functionals ¥ that we will appear in our development.

Let ¥ C R%andlet A C P(X)xP(X)be aset of pairs of probability measures. Throughout
this paper, we use the term divergence to refer to any map D : A — R which is nonnegative
and satisfies D(P||Q) = 0if P = @, for all (P, Q)) € A. When the divergence D is convex, we
extend the domain of D from A to the entire set P(X) x P(X) by letting D take the value co
wherever it is not defined—as such, convex divergences will always be understood as maps

Optimal transport costs 7. form one example of convex divergences, which of course are
of primary interest to us. The following are two other broad classes of convex divergences.

+ Integral Probability Metrics (IPMs). Let 7 denote a set of Borel-measurable, real-
valued functions on X'. The IPM (Miiller, 1997) associated with 7 is given by

Dy(PIQ) = sup / fa(P— Q). (46)

For instance, when P and ) have supports contained in R, the class of indicator functions
J ={l(—c,2) : © € R} gives rise to the Kolmogorov-Smirnov distance, D 7(P||Q) =
|F' — G| - When J is the unit ball of a reproducing kernel Hilbert space, D 7 is called
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the (kernel) Maximum Mean Discrepancy (Gretton et al. (2012); see also Section 4.4.2).
When J is the set of Borel-measurable maps f : R? — R satisfying || f||., < 1, D7
becomes the total variation distance || - — - || yv. When the function space 7 is sufficiently
small, D 7(P;||Q5) is a consistent estimator of D 7(P||@), and will form the basis of our
confidence sequences. We refer to Sriperumbudur et al. (2012) for a study of convergence
rates for such plugin estimators.

* -Divergences. Let ¢ : R — R be a convex function, and let v € P(X') be a o-finite
measure which dominates both P and @ (for instance, v = (P + Q)/2). Let p = dP/dv
and ¢ = d@Q/dv be the respective densities. Then, the p-divergence (Ali and Silvey, 1966)
between P and () is given by

p . T
Dy(P[Q) = / @ () dQ + P(¢ = 0) lim 2, (4.7)

q>0 q r—00 I
with the convention that the second term of the above display is equal to zero whenever
P(q = 0) = 0, which is in particular the case if P < Q. For instance, assuming the

latter condition holds, the Kullback-Leibler divergence KL(P||Q) = [ log (%) apr

corresponds to the map ¢(x) = zlogx. The total variation distance is the unique
nontrivial IPM which is also a ¢-divergence (Sriperumbudur et al., 2012). p-divergences
also admit the variational representation

D(PIQ) = sup [ 9 (¢ 0 9P, 9)
geT

for any collection J of functions mapping X to R. Equality holds in the above dis-

play if and only if the subdifferential d¢(d@/dP) contains an element of 7 (Nguyen,

Wainwright, and Jordan, 2010).

Unlike most common IPMs and optimal transport costs, ¢-divergences are typically unin-
formative when P is not absolutely continuous with respect to (), as the expression (4.7)
becomes dominated by its second term. This fact sometimes prohibits the estimation of
@-divergences via the plugin estimator D(F;||@Qs)—for instance, P; is almost surely not
absolutely continuous with respect to (s when P and () are both absolutely continuous
with respect to the Lebesgue measure. One exception is the situation where P and ()
are supported on countable sets, in which case Berend and Kontorovich (2013), Agrawal
and Horel (2020), Guo and Richardson (2020), Cohen, Kontorovich, and Wolfer (2020),
Han, Jiao, and Weissman (2015), Kamath et al. (2015), study concentration and conver-
gence rates of the empirical measure P; under the Kullback-Leibler and Total Variation
divergences. We develop time-uniform bounds which build upon these results in Section
4.4.4. For distributions P and () which are not countably-supported, distinct estimators
have been developed by Nguyen, Wainwright, and Jordan (2010), Poczos and Schneider
(2012), Sricharan, Raich, and Hero III (2010), Krishnamurthy et al. (2015), Rubenstein
et al. (2019), Singh and Poczos (2014), Wang, Kulkarni, and Verda (2005), Berrett and
Samworth (2023), and references therein.

The following Lemma is standard, and stated without proof.
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Lemma 31. For any class J of Borel-measurable functions from R? to R, the IPM generated
by J is convex. Furthermore, the p-divergence generated by any convex function o : R — R is
convex. Finally, for any nonnegative cost function c, the optimal transport cost T.. is convex.

Though our main focus is on the above divergences, our results also apply to one-sample
convex functionals ® : P(X') — R, which satisfy ®(Ap1+(1—A)p2) < AP(u1)+(1—N)P(u2)
forall A € [0, 1] and p1, 2 € P(X). Notice that for any fixed distribution @ € P(X), the map
®(P) = D(P||Q) is a convex functional—additional examples include the negative differential
entropy (cf. Section 4.4.5) and certain expectation functionals (cf. Section 4.4.2).

Maximal martingales inequalities form a key tool in the development of confidence se-
quences, thus we provide an overview in what follows. Let (€2, 7, P) be a probability space,
over which all processes hereafter will be taken. Before discussing time-reversed concepts, it is
useful to first briefly overview standard martingales and filtrations.

4.2.2 Forward Filtrations, Martingales and Maximal Inequalities

A forward filtration is a sequence of o-algebras (F;);2, contained in F which is nondecreasing:
Fi C Fegp1, forallt > 1.

Any process (S¢);2; on 2 is adapted to its canonical (forward) filtration (C;)?2, defined by
Ct=0(S1,...,S5t), forallt > 1. A (forward) martingale with respect to a (forward) filtration
(F1)52, is a stochastic process (5¢)72; such that for all ¢ > 1, S; is P-integrable, F;-measurable,
and satisfies

E[St+1‘.Ft] = St, forall ¢ Z 1.

Supermartingales and submartingales are respectively defined by replacing the equality in the
above display by < and >. When it causes no confusion, we frequently abbreviate (S¢)72;
and (F;)22, by (S;) and (F;). The construction of confidence sequences typically relies on
maximal inequalities. A prominent example is Ville’s inequality (Ville, 1939), which states that
any nonnegative supermartingale (S;) satisfies

E[S.
P(3t>ty: St >u) < [uto} , forallw > 0 and all integers ty > 1. (4.9)

Inequality (4.9) is a time-uniform extension of Markov’s inequality for nonnegative random
variables. The unbounded range in Ville’s inequality is made possible by nonnegativity, and
the fact that supermartingales have nonincreasing expectations—see for instance Howard et al.
(2020) for a formal proof. In contrast, submartingales admit nondecreasing expectations, and do
not generally satisfy an infinite-horizon inequality such as (4.9). Nonnegative submartingales
(S¢)2, instead satisfy Doob’s submartingale inequality (e.g. Durrett (2019), Theorem 4.4.2):

E[ST]

u

for all w > 0 and any integer 7" > 1. (4.10)

The prototypical example of a martingale is a sum S; = Zle X; of i.i.d. random variables
(X;)2, € X C RY with respect to its canonical filtration C; = o(X1, ..., X;). As described
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in Section 4.2.5, a wealth of existing works have developed confidence sequences for the
expected value of a sequence of i.i.d. random variables, on the basis of inequalities such as (4.9)
and (4.10).

4.2.3 Reverse Filtrations, Martingales and Maximal Inequalities

An alternate approach is to apply maximal inequalities to the sample mean itself, namely to
the process R; = (1/t) 3.¢_, X;. This approach is relatively underexplored but turns out to be
well-suited to our goals. Unlike (S;), the process (R;) is a reverse martingale. To elaborate, a
reverse filtration is a nonincreasing sequence of o-algebras (F;);2, contained in F:

Fi D Fypr forallt > 1.

A P-integrable process (R;)72; is then said to be a reverse martingale with respect to (F3)52,
if for all ¢t > 1, R; is F;-measurable and

E[Rt’]:t—l—l] = Rt+1, forall ¢ 2 1.

Reverse submartingales and supermartingales are defined analogously, with the above equality
respectively replaced by > and <. The sample average R, = (1/t) Y'_, X; defines a reverse
martingale with respect to its canonical reverse filtration (o (Ry, R4 1, . . - )):i1 (Ry) is also a
reverse martingale with respect to a richer filtration known as the symmetric or exchangeable
filtration (Pollard, 2002; Durrett, 2019).

Definition 1 (Exchangeable Filtration). Given a sequence of random variables (X;);°, the ex-
changeable filtration is the reverse filtration (&);°;, where & denotes the o-algebra generated
by all real-valued Borel-measurable functions of X, Xs, ... which are permutation-symmetric
in their first ¢t arguments.

Given a sequence (X;)$2, of exchangeable random variables, recall that P, = (1/t) 3_¢_, dx,
denotes their empirical measure. It can be seen that the process (P;(B))>1 is a reverse mar-
tingale with respect to the exchangeable filtration (&), for any fixed Borel set B C R<.
This property makes ()72, into a so-called measure-valued reverse martingale (Kallenberg,
2006). In fact, the converse nearly holds true: if (P;) is a measure-valued reverse martingale,
and if (X) is stationary, then (X}) is exchangeable (Bladt and Shaiderman, 2023). Note that
the exchangeability condition is weaker than the i.i.d. assumption which we shall assume for
the majority of this paper. We will later see that, with some care, this measure-valued reverse
martingale gets effectively translated into a (real-valued) reverse submartingale property for
convex functionals.

A key technical tool for handling real-valued, reverse submartingales will be the following
analogue of Ville’s inequality (4.9), first proved by Doob (1940; Theorem 1.1, p. 458) for reverse
martingales; see also Lee (1990; Theorem 3, p. 112).

Theorem 13 (Ville’s Inequality for Nonnegative Reverse Submartingales). Let (R;);2; be a
nonnegative reverse submartingale with respect to a reverse filtration (F;)72,. Then, for any
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integer tg > 1 and real numberu > 0,

]E[Rto]

P(3t>to: Ry >u) <

Since Theorem 13 plays a central role in our development, we provide two self-contained
proofs in Section 4.B for completeness. As an example, it can be deduced from Theorem 13 that
for any sequence of exchangeable random variables (X;){2,,

t
AN '€

1
P | su
<t>11) tg

i=1

E|X
> u) < Bl (4.11)

u

for all w > 0. This can be seen as a strengthening of Markov’s inequality', whose left-hand
side is P(| X1 | > ).

4.2.4 Partially Ordered Martingales

In order to handle the two-sample process (M) in equation (4.5), we also employ (reverse)
martingales indexed by N2, We endow N? with the standard partial ordering, that is we write
(t,s) < (t',s') for all (t,s), (,s") € N? such that t < ¢ and s < s'. The notation (¢, s) <
(', s") indicates that at least one of the componentwise inequalities holds strictly. The definitions
of filtration and martingale extend to this setting in the natural way: a forward (or reverse)
filtration is a sequence (Fis)¢,s>1 of o-algebras which is nondecreasing (or nonincreasing) with
respect to the partial ordering, and a forward (or reverse) martingale (Sts)¢,s>1 (or (Mis)e,s>1)
is an L!(IP) process adapted to (F;) which satisfies E[Sys| Fys/] = Sy for all (¢,5) > (t/,s)
(or E[Rys|Fysr] = Ry forall (t,s) < (¢, s)). When the latter equalities are replaced by the
inequalities < and >, (M;) is respectively called a (reverse) supermartingale and submartingale.
We refer to Ivanoff and Merzbach (1999) for a survey.

Cairoli (1970) showed that a direct analogue of Ville’s inequality cannot hold for partially
ordered nonnegative martingales—the inequality P(3¢,s > 1 : Sis > u) < E[S11]/u does not
generally hold for all v > 0. Distinct maximal inequalities for partially ordered forward and
reverse martingales have nevertheless been established by Christofides and Serfling (1990)
under suitable moment assumptions, and under the so-called conditional independence (CI)
assumption introduced by Cairoli and Walsh (1975). A reverse filtration (Fs)¢ s>1 is said to
satisfy the CI property if for all ¢, ¢, s, s’ > 1,

E{E[ : | fts/]

]:t/s} = E{ ’ |f(tvt’)(sVs’)}7 (4.12)

or equivalently, that Fs and Fy s are conditionally independent given JF;)(svs) (Merzbach,
2003). The following Ville-type inequality for partially ordered reverse submartingales can be
obtained by employing Corollary 2.9 of Christofides and Serfling (1990).

'In a separate line of work, we have built upon this observation to derive several other strictly sharper variants
of Markov’s inequality, and shown how they may be used to improve the power of a variety of batch and sequential
nonparametric testing procedures (Ramdas and Manole, 2023).
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Proposition 13. Let (Rts)t,szl be a nonnegative reverse submartingale with respect to a
reverse filtration (Fis)¢ s>1 satisfying the conditional independence assumption. Assume that
for some a > 1, Rys € L*(P) for all ¢, s > 1. Then, for all u > 0,

a >a E[Rs,]

IP’(EItzto,sZsO:RtSZu)§<a_l o

The special case o = 2 was stated in Corollary 2.10 of Christofides and Serfling (1990). A
proof and further discussion of this result is given in Section 4.B.2, and forms the basis for our
two-sample results.

4.2.5 Time-Uniform Confidence Sequences

Confidence sequences are defined similarly as in (4.3) for estimands other than divergences.
Given a functional § = 6(P) of interest, and an error level § € (0,1), a (1 — J)-confidence
sequence (C)7°, based on an i.i.d. sequence of random variables (X;);2; from P is a sequence
of sets Cy € o(Xy,...,Xs) satisfying P(3t > 1 : 6 ¢ C;) < §. When 0 is real-valued,
we say two sequences ({;) and (u;) are lower and upper confidence sequences if P(3¢ >
1:0<4)<dandP(3t >1:0 > u) < ¢ respectively. Confidence sequences were
pioneered by Robbins, Darling, Siegmund and Lai (Darling and Robbins, 1967; Robbins and
Siegmund, 1969; Lai, 1976), and new techniques have been recently developed that enable their
extensions to new, nonparametric settings (Kaufmann and Koolen, 2021; Howard et al., 2021).
This resurgence of interest in sequential analysis has been driven in part by its applications to
best-arm identification algorithms for multi-armed bandits (Jamieson et al., 2014; Kaufmann,
Cappé, and Garivier, 2016; Shin, Ramdas, and Rinaldo, 2021) and reinforcement learning
(Karampatziakis, Mineiro, and Ramdas, 2021), to name a few.

The mean of a distribution is perhaps the target of inference which has received the most
attention in prior work on confidence sequences. As described in Section 4.2.2, the process
St = 2221 (X; — ) forms a canonical example of a forward martingale, where p denotes the
common (finite) mean of the i.i.d. random variables X;. To obtain a confidence sequence for i,
a maximal inequality such as that of Ville (see equation (4.9)) cannot be directly be applied to
(St), however, since it is not a nonnegative process. Inspired by the Cramér-Chernoff method
for deriving concentration inequalities, it is instead natural to consider the nonnegative process

Ut(/\) = exp(/\St), t> 1,

for A > 0. Here, we assume a tail assumption is placed on X7, such that it admits a finite
cumulant generating function satisfying log{E[exp(A(X1 — p))]} < ¢(X), for some (say,
known) map ¢ : [0, Amax) — R, where Apax > 0. The exponential process (U;())) is a
nonnegative submartingale by Jensen’s inequality, and forms the basis of several confidence
sequences described below. A distinct line of work constructs confidence sequences for y by
downweighting this process to recover a (super)martingale. For instance, it can be verified that

Li(\) = exp{AS; —top(N)}, t>1,
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is a nonnegative supermartingale with respect to the canonical filtration. Variants of the process
(L¢(X)) appear in a long line of work aimed at deriving sequential concentration inequalities
for means—see Howard et al. (2020) for a comprehensive review of such approaches.

Applying a maximal martingale inequality to either (U:(\)) or (L())) does not, on its
own, lead to satisfactory confidence sequences for u. Infinite-horizon maximal inequalities
are not available for submartingales (U;())), and even for the supermartingale (L:()\)), a
direct application of Ville’s inequality leads to a confidence sequence for p with nonvanishing
length. To obtain confidence sequences with lengths scaling at the optimal rate O(/log log t/t),
implied by the law of the iterated logarithm, it is instead common to use a variant of the “method
of mixtures”, for example by repeatedly applying a maximal inequality over geometrically-
spaced epochs in time—such methods are often known as peeling, chaining, or stitching.
Jamieson et al. (2014); Zhao et al. (2016) use stitching arguments based on (U;(A)) and Doob’s
submartingale inequality, while Garivier (2013); Kaufmann, Cappé, and Garivier (2016); Howard
et al. (2021), use (L¢())) and Ville’s inequality. The resulting confidence sequences decay at
similar rates, though with varying constants and tail assumptions—see Howard et al. (2021);
Waudby-Smith and Ramdas (2024) for a comparison of such approaches.

We have found that the above framework cannot be easily extended to generic functionals,
of the type that we have in mind in this chapter. Our main results will instead hinge upon
reverse submartingales—a rarely used tool for deriving confidence sequences.

4.3 Confidence Sequences for Convex Functionals

Let (X;);2, and (Ys)32, respectively denote independent sequences of i.i.d. observations from
two distributions P,Q € P(X), with support contained in a set X C R? Given convex
functionals @ : P(X) — Rand ¥ : P(X) x P(X) — R, the goal of this section is to derive
confidence sequences for ®(P) and ¥(P, @)). Our primary interest is in the special case where
VU is a convex divergence D, and ® = D(-||Q)) when @ is known, but we formulate our results
for arbitrary convex functionals in the interest of generality. We shall make use of the processes

Ny = ®(P) = B(P), My =U(P,Q,) —U(P,Q), ts>1. (4.13)

We prove in Section 4.3.1, that (M) s>1 and (IVy);>1 are reverse submartingales with respect
to suitable filtrations, whose choice is further discussed in Section 4.3.3. We then derive maximal
inequalities for these processes, from which lower confidence sequences will follow using an
epoch-based analysis. We follow a distinct strategy to obtain upper confidence sequences in
Section 4.3.2.

4.3.1 Lower Confidence Sequences via Reverse Submartingales

Let ()22, and (€))%, denote the exchangeable filtrations associated with the sequences
(X;)22, and (Y5)22, respectively, and define &5 = &% \/ &Y forall t,s > 1. As stated in
Section 4.2.2, the sequences of empirical measures (P;) and (Q)s) form measure-valued reverse
martingales with respect to (£/) and (€Y) respectively. This fact suggests that any convex

functional evaluated at (P}, Qs) is a reverse submartingale, as we now show.
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Theorem 14. Let ®, ¥ be convex functionals such that ®(P,),V(P,,Qs) € LY(P) for all
t,s > 1. Then,

(i) (®(P}))s>1 is a reverse submartingale with respect to (E;X).
(ii) (U(P:, Qs))t,s>1 is a partially ordered reverse submartingale with respect to (Es).

Theorem 14(i) is known in the special case where ® is the supremum of an empirical
processes—see for instance Pollard (1981) and Lemma 2.4.5 of van der Vaart and Wellner (1996).
Our proof below is inspired by these works, and in particular extends them to general convex
functionals and to partially ordered filtrations.

Notice that the processes in Theorem 14 lie in L'(P), and are therefore assumed to be
measurable. When this assumption is removed, it can be shown that there exist measurable
covers of the processes in Theorem 14 for which the result continues to hold—this is the approach
taken by van der Vaart and Wellner (1996) for suprema of empirical processes; see also Pollard
(1981) and Strobl (1995). With this modification, we believe that all subsequent claims in
this paper can be made to hold in outer probability, but we prefer to retain the measurability
condition to avoid being overwhelmed by technicalities. In particular, (N;) and (M) are
tacitly assumed to be measurable throughout the sequel.

Proof of Theorem 14. We will prove Theorem 14(ii) and a similar argument can be used
to prove Theorem 14(i). For all ¢, s > 1 W(P,, QQ5) is invariant to permutations of X1,..., X;
and of Y7, ..., Y;. It follows that (¥ (P, Q5)) is adapted to (&), thus it suffices to prove the
reverse submartingale property. Fix t,s > 1. Define the (¢ 4 1) different “leave-one-out”
empirical measures

. 1 i—1 t+1 -
Pt:; Z5Xj+ 2(5)(]. , o 1=1,2,...,t+ 1.
j=1 j=i+1

Then P, = t% Zfi} P}, and the convexity of ¥ implies
1 t+1 '
U(Pry1,@Qs) < ——= ) V(P Qs).

_t—i-lz‘:1

Since ¥(Pyy1,Qs) is &(141)s-measurable, we deduce that
L '
U(Pit1,Qs) < —= > E[W (P, Qs)[Et11)s]- (4.19)

_t+1i:1

Since P! = P, by definition, the claim will follow upon proving the key identity
E[W (P, Qs)Euq1)s) = E[Y (P, Qs)|Eu41)s), i=1,...,t (4.15)
Notice that we can write £11.1)s = €711V Y = o(Z) where

I={A nAY :AX ek AV e&Y}.
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7 is clearly a m-system. To prove (4.15), it will thus suffice to prove that for any set A =
AX N AY, with AX € &%, and AY € €Y, and forall 1 <i < t, we have E[¥ (P}, Qs)I4] =
E[U(P;, Qs)Ia], where I4 : Q — {0, 1} is the indicator function of A and I4 = I4x1v.

Notice that [ x is St)_f_l-measurable, thus it is a function f,x of Xj, X5,... which is
permutation symmetric in X1, ..., X;4+1. For convenience, we write [ yx = f,x (X1, Xo,...),
whence we may also write I4 = I 4v f4x (X1, X2,...). Now,let 7 : N — N be the permutation
such that 7(j) = jif j € {t + 1,4} and 7(t + 1) = 4, 7(¢) = t + 1. By exchangeability of

X1, X5, ..., and by their independence from Y7,Y5,..., we have (X1,Y1, X5,Y5,...) 4

(Xr(1), Y1, X7(2), Y2, ... ), whence,
E[U(P;, Qs)1a] = B[W (P, Qo) fax (X1, Xo, .. ) 4v]
= ]E[\IJ(Ptlu QS)fAX (XT(1)7 X7(2)7 ce )IAY]'

Since f4x is permutation-symmetric in its first ¢ + 1 arguments, and the permutation 7 fixes
all natural numbers greater or equal to ¢ + 2, we obtain

fax (Xr), Xr2)s oo o) = fax (X1, Xo,..0),
implying that
E[W(P;, Qs) fax (X1, Xo, .. ) av] = B[U(F, Qs) fax (X1, Xa, ... ) L4v]:
Equation (4.15) now follows. Returning to equation (4.14) we deduce that

U(Py1,Qs) < E[W(P, Qs)|Et+1)s]-

A symmetric argument shows that U( P}, Qs11) < E[V (P, Qs)|E(s41)), implying that (V¥ (P, Qs))
is a partially ordered reverse submartingale with respect to (). O

It is apparent from the proof that the convexity requirement is stronger than necessary. For
example, the following more general statement can be inferred from the proof of Theorem 14.
We record it formally as it may be of independent interest.

Proposition 14. Suppose (R;){; is an L!(P) process of the form R; = fi(X1,. .., X;), for
some sequence of permutation invariant maps f; : X' — R. Suppose further that for all ¢ > 1,

t+1
Rt+1 S m Z; ft(X17 cee 7Xi—17Xi+1) ey Xt+1)' (416)
=

Then, (R;) is a reverse submartingale with respect to (£;¥). Furthermore, if the above display
holds with equality, (R;) is a reverse martingale with respect to (£ ).

We refer to condition (4.16) as the leave-one-out property. In Sections 4.4.2 and 4.4.6 we will
briefly make use of processes which cannot be expressed as evaluations of a convex functional
at the empirical measure, but which satisfy the leave-one-out property.
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Theorem 14 permits the use of maximal inequalities discussed in Sections 4.2.3 and 4.2.4 for
reverse submartingales. In view of generalizing the Cramér-Chernoff technique (Boucheron,
Lugosi, and Massart, 2013) to our sequential setup, we shall state our bounds under the
assumption that N; and My, admit finite cumulant generating functions over an interval
[0, Amax ), and are upper bounded by known convex functions s, 1 : [0, Amax) — R,

log {E[exp(AMr,)] | < oA, log {E[expON)] b < wi(N), 52 1, A € [0, Ama).

(4.17)
We shall discuss in Section 4.4 how such tail assumptions may be replaced by tail assumptions
on the distributions P and () themselves, for various special cases of functionals. Under
equation (4.17), we obtain the following result.

Proposition 15. Let ®, ¥ be convex functionals such that the processes (M;s) and (V) satisfy
the bounds of equation (4.17). Then, for all v > 0, and all integers tg, sp > 1, the following
hold.

(i) (One-Sample) P(3t > to : Ny > u) < exp(—y, (u)).
(ii) (Two-Sample) P(3t > to,s > so: Mys > u) < e - exp(—9f 5, (u))-

A proof of Proposition 15 appears in Section 4.C. In view of Theorem 14, Proposition 15(i)
is obtained through an application of the Cramér-Chernoff technique, together with Ville’s
inequality for reverse submartingales (Theorem 13). It can thus also be seen as an extension
of the supermartingale techniques in Howard and Ramdas (2022) to the reversed setting. In
Proposition 15(ii), an analogous bound is obtained for the two-sample case, though with the
additional factor e in the probability bound. The presence of such a factor greater than 1 is
necessary due to the aforementioned counterexample of Cairoli (1970) regarding maximal
inequalities for partially ordered martingales, though we do not know if the value e is sharp.
The bound itself is obtained via Proposition 13.

Inverting the probability inequalities of Proposition 15 leads to one- and two-sample
confidence sequences for ®(P) or ¥(P,Q), though with lengths which are constant with
respect to ¢, s. To obtain confidence sequences scaling at rate-optimal lengths, we employ a
stitching construction inspired by those described in Section 4.2.5, together with Proposition 15.
Our result will depend on user-specified functions ¢, g : [0, 00) — [1, 00), known as stitching
functions, which dictate the shape of the resulting confidence sequences below. We construct
these functions to satisfy

| A

=1
Zﬁ 1, Z k:+g 1, (4.18)

o0
k=1 3,k=1
(

as well as ¢(7) = ¢(1) for all j € [0,1], and g(k) = g(2) for all k£ € [0, 2]. Typical choices

include £(k) = (1V k)*¢(c) and g(k) = e(2V k)*T1(((a) — (a+ 1)) (Borwein and Borwein

(1987), p. 305), where o > 1 and ((a) = > "7, (1/k®). For ease of exposition, we also insist
Y+

that the sequences 27" log ¢(u) and (27% + 27V) log g(u + v) are chosen to be decreasing in
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each of the indices u,v > 1, implying that ¢(u), g(u) = o(exp(exp(u))). Our main result is
below.

Theorem 15. Let &,V denote convex functionals for which the processes (Mys) and (IN;) satisfy
the bounds of equation (4.17). For any integert > 1, lett = [t/2], and fix§ € (0, 1).

(i) (One-Sample) Assume 1)} is invertible for allt > 1, and that the sequence
7 = ()7 (1og llogy 1) +0g(2/6) ), ¢ =1
is nonincreasing. Then,

]P’{Ht >1:3(P) > &(P) +%} <5/2.

(ii) (Two-Sample) Assume 1)} is invertible for allt, s > 1, and that the sequence
Y1 = (V)" (10g g(logy t + 0gy ) +10g(2/9)),  ts > 1
is nonincreasing with respect to the partial order on N2, Then,

P{3t,5 > 1: W(P,Q)) > U(P,Q) + s} <3/2

We begin by noting that for a fixed sample size n, if we denote 7, = () ~! (log(2/9)),
then the fixed-time Cramér-Chernoff concentration bound corresponding to part (i) is given by
(Boucheron, Lugosi, and Massart, 2013),

P{®(Py) 2 B(P) + 7 } < 6/2,

and an analogous statement can also be made for part (ii) above. Thus, our time-uniform
bounds are essentially an iterated logarithm factor worse than the usual fixed-time bounds,
but now also apply at arbitrary stopping times.

Before further commenting on the above result, we instantiate it in the special case where
Ny and My, are sub-Gaussian for all £, s > 1. In Section 4.4, we illustrate how such a condition
can be satisfied under tail assumptions on the distributions P and () themselves.

Corollary 6. Fixd € (0,1), and recall thatt = [t/2].

(i) (One-Sample) Assume Ny is k2 -sub-Gaussian for some k; > 0, and for allt > 1. Choose /
so that (k7 log £(logy t))¢>1 is nonincreasing. Then,

P {Elt >1:N,>E(Np) + \/2"6? [1og£(1og2 t) + log(2/5)] } <5/2,
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(ii) (Two-Sample) Assume M, is o7,-sub-Gaussian for some o5 > 0, and for all s,t > 1.
Choose g so that (02 log g(logy t + 10gy $))¢,s>1 is nonincreasing. Then,

P {Elt, s>1: My > E (M) + \/2afs[logg(log2 t +logy s) + log(2/5)] } <4/2.

Theorem 15(i) is proved by dividing time ¢ > 1 into geometrically increasing epochs of
the form [2j , 20 ‘H], j > 0, over each of which we construct confidence boundaries at the
level §;/2 = 6/(2¢(j + 1)) € (0,1) using Proposition 15. Taking a union bound over these
boundaries leads to a miscoverage probability of at most Z;io (0;/2) < §/2. The two-sample
process (M) is handled similarly, by instead forming two sequences of epochs. In Section 4.C,
we also state and prove a more general version of Theorem 15 in terms of epoch sizes different
than 2, which will be needed in Section 4.4.8.

Remark. Given a convex divergence D, Theorem 15(i) implies that (1 — 6/2)-upper
confidence sequences for the processes N;¥ = D(P;||P) and N = D(Q,||Q) are respectively
given by

7 = @) (log Llogy ) +10g(2/8) ), 7Y = (43.0) " (log Lllogy 5) + 0g(2/9) )

where 1) x ; is an upper bound on the cumulant generating function of N7X, and similarly
for 1y, ;. When D satisfies the triangle inequality, one may deduce the following two-sided
confidence sequence for D(P||Q),

P(Vt,s > 1:[D(P]|Qs) — D(P|Q)| <~ +1Y)
>1-PEt>1: N >5) —PEs>1: N >7Y)>1-6  (419)

Equation (4.19) is significant in that it provides a time-uniform bound for a partially ordered
reverse submartingale on the basis of two totally ordered reverse submartingales. Doing so
bypasses the nearly unavoidable factor e in condition (4.18), but may nevertheless be looser in
general due to the application of the triangle inequality. We also remark that equation (4.19)
does not require P; to be independent of (), unlike Theorem 15(ii).

4.3.2 Upper Confidence Sequences via Affine Minorants

The lower confidence sequences derived in Theorem 15 hinged upon the reverse submartingale
property of the processes (N;) and (M;s)—an inherently one-sided condition. We show in this
section how a different approach can be used to derive upper confidence sequences, motivated
both by technical and statistical considerations.

* On the technical side, it would seem natural to repeat the steps of Theorem 15 with
respect to the process (—IV;) to obtain an upper confidence sequence. However, (—NN;) is
a reverse supermartingale and thus cannot satisfy infinite-horizon (Ville-type) maximal
inequalities. Furthermore, the exponential process (exp(—/N;)) may generally be neither
areverse supermartingale nor a submartingale, thus an analogue of Proposition 15 cannot
be derived.



Chapter 4. Sequential Estimation of Optimal Transport Costs 158

* On the statistical side, the plugin estimators ®(P;) and V(FP;, Q) are typically upward
biased in estimating ®(P) and ¥ (P, Q) respectively. This fact can be deduced from Corol-
lary 7 below, but can already be anticipated from the fact that E[®(P;)] and E[V (P}, Q)]
are nonincreasing sequences, since (®(P;)) and (V(P;, Qs)) are reverse submartingales
(Theorem 14). This upward bias suggests that confidence sequences for D(P||Q) of the
form [D(P;, Q) — 4y, D(P;, Q) + uy] should typically be asymmetric, with the sequence
(uy) potentially decaying at a faster rate than (¢;).

Our approach is summarized as follows. The convexity of ® guarantees that it can be
minorized by an affine functional on P(X’). Notice that an affine functional evaluated at the
empirical measure is a sample average, and therefore a reverse martingale. Furthermore, when
a convex duality result guarantees that @ is equal to the supremum over a set of minorizing
affine functionals, it can be shown that the difference ®(F;) — ®(P) is in fact minorized by a
mean-zero sample average, for which confidence sequences of length O(/loglogt/t) can be
obtained in a standard way under appropriate tail conditions. Doing so leads to a time-uniform
lower bound on ®(P;) — ®(P), which is easily rephrased as an upper confidence sequence for
®(P) scaling at a near-parametric rate.

While this intuition can be made rigorous for a broad collection of convex functionals, we
shall avoid doing so in full generality to avoid introducing additional terminology. We shall
instead assume that ® and U take the following form, which is sufficiently general to cover
the divergences of primary interest in our development,

= sup /fdu, U(p,v) = sup /fd,u—l—/gdu (4.20)
fEFs fg EHy

for all u, v € P(X). Here, Fg denotes a set of Borel-measurable functions on X', Hy a set of
pairs of such functions, and we also write Fg = {f : (f,9) € Hyv} and Gy = {g: (f,g) €
Hy}. Itis clear from equations (4.6), (1.9) and (4.8) that if D is an IPM, ¢-divergence, or optimal
transport cost, then the functionals ¥ = D and ® = D(+||Q) (for a fixed measure ) € P(X))
admit the representation (4.20)—for instance, in the case of IPMs generated by a function class
J, one may take Fo = {f — [ fdQ : f € J} and Hy = {(f,—f) : f € J}. With this

notation in place, the following observation is straightforward.

Proposition 16. If ® and ¥ admit the representation (4.20), and the suprema therein are
achieved for y = P and v = @, respectively by fo € Fg and by (fy, gv) € Hy, then

1. The process (N¢)¢>1 is bounded below by

R = / fod(P; — P),

which is a (mean-zero) reverse martingale with respect to the exchangeable filtration

(&)
2. The process (Ms)t,s>1 is bounded below by (R + RZ)t,szl, where

RtX = /f\pd(Pt — P), t Z 1, and RE/ - /g@d(QS - Q)7 S 2 17
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are (mean-zero) reverse martingales with respect to (£/°) and (£)) respectively.

We begin by noting that Proposition 16 implies the aforementioned upward bias of the
plugin estimators ®(P;), V(F;, Qs), including at arbitrary stopping times. Indeed, by the
optional stopping theorem (see for instance Durrett (2019), Theorem 4.8.3.), we can easily infer
the following fact that we record formally for reference.

Corollary 7. Assume the same conditions as Proposition 16, and that the processes (Ry), (R;X), (RY)
therein are uniformly integrable. Then, for any stopping times T and o with respect to the canonical
forward filtrations (o(X1, ..., X¢))i2, and (o(Y1,...,Ys))22, respectively, we have

E[@(Pr)] = ®(P), E[¥(Pr,Q5)] = ¥(P,Q). (4.21)

Furthermore, Proposition 16 can readily be used to form upper confidence sequences for
®(P) or U(P,(Q) on the basis of the reverse martingales (R;), or (R;*) and (RY). These
processes are simply sample averages, hence they can already be controlled using the existing
literature on sequential mean estimation (summarized in Section 4.2.5). Nevertheless, for the
purpose of being self-contained, we use reverse martingale techniques to derive such upper
confidence sequences under tail conditions on F and Hy, in Proposition 21 of Section 4.C.2.
The following special case of this result will be used repeatedly in Section 4.4.

Corollary 8. Assume the same conditions as Proposition 16. Assume further that for any h €
Fu UGy, diam(h(X)) < B < oo, and define

. \/log ¢(logy t) + log(4/9)
t =
t

) Kts = Kt + Ks. (422)

Then, for any 6 € (0,1), we have P(3t,s > 1: U(P, Qs) < V(P,Q) — Brys) < 6/2.

To summarize, under the assumptions and notation of Theorem 15 and Proposition 8, we
deduce that a two-sided, two-sample, (1 — §)-confidence sequence for V(P, Q) is given by

Crs = | W(PL Qs) = sy WP, Qo) + 3% +7Y |, (423)

and similarly for the functional ®.

4.3.3 On the Choice of Filtrations and Stopping Times

The majority of confidence sequences derived in past literature, such as those described in
Section 4.2.5, employ martingales with respect to the canonical, or “data-generating” filtration.
A notable exception is the work of Vovk (2021), which shows that the power of certain sequential
tests can be increased by coarsening the canonical filtration. It was similarly fruitful in our
work to distinguish the data-generating filtration, with respect to which our processes do not
appear to admit any martingale-type property, from a different filtration with respect to which
our processes do admit a (reverse) martingale property. To elaborate, let

DY =o(X1,Xo,...,Xy), DY =o0(Y1,Ys,...,Ys), t,s=1,2,...
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denote the canonical filtrations associated with each sequence of samples. Our bounds have
implicitly assumed that at any pair of times (¢, s), the practitioner has access to the information
encoded by the data-generating filtration

Dy =DX\/DY, ts=12,. .. (4.24)

The process (M;s) is naturally adapted to (Dys), but we are not aware of it satisfying a
martingale-type property with respect to this filtration in general®. It is, however, also adapted
to the exchangeable filtration & = &¥ \/ £, but unlike before, (M;;) is also a reverse sub-
martingale with respect to (&;5). Our paper reinforces the somewhat underappreciated view in
sequential analysis that filtrations should not be viewed as being “inherent” to the problem,
or as tedious formalism for ensuring measurability, but instead viewed as design tools—a
nonstandard choice of filtration can yield a powerful design tool.

Validity at Stopping Times. To better understand the underlying role of the filtration
(D¢s), we shall now prove that the results of Theorem 15 can equivalently be stated as bounds
which hold at arbitrary stopping times with respect to (D;s). We focus on the two-sample case
in what follows.

In order to define a notion of stopping time which is suitable for our purposes, define the

set
N* = N2U {(t,00) : t > 1} U {(00,5) : s > 1} U {(00,00)},

for some symbols (¢, 00), (00, s), (00, 00). We endow N ? with the natural partial order, given
by that of N? (described in Section 4.2.4), together with the following additional relations:
(t,s) < (t',00) whenever t < t' and s € N; (t,5) < (00,s’) whenever s < ¢’ and t € N;
u < (00,00) forall u € N°. A map 7 : 2 — N is said to be a stopping time with respect to a
filtration (Fs) if {n = (¢,5)} € Fys forall (t,s) € N2.

Intuitively, the event {n = (¢, s)} indicates that the data collection from each of P and
() was terminated at times (¢, s), whereas the event {n) = (¢,00)} indicates that data was
collected from P until time ¢, but indefinitely so from Q). Likewise, the event {n = (00, 00)}
indicates that neither of the two data collections were halted. With these definitions in place,
we arrive at the following general equivalence.

Proposition 17. Let (A:s)7%—; be a sequence of events adapted to a forward filtration

(Fts)7%e=1- Define for all ¢, s > 1,

Apoo = limsup Ass, Aoos = limsup Ars, Asoco = <lim sup Atoo> U (lim sup AOOS> .

8§—00 t—o00 t—o00 5§—00
(4.25)

Then, for all § € (0, 1), the following statements are equivalent.

() P (U As) <4

*Nevertheless, under some conditions, it can be deduced from Theorem 14 that there exists a bivariate canonical
filtration (Fi,) and a process (M), which has the same distribution as (M), such that (M) is a reverse
submartingale with respect to (F¢s) rather than (€:s)—see Theorem B of Rzeszut and Trojan (2020).
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(ii) For any stopping time (7, o) with respect to (Fs), we have P(A,,) < 0.
(iii) For any random time (7', S), not necessarily a stopping time, we have P(Apg) < 6.

The proof of Proposition 17 is given in Section 4.C.3. Analogues of Proposition 17 for
one-sample processes have previously been given by Howard et al. (2021), Ramdas et al.
(2020), and Zhao et al. (2016), so our result is an extension of theirs to partially ordered
processes. In our setting, recall that M, is (Dys /\ &;s)-measurable. While Proposition 17 could
be reformulated in reverse time, so that () can be taken to be the modeling filtration (&),
it is most interpretable to take it to be the data-generating filtration (D;s). Doing so, under the
assumptions of Theorem 15, leads for instance to the bound

P{¥(P,Q) € Cro} > 1—6 for all stopping times n = (7, o) with respect to (D), (4.26)

where C}s denotes the two-sided interval (4.23), understood with conventions for infinities
which can be deduced from equation (4.25).

Alternate Data-Generating Filtrations. Though we presumed the data-generating
filtration (4.24) throughout our development, slightly tighter confidence sequences can be
obtained if the user has access to additional information. For instance, our confidence sequences
hold uniformly over arbitrary pairs of time (¢, s), but such flexibility is unnecessary if the
practitioner knows the order in which sample points from P and @) arrive. We illustrate two
such examples below, focusing on lower confidence sequences:

(i) Paired Samples. When the observations X; and Y; are presumed to arrive at the same
time, in pairs (X¢, Y;), the data-generating filtration may be replaced by

DtZO'(Xt,Yt), t:1,2,

In this case, following along similar lines as before, the following two-sample bound may
be established, and is tighter than that of Theorem 15(ii),

P{3t>1:W(P,Q:) > ¥(P,Q) + () ' (log logy t) +log(1/8)) } < 6. (4.27)

Unlike Theorem 15, we note that the bound (4.27) can be taken to hold without assuming
that (X;) and (Y;) are independent of each other.

(i) Samples Ordered by External Randomization. As a generalization of the previous
point, assume the observations X; and Y arrive in a possibly random order which is
independent of the data. Specifically, let (¢,,),>1 denote a sequence of random variables
taking values in {0, 1}, which are independent of (X;) and (Y5), but possibly dependent
on an external source of randomness U, say distributed uniformly on [0, 1]. Let ¢(n) =
> i1 tn-and s(n) = n—t, so that at any time n > 1, the practitioner observes ¢, X;(,,) +
(1— Ln)YS(n). In this case, one has access to the filtration Z,, = o(U, t1,t2,...,t5),n > 1,
which determines the order in which the sample points X;, Y; arrive, as well as to the
data-generating filtration

N X nNY
Dn =Dy \/ Dhnyy n>1, (4.28)
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where Zz)gn) and 5}:(71) are defined similarly as follows:

735&) ={AcF:An{t(n) =t} € DX, ¥t > 1}, where D} =o(U, X1,...,Xs).
(4.29)

Note that we could have assumed that the sequence (i,,) is fully deterministic, in exchange
for simpler notation. However, there are many situations, like clinical trials, in which
we may wish to use external randomization (encoded by U) to determine how to obtain
the next data point; for example, Efron (1971) shows how to adaptively randomize
participants while encouraging balance between ¢(n) and s(n). Under this setting, it
can be shown that (¥ (P;(,), Qs(n)))n>1 is a reverse submartingale, and assuming for
simplicity that ¢, = 0 = 1o, one may obtain the confidence sequence

In contrast to the above two settings, our confidence sequence C}; satisfies the guarantee (4.3),
which is uniform over pairs (¢, s) € N2, and therefore yields valid coverage even if the orderings
t(n) and s(n) depend arbitrarily on the samples observed from P and Q.

4.4 Explicit Corollaries for Common Divergences

We now specialize the confidence sequence C;; to several examples of divergences including
IPMs (Sections 4.4.1, 4.4.2), optimal transport costs (Section 4.4.3), ¢-divergences (Section 4.4.4),
and divergences smoothed by convolution (Section 4.4.5). Moving beyond divergences, we
also derive time-uniform generalization error bounds for binary classification problems (Sec-
tion 4.4.6), and confidence sequences for multivariate means (Section 4.4.7). These special
cases will illustrate how our framework can be used to port existing fixed-time concentration
inequalities to time-uniform ones, typically at the expense of iterated logarithmic factors. In
these cases, any improvements to existing fixed-time concentration inequalities would typically
carry over to our time-uniform setting. Though our focus is on non-asymptotic bounds, in
Section 4.4.8, we also show how Theorem 15 can be used to derive a one-sided analogue of the
classical law of the iterated logarithm, for several divergences between an empirical and true
underlying measure. We defer all proofs to Section 4.D.

4.4.1 Kolmogorov-Smirnov Distance

Theorem 15 leads to a sequential analogue of the classical Dvoretzky-Kiefer-Wolfowitz (DKW)
inequality (Dvoretzky, Kiefer, and Wolfowitz, 1956; Massart, 1990), based on distinct techniques
than those of Howard and Ramdas (2022) and Maillard (2021). Let P be any distribution over
R with cumulative distribution function (CDF) F. Let Fy(x) = (1/t) >_7" | I(X; < z) denote
the empirical CDF of F.

Corollary 9. Foranyé € (0,1),

P (Eit > 1| F - Fll, > ﬁ+ 2\/§ [mgz(log2 £) + 10g(1/5)}> <.
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Notice that Corollary 9 involves the term log(1/9), as opposed to the term log(2/9) which
appears in the classical DKW inequality. This is due to the one-sidedness of the bounds in
Theorem 15. The price to pay is the additional additive term m, which is an upper bound
on the expectation of || F; /21 — F'[| o

Corollary 9 and Proposition 21 give rise to a sequential analogue of the celebrated Kolmogorov-
Smirnov two-sample test. In what follows, () denotes a second distribution over R with CDF
G, and empirical CDF G(y) = (1/s) >_7_; I(Y; < y). Recall also the sequence (k) defined
in equation (4.22).

Corollary 10. Given§ € (0,1), set

Vs = /Tt + /)5 + 2\/ [logg(logzt + logy s) + 10g(2/5)]
Then,
P(Vt,s >1: =y < |F = Glloo — |1Ft — Gsll o < Fits) =1 —6.

In particular, the sequential Kolmogorov-Smirnov test which rejects the null hypothesis Hy : P =
Q when ||F; — G|, > 7t has type-I error controlled at 6 /2.

We now turn our attention to another popular IPM that is based on reproducing kernels.

4.4.2 Maximum Mean Discrepancy, V-Statistics, and U-Statistics

The kernel Maximum Mean Discrepancy (MMD) is an IPM measuring the distance between
embeddings of distributions in a reproducing kernel Hilbert space (RKHS). We provide a brief
definitions in what follows, and refer the reader to Schélkopf and Smola (2018) for further
details. Let K : RY x R? — R, be a Mercer kernel, that is a symmetric and continuous
function such that for any finite set of points 21, . .., z, € R? the matrix (K (x;, zj))f = is
positive semidefinite. The RKHS H corresponding to K is the closure of the set

’Ho—{Zaz ;) aieR,xieRd,kzl},

endowed with the inner product and norm

fg’}-[—zzazﬁj xz;yj HfHH: <f7f>’H

=1 j=1

where f = Zle a;K(-,z;) and g = Eflzl B K (-,y;) denote the expansions of any two
functions f, g € Ho. The MMD is defined as the IPM over the unit ball 7 = {f € H : || f||, <
1} of H. The plugin estimator of the MMD admits the following representation, which makes
its computation straightforward

MMD(P;, Q,) = Z K(Xi, X)) + Z K(Y;,Y;) ZZK(Xi,Yj).

b=l i,j=1 tia j=1
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In particular, if s = ¢ and the data are available in pairs Z; = (X, Y;) forallt > 1, as in
Section 4.3.3(1), the above expression may be rewritten as a square root of a second-order
V-Statistic,

t
1
ij=1
where J((x,y), (2/,v')) = K (x, 2 )+ K (y,y')—2K (z,y'), forany 2, 2’, y,y € R% Assuming
the kernel K is bounded, we derive a sequential concentration bound for this statistic as follows.

Corollary 11. Let P,Q € P(R?). Assume that sup{K (z,y) : z,y € RY} < B < co. For any
0 € (0,1), define

B(t
Vs = 2V QB(F% + 57%) + 4\/(;—3) [log g(logy t +1logy s) + log(2/5)] ,
s
and let (kys) be the sequence defined in equation (4.22). Then,
IP’(Vt, §>1: —ys < MMD(P,Q) — MMD(P,, Q,) < 2\/5%) >1-4.

Assuming that the stitching function g is bounded above by a polynomial, Corollary 11
provides a confidence sequence for MMD (P, Q) scaling at the rate O(+/loglog(t V s)/(t V 5)).
Up to the iterated logarithmic factor, we recover the fixed-time rate obtained by Gretton et al.
(2012) (Theorem 7), which was shown to be minimax optimal by Tolstikhin, Sriperumbudur,
and Scholkopf (2016). In the setting of equal sample sizes ¢ = s (cf. Section 4.3.3(1)), it is well-
known that the V-Statistic MMD?( P;, Q) has first-order degeneracy, so that MMD?(P;, Q;) =
Op(1/t) when P = Q (Lee, 1990). On the other hand, the bound |[MMD?(P;, Q;)—MMD?(P, Q)| =
O,(1/+/t) is tight when P, Q are fixed and P # (. On the squared scale, the bound of Corol-
lary 11 adapts to these distinct rates of convergence, since it implies that with probability at
least 1 — 4,

log1 log1
vt > L |MMD2(Pt>Qt) - MMDQ(P> Q)| =0 <MMD(P7 Q)\/@_‘_ = Ogt)

t
(4.32)
Above, the right-hand side decays at the rate O(y/(loglogt)/t) in general, but improves to
O ((loglogt)/t) when P = (). Similar considerations are discussed by Gretton et al. (2012).

While the plugin estimator MMD (P, Q) is typically upwards biased, the squared MMD
also admits a widely-used unbiased estimator (Gretton et al., 2012) obtained by replacing the
V-Statistics in equations (4.30) and (4.31) by U-Statistics. We derive confidence sequences for
MMD?(P, Q) based on this estimator in Section 4.D.2. The bounds therein do not adapt to
the distinct rates of convergence described above, however, therefore we recommend those of
Corollary 11 in practice.

We conclude this section with a more general discussion of sequential inference based on
U- and V-Statistics, for expectation functionals of the form

d: P(RY) — R, @(P)://h(a:,y)dP(:r:)dP(y),
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where h : R? x R? — R is a symmetric function. Following Lee (1990); Serfling (2009), the U-
and V-Statistics corresponding to ® are respectively defined by

t
1
U; = E[h(X1, X)|E5] = Z WX, X;), Vi=®(R) = 32 (X, X;).

1<z<j<t

The above representation immediately implies that (U;) is a reverse martingale whenever it is
integrable—a fact which can equivalently be derived from the leave-one-out property (4.16),
which holds for (U;) with equality. Notice that this property holds irrespective of the kernel A,
so long as it is symmetric. On the other hand, the following can be said about (V}).

Proposition 18. Assume that h : X x & — R, is a continuous, symmetric, positive definite
kernel over a compact set ¥ C RY. Then /®(-) is a convex functional, thus (1/V;) and (V;)
are reverse submartingales with respect to (£;).

The proof is in Section 4.D.2. We do not generally expect the above result to hold for
any symmetric kernel £, because the functional ® is akin to a quadratic form, which may be
nonconvex if its kernel is not positive semidefinite. Under the above results, a straightforward
generalization of Theorem 15 can be used to derive two-sided confidence sequences for ®(P)
centered at U; for all symmetric h, or lower confidence sequences for /®(P) and ®(P) based
on (V4) for all positive definite h (which may be coupled with upper confidence sequences
similarly as in Section 4.3.2). While these considerations make (U;)-based confidence sequences
seem attractive, we recall that (V})-based confidence sequences sometimes have the advantage
of providing rate-optimal inference even when & is degenerate.

4.4.3 Optimal Transport Costs

Letc : X x X — R, be a nonnegative cost function, and assume for simplicity that c is
bounded above over X' by A := sup,, ¢y c¢(¥,y) < oo. We derive confidence sequences for
the optimal transport cost 7.(P, )), which will depend on an upper bound «. s, for the bias of
the empirical plugin estimator,

E[%(Pta Qs)] - 7-C(P7 Q) < Qets- (4.33)
For instance, one may take c. ¢5 to scale as (£As) ~1/2 \when X is one-dimensional (cf. Chapter 2),
finite (Sommerfeld and Munk, 2018; Forrow et al., 2018) or more generally, of intrinsic dimension
less than or equal to three (Hundrieser, Staudt, and Munk, 2022). In these cases, the bias term
a5 Will be negligible in the confidence sequence we construct below. More generally, our
results in Chapter 3 imply that one may take a5 S (2 A s)~%/? for d > 5 when c is an
a-Holder smooth cost for some « € [1, 2]. In this case, the bias will be of leading order, and
our confidence sequence below becomes primarily of theoretical interest.

Corollary 12. Letc: X x X — R be a lower semi-continuous cost function bounded above by
A, assume that equation (4.33) is satisfied, and recall thatt = [t/2]. Furthermore, let (rs) be
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the sequence defined in equation (4.22). Then, for any 6 € (0,1),

P(Vt, s>1:—o.p5 — 2A\/2(t:8) {logg(logQ t+logys) + 10g(2/6)}
’ S

< TUP,Q) -~ Ti(Ps Qy) < Ants> >1-4

Corollary 12 exhibits a confidence sequence for 7.(P, @)) whose length is typically domi-
nated by the expected deviation bound « ;5. The potentially severe dependence on dimension-
ality in these rates can limit the applicability of Corollary 12 in high-dimensional problems.
Section 4.4.5 derives confidence sequences for smoothed 1-Wasserstein distances, which admit
significantly improved dimension dependence.

4.4.4 p-Divergences over Finite Sets

Let P be a probability distribution supported on a set X = {a1, ..., ax} of finite cardinality
k> 2.Setp; = P({a;}) forall j = 1,..., k. In this setting, we write the empirical measure
as

t

k t
1 1
P, = E 5Xi:¥ g Cjdq;, where Cj= E I(X;=a;), j=1,... k.
j=1 i=1

t
=1
The vector (C1, ..., Cj) can be viewed as a random sample from a multinomial experiment
with ¢ trials and k categories with probabilities (p1, ..., px). Concentration inequalities for

p-divergences D, between the empirical measure and the finitely-supported true distribution
P have received significant attention in the offline setting. Here, we show how such results
can be used together with Theorem 15 to obtain time-uniform bounds on D, (P;||P). We focus
on the Kullback-Leibler divergence and Total Variation distance in what follows.

Kullback-Leibler Divergence. Tight upper bounds on the moment generating function
of the scaled Kullback-Leibler divergence tKL(P;||P) have recently been derived by Guo and
Richardson (2020) (see also Agrawal (2020)), who prove

k
E[exp(MKL(P||P))] < Grp(A) = Y <931, . t | M) [T/t + @ = Mpil™, (439

T1,..., Tk =1

for all A € [0, 1]. Guo and Richardson (2020) show that this upper bound is nearly tight, in
the sense that it nearly matches the scaling in k£ and ¢ of the moment generating function of
the limiting distribution of tKL(FP;|| P). Furthermore, the value of G}, +(\) does not depend
on P (Guo and Richardson (2020), Proposition 1). Nevertheless, G}, ; cannot easily be used
in Theorem 15, since the optimization problem supy¢(g {/\u — Gk,t()\)}, for any u > 0, is
non-convex. Guo and Richardson (2020) instead derive several closed-form sequences (\;)
which approximately solve this maximization problem. We derive a sequential analogue of
their bounds in terms of a generic choice of such a sequence. The following result is obtained
by repeating a similar stitching argument as that of the proof of Theorem 15.
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Proposition 19. Let 6 € (0,1), and let P be a distribution supported on a finite set of size
k> 2. Let (Ar)f2, C [0,1/2] be a sequence of real numbers such that

2 G, 1172 (2Ae)€(logy t)
- = ) >
it log < 5 )  t21

Vi

is a nonincreasing sequence in t. Then, P{3t > 1 : KL(P||P) > v} < 0.

It can be seen that the fitted probability vector (C1 /¢, ..., Ci/t) is precisely the maximum
likelihood estimator of (p1, . . . , p ), and that the scaled Kullback-Leibler divergence tKL(P;|| P)
is a multiple of the log-likelihood ratio of (pi,...,px). Proposition 19 therefore leads to a
confidence sequence for the probability vector p on the basis of the classical likelihood ratio
statistic.

Total Variation Distance. We now similarly derive time-uniform bounds for the discrete
Total Variation distance | P, — P||py = 3 Z?:l |(C}/t) — pj|. The following Corollary fol-
lows from Theorem 15 using elementary tail bounds for the Total Variation distance (see for
instance Berend and Kontorovich (2013)), together with an expectation bound due to Kamath
et al. (2015).

Corollary 13. Forall§ € (0,1), we have

k 2%\ 1 2
PA3t> 1P = Plyy 2/ —+2( ) +2 Z[logf(logﬂ)+log(1/6)} <5
s

Up to a polylogarithmic factor, the bound of Corollary 13 scales at the parametric rate of
convergence when the alphabet size k is fixed. For general distributions with uncountable
support, such rates are not achievable under the Total Variation distance due to the lack of ab-
solute continuity of P, with respect to P. The following subsection studies a notable exception,
in which parametric rates are retained when the measures are smoothed by convolution with a
kernel admitting fixed bandwidth.

4.4.5 Smoothed Divergences and Differential Entropy

Let K : R? — R, denote a smoothing kernel, that is, a nonnegative and continuous function
satisfying [pq K (2)dz = 1. Given a bandwidth o > 0, let K, be the probability measure
admitting density K, (z) = (1/0%) K (x/c) with respect to the Lebesgue measure. Let D
denote a convex divergence, and define its smoothed counterpart by

D%+ (P,Q) — D(P*K,||Q *Ky).

It can be directly verified that D? is itself a convex divergence, due to the linearity of the
convolution operator. Theorem 15 can therefore be used to derive a confidence sequence for
D?(P||Q) based on the plugin estimator D?(P;||Qs). We emphasize that this estimator is
sensible even if the original divergence D requires absolute continuity of the distributions
being compared, as is the case for ¢-divergences. In such cases, D’ forms a proxy of D
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which can be estimated using the empirical plugin estimator. We refer to Goldfeld et al.
(2020) for upper bounds on ED?(P;, P) under a wide range of divergences D. Smoothing
by Gaussian convolution has also recently been studied as a means of regularizing optimal
transport problems, and thereby reducing the curse of dimensionality in estimating Wasserstein
distances. For instance, Goldfeld and Greenewald (2020), Goldfeld, Greenewald, and Kato (2020)
show that that the empirical measure converges to P at the parametric rate under W7, in
expectation, contrasting the unavoidable ¢~/ rate for this problem under W itself (Singh
and Poczos, 2019).

Motivated by these two applications, we show in what follows how Theorem 15 can be
used to derive confidence sequences for the smoothed Total Variation distance, and for the
smoothed 1-Wasserstein distance. The results which follow are obtained by first deriving upper
bounds on the moment generating functions of D?(P;|| P), and second, invoking the upper
bounds of Goldfeld et al. (2020) on the expectation of this quantity. In order to appeal to their
results, we assume in what follows that K (z) = e—ng/?/\/% is taken to be the standard
Gaussian kernel.

We first recall a tail assumption which will be used in the sequel. Given a metric d on X,
we say a measure P € P (X) satisfies the T (72) inequality with respect to d, for some 7 > 0,

if
Ta(p, P) < A/272KL(u||P), forall u € Py(X).

Such inequalities are at the heart of the transportation method for deriving fixed-time con-
centration inequalities—we refer to Gozlan and Léonard (2010) for a survey. For our purposes,
transportation inequalities are known to provide a natural tail assumption on P in order to
guarantee sub-Gaussian concentration of empirical Wasserstein distances: Niles-Weed and
Rigollet (2022) (Theorem 6) prove that P satisfies 71 (72) if and only if W1 (P, P) is (72/t)-
sub-Gaussian. By extending their result to smoothed Wasserstein distances, we arrive at the
following.

Proposition 20 (Smoothed Divergences). Let 6 € (0,1), ¢ > 0, and let P € P(R%).

(i) (Total Variation Distance) Assume P is 72-sub-Gaussian for some 7 > 0. Then,

o Cd 2
>1- — > 44/ = + <
P (Elt >1:||P— Py > N 4 ; [logﬂ(logQ t) 10g(1/5)]> <9,

d
2

where ¢; = /2 (% + g) ets,

(ii) (W7 Distance) Assume P satisfies the T (72) inequality with respect to ||-
7 > 0. Then, W7 (P;, P) is (72 /t)-sub-Gaussian, and for all § € (0,1),

5, for some

2
P (Eit >1: W7 (P, P)> 3% +2 T? [logé(logg t) + log(l/é)}) <0, (435)

where Cy = 2V do? (% + g) 4.
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Extensions of Proposition 20 to the two-sample setting are straightforward and omitted for
brevity. Proposition 20(i) yields a confidence sequence for the smoothed Total Variation under
a mere moment condition. Such a result could not have been obtained by our framework in
the absence of smoothing, except in the special case of Section 4.4.4 where P was assumed to
have countable support. Proposition 20(ii) contrasts our earlier Corollary 12, which implied
a confidence sequence for the 1-Wasserstein distance scaling at the rate O (¢t~ /%) for d > 3.
Smoothing removes the dimension dependence from the rate itself when o is held fixed,
although the constant C'; continues to grow exponentially in d. It can be deduced from
Theorem 1 of Goldfeld et al. (2020), combined with equation (4.45), below that exponential
dimension dependence in this constant is necessary, although the optimal constant is not
known. Any sharpening of these constants in future work could directly be used to update the
time-uniform bound in Proposition 20.

Inspired by Weed (2018), we briefly close this subsection by illustrating how Proposition 20
can further be used to obtain sequential bounds for the smoothed differential entropy of P,
h(P *K;) = — [log(P * Ky )dP % Ky, using the fact that it is Lipschitz with respect to the
W1 metric (Polyanskiy and Wu, 2016).

Corollary 14. Let$ € (0,1), 0 > 0, and P € P([—1,1]9). Then,

]P’(Vt > 1 (P, % Ky) — h(P % Ky)]

< 032\/0; [logﬁ(log2 t)+ log(4/(5)} + \\/ff;d> >1-4.

Notice that the mapping P — —h(P * K,) is convex, therefore a confidence sequence
for the smoothed differential entropy could also have been obtained by directly appealing
to Theorem 15, assuming a bound on the cumulant generating function of h(P; x K, ) were
available. Beyond this approach and the bound of Corollary 14, we are not aware of other
existing sequential concentration inequalities for this problem.

4.4.6 Sequential Generalization Error Bounds for Binary Classification

Theorem 15 can be used to derive generalization error bounds for classification or regression
problems that are valid at stopping times. We illustrate the special case of binary classification.
Let X be a topological space, P be a Borel probability distribution over X x {—1,1}, and
(X¢, Y2)52, asequence of i.i.d. observations from P. Let F be a collection of Borel-measurable
functions from X to {—1, 1}, and define the population and empirical classification risks by

t

R()=PU(X)£Y), and R(f) =7 Y I((X)£Y), feF

i=1

High-probability bounds on the supremum of the empirical process sup ¢  |R(f) — Ri(f)]
for fixed times t > 1 are yell—studied, and can lead to conserv/e\ltive confidence intervals for the
generalization error R(f;) of any data-dependent classifier f; € F, such as an empirical risk
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minimizer, or an approximate one obtained by stochastic optimization. Such bounds necessarily
depend on the complexity of F, as measured for instance by population or empirical Rademacher
complexities, respectively defined by

Here, we denote X; = (X,..., X¢) and &; = (€1, ..., &), where (¢:);72, denotes a sequence
of i.i.d. Rademacher random variables (taking values +1 with equal probability). We obtain the
following bound which is uniform both over hypotheses f € F and over time ¢ > 1.

t
] . Ru(F) =Ee, [Sllpi > ef(X)
=1

t
Ri(F) = Ee, x, [sup -
feF

1
Sup g > ef(X)

=1

Corollary 15. Letd € (0,1), and recall thatt = [t/2] forallt > 1.

1. The population Rademacher complexity provides a time-uniform generalization error bound:

i (w > 1:sup |[Re(f) — R(f)| < Ra(F) + 2\/3 [1ogz(1og2 t) + 1og<1/5)}> > 1-4.
fer

2. The empirical Rademacher complexity (R(F)) is a reverse submartingale with respect to
(&), and we have:

P(Vt > 1: Re(F) > Ru(F) — 4\/§ [1ogz(1og2 t) + 1og(1/5)D >1-4.

In particular, if 7 is an arbitrary stopping time and ﬁ is an arbitrary data-dependent
classifier, then P(|R-(f;) — R(f;)| < R#(F) +2/(2/7)[log £(logy T) + log(1/6)]) > 1 — 4.

We are not aware of other such generalization bounds that hold at stopping times.

Corollary 15 is comparable to the following well-known fixed-time bound which can be
deduced, for instance, from the proof of Theorem 3.5 of Mohri, Rostamizadeh, and Talwalkar
(2018):

P (;ag\&(f) — R(f)| < Ru(F) + log<2/a>/2t> >1-4,
€

Once again, we observe that our time-uniform bound only loses iterated logarithmic factors
and small universal constants in comparison to the above display. When the population
Rademacher complexity R;(F) is unavailable in closed form, Corollary 15(ii) may be used to
provide a time-uniform lower bound on this quantity in terms of its empirical counterpart.
We obtain this result in Section 4.D.6 by noting that R, satisfies the leave-one-out property in
equation (4.16), although it cannot easily be written as the evaluation of a convex functional at
the empirical measure. We leave open the question of providing upper confidence sequences
on R¢(F), which combined with Corollary 15(i) would lead to a fully empirical bound for the
classification risk.

The proof of Corollary 15(i) shows that analogous time-uniform concentration inequalities
can be obtained for general suprema of empirical processes over uniformly bounded function
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classes, up to modifying the expectation bound R7(F), which yields time-uniform inference
for the risk of arbitrary estimators with respect to a bounded loss function, in terms of their
empirical risk.

4.4.7 Sequential Estimation of Multivariate Means

We next show how Theorem 15 can be used to derive confidence sequences for the mean p
of a multivariate distribution P € P(R?). In the special case d = 1, our results show how
our reverse submartingale techniques can recover known confidence sequences for univariate
sequential mean estimation (summarized in Section 4.2.5), up to constant factors.

Let (X;)$°, be asequence of i.i.d. random variables with mean 1, and let 1, = (1/¢) Y>0_ | X
We state our bounds in terms of a general norm ||-|| on R?, whose dual norm is denoted by
[l = supjxj=1(A; ). Assume further that there exists Amax > 0 and a convex function
¥ : [0, Amax) — R such that

sup log (Exepfoxp (A, X = )] ) SBO), A€ 0, Amas): (4.36)
vES,

where S = {z € R?: ||z||, = 1}. For instance, when 1)(\) = A\?0%/2, the above definition
reduces to that of a (62, A1 )-sub-exponential random vector given in Vershynin (2018) when
Amax < 00, or of a o2-sub-Gaussian random vector when A\ = 00. Finally, for any v > 0,
let IV, denote the vy-covering number (van der Vaart and Wellner, 1996) of S%-1 with respect
to the norm || - ||,

Corollary 16. Assume P satisfies the tail assumption (4.36). Then, for ally € [0,1), 6 € (0,1),

log £(logy t) + log(1/6) + log N,
/2 )} <o

P{302 1l -l 2 097

Above, v = 1/2 is a reasonable default value. We first illustrate the result of Corollary 16
in the special case when d = 1 and P is 1-sub-Gaussian. If the norm ||-|| is taken to be the
absolute value, notice that one may choose v = 0 and N, = 2, thus Corollary 16 implies

1
VE> 1 e —pl < 2\/t [log {(logyt) 4+ log(2/6)|, with probability at least 1 — 4. (4.37)

Equation (4.37) is comparable to state-of-the-art confidence sequences for univariate means,
summarized in Section 4.2.5. For example, Theorem 1 of Howard et al. (2021) provides a one-
sided bound for means of 1-sub-Gaussian random variables, which together with a union bound
leads to the two-sided confidence sequence

1
VE> 1 ju—p| < ki \/t [logé(log2 t) + log(2/5)], with probability at least 1—0, (4.38)

21/4_;'_271/4
V2
confidence sequence is wider by a mere factor of 2/1.8 ~ 1.1 compared to that of Howard et al.

where k; = ~ 1.8. It can be seen from the preceding two displays that our
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(2021). In fact, Corollary 16 is a special case of a more general result that can be deduced from
Theorem 17 in Section 4.C.1, for which there are tuning parameters that we did not optimize
here, so the factor 1.1 could presumably be lowered further. More importantly though, our
result applies more generally to means of multivariate distributions, for which we do not know
of any other confidence sequences in the literature beyond those of Abbasi-Yadkori, Pal, and
Szepesvari (2011). The latter paper only has sub-Gaussian bounds decaying at the y/logt/t

rate, instead of our \/log log ¢/t rate.

As a multivariate example, suppose now that P is (0“, a)-sub-exponential, so that 1(\) =
N202 /2 with Amax = 1/c.. When ||-|| is taken to be the Euclidean norm ||-|,, one may derive
the bound

2

V202, t:0< < Zy,
VE> 1|l — plly <2 ? 7;2 2 n 0‘2 , with probability at least 1 — 0,

Mo+ 55, tigm S
where v, = (2/t)[log £(logy t) + log(1/d) + dlog5]. In particular, we recover the optimal
dependence on both d and ¢ from the fixed-time setting, up to iterated logarithmic factors.

4.4.8 An Upper Law of the Iterated Logarithm for sub-Gaussian Divergences

We now show how our finite-sample results can be used to derive an asymptotic statement
which mirrors the classical (upper) law of the iterated logarithm (LIL; Stout (1970)) for sums of
iid. random variables.

Corollary 17. Let D be a convex divergence such that D(P;| P) is (o2 /t)-sub-Gaussian for all
t > 1 and some o > 0. Assume ED(P,||P) = o(+/(loglogt)/t). Then,

tD(P||P
lim sup (Z]1P) <1, as.

t—oo /2to?loglogt

Corollary 17 establishes an upper LIL for convex divergences admitting the same constant
as the classical LIL, which states that for any sequence of mean-zero i.i.d. random variables
(X;)$2, admitting finite variance o > 0,

limsup —

> x-
t—oo  \/2to? log logt

Obtaining a matching lower bound in Corollary 17 would, for instance, necessitate anti-
concentration bounds on the process D(P,|| P), and is therefore beyond the scope of this work.
The sub-Gaussianity assumption can also likely be weakened, but given again that our purpose
was not asymptotics, we leave this for future work. Though results analogous to Corollary 17
have possibly appeared in past literature for various divergences, we are only aware of the
LILs for the Kolmogorov-Smirnov statistic derived by Smirnov (1944), for the 1-Wasserstein
distance in dimension d = 1 (del Barrio et al., 1999), and for certain von Mises differentiable
functionals (Serfling, 2009).

a.s.
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Adaptations of the proofs of Corollaries 9, 11, 13, and 20 respectively imply that Corollary
17 holds when D is taken to be the Kolmogorov-Smirnov distance, the Maximum Mean
Discrepancy with bounded kernel, the Total Variation distance for distributions supported on a
finite set, or the Total Variation and 1-Wasserstein distances smoothed by Gaussian convolution
under suitable tail assumptions on P. The conditions of Corollary 17 can also be verified for the
transportation cost W}, for any p > 1 satisfying p > d/2, under suitable moment assumptions
on P (Fournier and Guillin, 2015; Niles-Weed and Rigollet, 2022). To the best of our knowledge,
this functional is not known to be von Mises differentiable without further assumptions on
the connectedness of the support or absolute continuity of P (see Goldfeld et al. (2024) and
Chapter 7 below).

4.A Additional Lemmas

We begin by recalling McDiarmid’s inequality (Wainwright, 2019). We say that a map G :
R’ — R satisfies the bounded differences property with parameters (L1, ..., L;) € RY, if for
every ri,...,oy, oh, ..., 2y € Randalli =1,... ¢,

|G(z1,...,2) — G(z1, .., i1, Ty Tig1, - - -, 1) < L
Theorem 16 (McDiarmid’s Inequality). Assume G satisfies the bounded differences property

with parameters (L1, . .., L) and that X1, ..., X; are independent random variables. Then, for
allu > 0,

P(\G(Xl LX) —EG(Xy,..., X)) >u) <rexplo2 L
) 9 9 9 - = Z;?:l L,LQ

In several of the proofs for Section 4.4, we will show that the processes ®(P;, Q) or
V(P Q) satisfy the bounded differences property, when viewed as functions of the samples
therein. The following standard result will then imply that these processes are sub-Gaussian
(see for instance Rigollet and Hiitter (2015), Lemma 1.5, for a statement with the exact constants
used below).

Lemma 32. Let P be a distribution over R such that for X ~ P ando > 0, E[X]| = 0 and
P(|X| > u) < 2e %727 4> 0.

Then, P is (802)-sub-Gaussian.

4.B Proofs from Section 4.2

4,B.1 Proofs of Theorem 13

Theorem 13 was proven for instance by Lee (1990), Theorem 3, p. 112. Due to its centrality in
our work, we provide two self-contained proofs of this result below. The first proof follows
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directly from Doob’s submartingale inequality (see equation (4.10)). The second proof is a
restatement of Lee’s original proof, which we include for reference in the following subsection.

First Proof (via Doob’s submartingale inequality). For any integer 7" > t(, define the
process Sy = Rp_t14,, forallty <t < T, as well as the forward filtration G; = Fp_;44,. Since
(Ry) is a reverse submartingale, we have E[R;|Fiy1] > Ri11, whence forall tg + 1 <t < T,

E[St|Gi-1] = E[Rr—tt1o| Fr—t+tg+1] = Rr—t+to+1 = St—1-

It follows that (S;){_, forms a forward submartingale with respect to (G;){_, . Applying
Doob’s submartingale inequality, we therefore obtain

E[S
PRty <t<T:8 >u)< [ T],
u
for all u > 0. Equivalently,
E[R
P(Jtg <s<T:Rs>u) < [Fro]
u

Notice that the event within the probability on the left-hand side of the above display is
monotonically increasing with T, converging to the event {Is > to : Rs > u}. Taking

T — oo, we thus have

E
P(3s > tg: Ry > u) < [Rto],
u

which proves the claim. 0

Second Proof (first principles). Let T > tg, u > 0, and define the disjoint sets

T
At:{RtZu}m ﬂ{R]<U}, t:t05t0+17,T’
j=t+1
where ¢ represents the last time (in the range g, o + 1, ..., T) at which R; was larger than u.
We have,
P(3tg <t <T:R;>u)= ZPAt Z/ RdP < = Z/ [Ry, | Fi]dP
t=to t to t to

where the first inequality follows because R; > u on Ay, and the second inequality follows
by the reverse submartingale property of (R;). Note that R; is F;-measurable and hence also
Fi-measurable for ¢ < j due to the reversed nature of the filtrations. Thus, A; € F;, whence
[, E[Rto|Fi]dP = [, Ry,dP and we obtain

1
P(3to <t <T:R;>u)< Z RtOdIP’ < ~E[Ry),

tto

where the last step utilizes the nonnegativity of R; and the fact that the events {At}tT:to are
disjoint by construction. The claim now follows as before by taking 7" — oo, noting that
the right-hand side remains fixed while the left-hand side is the probability of an increasing
sequence of events whose limit is {3t > ¢o : Ry > u}. O
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4.B.2 Proof of Proposition 13

Let (Fis)t,s>1 be a reverse filtration. Under the conditional independence condition (4.12) on
(Fis), Christofides and Serfling (1990) establish a maximal inequality for partially ordered
reverse submartingales, which we state below before proving Proposition 13. We will require
the following notation. Let 1 < ¢y < T,1 < so < S,andlet {C}s : t,s > 0} be anondecreasing
array of nonnegative numbers. Given a reverse submartingale (Ry)¢ s>1 with respect to (Fys),
a general bound will be given on P(A), where for any u > 0,

T S
A=< max CiRis > u p = U U Ay,

to<t<T
0S5 B (439)
T s '
where As = {RsCis > u} N m ﬂ {Rj1Cji, < u}.
j=t+1k=s+1

This decomposition into the sets A, is analogous to that in the proof of Ville’s inequality for
reverse submartingales (Section 4.B.1). Unlike that result, however, the lack of total ordering on
N2 prevents the sets A;, from being disjoint; for instance A43 and A3y could both potentially
happen. Christofides and Serfling (1990) instead form a partition (Bt(s1 ))t, s>1 of A, defined
recursively by the following algorithm.

Let Dy =0, m:=1

Forj=tptoT
Fork =syto S
1
BY) = A5\ | Dy

l<m
Dy, = Ajg, m:=m+ 1.

A second partition (Bt(g))@ s>1 is further formed by changing the order of the for-loops in the
above display. Specifically,

t—1 S s—1
By = A\ U UA4x|ul U 4]y,

J=to k=sg k=s0
s—1 T t—1

(2)

B = A\ g | U Ui Jul Ui
k=s0 j=to Jj=to

with the convention that an empty union is equal to the empty set. Notice that for j = 1, 2,

the sets (Bt(g))t,szl are mutually disjoint, and (J, ¢, Bg) = A. Further, unlike (Ays), the

sequence (Bt(g)) is not adapted to (Fis), but instead satisfies Bt(; ) € Fis, and Bg) € Fiys- We

are now in a position to state their bound.
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Lemma 33 (Christofides and Serfling (1990), Corollary 2.9). Let (Rys) be a nonnegative reverse
submartingale with respect to (Fs), and assume (Fys) satisfies the conditional independence
condition (4.12). Furthermore, let {Cis : t,s > 0} be a nondecreasing array of nonnegative
numbers. Then, for allu > 0,

ulP ¢ max CisRis > u

to<t<T
50<s<S
T S S
< {Z Y (Cts = Cl1))ElRes] = Y Crys / . Rtosdﬂb}
t=to s=so S$=50 (Ut:to Bts )C
T S T
A {Z Z (Cts - Ct(s—l))E[Rts] - Z Ctso/ s @) RtsOd]P)} .
t=tp s=so t=to (Us:so Bts )C

In the special case where Cys = I(t > tg,s > sg) forall0 < ¢ < T,0 < s < S, Lemma 33
reduces to the following bound

S S
Z CtOSE[RtOS] - Z Ctos/ Rtosd]P)

T 1
a0 et (Ui, BiY)e

1 S
== Z / Ry, sdP.

T 1
CEEN) Ut:to Bt(,s)

1

P max Riys>up < —
to<t<T u
50<s<S

(4.40)

This simplification of Lemma 33 turns out to be simple to show, and we provide a self-contained
proof before using it to prove Proposition 13 below.

Proof of Inequality (4.40). We have for any sop < s < 5,

T T
uP (U BQ) =u Y P(BY)

t=to t=to

= Z / E{E[Rto s|Fros] | Fiso }dIP’ (By the CI condition)
B0

- Z /B(U E[Rtys| Ftos)dP (Since Bt(sl) € Fiso)
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The claim follows by taking a summation over sp < s < S on both sides.

Lemma 33 leads to the following proof of Proposition 13, which generalizes Corollary 2.10
of Christofides and Serfling (1990).

Proof of Proposition 13. Let T > t(, .S > sg. By inequality (4.40),

S
u*PQ sup Riys>u,p < Z/ tosdP

T (1)
tost<T s=s0 Ut:to Bis

50<s<S
S
< E / o < max R%S> dP
T
Ut:to Bts SOSSSS

$=S0

:/ ( max Rfos) dP
A \s0<s<S

where the last inequality follows from Doob (1953), Theorem 3.4, page 317. Taking 7', S — oo
on both sides of the above display leads to the claim. O

4.C Proofs from Section 4.3

4.C.1 Proofs from Subsection 4.3.1

Proof of Proposition 15. To prove part (i), Theorem 14 implies that (N;) forms a reverse
submartingale with respect to (£/*). Furthermore, the map 2 € R + exp{Ax} is convex and
monotonic for any fixed A € [0, \pnax), so Jensen’s inequality implies that the process

Li\) = exp(ANy), ¢ 1,
is also a reverse submartingale with respect to (£/°). By Theorem 13, we obtain for all u > 0,

P(3t>tg: Ny >u) < inf P(It>to: Li(\) >e™) <  inf Elexp(—Au)Ly (N
( ;

AE[O,)\max) o >\6[07>\max)
< e e { = du iy (M)} = exp { = 9 (u)}, (4.41)

as claimed. To prove Proposition 15(ii), recall that & = &~ \/ €Y is a o-algebra generated by
a union of independent o-algebras. It follows that the filtration (&) satisfies the conditional
independence property (4.12), by Cairoli and Walsh (1975), example (a), page 114 (see also
Christofides and Serfling (1990)). Furthermore, similarly as in part (i), the process

Lis(\, ) = exp(AMs/ar), t,s >1,
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is a partially ordered reverse submartingale for any fixed choice of A € [0, Apay) and « > 1.
Notice also that L;s(\, @) € L%(IP), thus we may apply Proposition 13 to obtain

P(3t > ty,s > s0: Mys > u) = R [%n/\f )]P’(Elt > to, s > S0 Lis(\, ) > exp(Au/a))
E y/\max

« @ o
< (a " 1) it exB(=NE L ()

a \¢ .
— <a — 1) )\e[gl)\fm)exp(—)\u)E [exp(AM¢,s, )]

< (%) epl-vinlo)

Taking the infimum over o > 1 on both sides of the above display leads to the claim. O

We now turn to proving a more general version of Theorem 15. Let n,& > 1 be fixed
constants which determine the sizes of the geometric epochs used in the proofs. Furthermore,
given t, s > 1, we use the shorthand notation ¢ = [¢/[n]] and 5 = [s/[£]].

Theorem 17. Let ®, ¥ be convex functionals, and let § € (0,1).

(i) (One-Sample) Assume 1] is invertible for allt > 1, and if n is not an integer, assume
(¥F)~1(N) is a decreasing (resp. increasing) sequence in't (resp. \). Set

7 = ()™ (10g ((log, 1) + log(1/9) ).
Assume further that (+y;) is a nonincreasing sequence. Then,

P{3t>1:D(P) > ®(P)+v} <4

(ii) (Two-Sample) Assume 1)y, is invertible for allt,s > 1, and if n (resp &) is not an integer,
assume 17, (\) is decreasing in t (resp. in s), and increasing in \. Set

Yes = (@z)g‘g)*l ( log g(log77 t + log; s) + log(l/é)).
Assume further that (vy;s) is a nonincreasing sequence in each of its indices. Then,
P{Eltvs Z 1: \I/(PtaQs) 2 \I/(PaQ> +f>/t5} S 6
Proof of Theorems 15 and 17. The proofs of claims (i) and (ii) of Theorem 17 are similar,

thus we only prove (ii). Theorem 15 will then follow by setting 7 = £ = 2. Let u; = [1)/] and
v, = [€¥] for all j, k € Ny. Since 74, is decreasing in t and s, we have

P(3t,s >1: Mys > ys)

S P U U {Elt € {u]’ . ,Uj+1},8 € {vk)"'avk+1} : Mts 2 ’Yts}
J€Np keNp
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<P U U {Ht € {Uj, ces ,Uj+1},8 S {Uk, cey U1} My > 7uj+1vk+1}
j€Np keNp

Now, ujy1 < u;[n] (resp. vy1 < vg[€]), with equality if 7) (resp. &) is an integer. Therefore,

by definition of £, 5, and by the fact that (1};) ! is decreasing in ¢ (resp. s) when 7 (resp. £) is
not an integer, we have

’YUj+1’Uk+1 Z (@Z)ijk)_l < logg( logn(uj+l) + logf(vk-f'l)) + log(l/é)) :
Since (f,)~1()) is increasing in A when 7 or ¢ are not integers, we deduce

Vg prvnr 2 (wiijvk)’l(log 90 +k+2)+ log(1/5))-
Applying a union bound together with Proposition 15 then leads to

P(3t,s >1: Mg > 1)

<e Z:; kzzoexp {—@ﬁiﬁjvk ((%vk)‘l(logg(j +k+2)+ log(1/5))>}

k=
(o] (o] e
=022 kg <P

as claimed. O

Proof of Corollary 6. We only prove the claim for (Mys)55_;, as the proof for (N;)f2, is
similar. Since M, is o2,-sub-Gaussian, we have for all A € R,

E {exp (AMis)} = E {exp [MN(Mys — E(Ms))]} exp {AE(Mys) }
o2
< exp {2ts} exp {\E(M)},

whence, an upper bound on the CGF of M;; is given by 1;5(\) = Noi, + AE(M,). Thus, for

2
any x > E(M;,) and any v € R,

T — ts 2‘7t_2 * )=
( ]E(]\g )) s 7 (wts) 1(7) = E(Mts) + \/m

The claim now follows from Theorem 15. O

Prs(x) =
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4.C.2 Proofs from Subsection 4.3.2
We state and prove the following stronger version of Corollary 8.

Proposition 21. Assume that the processes (Ny) and (M;s) satisfy the conditions of Proposi-
tion 16, and fix 0 € (0, 1). Assume further that there exists A,ax > 0 and convex functions
Ve, hy, ¢y such that for all A € [0, Apax)s

fseu]% log {E [e/\(f(X)—Ef(X))} } < da(N),

f?ﬁw log {E {ex(f(xrmﬂxn]} e gsélgll log {E [eA(g(Y)ng(Y))]} < y(N).

Assume further that the Legendre-Fenchel transforms v, 1y, ¢y, are invertible, with nonde-
creasing inverses.

(i) (One-Sample) We have
P {Elt > 1:®(P) < B(P) — ()~ G (1o ((log, ) + 10g(2/5)])} <5/2.

(ii) (Two-Sample) Define
Ry =97 (
o =

{log {(logy t) + log <§

)
oo+ 10 (2)

|

P(3t,s>1: (P, Q) < U(P,Q) — k¥ —kY) <5/2. (4.42)

® N | DN

Then, we have

When it exists, the cumulant generating function of any mean-zero random variable Z scales
quadratically near zero—specifically, it is easy to check that lim o log(Eexp(A\Z))/(A\?/2) =
Var(Z). Thus, the inverse of its Legendre-Fenchel transform typically scales as the square root
function near zero. The upper confidence sequences in Proposition 21 thus typically scale at
the parametric rate up to a necessary iterated logarithmic factor.

Proof of Proposition 21. To prove part (i), define for this proof only,
*\—1 2
m=(5) " (5] log Llogy t) + log(2/9)] ).

Furthermore, let u; = 27 for all j € Ny. By Proposition 16, (R;) minorizes (NN;) thus



Chapter 4. Sequential Estimation of Optimal Transport Costs 181

<P U {HtE{Uj,...,uj+1}2—Rt277t}
J€No

<p| U {aretwad-mez i (2 ot + 1 +ioscz/o)] )} )
jENp Ui+
(4.43)

where on the last line, we used the fact that (1) ! is nondecreasing. Now, (R;) is a reverse
martingale with respect to (£7), whence (exp(—AR;))$2, is a reverse submartingale for any
fixed A € [0, toA\max)- Applying Theorem 13 similarly as in the proof of Proposition 15, we
therefore obtain for all u > 0 and ty > 1,

>tg: Ry >u) = i >t - > M
P(Elt >ty —Ry > u) AE[O{{;{\}ﬂﬂ)P(EIt >to:exp(—AR) > e >

inf —\u)E —AR
,\e[ol,g),\max)exp( wE [exp 2

inf M+ totbe (Mt
Ae[ol,ﬁ)xm)e}{p{ u + tova(N/to) }

Ae[oi,gfxm) exp { — to[(A\/to)u — Ya(N/to)]}

inf exp{ —to[\u — Ya(N)]} = exp { —tovg(u)}.

AE[0,A\max)

A

IN A

Returning to equation (4.43), we deduce

PEt>1:9(P) <P(P)—m) < Z { logf(] +1)+ log(?/d)]}
- = 5/2 _9
Zoexp{ [log (5 + 1) + log(2/0)]} Z; G+ 5

The proof of claim (i) follows. The proof of part (ii) follows by a similar probability bound for
each of —RX and —RY at level §/4, combined with a union bound. O

Proof of Corollary 8. By Hoeffding’s Lemma, we may take ¥s(\) = A\2B?/8 for all
A € Ry, thus, (v3)"Y(\) = /B2\/2, and similarly for the two-sample case. The claim
follows directly from Proposition 21. O

4.C.3 Proofs from Subsection 4.3.3

Proof of Proposition 17. Assume first that P(U;_; Ats) < d. Letn = (T, S) be any random
time. Then

Apg = <U U Ags N {n = (t,s)}>

t=1s=1
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gt

U (U Ases N {n = (oo,s)}) U (Aosso N {1 = (00,00)}) .

s=1

(@

Atoo N {n = (¢, OO)})

Il
—

Since Asooos Atoo, Aoos € Upary Ats, we deduce that Apg C |J;5_, Ass, implying that
P(Ars) < 4. Thus (i) implie57 (iii). It is also clear that (iii) implies7(ii), thus it remains to
prove that (ii) implies (i). To this end, assume P(A.,) < ¢ for any stopping time (7, o). For
any w € (), let

I(w) ={(t,s) € N?:weAgandw & Apg V(' s') e N2 (1, §) < (t,s)}.
We may then define

(00, 00), I(w)=10

(T(U)),O’(w)) = argmin t, ‘I(w)‘ >1-
(t,s)el(w)

The minimizer in the above display is unique and unambiguous, because when I(w) has
cardinality greater or equal to 2, any of its distinct elements (¢, s) and (¢', s") must have ¢ # ¢/
and s # s’ by construction; for example, (¢, s) and (¢, s") cannot both be elements of I(w)
for s # s'. Notice that (7, o) is a stopping time with respect to (F;s) because Ay g € Fis for
all (¢, s") < (t,s). Furthermore, its definition guarantees | J;;_; Ats C Ar,. We deduce by
assumption that P(U;—; Ats) < 9, as claimed. O

We note that our precise definitions of the events A;o, and Ay, for ¢,s > 1, was not
crucial in the preceding argument.

4D Proofs from Section 4.4

4.D.1 Proofs from Subsection 4.4.1
Proof of Corollary 9. By the DKW inequality, for all u > 0, we have

]P’( IF, — Fl > u) < gem 2

Therefore,

oo o0
BIF - Pl = [ PUR - Flozudu<2 [ 2=
0 0

Furthermore, it is a straightforward observation that the map

(x1,...,2¢) € R = sup

Sup EZI(xi<x)—F(x)

=1
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satisfies the bounded differences property with parameters Ly = --- = L; = 1/t. McDiarmid’s
inequality (Theorem 16) therefore implies the bound

2

P(||Fi = Flloo —E||F, — Flloo | > u) <2e72, u>0.

Lemma 32 then implies that || F; — F'||  is a (2/t)-sub-Gaussian random variable.

Now, notice that D 7(P||P) = || F; — F||, is an IPM over the class J = {(—o0,z] : x €
R}, and in particular D 7 is convex by Lemma 31. We may therefore apply Corollary 6 to the
process N; = D 7(P||P), t > 1, to obtain the claim. O

Proof of Corollary 10. By the triangle inequality,
Mis = [|[Fy = Gslloo = [[F = Glloo < 1Gs = Gl + [1Fr = Fll o

so that EM;, < /7/2t + \/7/2s, by the same argument as in the proof of Corollary 9.
Furthermore, the map

s

1 1
(5517---,1‘7&,@/17---,@/5) — sup 7ZI(IE2 SZL‘) - 721(1/1 < .ZE) )
zeR | ¥ i 5
satisfies the bounded differences property with parameters L1 = --- = L; = 1/t and L4 =

-+« = Li4s = 1/s. Therefore, McDiarmid’s inequality implies
P(|Mys — EMys| > u) < 2exp(—2tsu?/(s + 1)), u> 0.

It now follows similarly as in the proof of Corollary 9 that M, is sub-Gaussian with parameter
2(t + s)/ts. Applying Corollary 6 leads to the bound P(3t,s > 1 : My > vs) < 0/2.
Furthermore, from Corollary 8, P(3t,s > 1 : Mys < —kys) < §/2. Applying a union bound
leads to the claim.

To prove the validity of the test, notice simply that under the null F' = G, the aforemen-
tioned bound reduces to P(3t,s > 1 : ||F}; — G| oo > ts) < 6/2. O

4.D.2 Proofs from Subsection 4.4.2

Proof of Corollary 11 The proof of Theorem 7 (equation (16)) of Gretton et al. (2012) yields
the expectation bound

E|MMD(P;, Qs) — MMD(P, Q)| < 2[(3/75)1/2 i (3/8)1/2]

Further, the following concentration bound follows from equation (15) of Gretton et al. (2012):

2
P(|MMD(P;, Qs) — E[MMD(P, Q)]| > u) < 2exp {—w@b} , u>0.
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Therefore, Lemma 32 implies that MMD(FP;, Q);) is SBSS_S) -sub-Gaussian. Finally, MMD is

an IPM by its definition, and is therefore convex by Lemma 31. Combining these facts with
Corollary 6, applied to the process M = MMD(P;, Qs) — MMD(P, @), leads to the bound

P(3t,s > 1: MMD(P;, Qs) — MMD(P, Q) > i) < 6/2.

To obtain an upper confidence sequence, notice that the set 7 = {f € H : || f||;, < 1} consists
of functions taking values in the interval [—\/E , \/E] Indeed, for all f € J, z € R,

@) = [(F K (@)l < 1l 1K (2, )l < VE(2,2) < VB.

Applying Corollary 8, we thus have
P(3t,s > 1: MMD(P;, Qs) — MMD(P, Q) < —2VBry,) < §/2.

Applying a union bound leads to the claim. O

Thus far we have studied the plugin estimator MMD?(P;, Q,), which is known to be a
biased estimator of MMD?(P, Q). The following unbiased estimator, which we state only
in the case t = s, is widely-used and is obtained by replacing the V-statistic in (4.31) by the

following U-Statistic
1

t(t—1)

M? = > (2, Zy), (4.44)
i#]

where J((z,), («/,y)) = K(z,2) + K(y,y') — K(x,y') — K(2',y). The process M, does
not admit a simple characterization as a convex functional of the empirical measures P; and
(¢, thus Theorem 15 and Proposition 21 cannot be directly applied. U-Statistics are, however,
known to be reverse martingales, as discussed in Section 4.4.2, implying that ]\/4\152 is a reverse
martingale. While this does not imply that ]\/Zt — MMD(P, @) is a reverse submartingale,

—

Theorem 15 can be applied directly to the mean-zero process M7 — MMD?(P, Q).

Proposition 22. Under the same conditions as Corollary 11, we have for all § € (0, 1),

P <E|t >1:M?>MMD?(P,Q) + IGB\/t_ll [logﬁ(logg t) + log(1/5)}> <.

Unlike equation (4.32), Proposition 22 does not lead to a confidence sequence for MMD?( P, Q)
scaling at the rate O(loglogt/t) when P = (). We therefore recommend the use of the plugin
estimator MMD( P, Qs) and Corollary 11 when a confidence sequence is needed in practice.

Proof of Proposition 22. By Theorem 10 of Gretton et al. (2012) and Lemma 32, one can
infer similarly as in the proof of Corollary 11 that ]\/4\152 is (3282 /t)-sub-Gaussian, where t =
|t/2]. The claim then follows by the same proof technique as Theorem 15 and Corollary 6, using
the fact that ]\/Zt2 is a reverse martingale, and using the inequality [[t/2]|/2] > (t —1)/4. O

We close this section with a proof of Proposition 18.
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Proof of Proposition 18. Let v € P(X) be any fixed reference measure. By Mercer’s
Theorem (see for instance Christmann and Steinwart (2008), Theorem 4.49), a continuous,
symmetric, and positive definite kernel ~ admits the representation

y) = Z)\ﬂ/)i(ff)w@'(y% z,y € X,
i=0

where ()\;)i>0 C £2 = (2(Np) is the sequence of eigenvalues corresponding to the Hilbert-
Schmidt operator f € L*(v) + [ h(-,y)f(y)dv(y), and (¢;)i>0 C L*(v) is a corresponding
sequence of eigenfunctions. It follows that one may write for any u € P(X),

- \/// h(z,y)du(x)du(y) = i)‘i (/ 77Z)id”>2 - H <\/E/¢idu>izo

The right-hand side of the above display is a composition of the convex map ||-|| 2 with the affine
map p € V= (VA [idp) -, € £%, where V is the vector space of finite signed measures

on (X,B(X)). It follows that the functional \/®(-) is itself convex. Since this functional is also
nonnegative, and the square function is convex and increasing on R, it is straightforward to
verify that the functional ®(-) is likewise convex. The claim then follows from Theorem 14. [

)

82

4.D.3 Proofs from Subsection 4.4.3

Proof of Corollary 12. We will make use of the Kantorovich duality (cf. Section 4.2.1) to
show that the map

G: (21, .., %0,Y1,...,Ys) € XS

S

t S
DI SO I SRR o]
i=1 j=1

GMC - j:1

satisfies the bounded differences property. This generalizes the one-sample analogue proven for
instance by Weed and Bach (2019) (Proposition 20). Let 1 < k < t¢,and 1, Z1,...,2¢, Tt € X
be such that z; = x; for all i # k. Furthermore, let yy,...,ys € X. Let (fo, g0) € M, denote
optimal Kantorovich potentials satisfying

t S t S
1 1 1 1
7D Oa 2 D 0y | =D folw) + 5D 00(y;):
=1 j=1 i=1 j=1

Furthermore, recall from Section 4.2.1 that we may (and do) choose ( fo, go) such that 0 < f <
A and —A < gg < 0. Then,

G(x17~~'7xtay17"'7y8)_G(flw- Eif:ylv"'vys)

t
S%ZfO(xz Zgo (y5) Zfo (@i) —*ZQO (v5)
i=1
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—

< S lfolar) = folzi)] < A/t
Repeating a symmetric argument, we obtain
|G(x1,. Ty, - Ys) — G(T1, oo Ty Y1, -+, Ys)| < AJL
We similarly have that for all 41, ..., ys € X, satisfying y; = y; for all i # k,
|G(x1,. . T y1y - Ys) — G(T1, o T UL, - -, Us)| S As.

We deduce that G satisfies the bounded differences property with parameters L; = --- = L; =
A/tand Lyy; = ... Li1s = A/s. McDiarmid’s inequality then implies

2tsu?
(7P Q) ~ ETi(Ps Q) 2 ) < 2o {~ 220 b s

It follows that 7.(P;, Qs) is QAQSJFS) -sub-Gaussian by Lemma 32. Since 7. is convex, applying
Corollary 6 yields

P<3t73 >1: %(Pt; Qs) - 7:;(P, Q) > Qe ts

+ 2A\/2(t;8) [logg(loggt + logy s) + log(2/5)}) <4§/2.

Furthermore, Corollary 8 and the Kantorovich duality immediately lead to the bound
P(Et, s 2 1:Te(F, Qs) — Te(P, Q) < —Akys) < /2.
The claim follows. O

4.D.4 Proofs from Subsection 4.4.4

Proof of Proposition 19. We repeat a similar stitching argument as that of the proof of
Theorem 15. Let Ny = KL(P;||P),t > 1. (N;) forms a reverse submartingale by Lemma 31 and
Theorem 14, implying by Jensen’s inequality that for any integer ¢; > 1, (exp(t1 )\tht))Zl
is a reverse submartingale. Therefore, following along similar lines as the proof of Theorem 15,
and applying Theorem 13, we have for all y > 0 and all integers ¢y > 1,

P<3t >ty Ny > y) = P<3t > to : exp(Ay t1Ny) > eXPQ\tJl?J))
< I[‘:[exp(—yhAt1 + t1>\t1Nt0)] < exp(—ytlz\tl)Gk,tD (tlAtl/tO)-
Now, letting u; = 2 for all integers j > 0, and v = /\%t log (5_1Gk7WQJ (2X¢)€(log, t)), we

obtain

[o¢]
P(Ft>1:N>v) <P U{Elte{uj,...jujJrl}:NtZ%}
7=0
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o0
<P U {Hte {uj, ..., ujp1}: N zfyujH}
=0

o0 oo
S Z exp { 141, Auy 1 § Ghay (A1) < Z
=0 =0

o
L5 +1)

<0,

where on the final line, we used the fact that G, + () increases with ¢ for all fixed k > 2, A €
[0, 1] (Guo and Richardson (2020), Lemma 1). The claim follows. O

Proof of Corollary 13. By Berend and Kontorovich (2013), Eq. (17), and references therein,
we have

IP’( 1P, = Plloy — E[IIP, = Pllpy ] > u) < 2exp(—2tu?), u >0,

implying that | P, — P||py is (2/t)-sub-Gaussian. Furthermore, Lemma 7 of Kamath et al.
(2015) implies

NI

k k
_ < 4] = Z
Bl - Pl < /5 +2(})

|l forms a convex divergence by Lemma 31. The claim now follows by Corollary 6.
O

Finally,

4.D.5 Proofs from Subsection 4.4.5
We shall make use of the following result due to Bobkov and Gétze (1999).

Lemma 34 (Bobkov and Gotze (1999), Theorem 1.3). Let d denote a metric on X. Then, a
measure i € P1(X) satisfies the T1(0?) inequality with respect to d if and only if f(X) is
o2-sub-Gaussian for all functions f : X — R which are 1-Lipschitz with respect to d.

Proof of Proposition 20. To prove part (i), it is straightforward to show that the map

G:(x1,...,1:) € R»—

)

TV

satisfies the bounded differences property. Indeed, given 1 < j < t, let xy, Z1, ..., xs, T € R,
such that x; = z; for all ¢ # j. Then, the triangle inequality implies

(1 Z O, * i@) (4) - (1 Z 0z, *’Co—> (4)
i=1 =1

|G(z1,...,2¢) — G(T1,...,2¢)| < sup

AeB(R?)
1
< - sup / |Ko(x — xj) — Ko(x — ;)| da
t AcB(®RY) A
1 ~
< — sup / [Ko(x —xj) + Ky(x — :BJ)} dx < 2/t.
t AcB(Rd) JA
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Therefore, by McDiarmid’s Inequality (Theorem 16), we have
IP’<| 1P, — Py — E|IP, — PGy | > u) < 2exp(—tu?/2), u > 0.

It follows from Lemma 32 that || P, — P||7, is 8t-sub-Gaussian. Furthermore, Goldfeld et al.
(2020) show that E || P, — P||Fy < cqt~'/?/+/2. Finally, the Total Variation distance is convex
by Lemma 31, thus ||-||Ty is also convex. The first claim now follows from Corollary 6.

To prove the second claim, we show similarly as Niles-Weed and Rigollet (2022) that the
map

t
1
G: (xl,...,xt) ERth |—>th (tz;6%7p> ,
1=

is Lipschitz with respect to the metric ¢;(z,y) = S_i_; ||zi — vill, on R¥¥!, where z =
(1,...,2),y = (y1,...,yt) € R¥! Let J denote the set of 1-Lipschitz functions on R¢,
and recall that the W; distance coincides with the IPM generated by J, by the Kantorovich-
Rubinstein duality. We thus have, by the triangle inequality for W7,

G(z) - Gly)| < tW3 ((1 Zazi) * Ko, (1 Z(s%) *zcg>
i=1 =1
= tsup/fd (1 > 0z, Ko — 6y, */c(,)>

t
<3 i - will / Ko(2)dz = er(x,y).
=1

We deduce that G is 1-Lipschitz with respect to ¢;. Furthermore, by Gozlan and Léonard (2010),
Proposition 1.9, the product measure P®! satisfies the 7} (¢72) inequality over R%** with
respect to c;. Therefore, G(X1, ..., X;) = tW{ (P, P) is (t72)-sub-Gaussian by Lemma 34, i.e.
W7 (P;, P) is (12/t)-sub-Gaussian. Furthermore, EW{ (P;, P) < Cyt~'/2/y/2 by Goldfeld
et al. (2020). Applying Corollary 6 leads to the claim. O

Proof of Corollary 14. Since P is supported in [—1, 1]¢, Proposition 5 of Polyanskiy and
Wu (2016) implies

1
(P Ko) = WP Ko)| < 575 (Ine = il + 2VaW{ (P, P)) (4.45)

where yiy = [zdP;(z) and pp = [ xdP(x). Notice that P is 1-sub-Gaussian by Hoeffding’s
Lemma, and thus also satisfies the 77 (1) inequality (by Lemma 34). By Corollary 16 (see also
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the discussion thereafter), we have

1
VE>1: e —pl < 2\/11L [logﬁ(logQ t) + log(4/5)} ,  with probability at least 1 — 6/2,

and by Corollary 20,

1
Vi>1: W7 (P, P) < \C/‘i+2\/t {log l(logyt) + 10g(2/5)}, with probability at least 1—4/2.

By a union bound and equation (4.45), it follows that with probability at least 1 — 4, we have
uniformly in ¢ > 1,

(P Ko) = h(P* Ko)| < 5 {mt ~ ul + 2VaAW (P, P)}

1 24/dCy
< 2{ 2+4f [logf(logg )+log(4/5)] =7 }
VdCy
< I 61 log(4/6 ,
< \/ [toz {10z, 1) + log(4/6)| + 2
as claimed. OJ

4.D.6 Proofs from Subsection 4.4.6

Proof of Corollary 15. Notice that

sup [R(f) — Re(f)| = sup

fer fer
where D7 is the IPM generated by the class J = {(z,y) — I(f(x) # y) : f € F}. Since
the functions in J are uniformly bounded by 1, if follows by the same argument as in the
proof of Corollary 9 that that D 7(FP||P) is (2/t)-sub-Gaussian. Furthermore, a standard
symmetrization argument (see for instance equation (4.18) of Wainwright (2019)) implies

/ 1(f(x) # y)d(P — P)(x.y)| = Dz (P|P).

E[Dg(P||P)] < 2R:(T) = Ra(F),

where the final equality follows from Lemma 3.4 of Mohri, Rostamizadeh, and Talwalkar (2018).
By Corollary 6, we deduce

2
i (3t >1: Dg(B|P) > Re(F) + 2\/t [mge(log2 £) + 1og(1/5)}> <4,
which readily implies the first claim. To prove the second, abbreviate R;(F) by Ry, and let

t+1
Ri:EEt+1 .?‘161.1;; ZE]f(Xj) 5 7/:1,,t+1

Jj=1
JFi
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Then,
R 1| L
Riy1 = Ee, ?ggm ;ejf(Xj) :E€t+1 t—l—l Z Zejf
J#Z
t+1 1 t+1 t+1
Sir1 Z et Z;E]f( ) t+1ZRt’
j?'éi

implying that (ﬁt) satisfies the leave-one-out property in equation (4.16). It follows from
Proposition 14 that (ﬁt) is a reverse submartingale with respect to the exchangeable filtration
(&{X). Thus, Theorem 15 and Corollary 6 can be invoked with (N;) replaced by (ﬁt) Fur-
thermore, it can again be deduced as before that Ry is (8/t)-sub-Gaussian, and has mean R;.
Corollary 6 thus leads to the claim. O

4.D.7 Proofs from Subsection 4.4.7

Let A, be a y-cover of S¢~! of size N,. By a straightforward covering argument, notice that
for any v € S¢71, there exists vy € A, such that || — 1|, < 7 thus

VX =(v—w) X+ X <) X[ + v X,
whence

|X]|= sup v'X <~|X| +maxv'X,
vesd—1 veAy

implying that || X || < ﬁ max,c4, V' X. We deduce that for all A > 0,

Bloxp O = )] < B oxp (2 o™ )

5 el (o)
-5 (o5 )

veA,
(o)

where we extend the definition of the convex function v to R by setting 1/(\) = oo for all
A > Amax. We deduce that an upper bound on the cumulant generating function of ||z, — ]
is given by

_ A
VYi(N) =log N, + ty (M) ., A>0,
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It is readily seen that for all z € Rand all A > 0,

Ti(a) = —log Ny + t9* (1 - ), (F7) () = —— () (

A+ log N,
1—7 '

t

Finally, notice that the functional ®(Q) = || [ #dQ(z) — p|| is convex, thus we may apply
Theorem 15 to deduce that for all § € (0,1),

IP’{EIt > 1 g — ) > 1i,y(¢*)1 <log€(log2 t) —i-ﬁ(;g;%l/é) + logN7>} <5

The claim follows. O

4.D.8 Proofs from Subsection 4.4.8

Proof of Corollary 17. Let n,« > 1, and set up, = [n¥] for all k& > 0. Define /(k) =
(1V k*)¢(a), where ((a) = 372, 7% and a > 1. From the proof of Theorem 17, for the
process N; = D(P,||P) in the special case of sub-Gaussian tails 1;(\) = AE(N;) + A\202/2t,
it can be seen that P(Ay) < 6/4(k + 1), where, forall k = 0,1,...,

A = {Eluk <t < upgr s Ny >E (Npypopy) + \/% [logé(log77 t)+ log(l/é)} } .

Thus, by definition of ¢ and by the first Borel-Cantelli Lemma, we have P(lim sup;,_, . Ax) = 0.
Therefore,

202
P {Nt <E (Npyp11) + \/W [10g6(10g77 t) + log(l/é)} eventually} =1.

Note that for all ¢t > n,
log {(log, t) = aloglog, t + log ((a) = aloglogt — aloglogn + log {(a).
Therefore, we have almost surely,

D(P|| P
lim sup (2P)
t—o00

<1

)

E (Npyropy) + \/H%;ﬂ [aloglogt — aloglogn + log ¢(«) + log(1/6)

whence, by assumption on E/V; and by the fact that J, «, 7 are fixed, we obtain
D(B|P) <1 as.

\/%a loglogt a

Since we may choose 7 and « arbitrarily close to 1, the claim follows. O

lim sup
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Chapter 5

Plugin Estimation of Smooth
Optimal Transport Maps

5.1 Introduction

In this chapter, we momentarily pause our study of optimal transport costs, and turn our
attention to the related question of estimating Brenier maps. As we have already discussed in
Chapter 1, Brenier maps have found a wide range of recent methodological applications, in
which they need to be estimated from data. Our aim will be to define several natural estimators
of Brenier maps, and to show that they are minimax optimal.

Let us briefly recall the definition of a Brenier map. Given two absolutely continuous
probability distributions P, Q € P,.(Q), with support contained in a compact set Q C R?, the
Brenier map, or (quadratic) optimal transport map, from P to () is the P-almost everywhere
uniquely defined solution 7y to the Monge problem,

argmin / |z —T(x)|* dP(z), (5.1)
TET(P,Q)

where we recall that 7 (P, Q) is the set of transport maps between P and (). As we have seen

in Theorem 2, the unique solution 7} to the above optimization problem takes the form of the

gradient of a convex function g, i.e. Ty = Vg. Unlike Tp, the map g is not unique, and any

allowable choice of such convex function is referred to as a Brenier potential.

For the statistical applications we have in mind, the distributions P and () are typically
unknown, and we assume the practitioner has access to i.i.d. samples Xi,..., X, ~ P and
Yi,...,Y,, ~ Q. Our aim is to derive estimators T\nm which achieve the minimax rate of
convergencel, under the loss function

=S 2 S 2
| B = Tl = /Q T (z) — To() | *dP(x). (52)
"Here and throughout, minimax rate-optimality is tacitly understood up to polylogarithmic factors.

193
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The theoretical study of such estimators was recently initiated by Hiitter and Rigollet (2021),
who proved that for any estimator 7T}, with n = m,

~ 2 _ EC' 1
s E[| T = Tol[ 2y 2 0”705 v —, (5.3)

where the supremum is taken over all pairs of distributions (P, ) admitting densities bounded
away from zero over a compact set {2, for which 7y lies in an a-Holder ball for some o > 1,
and satisfies a key curvature condition A1(A) which we define below. The lower bound (5.3) is
reminiscent of, but generally faster than, the classical n~2%/(2¢+4) minimax rate of estimating
an a-Holder continuous nonparametric regression function (Tsybakov, 2008), and is shown
by Hiitter and Rigollet (2021) to be achievable up to a polylogarithmic factor. Nevertheless,
their estimator is computationally intractable in general dimension, and their work leaves
open the question of developing practical optimal transport map estimators which achieve
comparable risk.

In this chapter, we establish the minimax optimality of several natural and intuitive estima-
tors of optimal transport maps, several of which have already been proposed in the statistical
optimal transport literature, but have resisted sharp statistical analyses thus far. We focus on
the following two classes of plugin estimators.

(i) Empirical Estimators. When no smoothness assumptions are placed on P and @), it is
natural to study the plugin estimator based on the empirical measures

1 n 1 m
P, = n;%a and Q= m;ayj.

In the special case n = m, there is an optimal transport map T5,,,, from P, to Q),,, and
more generally there is an optimal coupling of these measures. While the in-sample
estimator 7T,,, is only defined over the support of P,, we readily obtain estimators
defined over the entire domain by casting the extension problem as one of nonparametric
regression. We show how linear smoothers and least-squares estimators can be used to
interpolate T},,,,, leading to estimators T, nm defined over €. Such estimators are new in
the literature to the best of our knowledge, and achieve the minimax rate for estimating
Lipschitz optimal transport maps 7.

(ii) Smooth Estimators. In order to obtain faster rates of convergence when P and () admit
smooth densities p and ¢, we next analyze the risk of the unique optimal transport map
between kernel or wavelet density estimators of p and ¢. In contrast to our empirical
optimal transport map estimators, we show that such smooth plugin estimators are
able to take advantage of additional regularity of the densities p and ¢, and achieve
minimax-optimal rates when these densities are Holder smooth.

While our emphasis is on optimal transport maps, it will turn out that our analysis also leads
to new convergence rates for various plugin estimators of the 2-Wasserstein distance, which
could not have been deduced from our results in Chapter 3. Some of the results developed in
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this chapter will also play a very important role in our development of central limit theorems
for the 2-Wasserstein distance, a topic which we take up in Chapter 7 below.

Our Contributions. The primary contributions of this chapter are summarized as follows.

(i)

(i)

(iii)

In Sections 5.2 and 5.3, we develop new stability bounds which relate the risk of plugin
transport map estimators to the plugin density estimation risk, as measured in the
Wasserstein distance. These stability bounds are quite general and enable the analysis
of flexible, practical transport map estimators. The risk of density estimation under the
Wasserstein distance has been extensively studied (Niles-Weed and Berthet, 2022; Divol,
2021), and our stability bounds enable us to leverage this past work. Additionally, our
stability bounds enable the analysis of plugin estimators of the Wasserstein distance,
once again relating the risk in this problem to the plugin density estimation risk.

We build upon our stability bounds to analyze the risk of empirical, kernel-based and
wavelet-based transport map estimators in both the one-sample setup (where the source
distribution is known exactly, and the target distribution is sampled) and the two-sample
setup (where both the source and target distributions are sampled). The rates we obtain
are minimax optimal. For example, suppose that fn is the optimal transport map from P
to @n, where @\n is a wavelet-estimator over the domain [0, 1]%. Then, whenever P and
@ admit (« — 1)-Holder densities and satisfy several additional conditions, we show
that,

n_ 2(0¢31)+d7 d > 3
-~ 2
E||T, - TOHL?(P) < § (logn)?/n, d =2 (5:4)
1/n, =1

As we saw in Chapter 1, the Holder smoothness of Tj is typically expected to be of one
degree greater than that of p and ¢, and thus our estimator achieves the minimax lower
bound (5.3) when these densities are (o — 1)-Holder smooth, for any o > 1%. In the
two-sample setting, we develop analogous minimax-optimal analyses, for the empirical
plugin estimator (Propositions 24-26) as well as for kernel-based and wavelet-based
plugin estimators (Theorems 22-20) when P and () admit Holder-smooth densities. In
the latter case, as we discuss further in the sequel, we avoid complications that arise in the
optimal transport problem due to boundary effects by working over the d-dimensional
flat torus.

In each of the above settings, we complement our results with upper bounds on the risk
of plugin estimators of the Wasserstein distance. For instance, in the smooth setting
discussed above, we show that,

. 1\ 7o 1
E|W22(P,Qn)—W22(P,Q)|S(n>( | V (5.5)

?As discussed in Appendix E of Hiitter and Rigollet (2021), the minimax lower bound (5.3) also holds under such
smoothness conditions on the densities p and g, as opposed to smoothness conditions on 7p.
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We also develop analogous results in the one and two-sample settings, for various
empirical and smooth plugin estimators. The above display implies that the Wasserstein
distance can be estimated at the parametric rate in any dimension, provided that the
smoothness exponent « of the underlying map satisfies 2(a + 1) > d. In this regime, it
will turn out that W2 (P, @n) also enjoys a y/n-central limit theorem centered around
its population counterpart; see Theorem 26 of Chapter 7 below.

Related Work. The two recent works of Hiitter and Rigollet (2021) and Gunsilius and Xu
(2021) establish L?(P) convergence rates for transport map estimators. Gunsilius and Xu (2021)
derives upper bounds on the risk of a plugin estimator for Brenier potentials, obtained via
kernel density estimation of p and q. This analysis results in suboptimal convergence rates for
the optimal transport map Tj itself. We show in this work that such plugin estimators do in
fact achieve the optimal convergence rate when the sampling domain is the d-dimensional
torus.

Building upon a construction of del Barrio et al. (2020), a consistent estimator of Tj was
obtained by De Lara, Gonzalez-Sanz, and Loubes (2021) under mild assumptions, by regularizing
a piecewise constant approximation of the empirical optimal transport map 7;,. We do not
know if quantitative convergence rates can be obtained for their estimator under stronger
assumptions. Beyond these works, a wide range of heuristic estimators have been proposed in
the literature (Perrot et al., 2016; Nath and Jawanpuria, 2020; Makkuva et al., 2020), but their
theoretical properties remain unknown to the best of our knowledge.

Rates of convergence for the problem of estimating Wasserstein distances have arguably
received more attention than that of estimating optimal transport maps; see Chapter 3 and
references therein. Although we showed in that chapter that the empirical plugin estimator of
the Wasserstein distance is minimax optimal up to polylogarithmic factor under no assumptions
on P and @), it becomes suboptimal when P and ) have smooth densities. Niles-Weed and
Berthet (2022) derive the minimax rate of estimating smooth densities under the Wasserstein
distance, and we build upon their results, together with those of Divol (2021), to characterize
the risk of our density plugin estimators (cf. Sections 5.2.3, 5.3.3, and 5.3.4).

Finally, let us emphasize that during the final stages of preparation of a preprint containing
the main results of this chapter, we became aware of the independent work of Deb and
Sen (2021), and of the most recently revised version of the work of Ghosal and Sen (2022).
These papers bound the risk of certain plugin optimal transport map estimators that are
closely related to those in our work. In particular, assuming for simplicity that n = m,
they show that an estimator derived from the empirical plugin optimal transport coupling
achieves the n~ (272 convergence rate under the squared L?(P,) loss up to polylogarithmic
factors. Our work establishes an analogous result using a distinct proof, but further shows that
empirical estimators achieve this rate in squared L?(P) norm, once suitably extended using

2
nonparametric smoothers. We also sharpen this result to the rate n~(1"2) under additional

conditions. Deb and Sen (2021) also analyze the convergence rate of plugin estimators based on
wavelet and kernel density estimation. Their work shows that such estimators can achieve, for
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instance, the faster rate n (%Vm> when the underlying densities lie in a (o — 1)-Hdlder
ball for some o« > 1. While this upper bound illustrates an improvement over empirical
estimators in the presence of smoothness, it scales at a quadratically slower rate than the
minimax rate (5.3). In contrast, our work shows that wavelet density plugin estimators do in

fact achieve the minimax rate n <1V%> (up to a polylogarithmic factor when d = 2).
We also extend this result to kernel density estimators, using a significantly different proof
strategy than Deb and Sen (2021). Finally, we emphasize that our sharp analysis of estimators
for the Wasserstein distance allows us to deduce that their bias is of lower order than their
variance when 2(a + 1) > d, which is a key component in our derivation of their limiting
distribution in Chapter 7 below.

5.2 The One-Sample Problem

Throughout this section, we let P € P,.(2) denote a known distribution, and ) € Pyc(12)
denote an unknown distribution from which an ii.d. sample Y7,...,Y; ~ @Q is observed.
Let p and g denote their respective densities, and let 7Ty = V¢ denote the unique optimal
transport map from P to (), with respect to a convex Brenier potential (9. We also denote by
do = ||-|I* = 20 and hg = ||-||* — 2¢ the Kantorovich potentials induced by . We assume
here and throughout the remainder of this chapter, except where otherwise specified, that the
set 0 C R? satisfying the following condition.

(S1) Q is a compact, convex set with nonempty interior such that Q C [0, 1]%.

Notice that once €2 is assumed compact, the final assumption in condition (S1) can always
be guaranteed by rescaling. Furthermore, since diam(f2) < d under condition (S1), we may
assume without loss of generality that —d < ¢g < 0and 0 < ¥g < d over 2 (Villani (2003),
Remark 1.13).

Unlike the two-sample case which we discuss in Section 5.3, there exist canonical estimators
of Ty when the source distribution P is known. Indeed, since P is absolutely continuous,
Brenier’s Theorem implies that there exists a unique optimal transport map T between P and
any estimator Cj of ), and we analyze two such examples below. We first take @ to be the
empirical measure of () in Section 5.2.2, and show that the resulting estimator T achieves the
minimax risk of estimating Lipschitz optimal transport maps, under essentially no smoothness
conditions on the underlying measures. In Section 5.2.3, we then take @ to be a density
estimator, leading to an estimator 7" achieving faster rates of convergence when () admits a
smooth density. In both cases, our analysis will hinge upon known upper bounds on the risk
of () under the Wasserstein distance, by invoking a key stability bound which we turn to first.

5.2.1 A General Stability Bound
The main technical result of this section will be stated under the following curvature condition.

A1(\) The Brenier potential g is a convex function such that ¢y € C2(Q) and (1/\)I; <
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V2po(x) < M, for all z € Q.

It can be seen that whenever condition A1(\) holds for (g, the same bounds also hold for .
Therefore, condition A1(A) implies that T is A-bi-Lipschitz over (). Furthermore, we note the
following simple result of Gigli (2011).

Lemma 35. Assume g € C2(Q) and y~! < p,q < 7 for somey > 0. Then, there exists a
constant A > 0, depending only on v and |¢ol|c2(q). such that ¢q is (1/A)-strongly convex.

Lemma 35 implies that when P and () both admit densities which are bounded from above
and below over (2, the second inequality of condition A1(\) implies the first, up to suitably
inflating A. Under this condition, we prove the following stability bounds in Appendix 5.B.

Theorem 18. Let P, € Pac(S2), and assume condition A1(A) holds for some A > 0. For any
Q € P(2),let T'= V& be the unique optimal transport map from P to Q). Then,

bﬁ—%ﬁmmSWﬁR@%WWUMm—/%ﬂ@—@SAW&@Qy (5.6)

We make several remarks regarding Theorem 18.

+ Caffarelli’s regularity theory (cf. Theorem 3) provides sufficient conditions on the smooth-
ness of P, () and 02 for assumption A1() to hold, albeit for a non-universal constant
A > 0. We note, however, that our assumption is considerably weaker. For instance,
condition A1(}) is satisfied whenever P and @) differ by a location transformation,
irrespective of the regularity or positivity of their Lebesgue densities.

* We show in Section 7.2 that, under weaker assumptions than those of Theorem 18, the
map g — Eg[to(Y)] is the efficient influence function of the functional Q) € P(Q) —
W2(P, Q) with respect to the tangent space L3(Q). It follows that the linear functional

M®:/%w@—Q) (5.7)

is the first-order term in the von Mises expansion of W3 (P, @) around W2 (P, Q). The
upper bound of Theorem 18 implies that the remainder of this expansion decays quadrat-
ically in the topology induced by W, a fact which we shall use to derive upper bounds
and limit laws for plugin estimators of the Wasserstein distance. This fact combined with
the lower bound of Theorem 18 further implies the following remarkable equivalence,

1 ~ . .
X”T_TOHLQ(P) < W2 (Q,Q) < |IT —Tollr2(py- (5.8)

Notice that the second inequality always holds due to the fact that (f, To)pP is a
coupling of @ and Q. Equation (5.8) thus shows that the transport cost of this coupling
is within a universal factor of being optimal, when the curvature condition A1() is
in force. We use this result to obtain upper bounds on the risk of one-sample plugin
estimators 7 by appealing to the corresponding risk of QA) under the Wasserstein distance.
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* When d = 1, it is easy to see by direct calculation that the inequalities (5.8) hold with
equality, with A = 1, even without assumption A1(\). For multivariate measures, weaker
analogues of equation (5.8), in which the left-hand side admits an exponent greater than
unity, have previously been derived by Mérigot, Delalande, and Chazal (2020); Delalande
and Merigot (2023). Those works adopted a weaker assumption than ours, however.

* Suppose that, in addition to the assumptions of Theorem 18, the measures () and @
are both absolutely continuous with respect to the Lebesgue measure, with respective
densities ¢ and g which satisfy 7~! < ¢, 7 < 7 over ©, for some v > 0. In this setting, it
was shown by Peyre (2018) that the 2-Wasserstein distance is equivalent to the negative-
order homogeneous Sobolev norm ||- || ;-1 ()- in the sense that, under suitable conditions

on €, R
VT = alF ) SWE(Q,Q) SYNT— allf -1 - (5.9)

Theorem 18 and the above display then imply
L. A = .

It follows from the upper bound that W2 (P, -), when viewed as a functional of g, is Fréchet
differentiable at ¢ in the H—1(£2) topology. It moreover implies that this functional is
strongly convex and smooth with respect to the duality of the spaces H~'(Q) and
HY(Q).

* Theorem 18 is stated in a form which is sufficient for our purposes, however it is not
the most general result possible. On the one hand, the assumption of boundedness on (2
is superfluous: Theorem 18 continues to hold if €2 is an unbounded, closed, and convex
set, such as the entire Euclidean space RY. 1t follows, for instance, that Theorem 18
is applicable whenever P and @) are strongly log-concave measures, in which case
assumption A1(A) holds by Caffarelli’s contraction theorem (Caffarelli, 2000). On the
other hand, assumption A1(A) can be weakened in the following way: the first inequality
of display (5.6) holds under the mere condition V2o < AI;, whereas the second holds
when V2o = A1,

* Finally, one may also infer from Theorem 18 and the Kantorovich duality that,

1 ~ ~ * k) 1) A ~
Ve Veoliaip) < /(@o—SO)dPJr/(soO—so )dQ < SIVE=VolLz(p)- (510)

Equation (5.10) is a direct analogue of a stability bound proven by Hiitter and Rigollet
(2021, Proposition 10), who show that similar inequalities hold when the measure @
appearing in the above display is replaced by Q. Their result assumes, however, that
@ itself satisfies condition A1(A). In contrast, we do not place any conditions on the
estimator T beyond it being the optimal transport map from P to Q This will permit our
study of transport map estimators which are potentially nonsmooth but easy to compute,
as we show next.
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5.2.2 Upper Bounds for One-Sample Empirical Estimators

Recall that @, = (1/n) Y ;" dy; denotes the empirical measure. Since P is known and
absolutely continuous, a natural estimator for 7y is the optimal transport map 73, from P to
@, defined by
T, = argmin / |z — T(x)||* dP(x). (5.11)
TeT(P.Qn)
By Brenier’s Theorem, the minimizer 7T,, in the above display exists and is uniquely determined
P-almost everywhere. The optimization problem (5.11) is sometimes known as the semi-
discrete optimal transport problem, for which efficient numerical solvers are well-studied
(Mérigot, 2011; Levy and Schwindt, 2018).

In view of the stability bound in Theorem 18, the risk of 7, may be related to that of the
empirical measure (J,, under the Wasserstein distance. For instance, from the work of Fournier
and Guillin (2015) we obtain the following bound, under no assumptions beyond (S1),

EW2(Qn, Q) < ki i= < n~V2logn, d=4 (5.12)
n*Q/d, d>b.

The following bound on the risk of 7;, is now an immediate consequence of Theorem 18,
together with the fact that the functional L in equation (5.7) satisfies E[L(Q,)] = 0.

Corollary 18. Let P, Q) € P,.(Q2) and assume condition A1(\) holds. Then,

EHTn - TOHiQ(P) =X E[Wg(Pa Qn) - WZQ(P7 Q)] =X ]EWQZ(QTMQ) 5 K.

When d > 5, Corollary 18 implies that the empirical estimator 7}, achieves the minimax
lower bound (5.3) for estimating Lipschitz transport maps 7y. On the other hand, when
1 < d < 4, the rate k,, does not improve beyond n~1/ 2 unlike the minimax lower bound (5.3)
of Hiitter and Rigollet (2021), which scales as fast as 1/n. This observation does not imply
that the plugin estimator 7, is minimax suboptimal, since equation (5.3) holds under stronger
assumptions than those of Corollary 18. In particular, it assumes that these distributions
admit densities which are bounded away from zero, and thus have connected support. In
contrast, Corollary 18 applies to measures P and () with possibly disconnected support, for
which our upper bound of x,, cannot generally be improved up to a logarithmic factor—similar
considerations are discussed for the convergence rate of the empirical measure by Bobkov and
Ledoux (2019) when d = 1, and more generally by Niles-Weed and Berthet (2022).

Nevertheless, when we further assume that ) has a positive density, the result of Corol-
lary 18 can be strengthened to match the minimax rate of Hiitter and Rigollet (2021) even for
d < 4. For instance, it is well-known (cf. Ajtai, Komlos, and Tusnady (1984), Ledoux (2019))
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that, when @ is the uniform distribution on [0, 1%, @Q,, achieves the following faster rate,

n=1, d=1
EW5(Qn,Q) S {ntlogn, d=2 (5.13)
n_2/d, d > 3.

Such a result is also known to hold for any measure () admitting positive density over a compact
subset of the real line (Bobkov and Ledoux, 2019), or over the flat torus (Divol, 2021). Inspired
by the latter result and by the work of Niles-Weed and Berthet (2022), we prove an analogue of
equation (5.13) for arbitrary measures supported on the unit hypercube, at the expense of an
inflated polylogarithmic factor when d = 2.

Corollary 19. Let P,Q € Pac([0, 1]¢) and assume that condition A1(\) holds. Assume further
thaty~ < q < v over|0, 1]d, for somey > 0. Then,

nt, d=1
E||T~To][ 3 ) = E[W3(P, Qu) = W3 (P,Q)] = EW3(Qn, Q) S Rui=q X825 g =2

n=2/d 4> 3.

Under the assumptions of Corollary 19, we deduce that the plugin estimator 7, is minimax
optimal for all d > 1, up to a polylogarithmic factor when d = 2. The scale of this factor is
further discussed following the statement of Theorem 20.

This result also provides a sharper bound on the bias of W (P, Q,,) than could have been
deduced from Chapter 3. Furthermore, Corollaries 18-19 can be extended to recover our risk
bounds from Chapter 3 under stronger conditions, though with an improved rate of convergence
when P approaches () in Wasserstein distance.

Corollary 20. Let P, (Q € Pac(f2), and assume condition A1(\) holds. Then,
E[W3(P.Qn) = W3 (P.Q)| S3 EWF(Qu. Q) + 172 < in. (5.14)
If we further assume that Q = [0,1]% and y~! < q < v over ) for some y > 0, then

1
E|WZ (P, Qn) = W3 (P, Q)| Sxy Fn + Wa(P,Q)n"2. (5.15)

Equation (5.15) exhibits an upper bound on the risk of W (P, Q,,) that interpolates between
the fast rate &, when Wy (P, Q) < n~'/2, and the rate x,, which is optimal when the distance
between P and () is unconstrained (cf. Theorem 12 of Chapter 3). We defer the proofs of
Corollaries 19-20 to Appendix 5.C.

5.2.3 Upper Bounds for One-Sample Wavelet Estimators

While the empirical estimator in the previous section achieves the minimax rate of estimating
Lipschitz optimal transport maps, we do not generally expect it to achieve faster rates of con-
vergence if Ty is assumed to enjoy further regularity. We instead show that such improvements
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can be achieved when () admits a smooth density ¢, and when the empirical measure @), is
replaced by the distribution ),, of a density estimator g,,. Specifically, define

T, = argmin /||x 2)|? dP(z). (5.16)
TeT(P,Qn

We focus on the case where @, is a wavelet density estimator, for which sharp risk estimates
under the Wasserstein distance have been established by Niles-Weed and Berthet (2022). In
order to appeal to their results, we assume that the sampling domain is the unit hypercube
Q = [0, 1]9. In Section 5.3.4, we also extend some of the results of this section to the case where
2 is a generic domain with smooth boundary.

We briefly introduce notation from the theory of wavelets, and refer the reader to Ap-
pendix A for a detailed summary and references. To define a basis over the unit cube €2, we
focus on the boundary-corrected N-th Daubechies wavelet system, for an integer N > 2, as
introduced by Cohen, Daubechies, and Vial (1993). In short, given an integer jo > log, NN,
their construction leads to respective families of scaling and wavelet functions

O = (P50 <k <201}, W= {0 <k<20-1,0€{0,1}N{0}}, J > jo,

such that UP¢ = ¢bcy Ui,

that ®P° spans all polynomials of degree at most N — 1 over . Given a probability distribution
Q € Pac(Q) admitting density ¢ € L?(£2), one then has

q= Z Be& = Z ﬁg(—&-Z Z Be&,  where ﬁgz/&d@,{E\PbC,

ge\ljbC Ceqﬂac ]:]0 ge\p?c

b . 2 :
7€ forms an orthonormal basis of L*(£2), with the property

where the series converges at least in L?((2). The standard truncated wavelet estimator of
q (Kerkyacharian and Picard, 1992) with a truncation level J, > jo > 0 is then given by

Y Ge= S A+ SO At where G [ < v,

£ebe ¢ePbe Jj=Jo ge\ybc

Notice that E]flbc) is permitted to take on negative values, in which case it does not define a

probability density. We instead define the final density estimator g,, = A(bc) by
N(bC)I ~(bc) >0
~(bc) _ ( = )
a, T A{bc)l A{bc) 0 , over {2, (5.17)

and we denote by @%bc) the distribution induced by ?j?(lbc). We drop all superscripts “bc” in

the sequel whenever the choice of wavelet system is unambiguous. Niles-Weed and Berthet
(2022) bounded the Wasserstein risk of a wavelet density estimator obtained from a distinct
modification of ¢,. By appealing to L>° concentration inequalities for wavelet density estima-
tors (Masry, 1997), we show in Appendix B.1.0.4 that their result carries over to the estimator
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dn- Equipped with this result, we arrive at the following bound on the risk of the estimator
T, = ﬁ&bc) defined in equation (5.16), and of the corresponding plugin estimator of the squared

Wasserstein distance. Here and throughout, we will adopt the notation

CHU M) = {f €CQ) : | flleai < M}, (5.18)
CYQ M, 7y) == {f €C*Q) : || fllear) < M, f > 1/~ over Q}, (5.19)

for any M,~ > 0.

Theorem 19 (One-Sample Wavelet Estimators). Let &« > 1 and M,y > 0. Let P,Q €
Pac(]0, 1]%), and assume the density ¢ satisfies g € C*~1([0, 1]% M, 7). Let 2/» =< pl/(d+2(a=1)),
Then, the following assertions hold.

(i) (Optimal Transport Maps) Assume ¢ satisfies condition A1(\) for some A > 0. Then,
there exists a constant C' > 0 depending on M, A, v, « such that,

1/n, d=1
EHTn - TOHiQ(P) < CRr,(a), where Rr,():={ (logn)?/n, d=

___2a
n 2@-DFd, d > 3.

(ii) (Wasserstein Distances) Assume that for some A > 0, o} € C*L([0, 1]%; \). Then, there
exists a constant C' > 0 depending on M, A, 7, a such that,

[EWZ(P, Qn) — W3(P,Q)| < CRru(a),

E[WE(P,Qn) - WE(P,Q)* < 0

CRT,n(a) +

Theorem 19 requires smoothness assumptions on both the density ¢ and the potential ¢);
in particular, the assumption of Theorem 19(ii) requires both ¢ € C*~1(2) and ¢}, € C2T1(Q).
Caffarelli’s regularity theory (Theorem 3) suggests that the former condition on ¢ should be
sufficient to imply the latter condition on ¢y, but such results cannot be invoked here due to
the lack of smoothness of the boundary of the unit cube [0, 1]%. Even if the above analysis
could be adapted to a domain 2 with smooth boundary, the lack of uniformity in Caffarelli’s
global regularity theory would prevent the bounds in Theorem 19 from holding uniformly in
P and @), in the absence of a smoothness condition on . We refer to Appendix E of Hiitter
and Rigollet (2021) for related discussions. In Proposition 29 of Appendix 5.G, we will show
that an analogue of Theorem 19 holds merely under smoothness conditions on p and ¢ when €2
is the d-dimensional torus T¢, which enjoys the global regularity result of Theorem 4. Here,
we instead impose smoothness conditions on both ¢ and ¢, in which case T, achieves the
minimax rate (5.3) of estimating an a-Holder optimal transport map.

Theorem 19(ii) also proves that the bias of W3 (P, @n) achieves the same convergence rate,
as does its risk when d > 2(« 4 1). In the high-smoothness regime d < 2(« + 1), the risk
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of W3 (P, @n) in squared loss, does not generally improve beyond the parametric rate 1/n,
except when Varg [y (Y")] vanishes. Using Lemma 37 in Appendix 5.A, the latter quantity is
bounded above by W2(P, Q) up to a constant, so Theorem 19(ii) also implies

W2(P7 Q)

E}W22(Pa @n) - W22(Pa Q)} §M,'y,)\,a RT,n(a) + \/ﬁ .

(5.20)

We briefly highlight the main components of the proof of Theorem 19. Both assertions
are proven by combining the stability results of Theorem 18 with the bound EWZ(Q,,, Q) <
R (), which is stated formally in Lemma 106, and extends a result due to Niles-Weed and
Berthet (2022). In particular, Theorem 19(i) follows immediately from the equivalence (5.8).
Our proof of Theorem 19(ii) additionally requires us to analyze the evaluation L(@n) of the
linear functional L defined in equation (5.7), for which we prove the following.

Lemma 36. Assume the same conditions as Theorem 19(ii). Then,

~ R —2Jpa
E[L(@Q)] = 0 (272"%), Var [L(@a)] = - Varglo(Y)] +0 (2 n ) :

n

where the implicit constants depend only on M, ~, A, .

Lemma 36 shows that the bias of L(@n) scales quadratically faster than the traditional bias
of Q,, in estimating an (o — 1)-Holder density, which is known to be of order 2~/»(=1)_ We
obtain the faster rate 22/ due to the assumed (a+ 1)-Hélder smoothness of the potential ;.
The proofs of Theorem 19 and Lemma 36 are deferred to Appendix 5.D.

Remark 2 (Adaptive Estimation). When constructing the estimator fn we assumed that the
smoothness parameter « is known, and used it to tune the truncation parameter .J,,. It is also
possible to construct an adaptive estimator, however. Niles-Weed and Berthet (2022, Theorem
2) derived an adaptive density estimator (), which achieves the minimax rate of estimating
@ under the Wasserstein distance, up to polylogarithmic factors. It is then natural to define
a plugin estimator of 7j as the unique optimal transport map from P to ;. By reasoning
similarly as in the proof of Theorem 19(i), this estimator has an L?(P) risk of order Rz ,,(c),
up to polylogarithmic factors, and does not require knowledge of a.

5.3 The Two-Sample Problem

In this section, we turn to analyzing two-sample estimators when both measures P, ) € P,c(£2)
are unknown. As in the one-sample case, we study two classes of plugin estimators. The first
consists of estimators which interpolate the empirical in-sample optimal transport coupling
using nonparametric smoothers. Such estimators will achieve the optimal rate of estimating
Ty when it is Lipschitz. The second class will consist of plugin estimators based on density
estimates of P and (), and will achieve faster rates of convergence when P and () have smooth
densities. As before, our proofs will rely on stability bounds for the two-sample problem, to
which we turn our attention first.
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5.3.1 Two-Sample Stability Bounds

The stability bounds of Theorem 18 admit the following one-sided extension when both mea-
sures P and (Q are unknown.

Proposition 23. Let P, Q) € Pac(€2), and assume condition A1(A) holds for some A > 0. Then,
for any measures P, Q € P(),

0<W2(P.§) -~ W2(P.Q) - / ood(P — P) - / bod(@ — Q)

, (21

<A |[Wa(P,P)+ W2(Q, Q)|

The proof is deferred to Appendix 5.E.1. Similarly to Theorem 18, this result shows that
the remainder of a first-order expansion of W2 (P, Q) around W2 (P, Q) decays quadratically
in the W5 topology. Unlike Theorem 18, however, we do not generally expect that the lower
bound in Proposition 23 can be replaced by a squared distance between (P, Q) and (P, Q): for
instance, the lower bound of zero is achieved in equation (5.21) when P= @ # (@ = P, even
though P may be arbitrarily far from P in Wasserstein distance. This example shows more
generally that the bivariate functional W (-, -) is not strictly convex over Pac(£2) X Pac(Q),
unlike the univariate functional WZ(P, -) for a fixed absolutely continuous measure P (cf.
Theorem 18 and Proposition 7.19 of Santambrogio (2015)).

These observations do not preclude the possibility of replacing the lower bound in Proposi-
tion 23 by A7 T — TOH%Q(P), for T the optimal transport map between P and Q). We were
not able to derive such a result under the stated assumptions, except when these estimators
are taken to be empirical measures. We describe this special case next, and show how it may
be used to derive estimators of Lipschitz optimal transport maps 7.

5.3.2 Upper Bounds for Two-Sample Empirical Estimators

Let X1,..., X, ~ Pand Yy,..., Y, ~ @ denote ii.d. samples, and define the empirical
measures I, = (1/n) Y"1, 0x, and @y = (1/m) >, dy;. Though the Monge problem
between P, and @), can be infeasible when n # m, the Kantorovich problem is always feasible,
and takes the following form

n m
T e argminz ij 1X; - Y],
T€Qnm ;_1 j=1

where Q,,,,, denotes the set of doubly stochastic matrices 7 = (mj :1<i<n,1<j5<m),
satisfying m;; > 0, >3i_, m; = 1/m and > 7L, m;; = 1/n. We shall formulate the main
stability bound of this section in terms of the quantity

i=1 j=1
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Recall that (k,,) and (%,,) denote the sequences defined in equation (5.12) and Corollary 19
respectively. We obtain the following result, which we prove in Appendix 5.E.3.

Proposition 24. Let P, ) € P,.(Q2), and assume A1(A) holds for some A > 0. Then,
If, in addition, 2 = [0, 1]d and there exists v > 0 such that 7_1 < p,q <~ over (), then,

E[Aun] = E|[WF (P, Q) = WH(P.Q)| S5 R

To gain intuition about Proposition 24, it is fruitful to consider the special case n = m. In
this setting, there exists an optimal transport map 7,, from P, to @),,, and we may take

%ij = I(Tn(Xl) = Y})/n, forall 1 < i,j <n.

We then have A,,,, = ||T}, — TOH%Q( p,)» and Proposition 24 implies
BT — TolZ2(p,) = E[Wﬁ(Pn, Qn) — W3 (P, Q)] : (5.22)

Equation (5.22) is a two-sample analogue of Corollary 18, and shows that the L?(P,) risk of
the in-sample transport map estimator is of same order as the bias of the two-sample empirical
optimal transport cost. While the estimators 7;, and 7 are only defined over the support of P,,
we next show how they may be extended to the entire domain 2. We begin with an estimator
inspired by the classical method of nearest-neighbor nonparametric regression (Cover, 1968).

One-Nearest Neighbor Estimator. Define the Voronoi partition generated by X7, ..., X, as
Vi={zeQ:|o-Xjll <llz = Xill, Vi# 5}, j=1,....n. (5.23)

Then, we define the one-nearest neighbor estimator of 7y by

n m
TN (@) =D (n@i)I(x € V)Y, zeQ. (5.24)

i=1 j=1
In order to state an upper bound on the convergence rate of ﬁ%%N , we place the following mild
condition on the support €. Recall that £ denotes the Lebesgue measure on R?.

(S2) ) is a standard set, in the sense that there exist €y, 9y > 0 such that for all z €
and € € (0, ¢), we have L(B(x,e) N Q) > 60L(B(x,¢€)).

Condition (S2) arises frequently in the literature on statistical set estimation (Cuevas and
Fraiman, 1997; Cuevas, 2009), and prevents ) from admitting cusps. Under this condition, we
arrive at the following upper bound, which we prove in Appendix 5.F.1.
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Proposition 25. Let P € P,.(£2) admit a density p such that v~ < p < ~y over 2, for some
v > 0, and let Q € Pac(£2). Assume conditions A1(A) and (S1)—(S2) hold. Then,

=~ 2
EHTéqu - T0HL2(p) 5)\,7,50,60 (10g n>2"fn/\m-
Furthermore, if 2 = [0, 1}d and we additionally assume that '7_1 < g < v over {2, then

EHTETI:ILN - TOHiQ(P) 5)\,%60,50 (log n)zgn/\m-

Proposition 25 proves that the one-nearest neighbor estimator achieves the minimax rate
in equation (5.3), up to a polylogarithmic factor. This result is in stark contrast to standard risk
bounds for K -nearest neighbor nonparametric regression, for which the number K of nearest
neighbors is typically required to diverge in order to achieve the minimax estimation rate of a
Lipschitz continuous regression function (Gyorfi et al., 2006). Though increasing K reduces
the variance of such estimators, in our setting, Propositions 24-25 suggest that the variance of
T\T}LEN is already dominated by its large bias, stemming from that of the in-sample coupling 7.
Therefore, the choice K = 1 is sufficient to obtain a near-optimal rate. While the one-nearest
neighbor estimator is simplest to analyze, it is natural to expect that any linear smoother with
sufficiently small bandwidth may be used to smooth the in-sample coupling 7,,,,, and lead to a
similar rate.

Convex Least Squares Estimator. Though nearly minimax optimal, the estimator f,%}iN is
typically not the gradient of a convex function, and is therefore not an admissible optimal
transport map in its own right. We next show how this property can be enforced using an
estimator inspired by nonparametric least squares regression. Let J) denote the class of
functions ¢ : R? — R which are convex and have A-Lipschitz gradients V¢ over Q2. Define
the least squares estimator

n m
T2 =V, where §hs € argmin y > 7y [|V; — Veo(X5)||*.
peI i=1 j=1
The computation of the above infinite-dimensional optimization problem can be reduced to that
of solving a finite-dimensional quadratic program, by a direct extension of well-known solvers
for shape-constrained nonparametric regression with Lipschitz and convex constraints (cf.
Seijo and Sen (2011), Mazumder et al. (2019), and references therein). We obtain the following
upper bound by a simple extension of Proposition 25.

Proposition 26. Proposition 25 continues to hold when fﬁﬁN is replaced by T LS

5.3.3 Upper Bounds for Two-Sample Estimators over T¢

We next study two-sample estimators under stronger smoothness assumptions on P and Q.
As discussed in Section 5.3.1, we do not know of a two-sample stability bound for the L?(P)
loss which is analogous to Theorem 18, placing regularity conditions only on the population
potential (g. Therefore, unlike Theorem 19, in which smoothness conditions on g and ¢ were
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sufficient to obtain sharp upper bounds, in the two-sample case our analysis will also rely on the
smoothness of estimators @y, of the potential ¢(. In order to quantify their regularity, we shall
require a uniform analogue of Caffarelli’s global regularity theory (Theorem 3(ii)). Since we are
unaware of such results for generic compact domains © C R¢, we instead assume throughout
this subsection that () is taken to be the d-dimensional torus T¢, thus allowing us to appeal
to Theorem 4. We emphasize that our restriction to the torus represents a common approach
in the optimal transport literature, whereby numerical methods (Benamou and Brenier, 2000;
Loeper and Rapetti, 2005) and theoretical results (Bonnotte, 2013; Guittet, 2003; Santambrogio,
2015) are first derived on the torus before being extended to more generic domains. The torus
is an idealized sampling domain, which we believe captures the main qualitative features of our
problem, while removing technical issues that arise from boundaries or lack of compactness.
As such, it serves as a useful prototype for more general results on compact Euclidean domains
with boundaries. In order to illustrate this point, we will prove in the next subsection that our
results over the torus extend to generic Euclidean domains €2, provided that one is willing to
assume uniformity in Caffarelli’s global regularity theory on €.

Though we impose periodicity for technical purposes, we note that optimal transport has
recently been used as a methodological tool in several applications involving periodic data,
such as high energy physics (cf. Komiske, Metodiev, and Thaler (2019); Komiske et al. (2020),
where proton collisions occur in toric colliders) and computational biology (cf. Gonzalez-Sanz
and Hundrieser (2023), where protein structures are recorded with pairs of dihedral angles).
More generally, toric data arises in a variety of applications in directional statistics (e.g. Klein
et al. (2020), Wiechers et al. (2023), etc.), and our results are naturally applicable to such settings.

We also note that periodicity constraints are commonly imposed in nonparametric estima-
tion problems to mitigate boundary issues (Efromovich, 1999; Krishnamurthy et al., 2014; Han
et al., 2020). In many such cases, an alternative is to assume that the underlying probability
measures place sufficiently small mass near the boundary. Such an assumption cannot be
used in our context since, as before, we shall require all densities to be bounded away from
zero throughout their support. Optimal estimation rates under Wasserstein distances differ
dramatically in the absence of a density lower bound condition (Bobkov and Ledoux, 2019;
Niles-Weed and Berthet, 2022), and we do not address this setting here.

We now turn to our main results. Recall the background on the quadratic optimal transport
problem over T? in Section 1.3.3. Let P,Q € Pa.(T¢) be absolutely continuous measures
admitting respective Z%-periodic densities p and q. We now denote by T} the optimal transport
map from P to (), with respect to the cost d%d. As outlined in Proposition 1, Tj is the gradient
of a convex potential ¢y : RY — R, and is uniquely determined P-almost everywhere.
We continue to denote by ¢g = ||-||* — 2¢0 and ¥y = ||-|* — 2¢} a corresponding pair of
Kantorovich potentials. Let X1,..., X, ~ Pand Y1,...,Y,, ~ @ denote i.i.d. samples, which
are independent of each other, and let ]Sn, @m respectively denote the distributions induced by
density estimators p,, G, of p, ¢ over T¢, to be defined below. Our aim is to bound the risk of
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the estimator

Tnm = V9/511771 = argmlﬂ /dr]rd (iU) (5.25)
TeT Pn,Qm

Note that ﬁn and @m are absolutely continuous, thus there indeed exists a unique solution to
the above minimization problem, by Proposition 1. We continue to quantify the risk of 7},,, in

terms of the L?(P) loss

|Zam = Tl = [, o) — To(a) [ aP(e)
Td

Notice that the integrand on the right-hand side of the above display is Z%-periodic by Proposi-
tion 3(ii) and by the optimality of Tyum and Tp, thus it indeed defines a map T? — R. As before,
we shall also obtain upper bounds on the bias and risk of W3 (ﬁn, @m) as a byproduct of our
proofs. Indeed, our main results hinge upon the stability bounds derived in previous sections,
which can easily be shown to hold in the present context.

Proposition 27. Assume g satisfies condition A1(), in the sense that ¢ is a twice differ-
entiable convex function over R? satisfying A\™11; < V2pg(z) < Ay for all 2 € R?. Then,
Theorem 18 and Proposition 23 hold with Q = T

We now turn to the choice of density estimators (Dy,, ¢, ). The absence of a boundary on
the sampling domain T facilitates the analysis of kernel density estimation, which will be our
main focus in this section. We also study periodic wavelet density estimators, similarly to the
one-sample case, but we defer this analysis to Appendix 5.G in the interest of brevity.

Given a kernel K € C>°(R?) and a bandwidth h,, > 0, write K}, = h, %K (-/h,), and
define the kernel density estimators of p and ¢ by

ﬁ{nker) = Py Ky, = /Rd K, (- —2)dP, (), @(nlier) = Qm*xKp, = /Rd K, (-—2)dQm(z).

Recall that integration over R? with respect to a measure in P(T?) is understood as integration
with respect to this measure extended to R? via translation by Z?-periodicity. The above
estimators may take on negative values, thus we again define the final density estimators by

p\glker) o mker)l(]}-glker) > O), é\(wll(er) ~(ker) (a{wl;er) > 0)7

X G

~(ker)

) and Qm  are densities.
and Qm . Furthermore, T(ker)

where the proportionality constants are to be chosen such that p A(ker
We also denote their induced probability distributions by Pp per)

denotes the optimal transport map between these measures.
We shall require the following condition on the kernel K, for given real numbers ¢, x > 0.
K(a). K € C>((0,1)%) is an even kernel which satisfies
[ FIK](E) = 1]

sup —————— < 00. (5.26)
cerar\(o}  lI€N”



Chapter 5. Plugin Estimation of Smooth Optimal Transport Maps 210

A sufficient condition for equation (5.26) to hold is for K € C>°(RY) to be a kernel of order
B = [¢ — 1]. Such a statement appears for instance in Tsybakov (2008) when d = 1, and can
easily be generalized to d > 1. Multivariate kernels of order 3 which additionally lie in C3°(R%)
can readily be defined; for example, one may start with a univariate even kernel K € C2°(R)

of order §, constructed for instance using the procedure of Fan and Hu (1992), and then set
K(x) = H?Zl Ko(z;) (Giné and Nickl, 2016).

Divol (2021) stated that their work may be used to show that ﬁT(Lker) achieves a comparable
p(be)

rate of convergence as the boundary-corrected wavelet estimator P, ’, in Wasserstein distance.

We provide a formal statement and proof of this fact in Lemma 46 of Appendix 5.H, and use it
to derive the following result.

Theorem 20 (Kernel Estimators). Let the distributions P, Q € P,.(T¢) admit densities p, q €
Co~Y(T?; M,~) for some a > 1 and M,~ > 0. Assume further that K is a kernel satisfying
condition K(2a). Let h,, =< n~1/(@+2(2=1)) Then, there exists a constant C' > 0 depending
only on K, M, 7, o such that the following statements hold.

(i) (Optimal Transport Maps) We have,
2
n 2(e-D)+d , d

HLQ < CRK n/\m(a)7 where RK,n(a) = log TL/TL, d=2
1/n, d=1

EHT (ker)

(ii) (Wasserstein Distances) Assume further that o ¢ N. Then,

[EW3(BEe), Qker)y — W2(P, Q)| < CRknnm(),
2

Varp [qb() (X)} 4 Val"Q [77/}0 (Y)]

E‘WQ ker Q(ker ) WQQ(P7 Q)‘2 CRK7n/\m(a)+\/ n m

Theorem 20 shows that the plugin estimators fnm and W22 (1371, @m) achieve similar conver-
gence rates as in the one-sample setting of Theorem 19. Unlike the latter result, we also note
that Theorem 20 places no conditions on the regularity of T}, or . Indeed, over T¢, these can
be inferred from the assumption p, ¢ € C*~*(T¢; M, ), due to Theorem 4. We exclude the
case o € N from Theorem 20(ii) due in part to our use of this result. Nevertheless, even when
a € N, Theorem 20(ii) implies that

[EW3 (P, Q) — W3(P, Q)| Se Ricinm(@),

for any € > 0, and similarly for the risk of W%(ﬁn, @m)

If one is willing to place assumptions on the regularity of the potentials ¢y and ¢, then an
analogue of Theorem 20(ii) can be derived when the periodicity assumption is removed, and
the sampling domain is simply the unit cube [0, 1]%. Such a result is stated in Proposition 28
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of Appendix 5.G, and is made possible by the fact that Proposition 23 does not require any
regularity of the fitted potentials.

When d = 2, Theorem 20(i) exhibits an improved convergence rate relative to Theorem 19(i),
scaling as log n/n instead of (log n)2/n, which we now briefly discuss. This rate arises from
our upper bound on Ewg(ﬁéker), P) in Lemma 46, which makes use of the inequality (5.9)
comparing W to a negative-order homogeneous Sobolev norm (Peyre, 2018). This last implies

Wal B, P) < 155 = pllosggay = 155 = pllg 100y (527)
In contrast, when P € P,.([0, 1]%), our upper bounds for wavelet estimators (and implicitly
for empirical estimators in Corollary 19) employed the following distinct relation, arising from
the work of Niles-Weed and Berthet (2022),

WQ(ﬁ}sz%P) g H/\gzbc) _pHBii([O,l]dV (5.28)

and similarly for the estimator ﬁ(,,per) described in Appendix 5.G. It can be seen that the B, %

norm is weaker than the 5, % norm. While either of these norms provide sufficiently tight
upper bounds in equations (5.27) and (5.28) to obtain the minimax rate for density estimation in
Wasserstein distance when d # 2, the former allows for a tighter logarithmic factor to be derived
when d = 2. Inspired by the celebrated Ajtai-Komlos—Tusnady matching theorem (Ajtai,
Komlos, and Tusnady, 1984; Talagrand, 1992), it is natural to conjecture that the rate logn/n in
the definition of R () cannot be further improved when d = 2, for any of the conclusions
of Theorem 20.

Theorem 20 is proved in Appendix 5.H, where the main difficulty is to show that the
evaluation L(@%er) ), of the linear functional L from equation (5.7), has bias decaying at the
quadratic rate h2®. As for our analysis of wavelet estimators, this rate improves upon the naive
upper bound |EL(@£§H) )| < h&1, which could have been deduced from the traditional bias of
kernel density estimators in estimating an (« — 1)-Holder continuous density (Tsybakov, 2008).
Similar considerations arise in the analysis of kernel-based estimators for other important

functionals, such as the integral of a squared density (Giné and Nickl, 2008).

Remark 3 (Dependence Between Samples). Our assumption of independence between the sam-
ple points X; and Y; is only used to derive the sharp constant in the final term of Theorem 20(ii),
which implies that, when 2(a 4+ 1) > d,

E[W2(P,, Q) — W2(P,Q)” < (14 o(1)) (Varp[¢0(X)] . VarQ[¢0(Y)]) |

n m

If one is willing to inflate these leading constants, then all assertions of Theorem 20 continue
to hold under arbitrary dependence structures between the two i.i.d. samples.
5.3.4 Toward Two-Sample Estimation over Smooth Domains

Our aim is now to show that an analogue of Theorem 20 holds over generic domains 2 C R,
provided that one is willing to assume that Caffarelli’s global regularity theorem (Theorem 3(ii))



Chapter 5. Plugin Estimation of Smooth Optimal Transport Maps 212

holds uniformly over €. Specifically, we will use the following conditions throughout this
section.

(C1) Q is a known compact, convex subset of R<, such that 99 is C*°and L(Q) = 1.
p

(C2) There exists ey > 0 such that forany M,y > Oand e € (0, €p), there exists a constant
C' > 0 depending only on £, M, 7, € such that for any densities p, g € C(Q2; M, ),
the unique mean-zero Brenier potential ¢ whose gradient pushes forward p onto ¢
satisfies

1Plle2(0) < C.

As discussed previously, we are only able to verify condition (C2) when (2 is replaced by the
torus T¢. However, in view of Theorem 3, it is natural to conjecture that condition (C2) is
satisfied for other domains of the type (C1), and if such a result is proven in future work, then
the bounds appearing in this section can be applied. For completeness, we will also state a
one-sample result over €2, for which condition (C2) is not needed.

It is well-known that kernel density estimators suffer from leading-order boundary bias,
and are thus not minimax optimal for estimating strictly positive densities on compact subsets
of R%. In order to develop a minimax optimal estimator for densities supported on €, we will
impose Neumann boundary conditions on the densities, and we will introduce an orthonormal
basis of L2(Q2) generated by the eigenfunctions of the Neumann Laplacian. To elaborate, define
H?%(9) to be the set of functions u € H?(Q2) N L(12) satisfying

ou

v
where v is an outward-pointing normal vector to 02, and the normal derivative is to be
understood in the weak sense. Under condition (C1), it is a standard fact that the negative
Laplace operator —A is a self-adjoint bijection of H(€2) onto L2(12), which admits a real and
discrete spectrum 0 < A\; < Ay < ..., with corresponding eigenfunctions {n,}32, C H%(Q)
(Dunlop et al., 2020; Evans, 1998). The latter form an orthonormal basis of L%(Q).

0, over 0f),

Let the distributions P, Q € P,.(£) admit densities p, ¢ € L?(Q2), and let X1,...,X,, ~ P
and Y1,...,Y,, ~ @ be iid. observations. Under condition (C1), the densities may be
expanded as

o0 oo
p=1+ am, q=1+_ Bms,
=1 (=1

where ay = [n,dP and 8; = [n,dQ. Let 7 € C*>°(R) be a smooth approximation to the
indicator function /(- < 1). Specifically, assume that 7 is a nonincreasing and smooth function
such that 7(z) = 1 for all z < 1/2, and 7(x) = 0 for all z > 1. Given an integer L,, > 1, set

we=1(A\e/AL,), €=1,2,...,

and define the density estimators

Ly Lm

PP =1+ Y wdme, G =1+ wilben,
=1 =1
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where oy = [ nedP,, ,Bg [ 1edQy, for £ = 1,2, ... . Density estimators of this type have also
appeared in the works of Hendriks (1990) and Cleanthous et al. (2020). They may be thought of
as truncated series estimators for which the truncation is smoothed by the weight function 7.
As such, they are closely related to kernel density estimators. In fact, if one were to replace 2
by the torus T¢ (in which case the Neumann boundary condition is replaced by the periodic
boundary condition), then p A( *P) would precisely be the kernel density estimator whose kernel
is the inverse Fourier transform of the map ¢ € R? — 7(||27€||?), and whose bandwidth is

)\Zl/ We also note that if one were to choose the nonsmooth function 7 = I(- < 1), then
~(lap)

pn, - would reduce to a traditional series estimator, but our analysis does not extend to this
case: the smoothness of 7 is crucial for our use of L"(2) multiplier arguments, as we discuss
further in Remark 4 of Appendix 5.1.

As in previous sections, we define the final estimators to be the densities given by

@gap) ~ ﬁgap) I(ﬁgap) > 0), é\(nllap) . Elﬁfp) ](EI(TrlLap) > 0),

and we let ﬁ (lap and Qm be the induced distributions. Furthermore, let TT(Lm P) be the optlmal
transport map from P(lap to Q#Lap and T(lap) the optimal transport map from P to Q (lap),
We omit the superscripts “lap” for the remainder of this section. In order to state convergence
rates for these estimators, we will work over the constrained Hélder spaces

C3(Q) = {u € C3(9) : a?y“ —0ondQ, 0<j< f‘zlJ } :

and the associated balls C3(€%; M) = C*(€; M) N C{, () and C3, (Y M, v) = C*(Q; M, v) N
C3/(€), for M,~,s > 0. Note that C*(2) = C%,(€2) for s < 1. Our main result is the following.

Theorem 21. Let ) be a domain satisfying condition (C1). Assume the distributions P, () €
Pac(Q) admit densities p,q € C% 1 (Q; M, ) for some o > 1, a ¢ N, and M,y > 0. Let
L}Q/d = pl/(d+2(a—1)) Then, there exists a constant C' > 0 depending only on 2, M, v, a, 7
such that the following statements hold.

(i) (One-Sample) Assume g € C2(Q2; M). Then,

B[ T = Tol[12p) < CRicm(0):

(ii) (Two-Sample) Assume that condition (C2) holds. Then,

Eanm - TOHiQ(P)

S CRK,nAm(a)7
Under the strong condition (C2), Theorem 21(ii) shows that our two-sample results on
transport map estimation over the torus can be extended to generic domains® (2, provided

*While we assume for simplicity that P and @ share the same support 2, Theorem 21 can readily be extended
to the case where P and @ are supported on distinct domains which both satisfy condition (C1), with natural
modifications to the statement of condition (C2) and to the definitions of P, @m.
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that one is willing to place Neumann boundary conditions on the true densities. While other
boundary conditions may have been used in our analysis, it is important that they be chosen
such that p, ¢ are permitted to be smooth and strictly positive over €2; in particular, one cannot
impose the Dirichlet condition p = ¢ = 0 over 0f). Our current boundary conditions are
satisfied by a wide range of densities, such as those whose gradient vanishes at the boundary,
or those which are equal to finite linear combinations of the eigenfunctions {n,}7°,. We also
emphasize that Theorem 21 imposes no boundary conditions when o < 2.

To prove Theorem 21, our primary contribution is to derive Propositions 33 and 34 of
Appendix 5.1, which state convergence rates for p,, under the spectral Sobolev norms H%" (£2)
which we define therein. Here, £ € R and r > 1 are smoothness and integrability indices,
respectively. Under some conditions on 7, our results imply that for large enough d, and
—00 < t < a — 1, it holds that

__a—1—-t
E|lpn — pHHt,r(Q) Sn 2a-DFd, (5.29)
assuming the same conditions as Theorem 21. This bound has two implications:

* On the one hand, taking t = —1, r = 2, and applying equation (5.9), we deduce that p,,
is a minimax optimal density estimator under the 2-Wasserstein distance. To the best of
our knowledge, this is the only known convergence rate for density estimation under
the Wasserstein distance over Euclidean domains with non-rectangular boundary (apart
from the special case o € (1, 2], for which density estimation has been studied without
support assumptions by Niles-Weed and Berthet (2022)). We also highlight that Divol,
Niles-Weed, and Pooladian (2022) has studied the case of boundary-free manifolds.

* On the other hand, take s = €/2 for some € > 0, and let r > 2d/e. Then, using a Sobolev
embedding argument, equation (5.29) leads to a convergence rate for p,, under the C*(2)
norm. In particular, this allows us to infer that p,, and g, satisfy the conditions on the
densities in assumption (C2), with high probability, thus allowing us to infer that @,,,, is
of class C?7¢(Q) with uniformly bounded Holder norm.

We close this section by noting that, if one is willing to settle for pointwise asympotics, then
Theorem 21(i) can be stated without any smoothness assumptions on the potential ¢q. Indeed,
the following is a consequence of Caffarelli’s regularity theory (Theorem 3).

Corollary 21. Let 2 be a domain satisfying condition (C1). Assume the distributions P, () €
Pac(Q) admit densities p, q € C5 () for some a > 1. Let LY~ p1/(d+2(0=1) Then there
exists a constant C' > 0 depending on ), o, 7, p, q such that

E|| T, — TOHiQ(P) < CRg.m(a).

5.4 Discussion

We have shown that several families of plugin estimators for smooth optimal transport maps
are minimax optimal. Our analysis hinged upon stability arguments which relate this problem
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to that of estimating the Wasserstein distance between two distributions, and, in turn, to that
of estimating a distribution under the Wasserstein distance. The latter question is well-studied
in the literature, and formed a key component in deriving convergence rates for the former
two problems. As a byproduct of our stability results, we derived new upper bounds on
the convergence rate of estimators of the Wasserstein distance between sufficiently smooth
distributions, which could not have been deduced from our developments in Chapter 3.

The estimators in this work are simple to compute and minimax optimal, but we make no
claim that their computational efficiency is optimal. For example, our plugin estimators of the
Wasserstein distance between (o — 1)-smooth densities can be approximated by sampling N
observations from our density estimators, and computing the Wasserstein distance between the
empirical measures formed by these observations, which can be done in polynomial time with
respect to N (Peyré and Cuturi, 2019). In order for this approximation to achieve comparable
risk to our theoretical estimators in the high-smoothness regime o > d, one must take N < n°?
for some ¢ > 1. Our estimator thus requires computation time depending exponentially on d.
Vacher et al. (2021, 2024); Lin, Cuturi, and Jordan (2024) analyzed alternative estimators based
on kernel sum-of-squares, which have more favorable computational properties; though their
estimators are not minimax optimal, they can be computed in polynomial time if @ 2 d.
It is an interesting open question to derive polynomial-time estimators in d which are also
minimax optimal. More broadly, there are other computationally efficient estimators for
optimal transport maps based on entropic regularization (Cuturi, 2013) and input convex neural
networks (Makkuva et al., 2020) whose L? risks have very recently been studied (Pooladian and
Niles-Weed, 2021; Divol, Niles-Weed, and Pooladian, 2022), but are not yet known to achieve
the minimax rate.

In our analysis of smooth two-sample optimal transport map estimators, we required
the fitted Brenier potential to be twice Holder-smooth, for which we appealed to Caffarelli’s
regularity theory. Since we do not know whether Caffarelli’s boundary regularity estimates
hold uniformly in the various problem parameters, we resorted to working over T%, where a
uniform analogue of Caffarelli’s theory is available (cf. Theorem 4). We showed in Section 5.3.4
that this analysis can be extended to generic domains 2 of R?, conditionally on a uniform
version of Caffarelli’s boundary regularity theory. To the best of our knowledge, it remains an
interesting open to question to verify whether this condition indeed holds.

Finally, our work leaves open the question of estimating optimal transport maps when the
ground cost function is not the squared Euclidean norm. While each of the plugin estimators
in this chapter can be naturally defined for generic cost functions, their theoretical analysis
presents a breadth of challenges. For example, although the regularity theory of Caffarelli
has been generalized to cover a large collection of cost functions (Ma, Trudinger, and Wang,
2005), this collection does not include the costs || - ||” for p # 2 and p > 1, which are arguably
most widely-used in statistical applications. For such costs, it remains unclear what regularity
conditions are sensible to place on the population optimal transport map in order to obtain
analogues of our risk bounds, and we hope to explore such questions in future work.
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5.A On the Variance of Kantorovich Potentials

We state a straightforward technical result which will be used throughout our proofs.

Lemma 37. Let Q be equal to [0,1]% or T9. Given P,Q € P,.(Q), let (¢o,v0) be a pair of
Kantorovich potentials in the optimal transport transport problem from P to (). Assume further
that the density q of Q satisfiesy~' < q < v over Q, for somey > 0. Define 1o = 1o — Jo Yo.
Then, there exists a constant C' > 0 depending only on d such that

[ollL2(q) < CAWa(P, Q).

In particular,

Varg[¢o(Y)] < (C)*W3 (P, Q).

The proof will follow from Poincaré inequalities over [0, 1]¢ and T¢, which we recall here
as they will be needed again in the sequel. The following is a special case of the Poincaré
inequality for convex domains (see for instance Leoni (2017), Theorem 12.30).

Lemma 38. Let0 < a < b < 0o and 2 = [a, b]. Then, there exists a constant C > 0 depending
only on d such that for all f € H" () satisfying [, f =0,

1fllze @) < €0 = a) [[VFliL2q) -

We also state the following classical periodic Poincareé inequality (see for instance Steiner-
berger (2016) for a simple proof).

Lemma 39. Let f € H'(T?) satisfy [a [ = 0. Then, Fllrzeray < IV Fllp2eray -

Proof of Lemma 37. Since ¢o9 € H'(f)) by definition, we may apply the Poincare
inequality over §) (namely, Lemma 38 when Q = [0, 1]%, or Lemma 39 when Q = T?). This
fact, together with the assumption 'y_l < g < 7, implies

||7ZOH%2(Q) < 7”&0||3;2([o,1]d) < Cz’YHV@ZJOH%moJ]d) < (CV)QHV¢OH%2(Q) = (C7)*W3(P,Q),
which then also implies
Vargiho(Y)] = Varg[o(Y)] < [[¢oll72(q) < (C7)*W3(P,Q),

as claimed. O

5.B Proofs of One-Sample Stability Bounds

5.B.1 Proof of Theorem 18

Recall that ¢g denotes a Brenier potential from P to Q, while ¢g = ||-||* — 20 and ¢y =
||I* — 2405 denote the corresponding Kantorovich potentials. Since we have assumed that both
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P and @ are absolutely continuous distributions, Brenier’s Theorem implies that So = V| is
the optimal transport map from @ to P. Since ¢y is closed, the assumption

1
A
from condition A1(\) also implies (Hiriart-Urruty and Lemaréchal (2004), Theorem 4.2.2),

Iy = Vg < Ay,

1

)\Id =< V205 < M.

Combining this bound with a second-order Taylor expansion of ¢ leads to the following
inequalities

ol =0l < i) — @) — (So(@)y—a) < S e — ol wyen  (630)
With these facts in place, we turn to proving the theorem, namely that
AT = Doy < WHP.Q) = WHP.Q) - [vnd@-Q) < W3@Q.Q). 631
We begin with the first inequality. Since T is the optimal transport map from P to Cj, we have,
Wi P.Q) = [ I7() - xlPap(a)
~ [ 11@) - alPap(a)
+ / 2UTy(z) — v, T(x) - To(x))dP(x) + / 1T(2) — To()|2dP(x)
= WHP.Q) + [ 2To(w) — 2. T(w) — To(@)dP(@) + 1T~ Ty
To bound the cross term, notice that equation (5.30) implies
2 / (Ty(x) — x, T(x) — To(x))dP(x)
—9 / (To(z) - SolTo(x)), T(z) — To(z))dP(z)
>2 [ (@) Fo) - Tota)
+T) = #5(T) + 55 1T - TP ap(a)
= / [\f(w)Hz —ITo(@)|I” = |1 T(z) — To()|

+265(T0(e) - 26T (@) + 1 IT@) - To(o) 2| aP (o)
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1 . .
= ()\ - 1) 1T = TollZ2p) + /%d(Q - Q).
We deduce
. 1 - .
W3 (P,Q) > W3 (P, Q) + T - Tol[72(p) + /lbod(Q - Q)

To prove the second inequality in equation (5.31), let 7 denote an optimal coupling between
and (). Then, the measure 7g, = (Sp, [d)47 is a (possibly suboptimal) coupling between P
and @), thus

W2 (P.Q) < / o — 2 dgy (2, =) = / 1S0(y) — 2| dA(y, 2). (532)

The claim is now a consequence of the following technical Lemma, which will be used again in
the sequel.

Lemma 40. We have,

W3 (P,Q) < / 1S0(y) — 2||” d7(y, 2) < WE(P,Q) + / $od(Q — Q) + AWF(Q, Q).

5.B.2 Proof of Lemma 40
We have,

[ 150(a) = 211 a7,
= [ 1500) ~ 1P Q)+ [y~ 21 dR(y. 2142 [ (So(w) — vy - 2)aR(0,2)
= WHP.Q) + WH@.Q)+2 [ (S0(0) ~ oy — )iy 2).
Now, notice that by (5.30),
2 [ (S = 2)ar(.2) <2 [ i) - ile) + 5 Iy = =1 (o)
—2 [ ¢id(Q - Q)+ WFQ.Q),
and,
2/<—y,y—2>d7?(yvz)
= [ 11 = e = ol = ] df ) = [ HRA@ - @) - WEQ.Q),

Therefore,
W3 (P,Q) - W3(P,Q)
< / (17 = 2¢5) 4@ - @) + AWE(Q,Q) = / od(Q — Q) + AW (Q, Q).

and the claim follows. O
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5.C Proofs of Upper Bounds for One-Sample Empirical Esti-
mators

In this Appendix, we prove Corollaries 19 and 20.

5.C.1 Proof of Corollary 19

We shall make use of the notation introduced in Section 5.2.3 and Appendix A.3.4, regarding
wavelet density estimation over [0, 1]%. In particular, let ¥ = ¥P® with N = 1, so that ¥ is the
Haar wavelet basis on [0, 1]%.

Lemma 41. Let J > 1 be an integer. For any pu € P([0,1]9), let 1y € Pac([0,1]?) denote the
measure admitting density

J
w=1+Y 3¢ [ dn
J=0¢&ey;
with respect to the Lebesgue measure on [0, 1]%. Then, Wa(u1, pn.y) < Vd277.
Proof. The Lemma is a consequence of dyadic partitioning arguments which have previously
been used by Boissard and Le Gouic (2014); Fournier and Guillin (2015); Weed and Bach (2019);
Lei (2020). In particular, for all j > 0, let Q; denote the natural partition (up to intersections

on Lebesgue null sets) of [0, 1]¢ into 2% cubes of length 277. Then, Proposition 1 of Weed and
Bach (2019) implies

J

W3 (1, pg) < d [2727 4 272070 83 1u(S) — s (9)]
7j=1 SeQ;

To prove the claim, it thus suffices to show that p(.S) = p7(S) forallS € Qjandj =1,..., J.

Letj > 0, S € Qj, and recall that I is the indicator function of S. Denote its expansion
in the Haar basis by

Is=L(S)+ Z Z Y€, where 7y, = /Igw,¢ ew.
=0 &€V,
Notice that for any £ > j and £ € ¥y, we have

supp(§) € Is, or supp(§) N1Ig = 0.

Furthermore, since ( = [, [0,1]4> and the Haar basis is orthonormal, we must have f[o 15d £E=0
for any £ € Uy, j > 0. It must follow that

%:/ISf:O, forall £ € Wy, ¢ > j,
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that is, Ig € Span ((ID U Ué;é \Ilg). We therefore have, for any S € Q; and j < J,

1 (S) = / Is(y)as(y)dy

)+ Y (&) ([ 1stewr)

j= 0{6\11

S)+ZZ </€du>%

Jj=0¢&ev;

J
:/ LIS)+) D & du=/1’sdu=u(5)-

7=0 §€‘l/j

The claim follows. O
To prove the Corollary from here, let 29 = pl/ d and let @n be the distribution with

density
_1+Z > (/gd@n> y), yel0,1]

Jj=0¢&ev;

Apply Lemma 41 to the measure u = @), to obtain

W3 (Qns Q) S WEH(Qny Qn) + WEQn, Q) S 272 + WE(Qn, Q) S 0™+ WE(Qn, Q).

Furthermore, recall that v~ ! < ¢ < 7, thus we may apply Lemma 106 to deduce

n—Q/d’ d >
EW3(Qn, Q) < § (logn)?/n, d=2
1/n, d=
The claim follows. O

5.C.2 Proof of Corollary 20
By Theorem 18,

E|W3(P,Qn) — W3(P,Q)| < EW3(Qn,Q) + E ‘/wod@n —~ Q)' :

By Jensen’s inequality, the final term satisfies

=

B| [ vod(@, - @) < w7ty Varglua(v)]
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Since 1) is uniformly bounded by a constant depending only on d, the right-hand side of the
above display is of order n /2. Furthermore, by equation (5.12), we have EW3(Q.,,, Q) < kin,
thus the first part of the claim follows.

Under the assumptions of the second part of the claim, we may instead use Corollary 19 to
obtain the stronger bound EW3(Q.,, Q) < Fp, as well as Lemma 37 to derive Varg[io(Y)] <

~

W2(P, Q). The claim then follows. O

5.D Proofs of Upper Bounds for One-Sample Wavelet Estima-
tors

5.D.1 Proof of Theorem 19

Under the assumptions of part (i), we may apply Theorem 18 and Lemma 106 to obtain,
A~ 2 ~
]EHTn - TOHLQ(P) S_,)\ EWQQ(an Q) SM,’y,a RT,n(@)a

which immediately leads to the first claim. To prove the second claim, recall that we have
assumed o > 1, whence the assumption on ¢f implies in particular that ||¢f[|¢2() < A. Since

the densities p, ¢ are bounded from below by y~! over [0, 1]%, and also bounded from above
due to their Holder continuity and the compactness of [0, 1]¢, it follows by Lemma 35 that
o satisfies condition A1(), after possibly modifying the value of A in terms of 7. We may
therefore invoke Theorem 18 to obtain,

L(Qn) < WE(P,Qn) — W2(P,Q) < AWZ(Qn, Q) + L(Qn).

Let C' > 0 be a constant depending only on M, A, 7, o, whose value may change from line to
line. By Lemma 106, we have

EW3(Qn,Q) < CRrpn(), and EWF(Qn,Q) < CR%,(a).
Furthermore, by Lemma 36, we have

|EL(Qn)| < CRrn(e)

Var [L(@n)] < - (Vargluo(¥)] +2727%) < Var@[;fm + CR(a)
BIL(Q[ = [EL@n)[* + Var [£(@.)] < TNy opg ().

Combining the preceding three displays, we deduce that
[EWS (P, Qn) = W3 (P,Q)| < XEWS (Qn, Q)+[EL(Qn)|<CRra(a),  (533)
and,

E|W2(P,Qn) — Wi(P,Q)|
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B | (W20 Q)+ 2@])]

< NEWS(Qn, Q) + 20E [WE(@Qn, Q)|L(@n)|| + E|L(Q)[*

< NEWH(Qn, Q) + 2/\\/(EW24(@n, Q) E|L@n)|* + E|L(Qn)*
< ONR},(a) + 2)\\/ CRZ.,(a) (C’R%n(a) 4 Yoro [;‘f(’(y)]> - Var@[;”(’(y”
< O}, (0) + 20Ry () V220D YorltolY)
< <CRT,n(Oz) iy Veraltol)] ) 2
The claim follows O

It thus remains to prove Lemma 36.

5.D.2 Proof of Lemma 36

In order to bound the bias of | 10y, recall from Lemma 105 that the event 4,, = {G,, = ¢n }
satisfies P(AS) < n~2. Since v is bounded by a constant depending only on d, we have,

E '/wo@ —G)| <E (‘/wo@n 3

We deduce that
PN - 1
L@ 5 | [ 0@ - 0] + 5

thus we are left with bounding the bias of [ 10, Recall that B\g is an unbiased estimator of 3¢
for all ¢ € P, so that

L) B S 1/

Jn
=E[G) =Y BcC+ Y D Bt

e J=jo £€Y;

Write the expansion of v in the basis ¥ as

Yo=Y ¢+ Z > ¢, where ye = /wog forallé € U,

(ed J=jo §€Y;

where the series converges uniformly due to the Holder regularity of /g, so that,

/11)0 q-q7,) /(Z%C+ZZ%E) ( i Zﬁgf) = i > veBe

ced Jj=Jjo EEY J=JIn+1£€Y; Jj=Jdn+16€V¥;
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by orthonormality of the basis ¥. By Lemma 30(i) in Appendix A.3, we have |¥;| < 24,
therefore

(o] oo
‘/d)o(q—cun) < D0 D heBd S DD 29 (e)eew; ool (Bedeew, lloo-  (5:34)
J=Jn+1£€Y; j=Jn+1

On the other hand, we have [|-||gs () < [ll¢s(q) for all s > 0 by Lemma 102. Therefore, by
assumption on ¢ and ¢, we obtain

-1+ — o—jl(a—1)t 2
|Be)eew, Nl < llgllga 1 (g 27710 +4] < g-illo-D+4], -
. d . d :
1(Ve)eew; llewe < Yol gors (q) 9-illa+D+5] < g=illatl)+5],

for all j > jo. Combine equations (5.34)—(5.35) to deduce

o [e.e]
EL(Q.)| S Z gdig=illa+D)+5lo—illa-+5] < Z 92 < 9=2nar sy
j=Jn+1 J=dntl

We next bound the variance Varg [L(Qy)]. Denote by

Jn
Ui, =Y wCH D) &

Ced j=jo €T,
the projection of ¢y onto Span (<I> U Uj; o \I/j). By again applying Lemma 105, it is a straight-

forward observation that

o | o —vee e

thus it suffices to show that Var [ [ 40g,| = Varg[io(Y)]/n + O(27%/7%/n). Notice that

/%%ZZE{/%CJriZBg/%ﬁ

ced Jj=jo €V

Jn
= Beve+ D> > Bee

Ced J=Jjo 56‘11]'

n In
- %Z ZC(Yi)’YCJF Z Z EYi)ve| = /%ndQn, (5.36)

i=1 [Ceo J=do £€V;

—2
Sn

whence,

WHUQ@lewmwhWﬂ

n
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1 1
— ~Varg[o(Y)] + - (Vargl, (V)] - Varg[o(Y))).
It thus remains to bound the final term. Notice that

| Varg[ihs, (V)] — Varglio(V)]|
S[Eal, () = 3| + [Eqls, (V) = o)) = (D) + (11).

We begin by bounding (I). Letting g,, = (¢7,, + %0)q, we have,

‘/an Y0) (Y, + o) ) ‘/d)Jn Y0)g

It is clear that ||, "B&f&o([o,l}d) < ”’IIZ)()”BgO-t;O([O’Hd) < A, thus for any fixed € > 0 sufficiently

small, the map v, + 1 lies in C*T17¢([0, 1]¢) with uniformly bounded norm, by Lemma 102.
Note that one may take ¢ = 0 if « is not an integer. On the other hand, we also have
lgllca-1([0,1j¢) < M. Deduce that

_ < <
SUP 9052 to.4) S SR lgnllea—oney S 1,

where the first inequality again uses Lemma 102, and the second inequality follows from
Lemma 95. Now, let a,, ¢ = [ £gy, for all € € W. By following the same argument as in the first
part of this proof, and using again the fact that [|)o| ga+1. (0,1]) < )\, we may deduce that

oo
Z Z h/{an,fl

j=Jdn+1 56@1'

oo
. . d s g _
< Hd)OHB&;“(Ol HgnHB‘" L (0.11%) Z 2d32—1[(a+1)+2]2 Jl(a—1)+ 2} <2 2Jnoz

Likewise, we have

(1) = ] [~ %)q] < g-2he,

and the claim follows from here. O

5.E Proofs of Two-Sample Stability Bounds

5.E.1 Proof of Proposition 23

Due to the absolute continuity of P and (), the optimal transport map from @) to P is given by
So = V. Furthermore, by absolute continuity of P, there exists an optimal transport map &
from P to P. We clearly have, R

(8 o So)#Q =P.
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Also let 7 € TI(Q, @) be the optimal coupling between @) and @ so that
(@ 0 S, Id) 47 € TI(P, Q).
We deduce,

WHP.Q) < [ 15 Suly) - 4| dR(.2)
= [ 152 50(0) = Ss(@I + 1500) ~ 211 | (v, 2
+2 [ (3050(0) = So(0). So(v) - )R, 2). (537)
Notice that
130 50(0) = o) 700 ) = [ [6(a) - a|?dP(0) = WHE.P). (539)
Furthermore, we have
[ 18000 = 2Par(n.2) < WRPQ) + [0nd@- Q)+ WFQ.Q. (539

by Lemma 40. Additionally, the cross term in equation (5.37) is bounded as follows.

Lemma 42. We have,
2 / (6 0 Soy) — So(y), Soly) — 2)d7(y, 2)

< / God(P — P) +2Ws(P, PYW(D, Q) + (A — )WE(B, P).

We prove Lemma 42 in Appendix 5.E.2 below. By equations (5.37-5.39) and Lemma 42, we
obtain

W3(P,Q) < W(P,Q) + A\W3(P, P) + \W2(Q, Q)
+ / bod(O — Q) + / bod(P — P) + 2Wo(P, P)Wo(D, Q)
<W3(P,Q) + A [Wg(ﬁ, P) + Wy(Q, Q)]2 + /%d(@ -Q)+ / pod(P — P).

This proves the upper bound of the claim. To prove the lower bound, notice that, by the
Kantorovich duality,

W2(P.Q) > /¢odP+/won
— [owap+ [vnd@+ [~ P+ [wd@- Q)
~WHP.Q) + [ nd(P~P)+ [nd(@- Q).

The claim follows. O
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5.E.2 Proof of Lemma 42

Write
2 [ (50 50(u)  Solu)sSoly) ~ AdR(y.2) = () + (1) + (111), (540
where
(I)=2 [ (7o So(y) — So(y),y — 2)d7(y, 2)

(IT) =2 [ (7o So(y) — So(y), —y)d(y, z)

—— —

(I1I) =2 [ (G 0 So(y) — So(¥), So(¥))d7(y, 2)-

Regarding (I), the Cauchy-Schwarz inequality implies

n<2(f17es00- So<y>||2(ﬁ<y,z>)é (- z||2da<yjz>)é

—2( [1t0) - a:u?dP@:))é (f1s- e are z>)é

= 2W,(P, P)W2(Q, Q). (5.41)

Regarding term (1), recall that ¢ satisfies assumption A1(X), thus we have
1 2 A 2
o e = vll” < eo(y) = wol2) = (To(w),y —x) < Sllz —yll", =y €,
We deduce that,
(1) =2 [ 3 55(4) — So(u). ~To  S4)) R (1)
<2 [ [oalS) = 063 o Sa(0) + 5 150l0) 0 Sulw) || (.2
= / 200d(P — P) + AW2(P, P). (5.42)
Finally, term (/1) satisfies
t11) = [ 15 o S = 15 o Soto) = So() I = I1S0(w)|] a7 2)
= [P - P)~ WHP.P). (5.43)

Combine equations (5.41)—(5.43) with equation (5.40) to deduce the claim. O
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5.E.3 Proof of Proposition 24

Once again, denote by Syp = V) the optimal transport map from () to P. Recall from the
proof of Theorem 18 (equation (5.30)) that, due to assumption A1(),

1 . . A
o 17 = vl < 65(w) = 93(@) = (So(@)y — w) < T llw =yl

for all x,y € ). Now, we have,

n m
W3 (P, Qm) = > 73l Xi = Y5
i=1 j=1
n m
=303 | I7(x) - i
i=1 j=1
FATHX) = XYy = ToX) + 1 - TX) 1P
Notice that
n m [ n m
B (DD @llTo(Xa) = Xall? | =E | D [ D07 | I1To(X0) — X2
i=1 j=1 Li=1 \j=1

o
=E ﬁZHTo(Xi) —Xi||2] = W3(P,Q),
"=

where we have used the marginal constraint on the coupling 7 in the first equality of the above
display. Recalling that Apm, = 3770 D300 7| X — Y 2, thus we obtain,

E[W3(PQm) ~ W(P.Q)

=E[Anm] +2E Z Z%ij<T0(Xi) - X3, Y; - To(X5))
| i=1 j=1

= B[Apm] + 2B [ YD 7 (To(X3) — So(To(X4)), Yy — To (X))
i=1 j=1

Now,
2(=S50(T0(X4)), Y; — To(X4)) = 205(To(Xi)) — 2¢6(Y;) + % ITo(X:) = Y51I*,  (5.44)

whence, we obtain,

5% i 260(T050) - 265(1)

i=1 j=1

E|W2(Py, Q) — W2(P,Q)| > E[Anm] +E

+ % | To(X;) — YJH2 + 2(To(X;), Y — To(Xi)))]
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Now, notice that
2(To(X;),Y; — To(Xs)) = — 1 To(Xq) — V511> + |Y511° — 1To(Xa) )1
Thus, continuing from before, we have
E[W3(Pa, Q) — WE(P,Q)]

n m

EfAnm] + B | 3037 3 (265(To(X0) — 265(%) + 112 = |1 To(X) )
=17

> =

1

= SE{Aun] +E %Z (I%3112 2650

J=1

This proves one of the inequalities of the claim. To obtain the other, return to equation (5.44)
and notice that one also has

2(=S0(To(X:)), Y; — To(Xa)) < 265(To(X0)) — 205(Y;) + A To(X:) — Y.
The proof then proceeds analogously. This proves that
ElAum] =1 E[WE (o, Qm) — WE(P.Q)]-
To conclude, apply Proposition 23 to deduce
E|W3(Pa Q) = W3(P,Q)]

<E [ oud(P ~ P)+ E [ 60d(@n ~ Q)+ 2A[EWE(P,. P) + EWH(@,Q)

= 2) [Ewg(Pn, P) + EWZ(Qum, Q)]
The above display is of the order s, due to equation (5.12). When we additionally assume

that Q = [0,1]% and y~! < p, ¢ < 7, we may instead bound it from above by &y, due to
Corollary 19. The claim follows. O

5.E.4 Proof of Proposition 27

The claim follows along the same lines as the proofs of Theorem 18 and Proposition 23, thus we
only provide a brief proof of the analogue of Theorem 18 over the torus. It will suffice to prove

T =Ty < WEP.Q) - WEP.Q) - [w0d@-@) < W@.Q). (545
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Recall that 7' is the optimal transport map from P to @ By Proposition 3(iii), we therefore
have P-almost surely

dpa(T(2),2) = |T(x) — 2|,  dpa(To(x), ) = |To(x) — 2|, €T
It follows that

W (P,Q) - W5(P,Q) =/Ilf(w)—$!\2dP(m)—/IITo(:r)—xllzdP(x)-

From here, it follows identically as in the proof of Theorem 18 that

WEP.Q) - WE(P.Q) 2 51T~ Tolfiagr) + [ v0d(@- Q)

To prove the second inequality in equation (5.45), let 7 denote an optimal coupling between )
and () with respect to the cost d%d. Notice similarly as before that Proposition 3(iii) implies

W2(P,Q) = / 150(y) — yIPdQy). WE(Q.0) = / ly — 2[2d7 (y, =),

thus, since (So, Id) 47 € II(P, Q). and using the fact that dyq < || - ||, we have

W5 (P, Q)
< [ Eu(Solw). (.2
< [ 150w - 4l (s, 2
— [ 1500) ~ 1P dQUw) + [ 1y = 21 47(w.2) + 2 [ (Soly) .0~ (5. )

—WE(P.Q) + WE(D.Q) +2 / (So(y) — 9,y — 2)dR(y, 2).

By the same argument as in Theorem 18, the cross term is bounded above by (A—1)W3 (@, Q)+
[ 10d(Q — Q), thus the claim follows. d

5.F Proofs of Upper Bounds for Two-Sample Empirical Estima-
tors

In this Appendix, we prove Propositions 25 and 26. We begin with the following result.

Lemma 43. Let () satisfy conditions (S1)-(S2). Let P € Pac(Q2) admit a density p such that
71 < p <y forsomey > 0. Let Vq,...,V, denote the Voronoi partition in equation (5.23),
based on an i.i.d. sample X1, ..., X, ~ P. Then, there exist constants C;,Coy > 0 depending
only ond,~, €g, dg such that the following assertions hold.
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(i) Forall§ € (0,1), we have,

P <max P(V;) >

1<i<n

3| D

! [dlogn—l—log(l/é)]) < 4.

(ii) We have,

2
E {max diam(Vi)2] < Oy <10gn> ’ .
n

1<i<n

Proof of Lemma 43. We shall make use of the relative Vapnik-Chervonenkis inequal-
ity (Vapnik, 2013; Bousquet, Boucheron, and Lugosi, 2003), in the following form stated by
Chaudhuri and Dasgupta (2010).

Lemma 44. Let B denote the set of balls in RY. Then, there exists a universal constant C' > 0
such that for every § € (0, 1), we have with probability at least 1 — 0 that for all B € B,

P(B) > % [dlogn+log (;)] — P,(B) > 0.

We now turn to the proof. Recall that (2 is a standard set by condition (S2), and recall
the constants €, 9 > O therein. Forany 1 < i < nandz € V; \ {X;}, let pi(z) =
(€0/2d) ||z — X;]|. Since diam(£2) < v/d by condition (S1), we have p;(x) < €y. We also have
pi(x) < ||z — X;||, thus the balls B(x, p;(x)) of radius p;(x) centered at x contain no sample
points. Therefore, by Lemma 44, we have that for any § € (0, 1), with probability at least 1 — 4,

max sup P(B(z;, pi(z))) < % [dlogn + log <(15>] . (5.46)

1<i<n zey;
Now, since 7! < p < 7, the assumption of standardness on {2 leads to the bound
P(B(x, pi(x))) > v L(B(z, pi(x)) N Q) > by L(B(z, pi())) = pf (),

thus equation (5.46) reduces to

max sup pf (z) < ¢ [dlogn—i—log <(1$>} )
n

Deduce from here that with probability at least 1 — §, forany 1 <i¢ < nandz,y € V;,

n

1
dlogn +log(1/d)]¢
e -yl < Hx—xiuﬂry—mspi<x>+pi<y>s[ ( “] .

It follows that for some C'; > 0 not depending on 9, we have with probability at least 1 — 4,

[dlogn—i—log(l/d)}}i.

max diam(V;) < Cy -

1<i<n
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To prove claim (i), notice that since the density of P is bounded from above, we also have with
probability at least 1 — 4,

1
max P(V;) <~ max £(V;) < max diam(V;)¢ < E[dlogn+log(1/6)].

1<i<n 1<i<n 1<i<n

To prove claim (ii), let t,, = (2C¢(d + 2) logn/n)*/?. Set § = n exp ( ) for any u > 0
1

to obtain

E [max diam(Vi)Q] = / P <max diam(V;)? > u> du
0

1<i<n 1<i<n

0o d
<t, —i—nd/ exp (_umz) du
tn Cy
4nd [ v’n\ 4,y
=t, + d/tf/‘* exp <_C'f> vd dv

> v2n
< t, + nd/ ex (—) dv
~ n /4 p QCii

The claim follows. O

5.E1 Proof of Proposition 25

Abbreviate ﬁ%ELN by fnm We have,
|Fom = To 22 s, Z | o) = 300050 + 2060 ~ o) 2P )
3 [ [1on@) = T+ 1760) ~ T ] o)
=1 i

To bound the first term, notice that,

> /V | B () — To(X0)|PdP(z)
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by convexity of ||-||%. Therefore, setting M,, = max;<;<, P(V;), we obtain

<i<n

anm - TOHiQ(P) < nApm (1max P(V; > + Z/ | To(X;) — To(x)||*dP(x).

Since T is A-Lipschitz by condition A1(\), the claim is now a consequence of the following
simple Lemma, which we isolate for future reference.

Lemma 45. Under the conditions of the first claim of Proposition 25, we have for any \-Lipschitz
map F : Q — Q,

S)\,W (1Og n/n)Q/dv

/ |F(X;) — F(x)[?dP(z)

E [nAnm <max P(%))] Shveodo (10g 1) Kpam.

1<i<n

If we additionally assume that Q = [0,1]% and v~ < q < 7 over Q, then

E [nAnm <max P(W))] Sdseo,00 (108 1) Epam.

1<i<n

5.F.1.1 Proof of Lemma 45

The first quantity is easily bounded as follows,

/ IFC) = F@aP ()| < 38|32 || 1= olfdr(o)

< NE ZP ) diam(V;)?

- 2
1 d
< A’E | max diam(%)Q] S ( ogn> ,

[1<i<n n

where the final inequality is due to Lemma 21(ii). To bound the second quantity, let M,, =
maxi<;<, P(V;). By Lemma 21(i) with § = 1/n?, there is a large enough constant ¢ > 0 such
that if m,, = clogn/n, then P(M,, > m,,) < 1/n%. We have,

E [nM,Anm) = E[nMpI(M, > m,)Anm] + E My I(M, < my)Anmn] -

Notice that A,,,, is bounded above by diam(£2)?, and 0 < M,, < 1, thus, by Proposition 24,

E nMpAnm) S nP(My, > my) + mpnE [Apy] S — + (logn)E [Apn] S (logn)knam,

S|

as desired. The final claim follows analogously. O
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5.F2 Proof of Proposition 26

Abbreviate ﬁ{;ﬁ by Thum. Notice first that we have
=~ 2 IR SNPS 2
T~ Tl = - 3 o (X0~ T,
i=1

=33 F | Tam (Xa) — To(X) ||

=1 j=1
Zn jm N ) n m ,
SN wl| T (X0) = V5P + 303 7Y - To(X0)|
i=1 j=1 i=1 j=1
n m
< 222%11“)/] - TO(XI)HQ = 2Anm, (5.47)
i=1 j=1

where the final inequality follows by definition of Trum, since o € Jx under assumption A1(A).
Therefore,

T = Toll 22y = D /V 1T — ToldP < /V 1T (2) = T (X1
i=1°"Vi i=1""
T (X3) = To (X + ITo(X) = To(@)|2] dP ().

By definition of J, and by assumption A1(\), fnm and Ty are both A-Lipschitz, thus by
Lemma 45,

N ] [ N
E\\Tnm—ToHiz(P)s(og") +E|Y /V | T (X3) = To(Xy)|2dP(x)
i=1""Vi

2 -
logn\ 4 =
( - ) +E _n (1?%]3(%)) | T — TOHiQ(Pn):|

(bgn)iE o (e POD) 8]

n 1<i<n

IN

AN

where we used equation (5.47). Lemma 45 may now be applied to bound the right-hand term
in the above display, leading to the claim. O

5.G Upper Bounds for Two-Sample Wavelet Estimators

In this section, we state and prove a result deferred from Section 5.3.3, regarding two-sample
plugin estimators based on wavelet density estimation over the torus.

Unlike the boundary-corrected wavelet system used in Section 5.2.3, it will be convenient
to introduce a simpler basis which guarantees that the density estimators are periodic. Recall
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that we described in Appendix A.3.2 how the standard Daubechies wavelet system may be
periodized to obtain a set of Z?-periodic functions

P = {13 U [ J OB, where WP ={PT:0<k <2 e {0,134\ {0}}, 5 >0,
§=0

which forms an orthonormal basis of L?(T%) (Daubechies, 1992; Giné and Nickl, 2016). When-
ever the densities p, ¢ lie in L?(T%), they admit wavelet expansions of the form

=1+Y . > agf, g=1+) > B,

j= per = per
J=0¢ev? 7=0 ¢ew?

where ag = [ {dP and B¢ = [ £dQ. We then define the wavelet density estimators

JIm
By —1+Z D Gk @ =143 > fkt

per J— per
J=0 ey j=0 £cw?

where a¢ = [£dP, and Bf = [ £dQ,. By orthonormality of UP®, it is straightforward to see
that p ~(per) ~(per)

,Gm ~ integrate to unity, but may nevertheless be negative. We therefore define the
final den51ty estimators by

AP o BPIGE 2 0), G0 o GBI 2 0), (5.49)

~(per) and G ~(per)

where the proportionality constants are to be chosen such that py, are probability

densities, which respectively induce probability distributions P7(lp er) (per) € Pac(T9). Once
again, we drop all superscripts “per” whenever the choice of wavelet ba51s is unambiguous.

We state the following bound for the two-sample estimator fnm = ﬁ(};ﬁr) in equation (5.25),
together with the associated plugin estimator of the squared Wasserstein distance. Recall the
sequence Rr (o) defined in Theorem 19.

Theorem 22 (Two-Sample Wavelet Estimators). Let P, Q € Pac(Td) admit densities p, g €

Co~Y(T9; M, ) for some o > 1 and M,y > 0. Assume 2/ < T . Then, there exists a
constant C' > 0 depending only on M, 7, a such that the following statements hold.

(i) (Optimal Transport Maps) We have,
E||Tom —

HLQ < CRTn/\m( )

(ii) (Wasserstein Distances) When « ¢ N, we have

IEW3(By, Qm) — W2(P,Q)| < CRrpam(a),
2

Varp[¢0(X)] 4 Val"Q [¢0 (Y)]

n m

E|W22(ﬁm @m) - W22(P7 Q)‘2 CRT,W\W(O‘)"’_\/
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The proof appears in Appendix 5.G.1. Theorem 22 shows that the plugin estimators Toim
and W3 (P,,, Q) achieve analogous convergence rates as in the one-sample setting. Similarly
as in Section 5.2.3, we may deduce from Theorem 22(ii) and Lemma 37 that

E‘Wg(ﬁfh Q\m) - WQQ(Py Q)‘ SM,’Y,O[ RT,n/\m(a) + (7’L N m)_1/2W2(P7 Q)

Thus, in the high-smoothness regime 2(« + 1) > d, the risk of W%(ﬁn, Q) decays at a rate
which adapts to the magnitude of the Wasserstein distance between P and Q.

If one is willing to place assumptions on the regularity of the potentials ¢ and (), Theo-
rem 22(ii) may be extended to the case where the sampling domain is taken to be the unit cube
[0, 1]9, as we show next. Such a result is made possible by the fact that Proposition 23 does
not require any regularity of the fitted potentials. On the other hand, we do not know how to
obtain an analogue of Theorem 22(i) over domains in R%. Let P, Q € P,.(]0, 1]%), and denote
by ﬁébc) and @%’C) the boundary corrected wavelet estimators defined in Section 5.2.3.
Proposition 28. Let P, Q € Py.([0, 1]%) admit densities p, ¢ € C*~1([0, 1]¢; M, ) for some
a > 1and M,y > 0. Assume further that for some A > 0,

w0, 5 € CoTL([0,1]% N). (5.49)

1
Let 277 < n@+2(a=1)  Then, there exists a constant C' > 0 depending only on M, \, v, & such
that,

[EWZ (PP, Q) — WE(P,Q)| < CRrnpm(e),
2

Varp[¢po(X)] n Varg[vo(Y)]

5 A 2
E|W3 (B, QR9) = Wi (P.Q)|" < - —

CRTyn/\m(Od)‘F\/

The proof follows along similar lines as that of Theorem 22(ii), which will be given below,
and is therefore omitted.

Condition (5.49) places a smoothness assumption on ¢ in addition to ¢g. If our analysis
could be carried out over a domain £ C R? with smooth boundary, then, under appropriate
boundary conditions on the potentials and under the assumptions made on p, g, standard
Schauder theory (Gilbarg and Trudinger, 2001) could be applied to the Monge-Ampere equation
to obtain that ¢ € C**1(Q) as soon as ¢y € C?(R), with uniform Holder norms (see
Proposition 9.1 of Caffarelli and Cabré (1995)). We do not know whether analogues of such
results can be applied over the hypercube [0, 1]%, thus we have placed assumptions both on ¢
and its convex conjugate.

We now turn to the proof of Theorem 22. We first note that the one-sample results from
Section 5.2.3 may readily be extended to the optimal transport problem over T¢.

Proposition 29. Assume P, Q € P,.(T%) admit densities p, ¢ € C*~1(T%; M, ) for some
a>1,a ¢ N,and M,y > 0. Let ¢,,, = Zj(nger) be the periodic wavelet estimator defined in



Chapter 5. Plugin Estimation of Smooth Optimal Transport Maps 236

equation (5.48), and let @m be the induced probability distribution. Let

T, = argmin /d%d(x,T(x))dP(x).
TET(P,Qm)

Furthermore, let 2/m = m2<a*11)+d. Then, there exists a constant C' > 0 depending only on
M, v, o such that the following statements hold.
(i) We have EW3(Qm, Q) < CRyym(a) and EWS(Qm, Q) < CR},,,(a).

(i) We have,

m m
(iii) We have,
E||Tm = Tol72(p) < CRr.m(),
[EW3(P,Qm) = W3(P.Q)| < CRr (),
2
E|W3 (P, Qm) — W3(P,Q)|> < |CRrm(a) + VMQ%M

Notice that the only properties of the boundary-correct wavelet basis used in the proofs of
Lemma 106 and Theorem 19 are those contained in Lemmas 101 and Lemma 104 of Appendix A.3,
which are also stated to hold for the periodic wavelet basis. The proof of Proposition 29 is
therefore a direct extension of these results. Notice that, unlike Theorem 19, we no longer
require any conditions on the smoothnes of ¢ itself, due to the torus regularity result of
Theorem 4. Indeed, under the assumptions of Proposition 29, the latter implies that there exists
a constant C’ > 0 depending only on «, 7, M such that leollgati(ray < (', assuming o ¢ N.

5.G.1 Proof of Theorem 22

Throughout the proof, we use the abbreviations

F(B,) = / bod(By — P).  L(Qm) = / $od(Om — Q).

We begin by proving part (ii). Under the assumptions of this case, Theorem 4 implies that
||800||ca+1(rﬂ-d) < M, for a universal constant My > 0 depending only on o,y and M. In
particular, it also follows from Proposition 3(vii) that g is strongly convex, and thus satisfies
condition A1(\) for some A > 0 depending only on Mj and 7. We may therefore invoke the
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two-sample stability bound over T¢ in Proposition 24 (arising from Proposition 23) to deduce

< F(Pa) + L(@Qu) + 23 W3 (o, P) + W3 Qi Q)|

From Proposition 22(ii), it can be deduced that

[EF(Po)| V [EL(Qm)| S Rrpam(@) (5.50)
Var [F(P,)] < W + CR% () (5.51)
Var [L(Qm)] < VarQE;pM + CR%,, (o), (5.52)

for a constant C' > 0 depending only on M, v, o, whose value we allow to change from line to
line in the remainder of the proof. Thus, recalling Proposition 22(i),

S|EF(P)| + [EL(Qm)| + EWZ(Po, P) + EW2(Qum, Q) S Rrnam(a).

Furthermore,
<E [(!F(ﬁnn + | L(Qm)| + 22 (W5 (P, P) +W§(©m,Q>))2] =: (1) + (I1) + (1),

where
0 =E (1P| + [1@n)])’]
(I1) = 4\’E [(W%(ﬁn, P) 4+ W2(Qm, Q)ﬂ
(m):4AE[(w§(ﬁn,P)+W§(©m, )(\F )| + | L(Qm) \)}

Regarding term (I), recall that we have assumed that X; is independent of Y for all ¢, j =
1,...,n. Therefore, using equations (5.50-5.52),

(1) = E[F*(Py)] + E[L*(Qm)] + 2E|F(P) L(Qnm)]
= E[F?(P,)] +E[L*(Qm)] + 2E|F(P, yE\L Q)|
= Var [F(P,)] + Var [L(Qm)] + [EF(B,)|* + [EL(Qn)|* + 2E|F(B,) |E|L(Qm)|
Po(X

_ Varploo(X)] | Varglto(Y)]

\/\/

+ CRT,nAm(a)'
Furthermore, by Proposition 22(i), we have

(I1) < 8\ (EWH(Py, P) + EWS (@, Q) < CRY ypnlc),
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and, using the Cauchy-Schwarz inequality and equations (5.50-5.52), we obtain

(111) < €\ (BB, P) + B0 @) (BIF(PI* + B[L@n) )

Varp|[¢o(X)] L Varg WO(Y)]>

n m

Varp|[¢o(X)] L Varg [Yo(Y)]

n m

< CR%,nl\m(CO + CRTJL/\m(a)\/

Deduce that

n m

2
(1) + (1) + (I11) < (CRT,nAm(a) + \/ VarplolX)] | Yorg WO(Y”) :

Claim (ii) follows from here.

"To prove part (i), we shall make use of the one-sample optimal transport problem from P
to Qm Denote by @, an optimal Brenier potential for this problem, so that T = V@, is
the optimal transport map pushing P forward onto Qm, with respect to the cost function d
Furthermore, denote by

- 2 - e 2 —
O = 11" = 28m,  thm = |- — 265,
a corresponding pair of optimal Kantorovich potentials. We proceed with three steps.

Step 1: Regularity of the Fitted Potentials. Recall that « > 1, and fix e € (0,1 A 0‘771)
By Lemma 104 and Lemma 105, under our choice of threshold J,,, and under the assumption
p,q € C°~1(T?; M,+), it can be deduced that the event

Enm = {Pn = Dn} N {Gm = Gm}
N {ﬁn,ijm > 1/(27) over ']Td}
N {Bnllsg, crey < 20lset oay } O { Il ooy < 2Nl gr o)}
satisfies P(ES,,,) < (nAm)~2. Note that € ¢ N, thus by Lemma 102, we have on the event E,,;,,
||Qche Td) S ||QmHBe oo (Td) S HQHBQ 1 (T4) S llallga— (Td) = M,
and similarly for p,,. Thus, there exists M; > 0 depending only on M, ~y such that
[Buleecrey e groy < Mo, om By

Under the preceding display, together with the smoothness assumptions on the population
densities p, ¢ themselves, and the fact that py,, G, p, ¢ > 1/(27) over T¢ on the event E,,,,,, we
may apply the regularity Theorem 4 to deduce that there exists a constant My > 0 depending
only on My, My, ~ such that for all n,m > 1,

leollz+e(o,112) V [@nmllez+e(o11a) V [|@mllc2te(po,170) < Mo, (5.53)
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on E,,. Deduce from Proposition 3(i) that the Hessians of the above potentials are uniformly
bounded over R?. Further apply Proposition 3(vii) to deduce that @, and @,, satisfy the
curvature condition A1(A) almost surely, up to modifying the value of A > 0 in terms of M
and v, namely:

Ay = V30(2), VPG (), V2Bum(x) = My, forallz € R%: nym >1,  (5.54)
on the event E,,,,.

Step 2: Reduction to Optimal Transport Problems with Same Source Distribution. In
order to appeal to the one-sample stability bounds of Theorem 18, write

[ Tom = Toll 72y < |1 Tom = Tonll 20y + [T = Toll 2y (5.55)

The first term in the above display compares transport maps which are optimal for distinct
source distributions. We therefore proceed with the following reduction, over the event E,,,:

[T =Tl = [ 1Fn@) = Tu@)|aP(a)
= [ BT ) ~ PGt
= [ BT ) = T ) @), 6560)

where the second line follows from the fact that (T,) x P = @m, and the third follows by
invertibility of Trum, which is ensured by the strong convexity of @, in equation (5.54). This
same equation implies that, on the event E,,, fnm = V@nm is Lipschitz with a uniform
constant. It follows that

T = Tl 2y S /Td T ®) = T @) dQm(v) = | T = T 2,y (5:57)

Step 3: Stability Bounds. Due to the inequalities (5.54), the stability bounds of Proposition 27
(arising from Theorem 18) imply

T = T[22,y < AWE(Pas P), | T = To| 2y < W3 (@ Q). (5:59)

Thus, combined with equations (5.55) and (5.57), we have on the event F,,,,
(T = Tol[72p) S W3 (Pas P) + W3 (@i Q)
We deduce,
~ 2 = 2 -~ 2

EHTnm - TOHL?(P) - [HTnm - TOHLQ(P)IEMH} +E [HTnm - TOHL?(P)IE%m]
W3 (Pa, P)Ig, | + B W3 (@ Q.. | + PUES,,)
<E[W3(Py, P)| +E W3 (@Qm, Q)| + P(ES,)
S Rrn(a) + Ry () + (n A m)~2 < R pam (@),

where we made use of Proposition 22(i) on the final line. The claim follows. O
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5.H Proofs of Upper Bounds for Two-Sample Kernel Estima-
tors

The goal of this Appendix is to prove Theorem 20. For ease of notation, we omit the superscript
“ker” in all kernel-based estimators, and write

Ph (@) = E[pn(2)] = (0% Kp,) (@), ah,, () = ElGm(y)] = (4% Kn,)(y), x,y €T

The following result was anticipated by Divol (2021), who derived a Fourier-analytic proof
of the convergence rate of the empirical measure under the Wasserstein distance on T%. Our
proof follows along similar lines, and is simplified by the fact that we work only with the
Wasserstein distance of second order, but is complicated by the fact that we require general
exponents p > 0.

Lemma 46. Let s > 0. Assume P € Pac(T?) admits a density p such that

||p||Hs(1rd)§R<OO, O<'y_1§p§ry<oo,

Assume further that the kernel K satisfies condition K(s + 1) for some xk > 0. Set h,, < R,
Then, for any p > 0,

_ p(s+1)

n 2std | d > 3
EWS(]%M P) rSR,p,ms (log n/n)p/z, d =2
(1/n)P/2, d=1.

Proof. By Jensen’s inequality, it suffices to prove the claim for p > 2. It is a direct consequence
of Proposition 42 and the assumption 7~ < p < ~ that the event A,, = {p,, = p,} satisfies
P(A,) < 1/n?. Furthermore, recall from equation (5.9), arising from the work of Peyre (2018),
that R

Wa(Pr, P) S IPn = Pl g1

We therefore have,

EWS(B,, P) = [wg(ﬁn, P)IAH} +E [wg(ﬁn, Pl

A

E

E[lpn — I, 1a,] +1/n*

E[lpn — Pl 1 1a, | +1/n?

o, = Pl + ElBn = pn 1, +1/n°

B 4 BBy — p, I, +1/n%, (559)

AN YA

where we used proposition 43 to bound the bias term in the final line, together with the
assumption K(s + 1). To bound the variance term, write E||p,, — pp,, Hll)'{*l S Sng + Sno,
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where
_ o
2
_ _ 2
Sy = E S e F - OF | |
€€z, ||hn€lI<1
- P
2
_ ~ 2
Spp=E > el FBn — pra)(©)]
£€Z || hng]|>1

We begin by bounding ), 1. Recall that

Flpn — 1, )(6) = FIK|(hn) S (727099 — Fpl(g)), €€z,

j=1

where i> = —1. In fact, since p,, and pj,, integrate to the same constant, we have F[p, —

Ph,](0) = 0. Furthermore, let p’ € R satisfy % + % = 1. Then, for any 1 € R, we have by
Hoélder’s inequality,

(SIS

Sp1 =E ST 1l IElPT Y [ Flpa — pu )

§EZY, || hng]I<1

[

Soer Bl Y §”<"1>f[ﬁnphn]<f>”]

<
£€Z9.640 ¢€Z4 .40
lhng]I<1 lhngll<1
£
P
1 & ’
= 2 ™ 0 IV FEI () E | Y 26|
IJYARS £€Z4,£40 j=1

lhnéll<1 [hnéll<1

where Z;(&) = e 28 — Flp|(€), forall j = 1,...,n and ¢ € Z% Since p > 2, it can be

deduced from Rosenthal’s inequalities (Rosenthal, 1970, 1972) that,
1 < ’
_P _
E- > Zi(©)| $Snk (BIZi(©))) +n' PRI Z1()IP.
j=1
Notice that |Z1(£)| < 2 for any ¢ € Z9, and p/2 < p — 1, thus we deduce from the previous
two displays that,

L
o

SapSn [ ST el ST lElY | FIK] (ha)| (5.60)

£ezd,¢#0 €74 ,£40
[IhnélI<1 [IhnélI<1
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_P — —1
SnTE L > g D 3 (5.61)
{YARZ) £€2,£4£0
€l <1 lhn€ll<1

where the final inequality follows from the fact that the Fourier transform of K is bounded
over the unit ball, since K &€ CCOO(Rd). When d > 3, due to the condition % + % = % we may
choose 7 satisfying

1 1 d
d<_> NS (5.62)
d p p
In particular, we then have —d < p(n — 1) and —d < —p'n), so that
ﬁ —_ £
S S n=%s (hﬁ/n—d> 7 1) —d _ n5n’ A5+ n_ghﬁ(l_%)'

If d = 2, we choose 7 such that the strict inequalities in equation (5.62) both hold with equality.
In this case, we have p'n = d and p(n — 1) = —d, thus

£+1
P
_r — _p 1\ & +1 - £
Sp1 Sn doooler Snt log(h, )7 = (log(hy, ") /m)? .
E€Z || hn&l|<1
Finally, if d = 1, choose 1 such that
1 1
l—=>n>—. (5.63)

P p

In this case, both sequences in equation (5.61) are summable, and we obtain .S;, 1 < n~"/2 In
summary, we deduce

d
P2, d>3
Sn1 S Bni=n"2 S (log(hzV)"?, d=2 (5.64)
1, d=1.

We next bound S, 2. Let < d/p’. Apply a similar reduction as in equation (5.60), to obtain

P

o

Sn2 S S el ST el | FIE] (ha)|

§€Z,||hngl[>1 §EZY || hng]I>1

Since K € C2°(R?), notice that K and F[K| are Schwartz functions. In particular, F[K](¢) <
|€]|~* for any £ > 0. Choose £ > 0 such that p(n — 1 — £) < —d. We then have,

P

/

Spa Snt S el O N 13 [

£ || hng]|>1 §€Z4 || hnk][>1

hS]
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2 d
S8 (1) 10 E T <
Combine this bound with those of equations (5.59) and (5.64)
_p(s+1)
n o 2std d>3
EWS(P,, P) < Wt + B, 4+ 1/n? < 3 (logn/n)?/2, d=2
(1/n)P/2, d=1.
The claim follows. O

We are now in a position to prove Theorem 20.

5.H.1 Proof of Theorem 20

In view of Propositions 42—-43 and Lemma 46, the proof of the claim is analogous to that of
Theorem 22, thus we only provide brief justifications.

Regarding part (i), apply Lemmas 102 and Proposition 42 to deduce that there exists
€ € (0,1 A %1) and an event of probability at least 1 — 1/n* over which Py, G, coincide with
P, Gm respectively, are bounded from below by (27) ™!, and are of class C¢(T%), with Holder
norm uniformly bounded in n. By Theorem 4, it follows that, over this same high-probability
event, any mean-zero Brenier potential in the optimal transport problem from P to Qm, or
from P, to Qm, is of class C27¢(T9), again with a uniformly bounded Hélder norm. Arguing as
in Step 1 of the proof of Theorem 22(i), we deduce that these potentials achieve the conclusion
of equation (5.54) therein. The same argument as in Steps 2-3 of that proof, coupled with
Lemma 46 stating the convergence rate of the kernel density estimator in Wasserstein distance,
can then be used to deduce that the optimal transport map 7T},,,, from P, to @)y, satisfies

1

7)2 ,S RK,n/\m (Oé) .

BT = o[ 12(p) S WS (Pas P)+ EWF (@, Q) + (o

In applying Lemma 46, we note that our stated assumption K(2c) implies K(a + 1) for a
constant £’ > 0 depending only on « and «. This proves part (i). To prove part (ii), we use the
following observation.

Lemma 47. Under the assumptions of Theorem 20, we have

B[ [ anti -] = 00, Var [ [, )] = L o (B2,

(5.65)

where the implicit constants depend only on M, v, o

Using Lemmas 46—-47, the same argument as in the proof of Theorem 22(ii) leads to the
claim of part (ii). O
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It thus remains to prove Lemma 47.

5.H.2 Proof of Lemma 47

Using Proposition 42, the densities p,, and p,, coincide with high probability, thus arguing
similarly as in the proof of Lemma 36, it will suffice to prove that

/¢0(P —ph,) = O(h3"), Var {/ b0 (P —Phn)] _ Varrloo(X)] + O <}ina> . (5.66)

n

Under the condition o € N, o > 1, we deduce from Theorem 4 that there exists A > 0
depending only on M, ~, o such that

b0, o € COTHTY N). (5.67)

Now, by Parseval’s Theorem,

/Td bo(p — Ph,,)

= 1> Flool(©)Flp — pn,](©)

g€zl
< - 1 Flpol )l o gy - 17D Flp = 9, ) O) |y

= H¢OHHa+1(1rd)Hp_phnHHf(aH)(qrd) S e = ol - (a+1)(Td)>

where we used equation (5.67) and the fact that [|go || jra+1(pa) < [|doll ga+i(ra) S [|dollca+r(ray-
Apply Proposition 43, under the assumption K(2a) and the smoothness assumption on p, to

deduce
/ bod(p — ph.,)
Td

To prove the variance bound, notice that

< h < Ricnnm(@).

Var [/ ¢0(Pn — Ph,, ] = Var {/((ﬁO*Khn)d(Pn - P)] = %VaI“PWhn(X)],
where ¢y, = ¢o x K},,,. Thus, reasoning as in the proof of Lemma 36, we have
1
’Var [/ ¢0(Pn — Ph, ] — nVarp[qﬁo(X)]‘
< ~| Varplgn, (X)) ~ Varplgo(X)]

< B3, (X) — G000+~ [Elon, (X) — 6o(X)]| = 1 [(1) + (11)].

We shall again bound term (I), and a similar proof can be used for term (/7). Notice that

(1) = ] [ = o0on, + ¢0)p‘ < 116, — Boll ety | (Bh + B0)Pl oo gy
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It is a straightforward observation that ||¢p,, [lcat1(ray < [[ollca+1(a) for all n > 1, thus

the function (¢p, + ¢o)p has uniformly bounded C®~!(T?) norm, by Lemma 95. Since ¢ €
CoHL(T?; \), we deduce that

(D) S 6h, = Golli—comvza) S B2,

by Proposition 43. The claim follows from here. O

5.H.3 Further Results

In this section, we state for completeness several additional results on estimating optimal
transport maps and Wasserstein distances over T%, which mirror our results over domains
of R? across Sections 5.2-5.3. Throughout what follows, let P, Q € P,.(T%) admit densities
p,q,and let X;,...,X,, ~ Pand Y7,...,Y,, ~ @ be iid. samples which are independent
of each other. Let P, = (1/n)) ", x, and Q., = (1/m) Zm dy;. As in the previous

subsections, we omit the superscript “ker” on the estimators P ) and Q(ker Let T, be the
optimal transport map from P to (J,,, and let

Bom =33 RlITo(X0) — Vil

=1 j=1

where

WEargmmZZm] 1a(Xi, Y5).

WEQnmi 1 j=1

Furthermore, let T',, be the optimal transport map from P to @m We begin by stating a
one-sample analogue of Theorem 20.

Proposition 30 (One-Sample Kernel Estimators). Let P,Q € Pa.(T?) and assume p,q €
Co~Y(T%; M, ), for some o > 1, o« ¢ N, and M,y > 0. Let h,,, = m~/(@d+2(a=1))  Then,
there exists a constant C' > 0 depending only on M, v, « such that the following assertions
hold.

(i) (Optimal Transport Maps) We have,

B[ T = Tol[12p) < CRicm(0):

(ii) (Wasserstein Distances) We have,

[EWZ(P, Q) — W3 (P, Q)| < CRm(a),
Vargdo(¥)] |’

E[WE(P,Qm) — WE(P,Q)|’ m

CRK’m(Oé) +
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Next, we state convergence rates for empirical estimators. In what follows, we use the
abbreviation

1/n, d=1,
Fn = logn/n, d=2,
n=2/d, d>3.

Proposition 31 (One-Sample Empirical Estimators over T¢). Let P,Q € Pac(T?) admit
densities p, q satisfying
v <pg<n, overTY,

for some y > 0. Assume further that ¢g € C?(T¢). Then,
BT — Toll32(p) = E[W3 (P, Qm) — W3 (P, Q)] < EWZ(Qm, Q) < Fm,

and,

From Proposition 31, one may also deduce rates of convergence for the nearest-neighbor
estimator discussion in Section 5.3.2, over T¢. We omit the details for the sake of brevity.

5.1 Plugin Estimation over Smooth Domains

The goal of this appendix is to prove Theorem 21. Let us summarize our proof strategy.

(i) In Section 5.1.1, we define a scale of spectrally-defined Sobolev spaces H*" (€2), which

are well-suited to the analysis of the density estimator @Qap). We show that these spaces
coincide with a scale of subspaces Hy" (€2) of the usual Sobolev spaces H*"(12).

~(lap)

(if) In Section 5.1.2, we bound the risk of the density estimator qnlap
space H*" (), for a wide range of parameters s, 7.

under the norm of the

@gap) under a suitable

E]ﬁap) sat-

(iii) In Section 5.1.3, we use parts (i)-(ii) to derive a convergence rate of

Hoélder norm. This will allow us to deduce that with probability tending to one,
isfies the regularity conditions needed for Caffarelli’s regularity theory (condition (C2)).

(iv) In Section 5.1.4, we combine parts (i)-(iii) to obtain a convergence rate of ?szlap) under the

Wasserstein distance, using its equivalence to a negative Sobolev norm (cf. equation (5.9)).

(v) In Section 5.1.5, we combine these ingredients to deduce the claim, by the same strategy
as in the proof of Theorems 22 and 20.

Throughout our development, an important role will be played by the Neumann boundary
condition, together with assumption (C1). On the one hand, we will see that these conditions
are sufficient for the space H*"(2) to admit a Littlewood-Paley characterization; cf. Lemmas 48
and 51. On the other hand, these conditions ensure that the eigenvalues and spectral function
of the Neumann Laplacian grow at a sufficiently slow rate to obtain our stated convergence
rates for density estimation; cf. Lemmas 53-54.
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5.1.1 Spectrally-Defined Sobolev Spaces

To facilitate our analysis of the estimators py,, ¢, we will begin by showing that the Bessel
potential Sobolev spaces H*" (12), defined in Appendix A, can be characterized via the spectrum
of the Neumann Laplacian. More specifically, we will work with the following subspaces of
H*"(Q), which have suitably vanishing Neumann trace. Throughout what follows, we always
denote by v an outward-pointing unit normal vector to 02, and by Ju/Jv the weak normal
derivative operator, whose trace on 0f2 is well-defined and takes values in L"(92) whenever
u € HY(Q) with t > 1+ 1/r (Taira, 2016, Theorem 4.6). We will assume s > 0 and
r > 2 throughout this section. Furthermore, we adopt the nonstandard notation H;" (2) =
H"(Q) N Ly(Q).

Definition 2 (Triebel (1995), Section 4.3.3). Let ) be a domain satisfying condition (C1). For
all s > 0andr > 2, let H]S\}T(Q) be defined as follows.

(@) Ifs—1/r <1,set HY (Q) = Hy" ().
() f2k+1<s—1/r <2(k+1)+1forsomek > 0, set

J
H'(Q) = {u € H" () : 04 u

—00n89,0§j§k}.

14

(iii) If2k + 1 = s — 1/r for some k > 0, extend v continuously to 2, and set

ONI OAF
H]S\}T(Q) _ {u c HS,T(Q) . 8yu _ Oonﬁﬁ, 0<j<Ek, Wu € HivT(Rd)}>

where 9AFu/0v is extended by zero outside of €.

Note that, in part (iii), the normal vector v may be extended smoothly away from the
boundary since we assumed OS2 is C*°, thus v is itself smooth. The particular choice of
extension does not alter the definition of the space. As we shall see, the relevance of the space
H3" () lies in the fact that the fractional Neumann Laplacian (—A)*/2, defined next, is an
isomorphism of Hy'(2) onto Lf ().

Recall that 0 < A7 < Ay < ... is the sequence of eigenvalues corresponding to the
eigenbasis {1, }22,. Define the spectral fractional Laplacian for all u € L3(£2) by

(=A)*/ 2y = Z)\Z/zﬁg[u]m, where Lofu] := (u,m0) 120y, £=1,2,...
/=1

Furthermore, for s > 0 and r > 2, let H*"(2) denote the Banach space of functions u € Lj(2)

such that the norm
s/2

ullpesr () = [[(=8)*2ul| ) < o0

is finite. In the special case = 2, H*"(§2) becomes a Hilbert space, as noted by Dunlop et al.
(2020). In this case we omit the superscript “r” and simply write 75(Q2) := H*2(f2). The
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corresponding inner product on this space is given by
(u, V)gs0) = D NiLe[ulLo[v],  u,v € HA(Q).
(=1

It is easy to see by Parseval’s identity that || - [|3s) = / (", )2 ()-

Our first aim is to show that the spaces H*"(Q2) and Hy' () coincide, with equivalent
norms. To simplify our proof, we will focus only on the ranges of s and r which we will need
in our development.

Proposition 32. Let () satisfy condition (C1). Assume that one of the following conditions

holds:
0,2 >0
s€0.2] or 5= (5.68)
r>2 = 2.

Then, with equivalent norms,

Hy () = H3(Q). (5.69)

Proposition 32 was stated without proof by Seeley (1972, Section 5). For completeness,
we provide a self-contained proof below. Let us also note that, in the Hilbertian case r = 2,
Proposition 32 was established for integer exponents s by Dunlop et al. (2020, Lemma 7.1),
and for s € [0, 2] by Kim, Balakrishnan, and Wasserman (2020). For the case r > 2, a result
similar to Proposition 32 was proven by Cao and Grigor’yan (2020, Theorem 3.1), however
they considered the setting where €2 is the entire Euclidean space R¢, thus they employed a
different definition of the fractional Laplacian.

Before turning to the proof, let us begin by stating a generalization of Mikhlin’s multiplier
theorem for the Neumann Laplacian, which we will use repeatedly in the following subsections.
This result follows from Theorem 1.3 of Xu (2011), or Theorem 7.9 of Kerkyacharian and
Petrushev (2015).

Lemma 48 (Mikhlin’s Multiplier Theorem for the Neumann Laplacian). Let m € C*(R,)
satisfy Mikhlin’s multiplier condition:

|D*m(z)| < clz|71,  foralla=1,...,d+1, z € R, (5.70)

Then, for any 1 < r < oo, there exists C > 0 depending on §2, ¢, r such that for any f € Ly (£2),

> m(V ALl fne
=

< Ol fllLr - (5.71)
Lr(Q)

In this case, we say that m is an L'y (2) multiplier.

We now turn to the proof of Proposition 32.
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5.1.1.1 Proof of Proposition 32

Let us begin with the case where s € [0,2] and » > 2. The result is trivial when s = 0, in

which case we have
HOT(Q) = HY' () = Li(9).

Next, we prove the claim when s = 2, in which case the space Hy" (€2) takes the form

0
HJZ\;T(Q) = {u € H>"(Q) : 8—u =0 on OQ} .
v
By Triebel (1995, Theorem 4.2.4, p. 316), we have that H2*(Q) = W?2#5(Q) with equivalent
norms, where W% () is the standard L (2) Sobolev norm with integer smoothness parameter
k € N. Thus, for all u € HJQVT(Q) we have

lullz2r @) = Aullr) S llullwer@) S lull g2 @)-

It is a standard fact that —A is a bijection of HJ%;T(Q) onto L{(€2) (e.g. Franke and Runst (1995)).
Furthermore, the above display shows that this mapping is continuous, thus, by the Banach
isomorphism theorem, the operator (—A)~! : L () — HJQV’T (€2) is bounded. Equivalently, for
all w € H*"(Q), we obtain [|wl| g2 () S w32 (). We deduce that >7(€2) = HJZV’T(Q),
with equivalent norms.

It thus remains to prove the claim for all s € (0, 2), which we shall do using an interpolation
argument. Given two complex Banach spaces A and B, let (A, B)jg denote the complex
interpolation space between A and B, for any 6 € [0, 1] (Bergh and Lofstrom, 1976). It is
well-known that the complex interpolation of any two Bessel potential spaces H*0"(Q2) and
H*v7(Q) is itself a Bessel potential space (see for instance Triebel (1995), Theorem 4.3.1/1). The
following is an analogue of this result for spaces with zero Neumann trace.

Lemma 49 (Seeley (1972)). Let 1 < r < oo. Then, forall s > 0 and 0 € (0,1),

HET(Q) = (LH(Q), Hy () -

By combining Lemma 49 with what we have shown above, it holds for any s € [0, 2],
b} 2’ )
H3(9) = (Lh(©), H3T () ) = (L(Q), KT (Q)
To complete the proof of the claim, it thus suffices to prove that

HET(Q) = (L§(Q), H2" () (5.72)

[s/2]

for any s € [0, 2]. We will do so by following similar lines as the proof of Theorem 6.4.5 of Bergh
and Lofstrom (1976). Specifically, the following can be inferred from their Theorem 6.4.2.

Lemma 50. Suppose there exists a collection of complex Banach spaces (Bs)c0,2) With Bs C
By C L'\(Q) forall0 < s’ < s < 2, fulfilling the following properties for all s € [0, 2]
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(i) Bs = (Bo, B2)[s/2)-
(ii) There exists a continuous linear map .% : H*"(Q) — Bs.
(iii) There exists a continuous linear map & : Bs — H>"(S2) such that & o F = Idysr(q).
Then, equation (5.72) holds for all s € [0, 2].

The claim will therefore follow if we can exhibit a collection of Banach spaces (Bs)s¢[o,2]
satisfying the properties of Lemma 50. To do so, it will be convenient to show that H*" ()
lies in the Triebel-Lizorkin family of spaces. Indeed, it is well-known that the standard Sobolev
space H*"(Q) is equal to the Triebel-Lizorkin space F;’5(€2) (Triebel, 1995), and an analogue
of this fact for the space H®"(2) has been derived by Kerkyacharian and Petrushev (2015). We
state a variant of their result below, beginning with some notation. Let £y, £ € C*°(R.) be an
admissible pair of Littlewood-Paley functions, so that supp(§p) C [0, 2], supp(§) C [1/2,2],
and )50 &(A) = Lforall A € R, where we write §; = £(277(+)) (cf. Lemma 6.1.7 of Bergh
and Lofstrom (1976) for a construction of such functions). We then have the following statement.

Lemma 51 (Kerkyacharian and Petrushev (2015)). Let 1 < r < oc. Then, for allu € Lj(€2),

1
oo oo 2\ 2
lullgorc) = Nullzs @ = || | D2 |27 Z [u]ne(-)
7=0 =

L ()

Proof of Lemma 51. 1t follows from Theorem 7.8 of Kerkyacharian and Petrushev (2015) that

Z(l + Ae)* 2L [ulng

(=1

Jull 70 = |[(1d = 2)7%4

Lr(©)

L)

where we used the fact the Neumann Laplacian over a convex domain {2 with smooth boundary
satisfies the conditions of the operator L in the introduction of Kerkyacharian and Petrushev
(2015). Indeed, the Gaussian upper bounds on the heat kernel generated by the Neumann
Laplacian are given for instance in Theorem 3.3.5 of Davies (1989), while the Hélder continuity
of the heat kernel can be deduced, as in Proposition 3.1 of Sturm (1996), from the parabolic
Harnack inequality (see for instance Theorem 5.3.5 of Davies (1989)). See also Saloff-Coste
(2010, Theorem 3.1), and remarks thereafter. To prove our claim, it thus suffices to show that

H(_A)S/2UHL"(Q) = ||(Id — A)s/2u|!m(§z)- (5.73)
Notice first that the maps m()\) = (1 4+ X*/2)/(1 + A\)*/? and 1/m(\), A € R, satisfy the

conditions of Lemma 48, thus

o0

ST+ NP Lolulne

/=1

< |l o) + 1(=2)2u| 1)
1r(9)

1(Id — A)*2ul| ) <
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It thus suffices to show that |[ul|rq) < || (—A)S/QUHLT(Q). This follows from the fact that
any map m € C®(R.), of the form m(\) = A™%/2 for A > \; /2, is an L’} (Q) multiplier. The
claim follows. O

Let s € [0, 2]. Denote by /5 the set of real-valued sequences a = (a;) ;>0 such that

0o 2

lalleg == | Y (27%la;)* | < o0

J=0

Furthermore, let L{j(¢3) denote the space of all sequences F' = (f;);>0 C Ly(€2) such that

1Py = [ IP@Ida < .

By Theorems 5.1.2 and 5.6.3 of Bergh and Lofstrom (1976), the Banach spaces B, := Lg(¢3),
for 0 < s < 2, satisfy condition (i) of Lemma 50. Furthermore, the map

I H(Q) = By, S iues (Z §j(\/)\7)ﬁe[u]w('))
=1 720

satisfies, by Lemma 51, ||u||3s.r(q) \\u||g:2 @) = [[-Zu| B,, and thus satisfies condition (ii)
of Lemma 50. Finally, define the map

P By = H(Q), P (f)jz0— Z Z@ o) Lal f]me,
(=1 =0
where
§=&1+&+E&+, j=12,...
with the convention that £_,,, = 0 for any m > 0. Notice that for all u € H*"(2), we have

@jU—ZZ@ )ﬁg[}

(=1 j=0

Since §; has disjoint support from &, for any j, k| > 2, we have

& (V) ng V) =& (W),

where we used the fact that {{;};>0 forms a partition of unity. By reapplying this property,
we obtain

PIu= 3" &GN Lolulne = Lofulne = u.
(=1

£=1 j=0
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It thus remains to show that & is a bounded linear operator. To do so, we will make use of the
Hardy-Littlewood maximal function

1
Mf(x)= sup/fydy, x €,
0= 58 ) /Y
for any f € L'(Q), where B, is the set of balls of the form {y € Q : ||z — y|| < §},§ > 0.
For our purposes, the utility of the maximal function lies in the fact that it induces a bounded
operator from B; into itself (cf. Theorem 5.6.6 of Grafakos (2009)): there exists a constant
C > 0 depending on 2, r such that for any s € [0, 2] and (f;);>0 € Bs, it holds that

1

> (2 IM(f)])? <ol e . (574)
7= 20 7= 20

Let us now turn to bounding the operator norm of . Using Lemma 51, we have

12 (f)s ey =< ||| D <2jSZZ£j(\/>‘>€)gk(\/)‘>€)£[fk]W>
=0 (=1 k=0 @
%) o> 742 B 2 %
=122 (2702 D0 (VA& A)Ll filme . (575)
=0 (=1 k=j—2
()

where we used the fact that §; has disjoint support from &, whenever |7 — k| > 3. For any
J»k >0, let Aj;, be the operator defined by

Ajef =D&V M)V N LI fIme,
/=1

for any f € L'\(2). In order to bound the right-hand side of equation (5.75), we will relate
the operator A j; to the maximal function M, in the following Lemma. This result is largely
inspired by Georgiadis and Kyriazis (2023, Eq. (5.9)).

Lemma 52. There exists a constant C' > 0 such that forall s € [0,2], j >0, f € L'\(Q2), and
x €,
[Ajef ()] < OM f(z).

Before proving the Lemma, let us show how it implies the claim. Write f_; = f_5 = 0.
Continuing from equation (5.75), we obtain from Lemma 52 that

1
00 J+2 2\ 2
12 ()il S DS (275 Y Mf
j=0 k=j—2

Lm(Q)
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o0

<SS @)
= (@)
S (f5);1 B,

where the final inequality follows from equation (5.74). This proves the boundedness of the
operator &, and it remains to prove Lemma 52, which we shall do next.

By Theorem 3.1 of Kerkyacharian and Petrushev (2015) and the definition of the functions ¢,
the operator A, is an integral operator,

Nih(@) = [ Tulenf s, f L@, en,
where the kernel I';;, is real-valued and enjoys the bound
—in—1 ; —a
Tz, y)] Sa L(B(x,277)) (1 + 2|l —yl)™",

for any a sufficiently large, where B(x,0) = {y € Q : || — y|| < J}. Note that the implicit
constant above is independent of j, k. Under condition (C1), we have E(B (z,277 )) - < 274,
Letting D = diam(£2), we thus have uniformly in = € Q,

[Ajf ()] =

/| ij(wvy)f(y)dy‘

j—1
<
k=0
j—1

D

k=
jf

/ s YU Y — y]) O ()ldy
{yeQ:%*JSLByHSQk,JH}

IN

2jdfka d
/{yEQ:lzBMSQkE—]’-}-l} |f(y)| Y

= o

A

2‘7d_ka+d(k:_]+1)Mf(x)
k

Mf(z)y 27K,

k=0

Il
=)

N

Choosing a > d, we obtain the conclusion of Lemma 52, and hence of Proposition 32 in the
regime s € [0,2], r > 2.

It remains to prove Proposition 32 in the regime s > 0 when = 2. By Dunlop et al. (2020,
Theorem 7.1), we already know that the claim holds for integer values of s. We will again use
an interpolation argument to deduce the claim for non-integer values of s. Indeed, as noted
by Dunlop et al. (2020), for s; € N, and any 0 < s < s1, the space H*(2) can be written as the
following real interpolation space (Bergh and Lofstrom, 1976):

H(Q) = (L3O, K (Q), ,, o
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Theorem 7.1 of Dunlop et al. (2020) thus implies

H(Q) = (L3, HY (),

The right-hand side of the above display is equal to H3;(£2) by Lofstrom (1992), and the claim
follows by taking s; arbitrarily large. O

5.1.2 Density Estimation under the 7{*"(€2) Norms

Our aim in this subsection is to prove the following result, which is our main technical tool for
deriving Theorem 21. Let pr,, (x) := E[p, ()] for all x € Q.

Proposition 33. Let r > 2, M, s, ¢ > 0, and assume that p € C3,(€2; M). Assume that either
s < 2orr = 2. Assume further that L,, = cn® for some 0 < a < 1. Then, for any given
—00 < t < s, there exists a constant C' > 0 depending on 2, M, d, ¢, s, 7, ¢, a such that

r(s—t)

d

Han _pHrHta"(Q) S CLT_L )
and, if we further assume ¢ > 0,

£+3)

E”ﬁn _anH;_[t,r(Q) S Cn_%L:l( .

1
In particular, if L}/d =< nd+2s  then fort > 0,

- 7'r(sft)
Ellpn = pllyger o) Sn 2.

5.1.2.1 Proof of Proposition 33

We begin by bounding the variance term, assuming ¢ > 0. Recall that L,, < n® with0 < a < 1,
and define ro = 2/(1 — a). We begin by proving the claim when r > r(.

We wish to bound the quantity

r

LTL
Voo = Bl (=8) 250 = pr, )1 ) = |22 Lelbn = prJeoeX"ne

=1 Lr(Q)

Notice that

~ -~ 1 -
Lolpn —pr, ] = ar — o = - Z(W(Xi) — E[ne(X3)))

=1

so that

n I8 Ln
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By Rosenthal’s inequalities (Rosenthal, 1970, 1972), we deduce that

Vi gnT/Q/ E[]Un,l(a:)m?"ﬂdern”/ E|Up1(2)|"dz. (5.76)
Q Q

We will provide a somewhat crude bound on E|U,, 1(x)|", followed by a sharp bound on
E|U,, 1(z)|*. The density p is Holder-smooth over €2, and is in particular bounded. We thus
have for any x € (),

T

Ln,
E|Un1(2)" < ||Y wedy *ne(z)ne

/=1

Lr(Q)

N3

< X% sup (Z\W ) me(y )|> <X (e, (z,2)er, (.9))

ye \ ;o

where we define the spectral function of the Neumann Laplacian by

L
er(z,y) =Y m(@)ney), zyeQ, L>1.
/=1

We will make use of the following bound on the spectral function.

Lemma 53 (Hormander (2007), Theorem 17.5.3). There exists a constant C' > 0 such that for all
L>1,

d
ler|lLoe(axa) < CA.

In order to bound the eigenvalue appearing on the right-hand side of the above Lemma,
we make use of Weyl’s Law for the Neumann Laplacian (see for instance Dunlop et al. (2020),
Lemma 7.10, and references therein).

Lemma 54 (Weyl’s Law). There exists a constant ¢ > 0 depending only on ) such that

Cllje < < el 1=1,2,...

By Lemmas 53-54, we obtain

rt | dr t
E|Un1 (o) S A2 5% < e,

~

(5.77)

Using Plancherel’s identity, a sharper bound in available in the quadratic case:

Z WZ)\/ ne(w
= Z WA} (x

2
E|Up1(z

LQ(Q)
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S er, (z,2)
< /\t+2 it (5.78)
Combining equation (5.76) with the bounds (5.77) and (5.78), we have thus shown:
V<n’§L(3 %) 1q~L(+1)
Since r > rg, the second term is of lower order than the first, and we obtain the claimed bound
Vn S n_gL;(ng%).
If we instead have r < ro, then Jensen’s inequality and the above bound imply

E|| (A5 — pr,l||;

L™(Q) < EH(_ t/Q[p _anH ZTo(Q)

T

S <n—T70L;0(%+%)> o

This completes our bound of the fluctuations when ¢ > 0.

We now turn to bounding the bias term, where we now allow ¢ to be any real number. Our
main technical tool will be the multiplier result in Lemma 48. Define the map

m(z) = [z (1 —7(|z]*), = €R, (5.79)

where we recall that 7 is the function used to define the weights w;. Notice that m(z) = 0
for all |z| < 1/2. Furthermore, it is clear that m € C*°(R), and that m satisfies Mikhlin’s
condition (5.70). It is then also clear that the map m(-/\/Ar,, ) satisfies this condition.

Now, with the convention wy = O forall £ > L,, + 1,
o0
(=A)[p—pr,) = > (1= wo)A 2o = Zm VAN 2o,
/=1

thus, applying Lemma 48 to the multiplier m(-/1/Ar,, ), we obtain

H(_A)t/Q[an —pH Zm )\4/)\[% )\/ Qe

L'r

Lr(©)

Z ¢ O‘ZW
l=

S Lo~ T pllggray

Lr(©)
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where we again used Weyl’s law. It thus suffices to show that [|p||3;s.r ) is finite. To this end,
let 71 be defined as 7 if s — 1/r is not an odd integer, and otherwise define r1 as r + 0 for any
small enough § < 1. Then, by Proposition 32 (with s < 2 or r = r; = 2) and the definitions
of the spaces C%,(2) and Hy" (€2), we have

1Pl ) < 1PNagsmi ) S 1PN o) < 1Pllesqy < M.
The claim thus follows O

Remark 4. Suppose that instead of the estimator
Ln
Pn=Y_ willgne
/=1

we had used the traditional truncated series estimator

L'"l
Pn=Y_ am,
=1

which corresponds to choosing the nonsmooth function 7(x) = I(|x| < 1) in the definition of
the weights wy. This choice would prevent the function m in equation (5.79) from satisfying
the conditions of Lemma 48. In fact, if one were to replace Q by T¢, then the eigenvalues A,
would be of the form ||27&,||? for some enumeration {1, &2, . .. of Z<. In this case, we have for
all ¢ > 1,

L=7(Ae/Ar,) = I([|&ll < €L, [)-

Viewed as a function of &, the right-hand side is the indicator function of a ball, which is
well-known not to be an L’"(Td) Fourier multiplier for > 2 and d > 1 (Fefferman, 1971), thus
the expression m in (5.79) is also not an L" (T%)-multiplier in this case. This suggests that our
current proof technique cannot be used for the traditional series estimator.

We now supplement Proposition 33 with a simple variance bound for negative values of ¢,
but now focusing on the case r = 2.

Proposition 34. Let M, s > 0, and assume that p € CfV(Q; M). Then, for any given t < 0,
there exists a constant C' > 0 depending on €2, M, d, t, s such that

2t

e <

El/pn —PL,LII%t(Q) S - log(Ly), 2|t| =d,
1, 2|t > d.

1
In particular, if L}/d = nd+2s  then fort > 0,

_2(s—t)
n-2sFd 2t <d

Ellpn = Plliso) S {logn/n, 2Jt|=d-
1/n, 2t| > d
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Proof of Proposition 34. Notice that
L L L
» i N - N ", Var[n,(X
Bl — pra e = E [Z N (@ 0@2] <30 N Varfag) = 30 Y,
(=1 (=1 (=1
Since p is bounded from above by M over (), we have
Var[ne(X)] < E[nf(X)] < M||nel[720y = M,

thus, together with Weyl’s Law, we have

M &
Ellpr — pL, ||3.L—t(9) < o Z£—2|t\/d‘
=1
The claim follows from here. -

5.1.3 Regularity of the Density Estimator

With Proposition 33 in hand, we can prove the following result, which will allow us to invoke
condition (C2) directly on the density estimators.

1
Lemma 55. Let M,~,s,c > 0, and assume that p € C3,(Q; M,~). Assume L}L/d = cnd+as,
Then, there exist constants C', € > 0 depending on 2, M, ~, d, s, c such that the following assertions
hold on an event of probability at least 1 — C'/n?:

(i) pn > 1/C over Q). In particular, p,, = D,.
(ii) [[Pnllec) < C.

Proof of Lemma 55. Lett = (s/2) A 1 and € = t/2. By a Sobolev embedding (cf. Triebel (1995),
Theorem 4.6.1), we have for all > ry := 2d/e,

1P = pllce) S 1Pn — pllatr @) < IPn — Pl @),

where the final order assessment follows from Proposition 32. By Proposition 33, we thus

obtain
r(s—t)

Ellpn = pllgeoy S n 7.

Letu = (|[p~* ||zolo(9) A |Ipllce()) /2. Then, by Markov’s inequality, we have

~ r(s—t)
E||pn _pHEe(Q) < n~ 2s+d

~

P( 5 = ple-(y > u) <

u” u”

TQ(:;? > 2. Thus we readily deduce that

for a large enough constant C' > 0, we have with probability at least 1 — C'/n? that

Since t < s, we may choose 7 large enough such that

1Pn = pllee) < u
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Over the above high-probability event, we have on the one hand
inf p,(z) > inf — |Pn — pllLoo () = inf — Ipn — pllce(qy > inf 2,
inf pn(2) 2 f p(e) = [1Pn = pllze(e) 2 if p(z) — [1Pn — pllec@) 2 nf p(z)/
from which part (i) of Lemma 55 follows. On the other hand,

IPnllce) < lIpllee) + IPn — Plice) < 2lpllec @),

from which part (ii) of Lemma 55 follows. O

5.1.4 Convergence Rate under the Wasserstein Distance

With the help of Proposition 33 we can obtain a bound on the risk of ﬁn in Wasserstein distance.

1
Lemma 56. Let M,~y,s > 0, and assume thatp € C3,(€%; M, ). Assume L%/d = cn@+2s . Then,
there exists a constant C' > 0 depending on Q, M, ~, d, s, r, c such that

_2(s+1)
n 2std . d>2

EWQQ(ﬁmP)S logn/n, d=2
1/n, d=1.

Proof of Lemma 56. Let A,, be the event over which the two assertions of Lemma 55 hold. By
the bound (5.9) due to Peyre (2018) (in its form stated in Theorem 5.34 of Santambrogio (2015)),
it holds that

EWS (Pn, P) S E[W (P, P)I(An)] + 172 SE[|n — pllyy1(0)] +772

The claim thus follows from Proposition 34. O

5.1.5 Proof of Theorem 21

Using Lemmas 55 and 56, Theorem 21(i) follows by the same argument as Theorem 19(i), and
Theorem 21(ii) follows by the same argument as Theorems 20 and 22. In the latter case, one
replaces the application of Caffarelli’s regularity theory (Theorem 4) by an application of
condition (C2). We omit further details for brevity. O



Chapter 6

Central Limit Theorems for Smooth
Optimal Transport Maps

6.1 Introduction

Our aim is now to build upon the results of the previous chapter, to address the problem of
inference for Brenier maps. Specifically, our goal is to initiate the study of limit laws for Brenier
maps between absolutely continuous distributions in general dimension.

We will focus our attention throughout on probability measures supported on the d-
dimensional flat torus T¢. Let P and ) denote two absolutely continuous probability measures
with respect to the uniform law on T¢, with respective densities p and ¢, and let Ty = Vg be
the Brenier map pushing forward P onto (), with respect to a Brenier potential ¢y. We will
always assume in this chapter that p, ¢, 1/p, and 1/q are bounded functions over T<. As we
recall below, these conditions imply that Tj admits a unique representative which is continuous
over T¢ (Caffarelli, 1992), and we always assume that 7Ty is taken to be this representative.
Likewise, the potential ¢y admits a representative which is continuously differentiable and
uniquely defined up to an additive constant, and we will always assume that ¢ is taken to be
this representative, with the additive constant chosen such that (¢ has mean zero over the unit
hypercube. With this convention, 7 and g are uniquely defined, and can both be evaluated
pointwise without any ambiguity.

We will be primarily interested in the one-sample problem, in which only the measure )
is sampled from. As discussed in Remark 5, our techniques can immediately be extended to
the case where P is also sampled from, however we do not carry out this extension in order
to keep our exposition concise. Let Q,, = (1/n) >, dy; be an empirical measure comprised
of i.i.d. random variables Y7, ..., Y, with common law (). Our main object of interest is the
optimal transport map which pushes forward p onto the kernel density estimator of ¢, which

260
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we recall is defined as
é\n = Qn * Khn = /Rd Kh"(' - y)dQn(y)a

where, as in the previous chapter, K € C°°(R?) is a smooth mollifier which integrates to unity,
K, () = K(-/hy)/h< for some nonnegative sequence h,, | 0, and where the integration in
the above display is to be interpreted by extending @,, to a measure on R? via Z?-periodicity.
The kernel K will typically be permitted to take on negative values, thus g,, does not necessarily
deﬁne a probability density. When it does, we define @n to be the probability law with density
Gn Furthermore over the event that ¢, and 1/¢,, are nonnegative bounded functions on ']Td
we define 7, to be the unique continuous optimal transport map pushing P forward onto Qn,
and @, to be the unique continuously differentiable Brenier potential, admitting mean zero
over the unit hypercube, such that fn = V@yp. Over the complement of this event, fn can
be defined as any continuous vector field from T into itself, without changing any of our
conclusions; for instance, one may take fn = Id.

When K is taken to be a Gaussian kernel, the density estimator @, is simply the regular-
ization of the empirical measure ,, with respect to the heat kernel at time k2. This form of
regularization has received a great deal of recent interest in the optimal transport literature,
ever since it was used by Ambrosio, Glaudo, and Trevisan (2019); Ambrosio, Stra, and Trevisan
(2019), building upon a conjecture of Caracciolo et al. (2014), to derive exact asymptotics for
the quadratic optimal matching problem. Unlike these works, however, our aim here is not to
treat 7T}, as an approximation of the Brenier map 7;, pushing P forward onto (),,. Indeed, our
results will typically require h,, to vanish at too slow of a rate for such an approximation to be
meaningful. We instead view T, as the object of interest, motivated by the fact that it provides
a better approximation of 7y than the empirical map 7},, when the underlying densities are
smooth.

A close variant of the estimator fn has already appeared in Chapter 5 (see also the works
of Gunsilius (2022) and Deb, Ghosal, and Sen (2021)), where our main goal was to derive its
expected L?(T?) convergence rate; cf. Theorem 20. While this result provides an essentially
sharp characterization of the L? convergence rate of T, it does not offer any insight into its
pointwise or uniform behaviour. The main result of this chapter is to derive the pointwise
limiting distribution of T, in the regime d > 3.

Theorem (Informal). Let s > 2, d > 3, and assume p,q € Cj_(']l‘d). Then, there exists a
sequence h,, = o(h}) such that for all z € T, there exists a positive definite d x d matrix
Y (x) such that, as n — oo,

b= (To(x) — To(z)) 2 N(0,%(x)). (6.1)

The limiting covariance ¥(z) can be made completely explicit, and will be described in

'Unlike the previous chapter, where we denoted the kernel density estimator by gy, and by g ts positive

part (normalized to be a density), our results in this section will be more concisely stated for the kernel density
estimator itself, which we write as ¢, = q»,
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Theorem 24 below. Furthermore, the result in fact holds for a wide range of sequences h,, which
are of lower order than h). As we shall see, the latter condition is crucial for the centering
constant in equation (6.1) to be the population quantity 7y (z) itself.

To the best of our knowledge, this result is the first central limit theorem for optimal
transport maps between absolutely continuous distributions in dimension greater than one.
The one-dimensional counterpart of this result was established by Ponnoprat, Okano, and
Imaizumi (2024), in which case the appropriate scaling sequence is simply /n rather than

V/nhd2, as could have heuristically been anticipated from Theorem 20. Their work makes
use of the representation of univariate optimal transport maps in terms of quantile functions,
which of course cannot be exploited in general dimension. We also note that limit laws for
related problems have appeared in recent literature. In the case where P and () are discrete
distributions, Klatt, Munk, and Zemel (2022) have derived central limit theorems for optimal
transport couplings, while del Barrio, Gonzalez-Sanz, and Loubes (2024) and Sadhu, Goldfeld,
and Kato (2023) considered the case where only one of P or () is discrete. Furthermore, Har-
chaoui, Liu, and Pal (2020), Gunsilius and Xu (2021), Gonzalez-Sanz, Loubes, and Niles-Weed
(2022), Goldfeld et al. (2024), and Gonzalez-Sanz and Hundrieser (2023) derived limit laws
for entropically regularized variants of the optimal transport map with a fixed regularization
parameter. Let us emphasize that in each of these past works, the limit laws hold in a weak
sense, and their scaling is of the parametric order /n, which is a reflection of the fact that
the collection of optimal transport potentials arising in these problems forms a Donsker class.
This property fails to hold in our setting, as can be anticipated from the fact that our pointwise

central limit theorem exhibits a nonparametric scaling v/ nhﬁ_z. Furthermore, one cannot
hope for a weak limit law to hold under our assumptions: we will show in Theorem 25 below
that there is no scaling of the process fn — Tp which converges to a non-degenerate limit in
L%(T?), for a sensible range of values h,,. Such a result is akin to the failure of weak limit laws
for the kernel density estimator itself (Nishiyama, 2011; Stupfler, 2014, 2016).

Let us provide a heuristic summary of our proof strategy. Our starting point is Caffarelli’s
interior regularity theory for optimal transport maps, which we recalled in Theorem 3 of
Chapter 1. In their strongest form, these results imply that, under the smoothness condition
p,q € C5(T?), the Brenier potential ¢ lies in C2 _(R?). In fact, we will see that with probability
tending to one, the estimator 3, itself lies in C2, (R?), with Hélder norm over any fixed compact
set which is uniformly bounded in n. Over this high-probability event, the pushforward
conditions Tn#P Qn and To, P = @ are equivalent to the solvability of the following
Monge-Ampeére equations

p 2 p d
————, and det(V°py) = ——=——~, over R%,
(V) (Vo0 = 190
in the classical sense. It is well-known that these equations formally linearize to second-order

uniformly elliptic partial differential equations (Villani, 2003). By leveraging this fact, we use a
Taylor expansion argument to show that

det(V?3,) =

Ty = To + Vun + Ry, (6.2)
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where R, is a Taylor remainder which vanishes at a fast rate in L>°(T¢), and where u,, is the
unique mean-zero solution to the partial differential equation

Luy, = —div(qVu,(Veh) = G, — q, over TY. (6.3)

Here, ¢ denotes the Legendre-Fenchel transform of (. Let us briefly comment on equa-
tion (6.3). In the special case where p and ¢ are both equal to the uniform law on T¢, the
above is simply the periodic Poisson equation, which has appeared in similar linearization
strategies in the works of Ambrosio, Glaudo, and Trevisan (2019), Ambrosio, Stra, and Trevisan
(2019), Ambrosio and Glaudo (2019), Goldman and Huesmann (2022), Clozeau and Mattesini
(2023), and references therein, in the context of deriving exact asymptotics for various optimal
matching problems. When p and ¢ are equal but not necessarily uniform, the differential
operator above becomes the Witten Laplacian —div(¢V-), as noted by Greengard et al. (2022).
For general densities p and ¢, the operator L is not strictly-speaking of elliptic type, but with
enough regularity assumptions on g, we will show that it is closely connected to a self-adjoint
uniformly elliptic operator.

In view of the formal expansion (6.2), the problem of deriving a central limit theorem for Tn
reduces to the problem of deriving a pointwise central limit theorem for the gradient of the
solution to the PDE (6.3). While L? rates for estimating coefficients of elliptic PDEs have been
studied in the literature (cf. Nickl, Van De Geer, and Wang (2020), Giordano and Nickl (2020),
and references therein), we are not aware of existing pointwise convergence rates or limit laws
for solutions to elliptic PDEs with a stochastic right-hand side. The bulk of our effort goes into
this point. Letting (), be the probability distribution with density g5, = E[g,(+)], we begin
by decomposing Vu,, into the terms

Vi (z) = VL Gy — qn,](z) + VL g, — ¢](z), for any given x € T¢. (6.4)

The first (stochastic) term on the right-hand side of the above display will characterize the
fluctuations of T, (z) around its mean, while the second (deterministic) term will characterize
the bias of 7}, (). We will show that the condition h,, = o(h}) is esentially sufficient for the
deterministic term to be of negligible order; the heart of the matter lies in the stochastic term.
To derive its asymptotic distribution, we appeal to a variant of the “coefficient freezing” method
which is commonly used to derive a priori estimates for elliptic PDE. Specifically, we will argue
that, in a neighborhood of the point Ty (), the solution to equation (6.3) is well-approximated
by the solution to the equation

—q(To(x))div(Vo,(G2)) = Gn — qn,, over T% (6.5)

where G, denotes the first-order Taylor approximation of V¢, at the point T(x). This
approximation is useful because, unlike Vu,,, the map Vv,, can be expressed as the evaluation
of a convolution operator at the smoothed empirical process. Indeed, we will show that there
exists amap O : T¢ — R? for which the following representation holds:

~

Vun(z) = - Oy — To(x))d(Qn — @n, ) (y)- (6.6)
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The map O is the gradient of a periodic Green’s function associated to the differential operator
appearing on the left-hand side of equation (6.5), which can be derived in closed form when
working over the torus. By associativity of convolutions, we can further write

Vo (z) = [(0 % Kp,) * (Qn — Q)] (To(2)).

The map in the above display is manifestly a kernel density estimator with respect to the
vector-valued “kernel” © % Kj, . Its limiting distribution can be derived using elementary
means, and ultimately describes the limiting distribution of T}, (z).

Though our main interest is in pointwise limit laws, as a byproduct of these results, we will
also derive nonasymptotic pointwise rates of convergence for the estimator Tn. A great deal of
recent work has analyzed L? rates of estimation for optimal transport maps (Hiitter and Rigollet,
2021; Deb and Sen, 2021; Pooladian and Niles-Weed, 2021; Ghosal and Sen, 2022; Gunsilius,
2022; Divol, Niles-Weed, and Pooladian, 2022; Pooladian, Divol, and Niles-Weed, 2023), and
qualitative uniform convergence results have been studied in the works of Chernozhukov et al.
(2017); Panaretos and Zemel (2019); Hallin et al. (2021); De Lara, Gonzalez-Sanz, and Loubes
(2021); Ghosal and Sen (2022); Segers (2022), but our work is perhaps the first to provide near-
optimal rates for pointwise estimation (albeit under the strong assumption that the underlying
domain is the flat torus).

6.2 Main Results

In this section, we state our main results regarding the asymptotic behaviour of the Brenier map
T,. We begin by stating one of our key technical results, namely a quantitative linearization
estimate for the Monge-Ampeére equation. For the remainder of the chapter, we fix once and for
all a real number s > 2 such that s ¢ N, which will typically represent the Holder smoothness
exponent of the densities p and q.

6.2.1 Linearization of the Monge-Ampere Equation
Define a constant 3 such that
0 < 8 <min{l,s— 2}. (6.7)

Givenp,q € C3_+ﬁ (T%), it follows from Caffarelli’s regularity theory (Theorem 3) that ¢, vy €
C**P(T9). We may then define the operator

Lu = —div(qgVu(Vgy)),

for all u € C%(T?). As we shall see in Section 6.3, it can be deduced from standard elliptic
regularity theory that L is a bijection of Cngﬁ (T%) onto Cg (T%), with inverse denoted L.

Let Q € Pac(T?) be any distribution with density § over T%, and assume that § € C_Q,_JF’B (T%).
Let & be the unique Brenier potential lying in C%(R%) whose gradient pushes forward P onto
(), and which satisfies f o pdL = 0, where we define once and for all

Q:=10,1]%
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The following result shows that, in a very strong sense, the deviations @ — g are well-
approximated by the solution to a linear partial differential equation, whenever ¢ is in a Holder

neighborhood of q.

Theorem 23. Letd > 1, and assume p,q,q € Cfrﬁ(’]l“d). Then, there exists a constant C =
C(w2+,3 (p7 q, a\)v d: B) > 0 such that

|(Z—w0) — LG - Q]Hc2+ﬁ('ﬂ‘d) < Cl7 — qller+s(rey 17 — alles ray- (6.8)

Theorem 23 is proved in Section 6.3. In particular, this result implies that the approximation
V$ = Vo ~ VLG~ q] (6.9)

holds, up to an error which decays in uniform norm on the order [|g — gll¢1+514)[|q — gllc5 (Ta)-
We believe it should be possible to replace the latter quantity by ||g — quB (Tdy’ but our current
statement is sufficiently sharp for the applications which we have in mind. In Appendix B, we
state a convergence rate for the kernel density estimator under Hélder norms, which will allow
us to bound this approximation error when ¢ is taken to be the random density g,,.

Our proof of Theorem 23 relies on the following Hélder stability bound for Brenier potentials,
which may be of independent interest: under the same conditions as Theorem 23, we show in
Proposition 36 below that

1?0 — wollcz+s(rey < N7 — allesray- (6.10)

Equation (6.25) is closely related to a qualitative Sobolev stability result for the Monge-Ampere
equation proven by De Philippis and Figalli (2013). We emphasize that their assumptions
are weaker than ours, and in particular do not imply that the Brenier potentials are twice
differentiable, which makes their analysis significantly more challenging. Building upon their
result, Gunsilius (2022) derived a qualitative stability result for Brenier potentials under the
C?>*# norm, but we are not aware of any quantiative bounds akin to the one above.

The proof of Theorem 23 appears in Section 6.3. Let us now show how this result can be
used to analyze the estimator T,.
6.2.2 Pointwise Convergence Rate

Before presenting central limit theorems, it will be fruitful to state a bound on the pointwise
convergence rate of the estimator T, as this will make clear the scaling and centering that
one may expect in the limit laws. We begin with some notation. Let k¥ = n~/(4+25)_For all
x € T%and h,, > 0, set

Th, () = E[T,(z)], and g (2) = E[G.(2)].

Recall condition K(cx) on the kernel K defined in Chapter 5.
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Proposition 35. Let d > 3, and p,q € C{ (T?). Assume that the kernel K satisfies condi-
tion K(s + 1), and that for some ¢ > 0,

1

h = .n¢ thi - .
e W G- S S drs 12

(6.11)

Then, for any € > 0, there exists a constant C' = C(ws(p, q), K, s, ¢, a, €,d) > 0 such that the
following assertions hold.

1. (Bias) We have,

[ Th, = To| oo pay < Chsti=e, (6.12)

2. (Fluctuations) We have,

sup IEHTn(x) — Th, (z)]| < C# (6.13)

zeTd RV, nhﬁlfz

The proof of Proposition 35 appears in Section 6.5. Condition (6.11) on the bandwidth h,, is
never vacuous due to the assumption that s > 2. In particular, the bandwidth h,, < h} satisfies
this condition, and for this choice, the two bounds (6.12)-(6.13) are essentially on the same
order. In this case, Proposition 35 implies

~ _ st+l—¢
sup EHTH(SU) - To(x)H SnTodfes (6.14)
x€Td

This result shows that the L2 (']I‘d) convergence rate of Tn stated in Theorem 20, in fact holds
in a pointwise sense, at the price of the exponent ¢, which can be made arbitrarily small.
Furthermore, by a simple modification of Theorem 6 of Hiitter and Rigollet (2021), it can
be seen that, in an information-theoretic sense, no other estimator can achieve a rate faster
than = (571)/(2s+d) for estimating Ty(z) at a point 2 € T¢, uniformly over all measures P, Q
satisfying the conditions of Proposition 35. In this sense, T, is a minimax optimal estimator,
again, up to the arbitrarily small exponent e. Though we conjecture that this exponent is
superfluous, it cannot be easily removed with our current proof technique. Its presence is
related to the fact that the Poisson equation Au = f on T is not necessarily solvable in the
classical sense for f € L (T4), but admits a solution u € C>7¢(T¢) whenever f € C§(T?).

Proposition 35 is comparable to pointwise bounds for density estimation. It is well-known
that, under weaker conditions than those of Proposition 35, it holds that for all z € T4, and all
dimensions d > 1 that (Giné and Nickl, 2016)

1

=
nhé

|qn,, (2) = q(2)| S by, and g, (2) — qn, (2)] S

ﬁ

Both of these bounds are slower than those of Proposition 35 by a factor of A !, which is a
reflection of the fact that optimal transport maps typically enjoy one degree of smoothness
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more than the corresponding densities. This can be inferred heuristically from equation (6.9).
We nevertheless note that the optimal order of the bandwidth h,, which minimizes the sum of
the above two terms is h};, as in the case of Proposition 35.

Proposition 35 suggests that if the sequence of random variables

Vb (T (@) — To())

were to admit a non-degenerate limiting distribution, then h,, would have be taken of lower
order than the optimal bandwidth A, a condition often referred to as undersmoothing. We
derive limit laws under this condition, next.

6.2.3 Pointwise Central Limit Theorem
Our main result is the following,.

Theorem 24. Letd > 3, andp,q € Ci(’]I‘d). Assume that condition K(s + 1) holds, and

1
hp<n~%  with <a< —— (6.15)

1
d+2s d+4

Then, forall x € Td,

\/nhf’l_Q(fn(:c) —To(z)) = N(0,%(z)), as n — oo,

where, for all x € T?, ¥(z) is the positive definite matrix with finite entries given by

1 T (FIK](M(2)§)”
2@ = 0w | <2w<M<w>s,s>> “ (616)

and M(z) = V2<pa(V<p0($)).

Theorem 24 shows that the estimator fn(x) obeys a central limit theorem centered at its
population counterpart Ty (), when the bandwidth h, lies in the range (6.15). We emphasize
again that this range is never empty under the assumption s > 2. The lower bound of
equation (6.15) implies the undersmoothing condition h,, = o(h},), while the upper bound is
needed in order for the error of our linearization of 7, n to be of sufficiently low order.

To gain some intuition for the limiting covariance matrix ¥ (z), it is once again fruitful to
compare our result to density estimation. Under the conditions of Theorem 24, it is a simple
observation that for all y € T?,

Vb (@) — aw)) > N (0.40) 1K F2(za))

Thus, the limiting variance of g,,() is on the same scale as the L?(R%) norm of the kernel K.
In contrast, the limiting covariance of the estimator T,,(x) satisfies

_ L (FEIQN 4 B e
“(m”“p(x)/w( Tel )df‘ p@)
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and is thus on the same scale as the first-order negative Sobolev seminorm of the kernel K.
This should not be surprising in view of the formal equivalence

||Tn - TOHLz(p) = ||(/]\n - QHH*l(Td)

which can be anticipated from Theorem 18 of Chapter 5 and remarks thereafter. Furthermore,
the following can be said about the off-diagonal entries of ¥(x).

Lemma 57. Assume the same conditions as Theorem 24. Assume further that K is radial, and
that P = Q. Then, the covariance matrix 3(x) defined in Theorem 24 is diagonal.

Lemma 57 shows that, for radial kernels, the estimator fn(m) has asymptotically indepen-
dent entries when P = ). This property typically fails to hold when P # @, however.

6.2.4 Failure of Weak Convergence

We have shown that the sequence T, — Ty enjoys a pointwise central limit theorem under
suitable conditions. We next state a negative result, showing that, under identical conditions,
the process T, — T, does not converge weakly in L?(T¢) to a non-degenerate limit, when d > 3.
More precisely, we will show that the process @,, — ¢ does not converge to a non-degenerate
limit weakly in H}(T?).

Theorem 25. Assume the same conditions as Theorem 24. Let (o, )n>1 be a positive sequence,
and define the process
Gn = an(®n — o), n=1,2,...

viewed as a random element in HJ (T<). Then, the following hold.
(i) If o, = o(\/nh&?), then G,, converges weakly to 0 in H} (T9).
(i) Ifan = /nhi~2, then G,, does not converge weakly in Hg (T%).

We prove Theorem 25 in Section 6.5.4, by showing that the Hg (T¢) projection of G,, along
any fixed direction typically vanishes at a significantly faster rate than the convergence rate of
Gy, under the HJ (T?) norm. To establish this result, we require the same conditions on the
bandwidth h,, as in Theorem 24. We do not rule out the possibility that G,, could converge
weakly when h,, falls outside of this range, and in particular when h,, = o(n~1/(d+s+1)),

6.3 Quantitative Linearization of the Monge-Ampere Equation

The aim of this section is to prove Theorem 23 and Proposition 36. We begin by stating several
important properties of the operator L.

6.3.1 The Differential Operator L
Letp,q € Cfrﬂ (T%), where the constant 3 was fixed in equation (6.7), and define the operator

L: HY(TY — L3(TY), Lu= —div(¢Vu(Ve})).
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A simple calculation reveals that the L?(T¢) adjoint of L is given by
L* : H3(TY — LA(TY), L*v = —div(pVu(Veo)),

which implies, in particular, that L is self-adjoint if and only if P = ). It will be convenient to
note that L is closely-related to a distinct operator F, which in turn is self-adjoint even when
P # (. This operator is defined by

E: HY(TY — L3(T%), FEu= —div(AVu),
where we fix once and for all the matrix-valued map
Az) = p(z)V2p5(Veo(z)), =€ T

The relation between L and E is described next.

Lemma 58. Letp,q € C_Zi_JrB(Td). Then, for any u € C2(T?), it holds that

Eu = L[u](Vo)det(V3pg), and Lu= E[u)(Vy})det(V3}). (6.17)
Furthermore,
Bu=— det<v2¢0){q(wo)((v?m)fl, V2u) + (Vq(Viy), Vu>}. (6.18)

Proof of Lemma 58. For any u € H2(T?) and any test function v € C{°(T?), it follows by
integration by parts that

(B, v) p2(pay = /T VU VRs(Veo) VudP = | Vo(Vigg) ' VPeiVu(Veh)dQ,

where the final inequality follows by a change of variable. Deduce that

(B, = [ V()] VuVieida = [ o,
where we again integrated by parts. The above is equivalent to

(Eu, U>L2(Td) = (v, L[u](Veo) det<v2<ﬂ0)>L2(Td),

which implies the first claim of equation (6.17). The second claim follows analogously. To
deduce equation (6.18), note that we may expand L as

Lu = —q(Vg5, V2u(V5)) — (Va, Vu(Vip)),

thus
L[u](Veo) = —q(Veo)(VZ05(Veo), VZu) — (Vq(Vipo), Vu).

Since Vo is the inverse of Vo, it holds that (V2¢q) ™! = V2pi(Vpp), and claim (6.18) now
follows from claim (6.17). ]
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With Lemma 58 in place, the properties of the operator L can be deduced from the standard
theory of elliptic PDEs subject to periodic boundary conditions, which we summarize in
Appendix 6.A. Indeed, under the smoothness assumption p,q € Ci+5 (T%), it follows from
Theorem 3 that the eigenvalues of Vznpg, and hence of the matrix A, are uniformly bounded
from below over T? by positive constants depending on wo., 3(p, q). The operator F is therefore
uniformly elliptic. Furthermore, the entries of A lie in ci+p (’]I‘d), thus it follows from Lemma 77
in Appendix 6.A that the mapping E : H2(T?) — L3(T?) is a bijection, whose restriction to

C§+ﬁ (T?) is a bijection onto Cg (T?). Additionally, the following norm equivalences hold:
| Eullp2eray < ([ull g2eray, 1 Bulle2+s(ray < [[ullesray, (6.19)

where the implicit constants depend only on wo g(p, q), d, 5. From here, we may deduce the
following.

Lemma 59. Let p,q € Ci+6(Td). Then, the mapping L : HZ(T?) — L3(T9) is a bijection,

whose restriction to C§+B (T%) is a bijection onto Cg (T%), and satisfies the norm equivalences

I Lullp2eray < ull g2(ray, [ Lulles(ray <X [[ullczrs (e
Furthermore, for all f € Cg(Td), it holds
E~'f = L7 f(Vgp) det(V2g5)], and L™'f = E~'[f(Vipo) det(Vipo)].
By reasoning as in Appendix 6.4, it can be seen that for any f € L2(T¢), the unique map
u € HZ(T?) which solves the equation Lu = f over T¢ satisfies the identity
(w,v)a = (f,0(V@5)) r2(ray, forallv € Hy(T?), (6.20)

where we define the bilinear form

(u,v) 4 :—/ (AVu, Vv)dﬁ—/ (Vi (Vo) Vu, Vo)dP,  forall u,v € Hi(T?).
Td Td

Using again the assumption that p,q € C_Qﬁﬁ (T?), and hence that A has its eigenvalues
bounded from above and below by positive constants over T%, the above bilinear form defines
an inner product on H}(T%), which is equivalent to the standard inner product (-, -) H1(T4)-
The characterization (6.20) implies the following simple norm equivalence which will be used
repeatedly, and which we prove for completeness in Appendix 6.B.1.

Lemma 60. Letp,q € Cfrﬁ('ﬂ‘d). Then, for allu € HZ(T?),

HLUHHA(W) = [Jull g1 ray,
where the implicit constants depend only on wa 5(p, q), d, B.

With these properties in place, we turn to the proof of Theorem 23.
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6.3.2 Linearization of Monge-Ampere: Proof of Theorem 23

Recall that we define Q = [0, 1]¢. Throughout the proof, let C = C (w21 5(p, ¢,q),d, ) > 0

denote a constant whose value is permitted to change from line to line. Under the assumption

D,q,q € C_2~_+ﬂ (T%), it follows from Theorem 3 that,

[@llc2+5(0) V llollez+s(g) < C (6.21)

and
V3G = 1;/C, Vo= 1;/C, over Q. (6.22)

With the above regularity estimates, we may define the operators
U Cr(Q) = CJ(Q), Wlel = p— det(Vip)a(Vep),

and
U:C2tP(Q) = CJ(Q), W[g] =p— det(V2p)q(Vep).

As shown in the following Lemma, these operators are Fréchet differentiable, with derivatives
that are closely related to the operator .

Lemma 61. Let p,q,q € Cfrﬂ(']l‘d). Then, the maps ¥ and U are Fréchet differentiable at
any strongly convex function ¢ € Cg—w(Q), with Fréchet derivatives respectively given for all

u e CytP(Q) by

Wu = — det(V2) [g(Ve) (V26) ™ V2u) + (Vi Va(Vip)) .

and,

W = — det(V2) [{(V)(V20) ™1, V2u) + (Vu, Va(Vi)) .

A~
)

Furthermore, there exists a constant C' = C'(wa45(p, ¢, q), 3) > 0 such that for allu € C§+B(Q),

< CH“H%HB(Q)-

H\Il[tp Y] — W] — \I/fp[u]H

ch(Q)
The above display also continues to hold with ¥, replaced by \le.

The proof of Lemma 61 is elementary, and appears in Appendix 6.B.2. Notice that @[{5] =
Ulpp] = 0, and thus

U[3] — Tpo] = Tlpo] — Ulpo] = (@(Vepo) — (Vo)) det(Vip).

Thus, applying Lemma 61 under properties (6.21)—-(6.22), we deduce that

90,12 - w0l = @V 00) = (Vo)) det(V20)| |, < CIE = ollansig)  (629)

[

The following Lemma will allow us to replace (I\lwo by W, in the above display
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Lemma 62. Assume the same conditions as Theorem 23. Then, there exist a constant C =
C(wa48(p, q,7),d, B) > 0 such that for allu € Cg+’B(Td),

1900 0] = W [l gy < C(tllezennay 1= alleszay + Nullerss no 13— alleresza)-

_ We defer the proof to Appendix 6.B.4. Implicit in the above assertion is the fact that the map
i, [u] — Wi, [u] is Z%-periodic, which can be seen by direct inspection using Theorem 3. The

latter result also implies that the map u = @ — g is Z?-periodic, and thus lies in C(Q) 8 (T?) since
Jpa(@ — po)dL = [, o(® — ¢o)dL = 0. Returning to equation (6.23) and applying Lemma 62,
we deduce that

[t = el = @T0) — a(Teo) det(T20),
< C(H@ — ollgara(pay + 11T — allcs (xa) |16 — @olle2+s (1) (6.24)
+ 12 = gollers a7 — allersza) ).

We bound the right-hand side using the following stability bound, whose proof appears in the
following subsection.

Proposition 36. Assume the same conditions as Theorem 23. Then, there exists a constant
¢ = c(ws 5(p,,3), d, #) > 0 such that

16 = wollea+sray < el — alles(e- (6.25)
Applying Proposition 36 to equation (6.24), we arrive at

| 6018 — 0] — @(V00) ~ a(T0)) det (Vo) |, . < O~ dllencea) |~ allrsacroy

By Lemma 58, the above display is equivalent to
| E1Z — w0l — det(VZ00)(@(Voo) = a(Ve0))|| o ey < ClIT — dlles(xa) 17 — allcr+s (pay-

Now, recall that the restriction of F to C§+’B (T?) is a bijection onto Cg (T?), with bounded
inverse £ 1. Furthermore, the function det(V?p0)(7(Vo) — ¢(Vipp)) is easily seen to have
mean zero, and thus lies in Cg (T?) by assumption. It follows that

18— 0 — B [det(V20) @(V00) — a(V00))] [l g ey < Cld = allesr 13 — allersoeay
Recalling Lemma 59, we deduce
15— ¢0) = L7 [a = dlllgarsgeny < Cla— allesuoli—allerssay,  (6:26)

thus proving the claim. O
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6.3.3 Holder Stability Bound: Proof of Proposition 36

Notice that our assumptions once again imply that properties (6.21)-(6.22) hold. As a result,
o and @ solve the following Monge-Ampere equations in the classical sense,

p d
det(V%¢g) = —=——, over R%.
( ) q(Veo)
We will reason similarly as in Proposition 9.1 of Caffarelli and Cabré (1995) to argue that ¢ — g
is in fact the solution to a uniformly elliptic equation over T. Indeed, by a first-order Taylor
expansion of the determinant function, we have over R<,

det(V23) = — pA ,
V%) (Vo)

P P
(Vo) q(Veo)
= det(V?®) — det(V3py)

/ — det ( V2o + AV3(p — ©0))dA
1
= <v2<@ — o), / (V200 + AVZ(3 — o))~ det (V2o + AV (5 — @0))d)\> :
0

which implies that
(A, V(@ — ¢0)) = (Vo) — 4(V ), (6.27)
where A is the matrix-valued map defined by

_ a(Veo(2)q(VE(x))
Al) = p(z)

1
/0 (200t AT (G00)) ™ det (V20 +AVA(F—0)) ) (@),

for all 2 € R?. Notice once again that $ — (g is Z%periodic by Theorem 3, and likewise,
the entries of A and the right-hand side of (6.27) are Z?-periodic. Thus, the equality (6.27)
defines a second-order elliptic equation over T¢. From equation (6.22), and the boundedness
and positivity of the densities p, ¢, 7, we have A = I;/C over T¢. Therefore, the operator
(A, V2(-)) is uniformly elliptic. Furthermore, using property (6.21) and the regularity of the
densities, the map A satisfies the conditions of the classical interior Schauder estimates (cf.
Lemma 25(i)). We deduce,

16 = wollez+s(ray S 1@ — @olles ey + 17(VE) — a(Veo)llcs ray -
Now,
17(VP) — a(Vwo)llesray < 1T(VP) — @(Vwo)llesray + 11a(Vo) — a(Veo)lles e
SAIVE = Veollesray + 17— allesray

where the final inequality follows from Lemmas 95-96, where we use in particular the fact
that ¢ € C'(T%), and that Vg is a C'+#(T9)-diffeomorphism. Thus,

16 = wollez+s(ray S 1@ — woller+s(ray + 17 — dlles ey -
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By the interpolation inequality in Lemma 94, for any € > 0 there exists C'(¢) > 0 such that

1# — @oller+s(ray < C()|P — @oll oo (ray + €1D — wollc2+8(Tay-

Upon choosing € = e(wa43(p, q,7), d, B) sufficiently small, we deduce from the previous two
displays that
18 = wollez+s(ray S 1€ — woll poo(ray + 17— alles (ray- (6.28)

Now, using again the aforementioned regularity properties of the map .4, and the uniform
ellipticity of equation (6.27), we may apply the De Giorgi-Nash-Moser bound of Lemma 76 to
obtain that for any fixed r > 2 Vv d/2,

16 = @oll oo (ray S 118 = woll2(ray + [14(VE) — a(Vo)l Lr(ey
S = eollpzeray + 1T(VP) = a(VO) | o (ray + 12(VP) — a(Vepo) || 1 (ray
<@ = wollz2(ray + 17 = all oo ey + 1a(VH) — a(Vpo)l| r(pay-

Using an L (T¢) interpolation inequality (Lemma 81), one has that for any € > 0, there exists
C’(€) > 1 such that

la(V®) = a(Veo)llLrray < C()a(VP) = a(Vepo)llrz(rey + ella(VP) = a(Vipo)ll L= (re)
S COIVE = Vol ragrey + €llVE = Vool oo (ra),
where we used the fact that ¢ € C'(T?) in the final inequality. We have thus shown
18 = oll oo (ray S N1 = all oo (rey + C()IVE = Vipollr2(ray + €l VE = Vol poo ()
ST = dllesray + C ()P — woll vy + €@ — wollez+smay-
Returning to equation (6.28), we thus have
1@ — <P0Hc2+ﬂ(1rd) S - CI||CB(Td) +C'(O)lp — 800||H1(1rd) +€llp - ‘POHCHﬁ(Td)»

where the implicit constants in the symbol “<” do not depend on €. We may therefore choose
€ = €(w215(p, ¢, q), d, B) sufficiently small, but fixed, such that

1€ — wollez+s(ray S 1 — dllcscray + [|© — @oll g1 (ray-

Furthermore, by Lemma 18 of Chapter 5 and remarks thereafter, we have

16 — woll vy ST — allg—1(ray S N7 — allesray- (6.29)

We deduce that
16 = wollez+s(ray S 1T — dalles(ray, (6.30)

as claimed. O



Chapter 6. Central Limit Theorems for Smooth Optimal Transport Maps 275

Remark 5 (Different Source Measures). By a simple extension of the preceding proofs, it is
also possible to derive a linearization bound under variations of both the source and target
measures. Concretely, it can be shown that for any densities p, ¢, p, ¢ € Ci+’8 (T%), if & denotes
the unique continuously differentiable convex function, with mean zero over Q, whose gradient
pushes forward p onto ¢, then, one has

|@—e0)— 27 -n 17—l ., 0
S P = pller+seray I = plles(ray + 17— dller+s(ray [T — dlles ey

Such a bound may be used to derive the pointwise limiting distribution of the optimal transport
map pushing forward a kernel density estimator onto another, which would yield a two-sample
analogue of Theorem 24. We omit this extension in the interest of brevity.

6.4 Bias and Variance Bounds

We now return our attention to the estimator fn = V¢, defined in Section 6.1. Theorem 23
suggests that for any given x € T, the sequence (7}, — Tp)(x) is well-approximated by

VL_l[(jn —ql(x) = VL_l[(/jn —qn, ] () + VL_l[qhn —qJ(x). (6.31)

As discussed in Section 6.1, the stochastic term on the right-hand side of the above display will
characterize the fluctuations of 7}, (x) around its mean, while the deterministic term above will
characterizes the bias of T}, (z). We analyze these two quantities next.

By linearity of L, the stochastic term can be decomposed as
1o —
VL o = an,)(@) =~ > VL™ [Ep, (Y; =) = an, ) (), (6.32)
i=1

where K, denotes the Z-periodization of K}, , as defined in Appendix A. The following
result describes the limiting covariance of the summands in the above display.

Lemma 63. Let p,q € C?fﬁ(Td) for some B € (0,1), and let the kernel K satisfy condi-
tion K(7y) for somey > 0. Let Y ~ Q. Then, there exist constants C, ¢ > 0 depending only on
wa+5(p, q), K, d, B such that for any x € T¢,

where ¥(x) is the positive definite matrix defined in equation (6.16).

ri 2o VLT [Bn, (V =) = an, ] (@)} = B(@) | < O,

Lemma 63 implies that the covariance matrix of any given term in the summation (6.32)
has norm diverging at the pointwise rate h2~%, which coincides with the corresponding L?(T¢)
rate of divergence. Indeed, by Lemma 60, it holds that

E[|VL K, (Y =) — an,] = h2 74,

) = EHEhn(Y - ) — qhy, i]*l(’]l‘d)

2
’L2(Td



Chapter 6. Central Limit Theorems for Smooth Optimal Transport Maps 276

where the final order assessment can be deduced as in the proof of Proposition 43. The proof
of Lemma 63 turns out to require a more involved argument, and appears in Section 6.4.1.

Let us now provide a bound on the deterministic term.

Lemma 64. Letp,q € C} (T9). Assume that K satisfies condition K(s + 1). Then, for all ¢ > 0,
there exists C' = C'(ws(p, q), K, €,d, s) > 0 such that

HVL—I[th - q]HL‘X’(Td) < Chfj—l_e'

The proof of Lemma 64 appears in Section 6.4.2, and is a consequence of existing gradient
estimates for uniformly elliptic PDEs. Once again, up to the arbitrarily small constant € > 0,
the rate h3+17¢ in the above display coincides with the corresponding L?(T¢) rate of decay:
one has, by Lemmas 60 and 99,

VL gn, — Q]HLQ(W) = lgn, = qllg-1(ray =< b3t

where the final order assessment can be obtained by reasoning as in Proposition 43, under the
assumption K(s + 1).

6.4.1 Proof of Lemma 63

Throughout the proof, the implicit constants in the symbols S and < depend only on wa4 5(p, q), K, d, 5.
In particular, such constants do not depend on the variable z. By Theorem 3, there exists A > 1
such that [[¢o||¢s(re)y < A and V28 = A~11,, and we fix this value of \ throughout the proof.

Fix 2 € T throughout what follows, and abbreviate Xy = V§(Y'). We may assume without
loss of generality that the representative of X in T¢ is chosen such that

1Xo — alla = |1 X0 - ]. (633)
Next, we abbreviate
Sn(x) = Cov(VL K, (Y =) — qn,](x)).
Since ¢y, is deterministic, and L is linear, we may rewrite ,,(x) as
Yn(z) = Cov(VLTHK} (Y —)|(z)), withKj =K, —1.
Deduce from Lemma 59 that
Sn(z) = Cov(VE ™! [det(VZpo)Kf, (Y — Vio(+))] (z)). (6.34)

We will derive the limit of this quantity by approximating the operator F with a constant-
coefficient differential operator, and showing that the remainder of this approximation is of
low order. We proceed in several steps. The proofs of all intermediary results which follow are
relegated to Appendix 6.C.
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Step 1: Reduction to a constant-coefficient operator. Using Lemma 58, we may write
for any u € HZ(T?),
Fu = —(A,V?u) — (b, Vu),

where

A=pV2pi(Veo), and b= det(Vp)Va(Vp).
Let Ey be defined as the leading term in £ with coefficients “frozen” at the point z, namely:
Eou(y) = —(4, V?u(y)) = —div(4oV?u(y)), ye T

where Ay = A(z) is a constant matrix. Furthermore, abbreviate B = V2 and By = VZ¢o().
Define the linear map

Sx(y) = Vo(z) + Vipo(z)(y — ), ye T

and set

where we emphasize that each of the functions appearing in square brackets in the above
display has mean zero, so that the inverses are well-defined. We have the decomposition

Y, (x) = Cov[Uy(z)]
= Cov[Wy,(z)] + Cov[(V,, — Wy,)(z)] + Cov[(Un — Vi) ()]
+ 2Cov[W,, (), (U, — Wy)(x)] + 2Cov[(V,, — Wy)(x), (U, — Vi) (x)],  (6.35)

where for two random vectors A and B, we denote by Cov(A, B) = E[(A—E[A])(B—E[B])"]
the cross-covariance between A and B. Fix

Vi =CoviWy(z)], Va=E[|(Va—Wu) @) Vs=E|Un—Va)@)|
We will show that for some € > 0,

|hd=2y, — B(z)|| < A (6.36)

~ n’

and, on the other hand, that Vo V V3 < p2m4T20, Using the Cauchy-Schwarz inequality, it will
then immediately follow that the three cross-covariances in equation (6.35) are of order at most
h?l_d_ﬁ , and the claim will then follow. We analyze each of the terms V1, Vs, V3 in turn.
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Step 2: Bounding term V;. Write
Sva(y) =Y = S:(y) =Y = Vipo(z) = Bo(y — ).
For this step only, we will require the additional constant-coefficient operator
Go : Hi (T?) = L§(T?),  Gouly) = —(Bj Ao, V*u(y)) = —(Co, VZu(y)),

where Cy = p(z)V?po(x). The results of Appendix 6.A imply that the restriction of Gy to
C§+5 (T?) is a bijection onto Cg (T%). This operator is motivated by the following simple
observation.

Lemma 65. Forall f € Cg(']Td) andy € TY, it holds that

Eg ' f(Sya()](y) = Gg ' [f1(Sya())-

The proof appears in Appendix 6.C.1. Deduce from Lemma 65 that for any f € Cg (T%) and
y € T¢,

VyEy [ (Sva())]y) = Vy Gy ' [f1(Syia(y) = ~BoVGy ' [f1(Sva(y)),
so that
Wo(x) = VEg [ det(Bo) K7, (Sy.2 ()] (x) = =Bodet(Bo) VGy  [K7 ] (Y = Vipo(x)),
whence,
Vi = det?(By)BoCov{ VG, [K§ [(Y — Vo ()} By - (6.37)
The following Lemma shows that the covariance in the above display can be taken with respect
to the uniform law, without substantial loss.

Lemma 66. Let U ~ L be a uniform random variable on T, Then, for some e > 0,

HV1 — q(Vipo(@))det?(Bo)BoCov{ VG L K3, |(U)} BY H < p2ted

The proof appears in Appendix 6.C.2. Our aim is now to study the covariance appearing
in the above display. Recall that Gy = —(Cp, V(+)). Since Cy is a constant matrix, a simple
derivation shows o

Gal[*(ﬁ } _ Z F[];(hn](g) e2mif€,)
Since K € C®° (Rd), the above Fourier series converges absolutely and uniformly for any given
n (Stein and Weiss, 1971), and we may differentiate it term-by-term to obtain

1o 1 WEFKn, (&) omite) _ EFK](hn€) ormie,
VEIELI= 2 S T A e ©

¢ezd ¢ezd
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where we used the Poisson summation formula in the final equality (cf. equation (B.10)). Again,
the above series converges uniformly, and we thus have

E[vG R ()] = S SB[ omitea) g, _ g,
[ 0[ hn}( )] ggzzg 21 (Cof, €) /Tde y =0

Deduce that

COV{VG'O_1 (K5 1(U)}
= E{ (VG [KS 1(U)) (VGy* (K5 ] (U))T} (6.38)
T
_ 25‘/—:[ ]( nf) 2m£U 7,L<]:[ ]( nC) 727rzCU>
- (gZ: 2m(Coc. € ) (gzjg 2 (G, ) )
ECT FIK] (hné) FIK](hn() 2milE~C.U)
E{EZ 2m)2(Cot, £){CoC., C)
- hn€)
- ;Z:fg <27r (Coé, £>> (632

Up to suitable scaling, the expression (6.38) is as a matrix-valued improper Riemann sum,
whose limit is described next.

Lemma 67. There exist constants c, e > 0 depending only on d and K such that
IK]( 2
h=2Cov{ VG K |(U)} — / ( €)>> dé

The proof appears in Appendix 6.C.3. By Lemmas 66-67, after possibly decreasing the value
of ¢, we deduce that

< ch,.

|2V — B(2)|| < A

~ n’

2
Sia) = a(Vipo(a))det? (Bo) o ( L (sons) d&) 5.

To complete our analysis of term Vy, it thus remains to show that X(z) = %(z). Recalling the
definition of Cy, we have

sy _ 4(Veo(z))det?(By) T < FIK]E) >2
S(e) = LA [ (5061500 (s )
Applying the change-of-variable { = By¢, we arrive at

< . q(Vo(x))det(By) - (FIKI(By 'O
o) =T L <2w<<,6091<>> @

where
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_ L (FIEIBON
= i < <2w<<,r>’al<>> d = 2(@),

where we used the Monge-Ampeére equation det(V2po) = p/q(V¢o). We thus conclude that
1P V1 = (@)l < A

Finally, let us also argue that 3(z) is positive definite. We have, for all v € R4,

o FIKI(B70)\
UTE(QC)’U = p(m)/Rd(vTC)z <2ﬂ'<€76091€>> “

ZC/ (0" 2Nl (FIKN(By 1)) e
R4

for a constant ¢ > 0 not depending on v, where we used the fact that 13y has all eigenvalues
lying in the positive interval [A\~!, \]. By assumption K(v), there exists x > 0 such that

IFIK)(By ') — 1] < wllBy H¢]l” < wA7|IE]|",

thus, letting S be the ball {£ : kKA7[|£]|” < 1/2}, we have
_ _ 2 c _
v Bz > ¢ /S (W OICI™ (1 = wllBy cll) " d¢ > 5 /S (T O?ICI ™ d¢ > 0,
which implies that ¥(z) is positive definite. This concludes Step 2 of the proof.

Step 3: Bounding term V5. Our aim is now to bound

Vs = E||VE; [ det(B)KS, (Y — Vo () — det(Bo) K3, (Y — S:())] ().

By Proposition 39, the operator Ey admits a periodic Green’s function I'g, (y, z), which is
continuously differentiable with respect to « away from the diagonal x = y, and whose gradient
satisfies ||V, (v, z)|| < fjlz — yH%F;d. We may therefore write

Vo SVa1+ Voo,

where
2
Va1 = E [( [l = i den B 3, ( = Siau(s) ~ K, (¥ = 2000y ] ,

2
Voo =E [( [l = R, = Va0 det(5) — cer(Bilay ] .

To bound V5 1, we make use of the following observation, whose proof is deferred to Sec-
tion 6.C 4.
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Lemma 68. It holds that®
supp (I?hn(Y — cho(-))) C B(Xo, Ahy), and
supp (I?hn(Y - Sz())) - B(S;I(Y), Ahy).

The proof of Lemma 68 appears in Section 6.C.4. Let
By = B(Xo, \hy,) U B(S; 1Y), Mhy).

By Lemma 68, we have

2
Vo1 SE [(/B |z = yllba | Kn, (Y — Veo(y) — Kp, (Y — Sx(y)ﬂdy) ] :
0
Now, and define the random variable

?

o {o, d<6and ||z — Xol|pa Allz — Sy Y ) |pa > am

1, otherwise

where, given a fixed scalar § € (0,1), we set oy, = 2A\3h.~9. We have the decomposition
Vo S Vo1 + Va2 + Vo1,3, where

2
Vor1 —E ( [ = A R (¥ = Venla) - i (¥ - sx@))\dy) x] ,

i 2
Vo12=E (/B o = ylla | Kn, (Y — Vs&o(y))!dy> (1- X)] :

2
Vo3 =E (/B Iz =yl | Kn, (Y — Sx(y))\dy> (1- X)] :

(d+1)

Let us begin by bounding the first term. Since || K, ler(ray S Pn , we have

| Kn, (Y = Voo (y) = K, (Y = Sa(y))]
S b TV Ve0(y) = Vieo(a) = Vo (@) (y — )llpa S by V|2 =y,

2
(/ |2 —yll?fﬁddy> x] : (6.40)
Bo

We now make use of the following Lemma.

thus we obtain

Voi1S hy 2 2E

?By abuse of notation, we say the support of a periodic function is contained in a set B C [0, 1]¢ if it is contained
in the Z%-translates of B.
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Lemma 69. Let Z be a random variable taking values in T¢, admitting a density with respect
to L which is bounded from above by some v > 0 over T%. Lett > 0. Then, there exists
C = C(y,t,d) > 0 such that for any e € (0,1/2) and anyy € T¢,

) €d+2t’ t < d/2
E (/ ly — ZH%_dddz> <Cle d2<t<d
Bz e d<t.

The proof appears in Section 6.C.5. Notice that the random variables Vo§(Y) and S, (V)
both have probability laws which are absolutely continuous with respect to £, with uniformly
upper bounded densities. Returning to equation (6.40), we deduce from Lemma 69 that when
d>17,

Vo1 S by 2 20 < hp e

On the other hand, when d < 6, we have by Lemma 84 that
Va1 S e B S R (6.41)

Let us now bound term Vs 1 2, which is only nonzero when d < 6. By a change of variable, it
holds that

2
Vo12 SE (/ [z — Vp(z — Y)Ilqlﬁd!Khn(Z)!dz) (1=x)
B(0,A\2hy,)

Now, over the event y = 0, we have for all z € B(0, A\*h,,),

[z = Ves(z = Y)llra = lz — Vg (Y)llge — [Veo(Y) = Vg(z = V)|l
> |l = Vg (Y)|lga = Ahy
Z H.%' - XOHa

where we used equation (6.33). It follows that
2
V212 S E (/ ||~”U—X0Hl_d}Khn(Z)|dZ> (1-x)
B(0,\2hy,)
2
$E |(le - x4 1= )

s/’ i — 2|24
B(z,an)¢

vd Vd
</ T2—2drd—1drz/ r1=ddr < p(1-0)2=d)

~

A similar bound holds for term V> 1 3. Choosing 6 = 23, we have thus shown

—d
Vo < h274+28, (6.42)
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Next, we bound term V3 5. Reasoning similarly as before, we obtain

o 2
Va2 SB ([l = o3, 0~ an(o)| det(Bo) ~ det(o) ) ]

r 2
<SE </ Hw—yH%Ed\KOn(Y—Wo(y))\dy>
B(Xo,\hn)

S Vo1 + Va0,

where we again use the decomposition

2
Va1 =E (/ IISUy\l%dd\Kﬁn(YV%(y))!dy) x|
B(Xo,/\hn)

2
Vooo =E (/ lz — yll2a | KF, (Y — Vs@o(y))\dy> (1-x)
B(Xo0,A\hn)

We clearly have V229 < Vo 1,2, thus it remains to bound term Vs 9 ;. In the regime d > 5, we
may use Lemma 69 to obtain

2
Vaoi1 S h2E (/ llz — y’%ﬁ@) Shy
B(Xo,Mhn)

On the other hand, when 3 < d < 4, we obtain by Lemma 84 that

2
Vao1 ShE (/ |z — quQrEddy) X
B(Xo,\hn)

< by PN S byt (6.43)

Altogether, we thus obtain
Vy < h27d+28, (6.44)

This concludes Step 3 of the proof.

Step 4: Bounding term V3. We now wish to show that V3 < ha~ 972/ 1. Notice first that
forally € Te,

0= E[un} (y) — Ey [Un] (y)
= —(A(y), VZun(y)) + (Ao, Vun(y)) — (b(), Vun(y))
= (Ao — A(y), VZun(y)) — (Ao, VZ(un — va)(y)) — (b(y), Vun(y)),
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which implies that
EU[un - UTL] = <A0 - A, v2un> + <ba vun(y)> = f’nv
and hence,

(U — Vo)) = VE; ! / VT () ()

It will thus suffice to bound the expected squared norm of the right-hand side. Using again the
fact that ||V,Tg, (v, z)|| < JJlz — yHTd , we have

| = Vi) (@) = H / ver(J(y,x)fn(y)dyH
S [l = 140 = AT 00 )]+ [0V )

/Ilw—yll [l = yllal| V2un )] + [ Vun(y)]]dy,

where we used the fact that A has entries in C*(T¢). We decompose the right-hand side of the
above display into the terms

7= [ o=yl IV ldn, T~ [ lle = sl 19u ) ds

We have
Vs S E[Z7] + E[Z3],

and we now bound the latter two terms in turn. To bound E[Z?], we will make use of the
following result concerning the regularity of w,,.

Lemma 70. There exists a constant C' = C(wa5(p, q), B,d) > 0 such that for all y € T¢,

IV%un ()] < C1 (b + 1y = Xoll )

The proof appears in Section 6.C.6. From Lemma 70 with ¢ = 3, we have

2
E < / lz — 123V un(y >||dy>
B(X07C2hn)

2
< B DR / o — g%ty ) | < nia2s,
B(XO,C’th)

where the final inequality follows from Lemma 69. Write Q, = z +[—1/2,1/2]¢ for all z € R,
We then have,

2
E[T2) < W% L E / Iz — g2 VPun)ldy | | . (6.49)
Qx,\B(X0,C2hn)
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Thus, by Lemma 70,

2
EZf] S hy ©? +E (LZ \x—Xb—m%ﬁmm#@) : (6.46)

0\B(0,C2hy)

Let A, be the event || Xg — z||p¢ < hy,/2. Notice that for all y € T¢ such that ||y||ra > hy, it
holds
[l = Xo = yllpa = |yllpa — [z = Xollra = [|yllpa/2, (6.47)

over the event A,,. Therefore, we have,

2
E (/ IIx—Xo—yH%ZdHyllqﬁdy) I(An)
QO\B(Cth)

2
<E ( / \yu“ddy> I(Ay)
Q0\B(0,C2hy)

Ja 2
< hd / ri=ddr | < pid
On the other hand, by Lemma 83,
2
E </ le—Xo—yII%Edlly!qudy) I(A7)
Q0\B(0,C2hn)
. 2
lz = Xo — yllza lyllpa “dy | 1(AS)
Td

2
<28 (e - Xol4) 1045

< h R

= 1% / o — 2252440 (2)
Q\B(whn /2)
Vd
— h;25/ HZH4+2/3—2ddZ 5 h;Q/B/ T4+25_2d7"d_1d7’ ~ hi—d—Q,B v 1.
Qo\B(0,hn/2) B /2

Returning to equation (6.46), we have thus shown
E[Z?] < hi=d=2 v 1.
One can bound E[Z3] using a similar argument, as shown in the following Lemma.

Lemma 71. It holds that E[Z2] < hy %7

The proof of Lemma 71 is deferred to Appendix 6.C.7. Combining these facts, we have
shown that V3 < hi_d_w , and the claim follows. O
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6.4.2 Proof of Lemma 64

Let 3 be chosen as in equation (6.7), and assume [ < ¢/2. By Lemma 59,
V2 = oy = IV ey

where g, = det(V2¢0)(qn, — q) o (Vipg) has mean zero over T¢. Let u,, be the unique
mean-zero solution to the Poisson equation —Auw,, = g,, over T¢. Using the gradient estimate
stated in Lemma 25(ii), we have

HinlgnHLoo('ﬂ‘d) S NE gnllpoo(ray + [ Vun s ray-
By further applying a De Giorgi-Nash-Moser bound (cf. Lemma 76), we deduce
HVE*lgnHLoo(Td) SNE  gnllz2(ray + [ Vunllespay.-
Now, using the fact that E~! is self-adjoint, we have
1B gnl72(pay = (B 90, B~ gn) 121y
<(E"gn, gn)12(19)
< ||E_2gnHH2(Td)”gnHH*Q(Td) = HE_lgn”LQ(Td)HgnHH*?(Td)a

where the final bound follows from the norm equivalence in equation (6.19). Deduce that
IE" gnll 2 (14) S [|gnll gr—2(14). Furthermore, using a Sobolev embedding for periodic spaces
(e.g. Corollary 3.5.5 of Schmeisser and Triebel (1987)), we have for any fixed r > 2d/3,

Hvuanﬁ(W) N ||Un||H1+2ﬁw(Td) = ||gn||H25*177'(Td)v

thus we arrive at
HinlgTL HLOO('IFd) S} Hgn HH25_1*T(T‘Z)'
To bound the right-hand side, let 7’ be the Holder conjugate exponent of r. By Lemma 97,

lgnllgzmtoiay < sup / v det(V20) (g, — ¢) © (Vepo)
,UEH172B,T/ (Td)
”U“Hle,B,'r’ ('ﬂ‘d):

T — / o(Vl) (an, — )
ve H1=28.7" (Td)
”U”Hl—Q,ﬁ,r/(Td):l

S sup /w (an, — ),
'LUEH172B’T/(Td)
flwll

1

H172B,'r’ (Td)zl

where we used the fact that the map w = v o V¢ satisfies ||w|| ;1-25. (T4) S vl i—2s.a (T4)
under the regularity conditions we have placed on g, by Lemma 82. It follows that

gn | r26—1rray < Nann — all grze—sor(pay S B2,

where we used Proposition 43 and the assumed properties of K. The claim follows. O
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6.5 Proofs of Main Results

In the following subsections, we respectively prove Proposition 35, Theorem 24, Lemma 57,
and Theorem 25. The key ingredients are the linearization bound of Theorem 23, the variance
bound of Lemma 63, and the bias bounds of Lemma 64.

Letb > 1be a constant whose value will be determined below. Let ¢ = ¢(ws(p, q), K, b, 3, s,d) >
0 be a constant whose value is permitted to vary from line to line. By Lemmas 108-109, and by
the assumption p, g € C} (T?), together with the fact that s > 2, it holds for any choice of the
free parameter (3 satisfying equation (6.7) that, with probability at least 1 — (c¢/n’),

Gnllc2+8(ray < e, and g, >1/c, over T,
and hence, by Theorem 3,
|@nllc2ts(ray < ¢, and V23, = I;/c, over T

Over the above high-probability event, fn is the unique continuous optimal transport map
pushing forward P onto (),,. We may therefore apply Theorem 23 to the fitted potential @,
over this event. Thus, with probability at least 1 — (¢/n?),

H(@n — o) — Lil[an - qmc2+6(]‘d) < CHZ]\n - QH(Zﬁ(Td)Ha\n - QHCH'ﬁ(Td)'

Proposition 42 implies that with probability at least 1 — (c/n?),

logn 1
~ s—1-p s—1-p
1@n = dller+o(ray < hn, + \/ nhdT228 S h T \/ nhdFEHB
1
~ < S_B -
1Gn QHC/B(’]I‘d) Sha T+ \/ nh#_zm'

Combining these facts, we deduce that there exists an event A,, with probability content at
least 1 — (c/n’) such that, over A,

and

H(@n — o) — L7 [Gn — d] Hc2+ﬂ(1rd)

1 1 1
5 hs—25+ h3_1_18+ I = h28—1_35 4+ — = On-
< n nhdt48 n nht2+48 n nhH1+48 "

Since the operator L' is linear, we may write

L7 = ) () = 3 Zue), where Zi(a) 1= L7 [Ko, (i = ) — o, | ).
=1
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We thus have, over the event A4,,,

n

_ 1 -
L Ygn, —q) + ”Z;ZM — (®n — ¥0)

< O, (6.48)
C2+/3 (Td)

and hence also

sup < Oy (6.49)

z€eTd

VL Vqn, — ql(z) + % > VZpi(x) — (T, — To)(x)
=1

With this bound in place, we now turn to the proofs of the various results, in turn.

6.5.1 Proof of Proposition 35
Let 2 € T% To bound the bias of T}, (), use the decomposition

BT (2) = To(@)]]| < [E[(T(2) = To(@) Lag] || + [EN(Tul@) — To(2))La, ]|

For the first term, recall that the definition of 7}, implies that ||T},(z) — To(z)|| is uniformly
bounded by a constant independent of z, and thus

[E[(To(x) — To(2))Lag)

| SP(A5) Sn
For the second term, it follows from equation (6.49) that
E[(Tn(2) — To(x)) La, || < |E (VL an, — al(@) + (1/n) S0y VZyi(2)) La,] || + 6n.

Now, we make use of the following.

Lemma 72. It holds that

sup [|E[((1/n) S0, VZyi(x)) I, || < n@dA=0,
zeTe

The proof of Lemma 72 appears in Appendix 6.D.1. Altogether, we arrive at

|E[T(2) — To(@)]|| < VL g, — a)(@)]| + 6 +n@+A=
1

+1— 25—1-38 d+8)—b
Sehy™ 7+ d+1+48 +hy + () ’
nhy

using Lemma 64. Since h,, < n~%, we may choose b large enough to make the final term of low
order. Furthermore, the second term is of lower order than the first if 3 is chosen sufficiently
small in terms of €, due to the condition that a < (d + s + 2)~!. Likewise, after possibly
decreasing [ further, the third term is of lower order than the first due to the condition s > 2.
We thus have

BT, (2) — To()]|| Se b3,
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thus proving the desired bias bound. Reasoning similarly, we have the following bound on the
fluctuations,

Icov[Tu()] |
Cov [Tll Z VZ,.,i(z)
=1

1
—ICov [VZn ()]l +

A

Cov

1
nhg*2

1 1 2
= - + h23135> +n7?
nhZ’Q <nhﬁ+1+4ﬁ n

+82 400

where we used Lemma 63 and equation (6.49). Under the conditions (d + 4(s — 1))™! < a <
(d + s+ 2)71, the first term dominates, and the claim follows. O
6.5.2 Proof of Theorem 24

From equation (6.49) and Lemma 64, we obtain that for any fixed z € T¢ and € > 0,

~ 1 <&
T, (z) — To(x) = - > Y Zni(x) + Op(ht ¢ + 6n),

=1

where the symbols O, and o, are to be understood coordinate-wise. Let 3, (x) = Cov[VZ, 1(x)]/n.
We have |2, (2)|| < h2~%/n by Lemma 63, thus

S 2 (2) (T, < ) — To<x>>

1/2 1
2 : / d—2 s+1—e 2s—1-33

Choosing € and  sufficiently small in terms of a, we deduce from condition (6.15) that

—1/2
S0 2 (@) (Ta(x) — To(2)) = szm ) 4 0,(1). (6.50)

We will show that the sample average appearing on the right-hand side of the above display is
asymptotically Gaussian, by appealing to Lyapunov’s central limit theorem (Lemma 85). We
will make use of the following Lemma.

Lemma 73. For anyd > 0, it holds that

EHVZn,l (fU) HQ‘HS ,S h;5(d+ﬁ)+2—d'
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The proof of Lemma 73 is simple, and is deferred to Appendix 6.D.2. From Lemmas 63
and 73, we have

n —5(d —d
S BV Zoa ()2 nhy, T2 - (nhd+2+zﬂ>3

246 ~ 5 —(d— ~ n N
O [0y VZoi(2)]) 5 7 03 Hih, D20 4 o1

Since (3 can be taken to be an arbitrarily small constant, the right-hand side of the above display
vanishes under condition (6.15) on h,,. Lyapunov’s condition is thus satisfied, so we deduce

from Lemma 85 that
—1/2 n

szm 2 N(0,I).

By Lemma 63, we have |[nh%=2%,,(z) — X(x)|| — 0, and since ¥(z) is positive definite, it
follows that || (nh=2%,(x))~1/2 — ©~=1/2(z)|| — 0. The claim follows from here. O

6.5.3 Proof of Lemma 57
Since K is radial, F[K] is also radial, thus 3 takes the form

S [ sl e

for a radial Schwartz function g. Consider the entry (1, 2) of this matrix:

o1 = /]R 9O 6.

By passing to the spherical coordinates:

& =rcosb
& = rsin 6y cos b

&3 = rsin 6y sin 6 cos 63

g1 =rsinf;...sinfy o cosfy 1

Eg=rsinfy...sinfy_osinby_1,
with 01,...,04_9 € [0,7],04-1 € [0,27], 7 > 0, and using Jacobian identity
dz = (r*tsin?2 0, sin? 3 0y . . .sinO4_5)db,, . . . db:dr,

we obtain:

012—/ / / /27r )(r cos B1) x

X (rsin 0 cos 02)( n%20;sin% 30, ...sin 04—2)d04—1 . ..dOdr.
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Notice that the integral with respect to 05 in the above display vanishes, i.e.
™
/ cos 05 sin?—3 0>dfs = 0,
0

thus we obtain O’%,Q = 0. A similar argument shows that the other off-diagonal entries of X
vanish, and the claim follows. O

6.5.4 Proof of Theorem 25

The proof is inspired by Nishiyama (2011) and Stupfler (2014). We makes use of the following
two propositions, which may be of independent interest. The first provides upper bounds on
projections of @, — o under the inner product (-, -) 4 defined in Section 6.3.

Proposition 37. Suppose p,q € Ci(’]I‘d). Assume that K satisfies condition K(s + 1). Then,
for any given € > 0 and v € H}(T?),

—~ _ 1
<§0n — $0, U>A = OP <TZ 1/2 + hfl+1 + nhg+€> :

The proof appears in Appendix 6.D.3. Next, we state a bound on the L?(T%) convergence
rate of T}, which is essentially already contained in Chapter 5. Let T, be the unique continuous
optimal transport map pushing P forward onto the probability law @)y, with density g5, =

E[Gn(-)]-
Proposition 38. Under the same conditions as Proposition 35, it holds that

~ _ h —
E||Tn — Th,|l72 () = ”T and ||T, — TOHLQ(W) < bt (6.51)

and for any r > 2,
5 o r(9)
E|T, — ThnHLQ(Td) <Sn”2hy, .
With these two propositions in place, we turn to the proof. We will begin by proving the
following.

Lemma 74. Suppose there exists € > 0 such that

1 s+1 1
(679} (\/ﬁ + hn + W) == 0(1),

and that G,, converges weakly in H}(T?) to a tight random element G in H} (T?). Then, G = 0.

To prove Lemma 74, let us recall some standard facts about the spectral properties of F.
Using the norm equivalence (6.19), and the fact that H{ (T¢) is compactly embedded in L3(T¢)
by the Rellich-Kondrachov theorem, it can be seen that E~! is a compact operator when
viewed as a map from L2(T?) into itself. Furthermore, we have already noted that E~! is
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self-adjoint and positive definite, so the spectral theorem for compact and self-adjoint operators
implies that £~! admits a discrete spectrum, which in turn also implies that F has a discrete
spectrum

D<A <<, ..

with a corresponding sequence of eigenfunctions 71,72, - - - € L2(T%) satisfying Enj = \jn;
for all j > 1, and forming an orthonormal basis of L%(Td). Furthermore, it follows from
Lemma 25(i) that 7; € C2(T9) for all j > 1.
Now, define
nj = /lI7illa, 5= 1.
We claim that {n;};>1 forms an orthonormal basis of H}(T¢%), when the latter is endowed

with the inner product (-, -) 4. This system is clearly dense in H}(T¢), since {7;} is dense in
LZ(T%). It is also clearly normalized. Furthermore, note that for all j # &,

(i) a = (Enjs M) p2(ra)y = Aj <77j7"7k>L2(11~d) = 0.

Thus, {n;} is indeed an orthonormal basis of H{ (T¢).

Since the elements of this basis belong to Hg (T¢), Proposition 37 implies that for any fixed
j > 1, we have

1, 1
<Gn777j>A = Op <an <\/ﬁ + hn+1 + W)) = Op(1)7

where the implicit constants depend, in particular, on €, j. On the other hand, by the weak
convergence of G,, to G in the Hilbert space H{ (T%), endowed with the inner product (-, -) 4,
we have

<Gn777j>14 i> <G7 nj>Aa .7 = 1727 cee

(see van der Vaart and Wellner (1996), Theorem 1.8.4.). The preceding two displays imply that
(G,mj)a = 0, for any j > 1. Since {n;};>1 forms a basis of H{(T?), it readily follows that
G = 0, thus proving the Lemma.

Let us now show why the Lemma implies the claim. On the one hand, if a;, = o(V/ nh%_Q),
then we have by Proposition 38,

~ e 1
EHGnHHl(Td) = anEHTn — TOHLZ(Td) =0 << nhﬁ 2> <\/7W + hij—l)) .
n
Under condition (6.15) on h,,, we have h,, = o(h?) with h* = n~1/(@+25) We deduce that
E||Gul g1 (ray = o(1), thus G, must converge weakly to 0 in HY(T?).
On the other hand, if o, < V/ nh%ﬁ2, then we have by Proposition 38,

2

@
EHGHHJZLP(W) 2 th_Q 21, (6.52)
n
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where we used again the fact that h,, = o(h}). Now, suppose by way of a contradiction
that G,, converges weakly to a tight random element G taking values in H3(T?). Under
condition (6.15) on the bandwidth h,,, there exists ¢ > 0 such that the sequence o, < V/ nhd=2
fulfills the assumption of Lemma 74, thus G must be zero. Now, for this choice of sequence
i, it follows from Proposition 38 that E||G,, ||‘;1,1 (Ta) i uniformly bounded, and thus that the
collection {HG"H?LP(W) :n > 1} is uniformly integrable. Since G,, converges weakly to zero,
we must then have (van der Vaart and Wellner, 1996) that E||G,, ”%11 (Td) 0, which contradicts

equation (6.52). This proves that for v, < \/nh< 2, the process G,, does not converge weakly.

Finally, suppose a,/\/nhi 2 — oo. If G, were to converge weakly in Hg (T%), then it is

clear that the process v/ nhd=2G,, would have to converge weakly to zero, which contradicts
what we have already shown. The claim follows. O

6.A Background on Elliptic PDE

We next summarize several results from the classical theory of uniformly elliptic partial
differential equations, which are used throughout our development. Given maps A : R —
R4 and b : R? — R, a second-order differential operator of the form

Mu = —(A, V2u) — (b, V)
is said to be uniformly elliptic over a domain 2 C R? if it holds that
A(xz) = Ig/\, over €, (6.53)

for some A > 0. We will primarily be interested in operators M for which the coefficients
A and b have periodic entries, and for which u is subject to periodic boundary conditions.
Nevertheless, we begin by stating in full generality several a priori regularity estimates for
solutions to equations of the form Mwu = f. Some of the assumptions in the following statement
are stronger than necessary, but sufficient for our purposes.

Lemma 75. Let ) be an open set with diam(Q2) < D < oo, and let Qy CC Q2 be an open set.
Letn = dist(Qq, 09). Let f € C5(Q), and suppose u € C>*t8(Q) is a solution to the equation

Mu=f overQ,
where we assume that the coordinates of A and b satisfy

max [ Aisllcaay V Ibilles @y < A (6.54)

and that equation (6.53) holds, for some X\ > 0. Then, the following assertions hold.

(i) (Schauder Estimate) There exists a constant C = C(D, d, \, B) such that

P lullea(ny + 12 fulleass gy < C(ull o) + 1 llese)-
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(ii) (Gradient Estimate) Suppose further that f takes the form f = g-+div(G), whereg € C5 ()
and G : Q — R? is a vector field with entries in C**5(Q). Then, there exists a constant
C =C(D,d,\ B,n) > 0 such that

lullessaagy < € (lullz@) + llgllec@) + IGllese )-

The bounds of Lemma 75 are standard, and can be deduced from Corollary 6.3 and Theorem
8.32 of Gilbarg and Trudinger (2001). We further make use of the following De Giorgi-Nash-
Moser estimate, as stated in Theorem 8.17 of Gilbarg and Trudinger (2001).

Lemma 76. Let ) be an open set with diam(§2) < D < co. Assume the coefficients A and b
satisfy conditions (6.53)—(6.54). Givenr > d/2, let g € L"(Q) and let G : Q — R? be a vector
field with entries in L (S2). Suppose u € H} () is a weak solution to the equation

Mu =g+ div(G), in€.

Then, there exists C = C(D,M,r,p,\,3) > 0 such that for all R > 0, all balls Bop :=
B(y,2R) CQandallp > 1,

_ _d 4
wl| Loy < C (R UP\\ull rapg) + B2 llgllor ) + B2 HGHLQ’"(Q)) :

With these preliminaries in place, let us specialize our attention to the operators which
appear most prominently in our work: Suppose that M takes the form

Mu = —div(AVu),

where we now assume that the matrix A has Zd—periodic entries, and we continue to assume
that A satisfies the uniform ellipticity and smoothness conditions

A(z) = I/, over T¢ (6.55)
lg}%}éd“AinCHﬁ(Td) <A (6.56)

By integration by parts, it is easy to see that M is self-adjoint with respect to the L?(T¢) inner
product, and thus, that its range contains only mean-zero functions. We may therefore view
M as an operator mapping H?(T¢) into L2(T¢), and by convention, we will always restrict
the domain of M to HZ(T?).

Given f € L3(T%), we will say that a map u € H}(T?) is a weak solution to the PDE
Mu=f, overT? (6.57)

if for every v € H}(T?), it holds that

(fsv) p2(Tay = (u,v) 4 :2/ (AVu, Vu)dL.

Td
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Under conditions (6.55-6.56), it is straightforward to see that (-, -) 4 defines an inner product on
HE(T9), which is equivalent to the standard inner product (-, -) 1 (T4)- The definition of weak
solution is motivated by the following observation: if a weak solution v admits a representative
which lies in C2(T¢), then it follows by integration by parts that

(f,0) pa(ray = (w,0) 4 = (Mu,v) r2(pay, forallv € Hg(T?),

which implies that the equation Mu = f is solved in the classical sense over T%. Thus, when
they exist, classical solutions coincide with weak solutions.

Since H}(T?), endowed with the inner product (-, -) 4, is a Hilbert space, and since the linear
functional (f, ") p2(7a) : H(T9) — R is bounded, it follows from the Riesz representation
theorem that the PDE (6.57) admits a unique weak solution u € H}(T?) for any given f €
L2 (T%). The following standard result, which we prove for completeness, shows that weak
solutions in fact lie in H2(T?), and are classically differentiable if f € Cg (T%).

Lemma 77. Assume that conditions (6.55)—(6.56) hold. Then, the operator M is a bijection of
HZ(T9) onto L2(T?), and its restriction to C§+5(Td) is a bijection onto Cg (T%). Furthermore, it
holds that

|Mul 2y =l gacrey, forallu € HY(T),

and
IMullsay = ullarsay, forallu € ¢ (T9),

where the implicit constants depend only on \, 3, d.

Proof of Lemma 77. Let f € L3(T4). By interior regularity estimates for weak solutions (Evans,
1998), the unique weak solution u € H}(T?) to the equation Mu = f over T¢ in fact lies in
HZ(T9), and satisfies

lullzazey < € (Nullzogray + 1 lzacrs ) (659)

for a constant C' = C(\,d, 3) > 0. The bijectivity of M : H2(T¢) — L%(T%) immediately
follows from here. Since the entries of A are bounded, M is is readily seen to be bounded, with
operator norm bounded above by a constant depending only on A, d. To bound the inverse,
notice that for all © as before,

[l Z2(pay < Nl iy = Nl = s £) 2 gpay < lull g2 112 (2e),

with implicit constant depending only on A, d. We deduce that

ullz2(ray S 11f 122 (rey- (6.59)

Combine this inequality with equation (6.58) to deduce that, for a possibly different constant
C >0,

lull zr2(ray < Ol fll L2 (Tay-
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This shows that M ~! has operator norm bounded again by a constant depending only on \, d, 3.
It remains to prove the claims about Hélder continuity, for which we reason as in Theorem 6.8
of Gilbarg and Trudinger (2001). The injectivity of the operator M : C§+B (T4) — C()B (T?) is
a consequence of what we have already shown. To prove surjectivity, we use the method of
continuity (see Gilbarg and Trudinger (2001), Section 5.2).

Lemma 78 (Method of Continuity). Let By and By be Banach spaces, and let My and M be
bounded linear operators from By into Bs. For all s € [0, 1], let

MS = (1 — S)M() + 8]\4'17
and assume there exists a constant C' > 0 such that for any s € [0, 1],
ullB, < C[[Mul|,. (6.60)
Then, M, is a surjection of By onto By if and only if My is a surjection of By onto Ba.

We will apply the method of continuity with My = M and M; = —A. Notice that M
takes the form
Msu = —div(AsVu), with A, = (1 —s)A+ sly,

and thus, up to modifying the value of A, the matrix A, satisfies conditions (6.55)-(6.56)
uniformly in s. By what we have already shown, it follows that M : H2(T%) — L3(T9) is a
bijection with || Msul| 2(pay =<x g.d ]| g2(1a). Thus, by Lemmas 25(i) and 76,

[ullez+s(ray Sxas lullpzcray + 1 Msulles ray < [[Msulles(ray,

and hence, by the method of continuity, M is a bijection, whose inverse has norm bounded by
a constant depending only on A, d, 3. Finally, it is also easy to see that M has norm bounded
above by such a constant, by Lemma 95. The claim follows. O

It will be convenient to further note that the operator M admits a periodic Green’s function,
and hence that solutions u of the equation Mu = f over T¢ are in fact integral operators
applied to f. We say that amap I' : T¢ x T¢ — R is a periodic Green’s function for M if for
allz,y € T4 T(,x) € L{(T?), T(y,-) € Ly(T?), and

v(z) = (L(-,2), Mv) p2(qa), forallv € CSo(T9).

As an example, it can be deduced from Stein and Weiss (1971) that —A admits a periodic
Green’s function over T? which takes the form

[(y,z) = To(y — z) + b(y, x),

where b € C*°(Q), and Iy is the traditional periodic Green’s function of the Laplace equation
on R that is,

To(y —z) = lz —y|>* (d>3),

1
d(2 — d)wyq
where wy is the volume of the unit ball in dimension d. The following result shows that the
operator M also admits a periodic Green’s function, which has the same blow-up behaviour
as I'g.
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Proposition 39. Assume that conditions (6.55)—-(6.56) hold, and let d > 3. Then, there exists a
unique periodic Green’s function I' for the operator M, satisfying I'(-, ) € CL_(Q \ {2}) for
all z € Q, and for which there exists a constant C' = C'(\, 3,d) > 0 such that

Iy, 2)| < Clle —ylI3?%  IIVT(y,2)]| < Clle —yllp®,

T‘i’

forall 2,y € T? 2 # y. Furthermore, it holds that I'(z,y) = I'(y, z) for any x,y € T Finally,
forany f € CO’B(Td) and z € T it holds that

() = T !
M) = [ T fwn V@ = [ 9w

For uniformly elliptic operators over RY, analogues of Proposition 39 are classical; see for
instance Littman, Stampacchia, and Weinberger (1963), Stampacchia (1965), and Griiter and
Widman (1982). Over the torus T, Proposition 39 can be deduced from Josien (2019).

6.B Additional Proofs from Section 6.3
6.B.1 Proof of Lemma 60
Given u € HZ(T?), let f = Lu. By Lemma 59, u is a weak H}(T?) solution to the equation
Eu = f(Vgp)det(Vey), over T¢,
and hence satisfies
(1,0) 4 = (F(T8) det (V). ) mey = (F0(V03) pacray

forallv € H}(T9). Using the fact that (-, -) 4 defines an equivalent inner product to (-, -) 1 (T4)>
we deduce that

”UHip(Td)S@a U>A:<fau(v¢8)>L2(1rd) < HfHH—l(ird)HU(VSOS)HHl(Td) S HfHH—l(’Jl‘d)”uHHl(’ll‘d)a

where we used Lemma 82. We thus have ||u|| g1 (ra) < || fIl g7-1(14), and to prove the reverse
inequality, use Lemma 97 to write

1l 1(Td)y = sup <f7U>L2('Jl‘d)
vEHY(TY)
”U”Hl(qrd):l
= sup  (u,v(Vg))a < Hu”Hl(Td) sup ”’U(V(PO)HHl(Td)-
UEHI('I[‘d) UEHl(Td)
loll g1 (pay=1 loll g1 (pay=1

The claim now follows from Lemma 82. O
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6.B.2 Proof of Lemma 61

We will make use of the following Lemma, which is proven below. In what follows, for any
integers d, k > 1 and any differentiable function f : R?”*¥ — R, we denote by 0f(A) the
d X k matrix with entries (0f/0x;;)(A), i = 1,...,d, j = 1,..., k. Furthermore, for any
open subset © C R¥* and a > 0, we denote by C%(£2; ©) the set of matrix-valued maps
A : Q — © with entries in C*(Q).

Lemma 79. Letd,k > 1 be integers, and © C R¥* Let f € C?(©) and A, B € C'(Q;0).
Then, there exists a universal constant C > 0 such that function

g:Q =R, g(x) = f(A@x) + B(x)) - f(A(x)) — (0f(A(x)), B(z))
satisfies
lgllescey < Clllea-scey (1Y 1412 g.0) ) 1Bl 00y

A proof of Lemma 79 appears in Appendix 6.B.3. We now turn to the claim. We prove the
Fréchet differentiability of U, anda symmetric argument may be used for U. Let u € C2+B (9Q).
Then,

HCI\’[SO +u] — (I\’[‘P] - {I\IZD[U]HCB(Q)
= || det(V?¢)q(V) — det(VZp + V2u)g(Ve + Vu)
+ et (V) [@(Ve) (V) ™1 V2u) + (Vat, VAV [l s o)
< || det(V2¢) [@(Vip) = G(Vip+Vu) = (Vu, VG(V))] [|es o)
+[[a(Vot+Vu) [det(V2p) — det(VEp+ V)] + G(Vep) det(V) (V) ™H V2 || 1
=: (I) + (II).
We first bound (7). By Lemma 95, we have,
(1) S lelle2+so|a(Ve) = AVe+Vu) = (Vu, Vi(VP) |l s -

Now, since § € 218 (Q), we may invoke Lemma 79 to deduce

(1) S dllezss oy (1 + lell5ils o) luliZa o) S lullZass o)

To bound term (1), apply Lemma 95 to obtain, almost surely,
(11) = [|a(Ve+Vu) [det(VZp) — det(VZp+V2u)] +q(Ve) det(V20)((VZ0) ™, V2| 5 o)
< [ @(Ve+Vu) [det(V3p) — det(VZp+V7u) + det(V2 H(V2o) L V2] [ s o)
+[|[a(Ve + Vu) = q(Vp)] det (Vo) (Vo) ! HcB(Q)
< H det(V2p) — det(VZp+V2u) + det(V3yp)
+ l[ulle2+sra[@(Ve + Va) = G(Ve) | 050,

By Lemma A.1 of Figalli (2017) and Lemma 79, the first term in the final line of the above
display is of order O(|u/|? c248(0 ) Furthermore, since § € C1(Q), the second term is of order

<( 2) VAU loso)

O(JlullZ2 5 Q)) The claim follows O
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6.B.3 Proof of Lemma 79

By a first-order Taylor expansion, it readily holds that for all z € Q,
9@)] S I flle2@) 1B < [1flleo) | Bligy o)

It thus suffices to show that g is uniformly 3-Holder continuous, i.e. |g(x) —g(y)| < L|z—y||®
for some L > 0 and all z,y € Q. To do so, define for all such z, y the function

hz,y) = f(A(x) + B(y)) — f(A(z)) — (0f (A(z)), B(y))-

We have,

l9(x) = h(z,y)| = |f(A(z) + B
< |[f(A(x) + B
+10f(A(z) + (y)) — 0f(A(@))[[[|B(z) — B(y)ll =: (a) + (b).

Clearly,
(@) < flle@)1B(x) = BWII” < [ flle2e) I Bl 0.0y llz — wll*.
Furthermore,

®) < Iflez@ I BWIIB(x) = B < I flle2(e) 1Bz gy llz = yll-

Thus,
l9(x) = h(z, )] < | flle2(0)1BIz1 gy llz = wll-

Furthermore, we have

[hz,y) — 9| = |[£(A@) + B) — F(A(y) + B)] + [F(A) - F(Aw)]
+(0F (A(x)) — OF (A(y)), B(y)|

322;

A~ A 1B By )
< 1 Flle2so(ey | B2 o) 1 A(2) — A

< [ Fllez+s0) 1 Bl12s o) | Al ol — w1l

The claim follows from here. O

6.B.4 Proof of Lemma 62

By Lemma 61,

10 1] = Wy [l
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= [[act(v*e0) [(@V00) — (V) (V0. V) + (V. ViYoo) = Va(go))] |, .
S 1a(Veo) — a(Veo)lles (ray V2 ulles pay + 1V ulles (1ay V(Y 00) = Va(Veoo)llea(ray,

where we used Lemma 95 to bound the Holder norms of products. By Lemma 96, we further
deduce,

[0 [u] = Ui [ul]| s oy S 11T = qlles ey IV ulles ray + [ Vulles ra) I VT = Valles ray
N ||U||c2+6(1rd)||qA_ Q||cﬁ(1rd) + ||U||cl+6(1rd)||a— CIHcHﬁ(?rd),

as was to be shown. O

6.C Additional Proofs from Section 6.4

6.C.1 Proof of Lemma 65

Let u = E, ' [f(Sy.(+))]. Notice that By is symmetric, thus we have for all y € T¢,

fy) = Eolu ](5_1(?;))
= —tr(AO V2 y)))
= —tr((B] TB 2v2 (Sy2®))
= tr( BOAO TVQ (Sy (y)))

= Go[u(Sy 4 ()] (y)

It follows that u = G *[f](Sy.x(v)) = Ey '[f(Sy.z(-))](y), as was to be shown. O

6.C.2 Proof of Lemma 66

To prove the claim, it suffices to show that
|cov{VGT! (K7, J(V = Veo(@))} - a(Vipo(@))Cov{ VG5 K3, ] ()} S nate

for some € > 0. Let R(u) = VG * [K% ](u), and notice that

|BIR(Y = Veo@)R(Y = V(@) T] = a(Vipo (@) EIR(W)RO) T

/Td R(y)R(y) "q(y + Vo(x))dy — a(Veo(z)) /

Td

R(y)R(y)Tdy‘

[ ROIRG) laty + Din(o)) — aTn(a))]|
/ IR sy
< [ IR@IPylzeds.
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where we used the fact that ¢ € C'(T¢). Reasoning in the same way as we did below the
statement of Lemma 66, we have E[R(U)] = 0, and thus

[ER = Tent@n]| = [BIAY = V@) - a(Ven@)ERD| < [ 1R ol

By combining the previous two displays, and using Jensen’s inequality, we have

|

and it thus remains to bound Z. To this end, recall from Proposition 39 that Gy admits a periodic
Green’s function ', (y, 2), which is continuously differentiable away from the diagonal z = y,
and whose gradient satisfies | VI, (v, 2)|| S |ly — z”l 4, Deduce that,

2
I'g[w </11‘d ly = 2l K7, )\dz> [yllrady
2
Sh ). (/ Iy = 2l ddz) Iy
[=1/2,1/2]* \J B(0,hn)

<h_2d/ / / ly = 2l5aly = wllpallylldzduwdy
[=1/2,1/2]% J B(0,hn) J B(0,hn)

5 14+ 7 + 1o,

Cov{ R(Y = Vio(@)} ~ a(Vsa(e)Cov{ RV ST o= [ 1RGP ol

where, given a constant a > 2 satisfying (2 — 2d)/a > (5/2) — d, we define

7= b / / / ly — 215 %ly — wlkaylldzdwdy
B(0,hY*) JB(0,hn) JB(0,hn)

n=n [ o oy sl i dzdudy,
B(0,1/4)\B(0,hy, ") 4 B(0,hy,) J B(0,hy)

Notice that in both of the above integrations, we in fact have ||y — z|l;« = ||y — 2| and
ly — w||pe = ||y — w||. To bound Z;, invoke Lemmas 83-84 to obtain

1
7y S hy 2d/ / |z — wl||* Ydzdw
B(0,hn) J B(0,hn)

Lio 924 19
< ha dw < hi*
B(0,hn)

Regarding 7>, we have the crude bound

—2d

2
T, = ;% / / / ly — 214y — w] ' dzdwdy < hn e
B(0,1/4)\B(0,h/*) J B(0,hn) J B(0,h)

Combining these facts together with the definition of a, we arrive at the claim. O
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6.C.3 Proof of Lemma 67
Abbreviate f(¢) = (F[K](£)/27)?. Define

_ pd—2 T f(hnf) _ T f(2)dz
gn—h gZngg <CO€ §> R goo—/Rdzz

and for any € > 0, define

= pd—2 T f(haf) 7 e = T f(2)dz '
e gzé C e /[ gt

e<[|hnélloo<e™?

Notice that

gn,e - goo €

= F(hn€) T f(z) .
a EGZd /In |: n£ nﬁ) <CO( nf) ( n§)>2 <CoZ,Z>2 d

e<||hnglloo<e!

where I¢ ,, is the hypercube of side length h,,, with vertices lying in h,,Z%, whose vertex nearest
to the origin is at the point h,£. We will provide a very crude bound on the norm of the above
quantity, which will suffice for our purposes. Notice that for all £ satisfying € < |[|h,&]|co < €7*
and z € I¢ , we have

S R 1
H(”"@(”"@ Colme), (@)~ % oz 2)?
fhe) 1)
< 10&) ) | 2 6 )~ oz, 7

+ ‘<C§SZ>2 ‘ H(hng)(hng)T _ zzTH

[ fe)
<CO(hn€)7 (hn£)>2 <CO'27 Z>2

where we used the fact that f is bounded in the final line, and the fact that diam(/¢ ;)
Furthermore,

—2 + 675hn,

~

< hp.

~

e (2
G0, (o ™ o7
1 1
< 1)l | b i 1 (00) ~ 1)

Co(hnf) ,(hnf»?  (Coz, 2)?

< e [(Co(hnf), (hn€))? — (Coz, 2)?| + € *hn
S e (Co(hn), (hné)) — (Coz, 2)| + € *hyy
< e hpg — 2| + ety
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5 e_llhn + 6_4hn.
Altogether, we have shown that there exists a > 0 such that
19n,e = goc,ell S € “Ton. (6.61)

Next, we bound the distance between g,  and g,. Since f is a Schwartz function, we have
I£(&)] <o ||€]|7¢ for all £ > 0. Taking £ = d — 1, we obtain

jd-2 Z T f(haf) || - jd—2 Z [

©Z Flager| Y 2 T

€hnlloc>1/€ €hnlloo=1/€
Shat Yo ey

ez
€hnlloo>1/€
[o.¢]
< hnl/ P @D pd=l gy — ¢
ca(ehn)~1—1

for a dimension-dependent constant ¢y > 0. Similarly,

hn, _ _
Y T | Sk X el
gezd ’ gezd

1€Rn lloo<e l1€Rn oo <€

a2 [ 4 d—2
ghn/ r%dr < €7
1
Combining the preceding two displays, we thus have
gn.e — gnll S € (6.62)
Analogous derivations show that
[go0,e = gooll S € (6.63)
Combining equations (6.61), (6.62), and (6.63), we deduce

Hgn - QOOH Se+e Yhy,

1
for a large enough constant a > 0. The claim now follows by taking € < h,**. O
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6.C.4 Proof of Lemma 68

Recall that supp(Kp,, ) € B(0, hy,). Therefore, a point yy € T can only lie in the support of
K, (Y = Veo(-)) if

Y — Vpo(y) € B(0,hy,), orequivalently, y € Vj(B(Y, hy)).
Since Vy is A-Lipschitz, we have
Vo (B(Y, hn)) € B(Vip(Y), M),
and we deduce that
supp (K, (Y — Vo (1)) € B(VeG(Y), Ahn).
Notice that S, ! is also Lipschitz with parameter ), thus the same argument implies
supp (K, (Y = 8:(-))) € B(S; 1 (Y), Mn).

The claim follows. O

6.C.5 Proof of Lemma 69

2
Let] =FE [(fB(Z 0 |z — zH%;ddz) } It holds that,

I < 1Bz ( IS zH%_dddz>2
) /Td /B(y,e) /B(yﬁ) o = 2ligalle — wladzduwdy
/Td /B(O,e) /B(o,e) o =2 = yllga"lle — w — yligs‘dzdudy
Lo o (=2 =t =ity aza
- /B(Qe) /B(M </w 1z =yl lw — yHﬁ{ﬂdy) dzdw
s / / |2 = w2 dzdw
B(0,¢) / B(0,¢)

< / / I — w|[?4dzdw,
B(0,¢) J B(0,¢)

where the penultimate line follows from Lemma 83, together with the condition ¢t < d/2.
Passing to spherical coordinates, we obtain

2t—d
r< [l el Pz
B(0,¢) J B(0,¢)
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//|7“ ‘QtddldldeS
:// 2tdd1d1de8+// QtddldldeS

We bound terms (A) and (B) in turn. On the one hand,

A </ / 2t— d d—1 d 1d7"d8_/ / 2t—1 d 1d7“d5 / d+2t_1dsxed+2t,

while on the other hand,

€ € €
(B) < / / P20l grds < / 2sd=1gg = a2t
0 s 0

This proves the claim. O

6.C.6 Proof of Lemma 70

By Lemmas 77, 95, and 96, we have
It llez+sza) S 1| det(B)KS, (¥ = VoD llesrs) S 1R, lescray S by ™.

Now, recall that A > 1 is such that [|¢o||¢s(ray < A and V5 = A~ I uniformly over T¢. To
prove the claim, it will be sufficient to show that for all y € T¢ such that ||y — Xo||a > 2Ahy,,
we have ||V2u, (y)| < || Xo — y”%f. To prove this, note that it suffices to consider all y € T¢
such that || X¢ — y|| = || X0 — y||a, and we shall assume this equality holds throughout the
remainder of the proof.

Assume thus that ||y — Xo|| > 2Ah,,, and set

B =By, |ly— Xoll/2), Bo= B(y,hn/4).

Notice that for all v € B,

y —Xo
o~ Xoll = lly — Xl — o — gl > =0, (6:60

Furthermore, we have dist(B, By) > ||y — Xol|/4, thus we may apply the a priori bound in
Lemma 25(i) to obtain

lunlle2(zo) < lly = Xoll 72| | det(B)K7, (Y = Vo ())lles () + llunllzoem) |, (6.65)

where we again used Lemma 95. Recall from Lemma 68 that supp(Kj, (Y — Vo(+))) C
B(Xo, Ahy,). The latter is disjoint from B by equation (6.64), thus we have

K (Y —Vgo(v)) = —1 forallv € B,
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and hence, from equation (6.65) we obtain

—

[unllez(z) S lly — Xol 72 |l det(B)les sy + ||un||L°°(B)]

S lly = Xol 72 [1 4 | oy |- (6.66)
It thus remains to bound ||uy|| (). To this end, recall that we can write for any v € B,
tin(v) = / T o), (Y ~ Vgo(z))dz,
T

where 'y is the periodic Green’s function of E (cf. Proposition 39). We thus have, for all
v € B,

5 [ 1= ol K5, — Ti(2))|dz
< 1+hnd/ Iz — v||2;%dz
( 07)\hn)
= 1+hnd/ Iz — Xo — v||2;%dz
B(0,\hy,)

<1+ hnd/ [ X0 — v||pa — )\hn]2_ddz
B(

0, M)
2—d
<1+ [HXO — 0l|pa — /\hn]
S 1+ [1X0 — v[|259, (6.67)

where the final inequality follows from equation (6.64). From equations (6.66—-6.67), we obtain
2 () S sup lly — Xoll 7|1+ (| Xo — 25
nllC2(By) ~ SUuP ||Y 0 0 Td
veEB
S sup [ly — Xol| 7 Xo — o[ 3,
veB
_ 2—d _
< ly = Xol "2 (I1X0 = yllra = ha/2)” " < lly = XolI =%
The claim follows. O

6.C.7 Proof of Lemma 71

We will make use of the following gradient estimate for u,,.

Lemma 80. There exists a constant C' > 0 such that for ally € T,

1-d
IVun@)Il < C(hn V [ Xo = yllpa) "
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The proof of Lemma 80 appears in Appendix 6.C.8. With this result in place, we can bound
[E[Z2] in nearly the same way as E[Z?]. To see this, notice first that from Lemma 80, we have

2
E (/ \z—qulTZdHVun(y)lldy>
B(Xo,hn)

2
< p20-0 / o —yllatdy ) | < nie,
B(Xo,hn)

by Lemma 69. Thus, as before,

2
E[Z3) <h¢ B / iz — Xo — ke yllsdy
Q0\B(0,hn

Let the event A,, be defined as in Step 4 of the proof of Lemma 63, and recall equation (6.47),
from which it follows that

2
E </ [z — Xo — y\r}dd!\yll%dddy> I(An)
QO\B(O:hn)

2
SE (/ IIyIIQ‘Qddy) I(Ag) | S By
QO\B(Ozhn)

Furthermore, by Lemma 83,

2
E (/ lz — Xo - yll%ﬁdllylllddy) 1(A7)
QO\B(O’hn)

2
<E {(Hx - X0||27d> I(AfL)] = hi=dv1,
The claim follows. O

6.C.8 Proof of Lemma 80

From Proposition 39 and the definition of K’ h.» we have forally € T<,

IVun(y) S 1+ /Td ly = 2llga | K n, (Y = Vipo(2)) | d.
By Lemma 68, we have supp(Kj, (Y — Vo(+))) € B(Xo, Ahy,), thus
IVl S 14 h? [y sl St

B(X()a)\hn)

by Lemma 84. O
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6.D Additional Proofs from Section 6.5

6.D.1 Proof of Lemma 72

Let # € T% Let us first show that E[VZ,, ;; ()] = 0. Using Lemma 59 and Proposition 39, it
can be deduced that

VLT R 0 ) = an)@) = | VTB(V5(0). ) (K, (%~ )~ an, ()

where ['g is a periodic Green’s function for the operator F, and so

BV Zua@)] = [ [ IPe(V0). )[Rz = ) = a0, (1)dydQ).

One may apply Fubini’s theorem to change the order of integration in the above display, since
for any given h,, > 0, by Tonelli’s theorem,

/ VT E(Vei (), 2) [Kn, (2 = y) = qn, ()] || dydQ(2) < h;d/ IVeh(y) — )|~ dy < oc.
Td JTd Td

Deduce that

BV Z,a(0)] = [ Trevesm.o ([
Td T
From here, we deduce

IE[((1/n) 251 VZn,i()) La, ]l
< EL((1/n) 328y VZni(@)I + [E[((1/n) 25y VZ,i(2)) Lag]
= |[E[((1/n) 321y ViZni(2)) Lag]|| -
Now, recall from Lemma 59 that
1Zn 1llez+sray =< 1K n, (Vi =) = g lles(ray S by,
and we deduce that

IEL(L/7) Yo7y VZn,i()) La, ]| S by TPIP(AT) S @A,

(Kn, (2 —y) — an, (y)]dQ(2)> dy = 0.

d

It is clear that the implicit constants in these various assertions do not depend on z, and the
claim follows. O

6.D.2 Proof of Lemma 73
By Lemma 59, we have
IV Zn g @) S I @ — anlllezss ey S Man = an, les ray S b @)
Thus, using Lemma 63, we have
E[[VZ1 (2) | S by PRV Zn 1 () |7 S by 2R,

as claimed. O
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6.D.3 Proof of Proposition 37

Let u, = L[, — g]. We will begin by bounding the quantity (u,, v) 4, for any v € H}(T4).
By Lemma 59, the function u,, solves the PDE

Euy, = det(V200)(Gn (Vo) — ¢(Vg)), over TY

in the classical sense, and hence also in the weak H& (Td) sense (cf. Appendix 6.A). Therefore,
for allv € H}(T?),

(tn, v) 4 = (det(V?0) (@ (Vepo) — a(V#0)), 0) p2(ra)
= (qn — qvv(vﬁ)»mwd)
= [ (765) 52, )@ = Q)+ [ 0T, — Q).
Td Td

Using a simple argument which will be presented in further detail in Lemma 89 below, it is
easy to see that

/Td (0(Vp5) * K, )d(Qn — Q) = Op(n~1/?),

and furthermore,

/Td v(Vg)d(Qn, — Q)‘ < HU(V‘PS)”Hl(Td)Hth - qHH—l(’Jl‘d) < llgn, — qHHl(Td)v

where we used Lemma 82. By Proposition 43, the final factor decays on the order h3*!, thus

we have shown
(tn, 0) p2(pay = Op(n ™12 + Bt

To prove the claim, it thus remains to quantify the discrepancy between (uy,, v) 4 and (@,, —
©0, V) A. To this end, recall from equation (6.49) that, for any given § > 0 sufficiently small,

. T o1 1
|V&n — Vo — VL 1[qn_q]HLoo(Td):Op (hfl 1 36+nhd+1+4ﬁ>'

It readily follows that
~ 1~ s—1— 1
(@n = @0,v)a = (L7 [gn — ql,0)a + Oy (hi 1304 nhd+1+4ﬁ>
1
=0 <n_1/2 + hstl 4 ) :
p nhdt1+4p

The claim follows. O
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6.E Additional Technical Lemmas

The following L"(T?) interpolation inequality is a consequence of the periodic Riesz-Thorin
theorem (cf. Remark 3.6.1/4 of Schmeisser and Triebel (1987)).

Lemma 81 (Interpolation Inequality for L™ (T¢) Norms). Let2 < r < oc. Then, for all ¢ > 0,
there exists C(e,d,r) > 0 such that for all f € L°°(T?),

I £l rray < CONfllL2(ray + €l fl| oo (ray-
We next prove a simple chain rule-type result for fractional Sobolev spaces.
Lemma 82 (Composition of Sobolev Functions). Letr > 1. Let f € C%(T%) be such that
V2f = I3/\ overT?,  and I flle2(ray < A

for some A > 0. Then, there exists a constant C' = C(\,d,r) > 0 such that for all o € [0, 1] and
allg € H*"(T),
19 © V fll gar(ray S Cllgll graor (pay-

Proof of Lemma 82. When o = 0, we have for all g € L"(T%),
95 ey = [ 197D = [ lal" det(V21*) < Mgl e

To prove the claim when o = 1, let g € Hé’T(Td), and notice that the identity V(g o Vf) =
V2fVg(Vf) holds in the sense of weak derivatives. Together with Lemma 99, we deduce

90 % e zn = 90 ¥ fleea + [ 1925+ (T NI
Sullollireo + [ IV2H(95) - Vgl det(9F) S lolnr
The bound for remaining values of « follows by interpolation. Indeed, notice that the operator
F:H* (T — H*(T%), Fg=g(Vf)

is well-defined and linear. Let ||F|lor = sup{[|F'g| gor(ray : g € H*"(T%)} denote its
operator norm. Since H®(T?) is the a-complex interpolation space of L?(T?) and H'(T%) (cf.
Lemma 98), we deduce (Lunardi, 2018, Theorem 2.6)

IFllo < IFllg*IFIS <a 1.
The claim follows. O

The following bound can be deduced from Miranda (2013, Theorem 11,]).



Chapter 6. Central Limit Theorems for Smooth Optimal Transport Maps 311

Lemma 83 (Composition of Riesz Potentials). Let d > 1. For all a1, a2 > 0, there exists a
constant C' > 0 such that for any wy, wy € TY,

Jwr — w2427 an 4 an < d,
/d ly — willg ™y — wall53~dy < C < log (1/lwr — wall), a1 +az =d,
B 1, a1 + ag > d.

We also state the following related estimate.

Lemma 84. Lett € (1,d). Then, for anye > 0 and x € T¢,

S
Proof of Lemma 84. With the convention that qu() = (, we have,
[ -altay< [yl [ Iy — wlstdy
B(0,¢) B(xz,e/2) B(0,e)\B(x,e/2)

€/2
< / rtdpd=l gy 4 / et_ddy < et
0 B(0,¢)

Furthermore, if ||z|| > 2¢ we have

/ ly — ||ty < /
B(0,¢) B(0,

€ €
< / ] — |1 < ]t / P < [l

| ly — zll7ady < € Al
€

)

]l = Nyl *dy
€)

This proves the claim. O

Finally, we state a multivariate version of Lyapunov’s central limit theorem.

Lemma 85. Let {U,; : 1 < i < n < oo} be a triangular array of independent random
variables in R? with mean zero and finite second moment. Define V,, = >_" | Cov[U,, |, and let

v2 = Muin(Vp), foralln = 1,2, . ... If for some § > 0, Lyapunov’s condition

1 n
20 Z E UU’”

n 1=1

2+6} — (1)

holds, then
V25 U, -5 N(O, 1),

=1



Chapter 7

Efficient Inference for the Quadratic
Wasserstein Distance

We now build upon the preceding two chapters to address the problem of performing inference
for the quadratic Wasserstein distance in general dimension. As we already discussed in
Chapter 1, this problem is very well-studied, and essentially all past work has aimed at finding
sufficient conditions for the empirical Wasserstein distance W3 (P, Q) to admit a limiting
distribution centered at its population counterpart. However, as we know from our results in
Chapter 3, the bias of the empirical Wasserstein distance typically satisfies

EW2(Py, Q) — W2(P,Q) > (n Am)~2/4

for absolutely continuous probability measures P, () in dimension d. Furthermore, its variance
typically scales at the parametric rate (del Barrio and Loubes, 2019), and is thus dominated
by its squared bias when d > 5. In this regime, the empirical Wasserstein distance cannot
admit a non-degenerate limiting distribution centered at its population counterpart. This is a
fundamental barrier for performing inference.

We take a different approach in this chapter. Rather than analyzing the empirical Wasser-
stein distance, we consider a family of plugin estimators based on density estimation. These
estimators have already made an appearance in Chapter 5, where we derived upper bounds on
their risk. Although they have several disadvantages compared to the empirical Wasserstein
distance—for instance, they introduce tuning parameters, and are more challenging to compute—
we will see that they are more amenable to performing inference in general dimension. Indeed,
our results in Section 7.1 below show that plugin estimators based on wavelet or kernel density
estimation achieve a \/n-central limit theorem centered at their population counterpart, in
any dimension, provided the smoothness of the underlying densities is sufficiently high. To
the best of our knowledge, this leads to the first method for constructing confidence intervals
for the Wasserstein distance in the regime where both measures are of dimension d > 5. We
also develop the semiparametric efficiency theory for the Wasserstein distance functional,
showing that our various estimators of the Wasserstein distance are asymptotically efficient in

312
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the high-smoothness regime.

One downside of our results is the fact that our density estimators require the underlying
support of the measures P and () to be known, and to be of appropriate type (specifically,
rectangular or toric). We address this issue in Section 7.3, where we derive a “one-step” bias-
corrected estimator of the Wasserstein distance. As we will see, this estimator allows the
practitioner to plug in any density estimator, and makes no assumptions on the underlying
domain, but continues to be semiparametric efficient under black-box rate conditions on the
density estimator. We believe there is significant potential for this estimator to be adopted in
practical applications.

We close this chapter with a discussion, in Section 7.4, where we pose the following
question: What is the minimal smoothness condition needed to perform efficient inference for
the Wasserstein distance? We will see that there exists a second-order debiased estimator with
a more favourable smoothness cut-off than the plugin or one-step estimators analyzed above,
but finding the optimal cut-off remains an open question.

7.1 Central Limit Theorems for Plugin Estimators

In this section, we derive limit theorems for the density plugin estimators of the Wasserstein
distance which were introduced in Chapter 5. Concretely, let P, Q) € P,.(£2) be absolutely
continuous distributions with respective densities p, ¢, which are either supported over the
unit hypercube Q = [0, 1]¢ or the d-dimensional flat torus Q@ = T?. Let Xi,...,X,, ~ P
and Y1,...,Y, ~ @ be iid. samples which are independent of each other. Recall that we
respectively denote by P, ﬁsbc), 13,(}‘“) (resp. Qm, Aﬁ,‘ic) A%er)), the empirical measure and
the distributions induced by the boundary-corrected and kernel density estimators of p (resp.
q), as defined in Sections 5.2-5.3 of Chapter 5. Given a smoothness parameter s > 0 to be
specified, let their tuning parameters be chosen as 2/ < h~! =< n!/(4+25) and assume that
the kernel K satisfies condition K(2(s + 1)) for some « > 0. Furthermore, let ¢ be a Brenier
potential in the optimal transport problem from P to (), and write

o, = (1= p) Varp[go(X)] + p Varg[eo(Y)], forany p € [0,1], (7.1)

where ¢g = || - |2 — 20 and ¢g = || - ||? — 2¢} are Kantorovich potentials induced by .
Under the conditions we will make below, the Brenier potential g is uniquely-defined up to
addition by a constant, thus the variances in the above display do not depend on the particular
choice of .

For the various estimators P, and (),,, under consideration, we will derive central limit
theorems of the form

V(W3 (Po, Q) = WE(P,Q)) ~ N(0,0), asn o0, and (7.2)

nm

~ o~ n
(Wg(Pn)Qm) - W22(P7 Q)) ~ N(0,0’Z), asn,m — oo, m — P (73)

n—+m

for some p € [0, 1]. Our main result is the following.
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Theorem 26. Let Q € {T? [0,1]?}. Assume that P,Q € P,.(£2) admit positive and bounded
densities p, g over 2. Then, the following assertions hold.

(i) (Density Estimation over the Torus) Let = T¢ and assume p,q € C*(Q) for some
s > 0 satisfying s > d/2 — 2. Then, equations (7.2)—(7.3) hold when
(P Qm) = (P, Q).
(ii) (Density Estimation over the Hypercube) Let Q = [0, 1]%, and assume p, ¢ € C*(Q) for

some s > 0 satisfying s > d/2 — 2. Assume additionally that pg € C**2(Q2). Then,
equation (7.2) holds when

(P, Q) = (PP, Qb9).

Furthermore, equation (7.3) holds under the additional condition ¢}, € C*T2((2).

(iii) (Empirical Measures) Let €2 be either T¢ or [0, 1]%. Assume d < 3, and ¢o € C?(f2). Then
equations (7.2)—(7.3) hold when

(ﬁm @m) = (Pna Qm)

To the best of our knowledge, Theorem 26 provides the first known central limit theorems
for nonparametric plugin estimators of the squared Wasserstein distance in arbitrary dimension
d > 1 which are centered at their population counterpart W2 (P, Q). We emphasize that the
parametric scaling in the above result is made possible by the smoothness condition s > d/2—2.
We do not generally expect that a central limit theorem for W22(]3n, Q) centered at W3 (P, Q)
can be obtained when s < d/2 — 2, as the squared bias of this estimator may then dominate
its variance.

We recall again that, even in the absence of smoothness conditions, del Barrio and Loubes
(2019) derived limit laws of the form

VI (W3 (P, Q) — EW3 (P, Q)) ~ N(0, Var[po(X)]), n — oo, (7.4)

and two-sample analogues, for any d > 1. While such results are important and hold under
milder regularity conditions than those of Theorem 26, their centering sequence is a barrier to
their use for statistical inference for Wasserstein distances. The low-dimensional case d < 3 is
an exception, in which the sequence EWZ(P, Q,,) can be replaced by W2 (P, Q), as we show
in Theorem 26(iii). This fact can be deduced from our bias bounds in Corollary 19; a similar
observation for d < 3 was also made in the recent work of Hundrieser et al. (2022), under
weaker assumptions than ours.

Theorem 26 is a consequence of the stability bounds in Theorem 18 and Proposition 23
in Chapter 5, which we use to show that W3 (13”, Q) — W3(P, Q) asymptotically has same
distribution as the linear functional F(P,) = i ¢od(P,, — P). We defer the proof to Ap-
pendix 7.A. Though our arguments differ significantly from those used by del Barrio and
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Loubes (2019), this functional F" also plays an important role in their work. Indeed, they prove
that n Var[W2(P,, Q) — F(P,)] = o(1) under mild conditions. In Appendix 7.C, we provide
an alternate proof of Theorem 26 which does not make use of our stability bounds, but which
instead combines a generalization of the proof strategy of del Barrio and Loubes (2019), together
with our convergence rates for optimal transport maps in Theorems 19, 22 and 20.

The variance 03 is positive if and only if ¢g and 1)y are non-constant, thus the distributional
limits in Theorem 26 are non-degenerate whenever P # (). When P = (@), it could already
have been deduced from Lemma 106 of Chapter 5 that, for instance, the correct scaling for
WQQ(IS,gbC), Q) is of larger order than \/n. We leave open the question of obtaining limit laws
under this regime.

The variances appearing in Theorem 26 can be consistently estimated using estimators for
the Kantorovich potentials ¢g and 1. Indeed, using a qualitative stability result for Kantorovich
potentials (Santambrogio, 2015), we show in Proposition 40 of Appendix 7.A.3 that for any of the
estimators (]3”, @m) described in Theorem 26, if (quﬁnm, Jnm) is a bounded pair of Kantorovich
potentials in the optimal transport problem from ]3n to @m, then,

58 im = Varyp, [onm(U)] = 0, and, 6%, = Vary.g,, [bnm (V)] - of.

Letting 7, = —="~——"" we deduce from Theorem 26(ii) that for any § € (0,1),

n+m

n-—+m

2 ¢ p(bc) A(bc) ~
W3 (PT(L 7Q£n ):I:Unmzé/Q m
is an asymptotic, two-sample (1 — §)-confidence interval for W (P, Q), assuming P # Q.
Here z;5/5 denotes the ¢ /2 quantile of the standard Gaussian distribution. To the best of our
knowledge, this is the first practical confidence interval for the Wasserstein distance between
absolutely continuous distributions in arbitrary dimension, albeit under the strong assumptions
that 2(a + 1) > d, and that the underlying domain €2 is known and of appropriate type.

7.2 Efficiency Lower Bounds for Estimating the Wasserstein
Distance

Our aim is now to derive efficiency lower bounds, showing that the asymptotic variances in
Theorem 26 cannot be improved by any other regular estimatorof W3 (P, Q). In discussing
semiparametric efficiency theory, we follow the definitions and notation of van der Vaart
(1998); van der Vaart (2002). We begin with a derivation of the efficient influence function of
the functional

®o:P(Q) =R, @o(P)=W;(P,Q),

where ) is either T? or a subset of R%, and Q € P,.(f) is given. Santambrogio (2015,
Proposition 7.17) has previously derived the first variation of this functional. The following
Lemma states their result in a language suitable for our development.
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Lemma 86 (Efficient Influence Function). Let Q be T¢ or any connected and compact subset of
RY, and let P, Q € P..(2). Assume that the density of at least one of P and Q is positive over ).
Let (¢0,v0) denote a pair of Kantorovich potentials in the optimal transport problem from P to
Q, uniquely defined up to translation by a constant, and define the map

(I)(PQ ( /QZS[)dP x € Q.

Let Pp C L3(P) be any tangent set containing <I>(p Q)- Then, the functional @, is differentiable
relative to Pp, with efficient influence function given by <I>(p Q)

Lemma 86 is proved in Appendix 7.B. The assumption that P or () have support equal to 2
is only used to ensure that ¢ is unique, up to translation by a constant (cf. Proposition 7.18
of Santambrogio (2015)). While this condition is not necessary (Staudt, Hundrieser, and Munk,
2022), we retain it for simplicity since we require it for our upper bounds.

By combining this result with the Convolution Theorem (van der Vaart (1998), Theo-
rem 25.20), it immediately follows that any regular estimator sequence of ®¢ () has asymptotic
variance bounded below by Varp[¢(X)]/n. The one-sample plugin estimators in Theorem 26
are thus optimal among regular estimators. A similar remark was also made in the recent
independent work of Goldfeld et al. (2024), which studies efficient statistical inference for
several variants of the Wasserstein distance.

We next complement this result with an asymptotic minimax lower bound, which relaxes
the assumption of regularity of such estimator sequences, at the expense of only comparing their
worst-case risk. In this case, we also consider the two-sample setting. Using a construction
of van der Vaart (1998), we fix two differentiable paths (P, hl)t>0 and (Q, h2)t>0, for any
(h1, hg) € R?, with respective score functions hlq)(pQ) and hg‘ll(pQ) where \Il(p oY) =
Yo(y) — [ ¥odQ. These paths are defined in equations (7.18-7.19) of Appendix 7.B, and we
use them to obtain the following asymptotic minimax lower bound.

Theorem 27 (Asymptotic Minimax Lower Bound over T¢). Given M,~ > 0 and a > 1,
let P,Q € Pac(T?) admit densities p,q € C*1(T%; M,~). Let (¢, o) denote a pair of
Kantorovich potentials between P and (), unique up to translation by a constant. Then, there
exist M,7,u > 0, depending only on M, ~, a, such that P, j,, and @y p, admit densities in
C~1(T%;, M,7), for all t > 0 and hy, hy € R satisfying t(|h1| V |ha|) < @. Furthermore,

(i) (One Sample) For any estimator sequence (Up,),>1, we have

sup lim inf sup nEy, 5 |Up — @0 (B, -1/ h)}Q > Varp|¢po(X)].
ICR ™7 heT
|Z|<oo

where [, 5, denotes the expectation taken over the probability measure P*" 12
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(ii) (Two Sample) For any estimator sequence (Upm )n m>1, we have

nm 2
2
En,m,h1,h2 Unm — W3 (Pn*1/2,h1’ Qm*1/27h2)

sup liminf sup
TCR2 n,M—>00 (h1,ho)eT n-+m

[Z[<oo > (1= p) Varpldo(X)] + p Varg[vo(Y)],

where the limit inferior is taken as n/(n + m) — p € [0, 1], and E,, ,,, », 5, denotes the
m

expectation taken over the probability measure Pf_”l /2., ® Qi_l /2 1y
The proof of Theorem 27 appears in Appendix 7.B. For technical purposes, our statement
assumes that P, () admit densities lying in a strict subset C*~1(T¢; M, ~) of C*~1(T¢; M, 7),
the latter being the class in which our differentiable paths are shown to lie. With this caveat, our
plugin estimators achieve the asymptotic minimax lower bounds of Theorem 27. For example,
under the conditions of Theorem 20, when 2(« + 1) > d we deduce that

nm 2

sup liminf sup Epm,hi,ho W;(ﬁéker),@%{er)) —WQQ(Pn—l/27h1,Qm—l/27h2)

ICR2 WM () hoyez T+ M
|Z|<oo
= (1 — p) Varp[po(X)] + p Varg[¢o(Y)].

It can be verified that Theorem 27 continues to hold with T¢ replaced by [0, 1]¢, under
the additional condition that g, ¢f € C**1(]0,1]¢). We were unable, however, to derive
differentiable paths Q; ;, = (V¢ 1) 4 Pr 5, which simultaneously satisfy the Holder continuity
properties of Theorem 27 while also having Brenier potentials ¢ ., ¢} , with uniformly bounded

C*1(]0,1]%) norm.

7.3 A One-Step Estimator

The previous two sections established that several plugin estimators of the Wasserstein distance
are semiparametric efficient when the smoothness of the underlying densities is sufficiently
high. A possibly surprising feature of these results was the fact that undersmoothing was not
necessary: the bandwidth used in our density estimators was always taken to be the minimax-
optimal choice. This forced us to make strong structural assumptions which ensured that our
plugin estimators did not have leading-order bias for all s > 0.

In this section, we aim to relax some of these assumptions by instead proposing a “one-step”
debiased estimator of the Wasserstein functional. First-order estimators of this type have been
at the heart of many recent developments in the causal inference literature, and more broadly in
a variety of semiparametric inference problems (see for instance Kennedy (2022) for a survey).
In such problems, one-step estimators are typically favored over plugin estimators because they
allow for nuisance parameters of a functional to be estimated in a black-box fashion, while still
retaining asymptotic efficiency. We will see that this general story applies to the Wasserstein
functional: treating the underlying densities and Kantorovich potentials as nonparametric
nuisance parameters, and given estimators of these quantities, we will construct a one-step
estimator which is agnostic to the structure of the nuisance estimates, and is semiparametric
efficient under black-box rate conditions.
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Let us briefly explain why our estimator involves the estimation of Kantorovich potentials
in addition to the densities. Recall that in Proposition 23, we derived a two-sample von
Mises expansion of the W3 functional. Given preliminary density estimator P, and @m, this
expansion roughly suggests that

W2(By, Q) ~ WE(P, Q) + / dod(P, — P) + / od(Om — Q).

where the approximation holds up to an error that decays quadratically with respect to the
Wasserstein risk of P, and ()y,,. The above display suggests that the leading-order bias of
W2(P,, Q) is on the order of

B [ [ v PP+ [ i@~ Q)] .

Although we were able to show that this bias term is negligible for the plugin estimators studied
in Section 7.1, our results required strong structural conditions on the density estimators and
underlying support. There is no a priori reason to expect that the above bias term is negligible
for general density estimators, and we will instead construct an estimator which subtracts
these bias terms. This will require us to estimate the underlying nuisance functions ¢y and .

Let us now provide a formal construction of our estimator. Let 2 C R be a closed, convex
set. We continue to denote by P, () two absolutely continuous probability distributions, with
respective densities p, g over (). Assume the practitioner has access to two independent i.i.d.
samples

X1,...,.Xop~P, Yi,....Y5, ~Q,

where we assume the sample sizes 2n and 2m are even for simplicity. We split the samples
into the sets

X(l) ={X1,..., Xn}, X(2) ={Xnt1,...,Xon}, and
Y(l) :{}/17”-7}/71}7 Y(Q) :{Yn+1,...,YQn}7

and we assume that the following nuisance function estimators are given:

* Dn is an estimator of the density p based on X ;). We assume that p,, is a proper density
over 2, and we let P, be the probability distribution with density py,;
* gm and @m are defined similarly, based on the sample Y (1;

~

* Tn, = V{y, is an estimator of the Brenier map 7p based on Xy, which is proper in the
sense that it is the gradient of a convex function ©,,. We assume this convex function is
additively normalized such that the induced Kantorovich potential

~

on =17 28,

satisfies fQ (anﬁn =0.
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* S = V) is an estimator of the inverse map 7}, ! based on Y (1), where again we
assume 7),,, is a convex function such that the induced Kantorovich potential

~

Y = |- 7 ~ 2
satisfies [, de@m =0.
Furthermore, define the following empirical measures based on X 5) and Y (),
Pl S s gt Y
n_ni:n—H o m_mj:m+1 o

We then arrive at the following one- and two-sample estimators of the quadratic optimal
transport cost

Wy = Wi (Pn, Q) + / $ndP,, and
an = Wg(ﬁna @m) + /andpq/% + /{D\mdQ;n
We are now ready to the state the main result of this section.

Theorem 28. Let Q2 C R? be a closed, convex set. Let P,Q € Pac(Q) N P2(Q) be absolutely
continuous distributions admitting respective densities p, q € L°°(2), and let Ty be the Brenier
map pushing P forward onto (). Let 0'3 be defined as in equation (7.1).

(i) (One Sample) Assume that Iy is Lipschitz over (), and that there exists a pair of Kantorovich
potentials (¢, o) in the optimal transport problem from P to Q) such that

[Pnll oo () = Op(1), ;2]1% |6 — o — allr2(q) = 0p(1), and (7.5)

W3(Po, P) + Wa(Pp, P)|| T, — Tol 12(6) = 0p(n~'/?). (7.6)
Then, as n — 00,

V(W = WE(P,Q)) -4 N(0,02).

(ii) (Two Sample) Assume that Ty is bi-Lipschitz over (). Assume further that there exists a pair

of Kantorovich potentials (¢, 1) in the optimal transport problem from P to Q) such that
assumptions (7.5-7.6) hold, and

1Gm || oo () = Op(1), ;&% [ — 1o — allr2@q) = 0p(1), and
W3 (@, Q) + Wa (@, QIS = Ty 2y = 0p(m™'/%).
Then, as n, m — oo such thatn/m — p € (0, 1), it holds that

nm

(Wom — WE(P,Q)) -5 N(0,02).

n—+m
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We make several remarks regarding Theorem 28.

* The estimator /Wn is constructed with a sample of size 2n, but achieves the same limiting
variance as our plugin estimators based on a sample of size n. Therefore, W), itself is
inefficient, but there is a simple modification of this estimator which is efficient. Let T},
be the estimator obtained through the same procedure as /Wn, but with the nuisance
functions estimated on the second half of the data X5, and with P/ replaced by the
empirical measure on the first half of the data X ;). Then, the estimator

l—~ 1
§Wn+§Wg

can be shown to be efficient under similar conditions as those of Theorem 28 (a similar
procedure is used by Bickel and Ritov (1988)). The two-sample case can also be handled
similarly, but we omit formal statements in order to alleviate notation.

* The most substantive assumption in Theorem 28 is the rate condition (7.6). This as-
sumption is reminiscent of that of doubly robust estimators in the causal inference
literature (Chernozhukov et al., 2018), which would typically require that the mere
product of errors to decay at a fast rate,

Wa (P, P T = Toll 12(@) = 0p(n~ /7).

In our setting, we additionally require the condition W5 (]Sn, P) = o,(n~'/*). Roughly
speaking, this means that the underlying densities must be estimated well (at least at
the n~1/4 rate), but that the nuisance estimator an does not need to be estimated at a
fast rate. For example, if the density P is estimable at the parametric rate in Wasserstein
distance, then it suffices to choose ¢,, such that the fitted map T, is consistent in L2(%).
This is a very weak requirement; for instance, Segers (2022) derives uniformly consistent
estimators of optimal transport maps under almost no regularity assumptions.

* Notice carefully that Theorem 28 does not make the assumption that the underlying
Kantorovich potentials (¢o, ¢)g) are unique. Instead, we merely assume that there exists
a pair of nuisance estimates (¢, 1., ) which consistently estimates some allowable pair
of population Kantorovich potentials (¢o, %), up to additive normalization, and the

limiting variances O'g are to be understood with respect to this pair.

Let us now turn to the proof of Theorem 28.

7.3.1 Proof of Theorem 28

For the purpose of this proof only, let us make use of the following characterization of the
Sobolev seminorms: for any maps f € H(Q2) and g € L3(12),

1Ly = [ 1V Fl1a£, and.

ol =500 { [ af : Uflmey < 1.5 € 7 @)}
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We will also make use of the following result due to Loeper (2006); Peyre (2018).

Lemma 87. Assume that j1,v € Pac(2) N Pa(2) admit densities f, g € L>°(2). Then, there is
a constant C = C(|| fl| o (a): 19/l oo (02), @, d) such that for any map h € H' (),

[ b= v) < Clhl g )Wl ).

Let us now turn to the proof. We will prove the first claim, and a similar argument may be
used to deduce the second. We have,

— WP @) - WHP.Q) + [ GuaP
— [ ond(Pu = P+ [ GudPit ()

where we used the fact that, by Theorem 18 of Chapter 5 (and remarks thereafter), the order
assessment

W3 (Pa, Q) — W3 (P,Q) — / od(Py — P) = Oy (W3(Py, P)) = 0p(n~'7?)

holds under the Lipschitz assumption on 7p, and under our assumptions on the nuisance
parameter estimators. Furthermore, one has,

/ bod(P, — P) + / dndP’,
— [0 =3iP, = P)+ [ Gua(P; - P,
where we used the fact that f $ndﬁn = 0. Notice that
/ (¢0 = Gn)d(Pr = P) < 60 = doll 1 150 = Pll g0y S |1 Tn = Toll 2y Wa( o, P),

where we used Lemma 87, together with the fact that p,, (and p) is bounded over 2 with
probability tending to one. By assumption on the nuisance parameter estimators, we thus have
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The first term in the final line of the above display converges in distribution to N (0, o2) by
the classical central limit theorem. It thus remains to show that the second term vanishes
in probability. To this end, notice that by independence of P), and ¢y, it holds (cf. Lemma 2
of Kennedy, Balakrishnan, and G’Sell (2020))

\/ﬁ/(an — ¢o)d(P., — P) =0, <\/Var[$n — ol X1, ..., Xn]) :
Using the fact that P has a bounded density over {2, we have
Var[gn — 60| X1, .., Xa] < i0f |16 — b0 — allfaq) = 0,(1),

by assumption. The claim now follows. O

7.4 Toward Higher-Order Estimation

The one-step estimator presented in the previous section allows for efficient inference to be
performed over a wide range of model classes, including but not limited to the Hélder models
used in Section 7.1. Nevertheless, if we restrict our attention to these Holder models, it is natural
to ask whether the plugin or one-step estimators can be improved by higher-order debiasing.
Indeed, it has well-known that for other traditional functional estimation problems, plugin and
one-step estimators are minimax suboptimal, and can be improved by debiasing the one-step
estimator (Bickel and Ritov, 1988; Birgé and Massart, 1995; Laurent, 1996; Kerkyacharian and
Picard, 1996). In this section, we take a first step suggesting that the same conclusion is true of
the Wasserstein distance: we will derive a second-order debiased estimator which achieves a
polynomially faster convergence rate than that of our plugin or one-step estimators.

For simplicity, we will focus on the simplest setting of periodic measures. Thus, we assume
throughout the remainder of this section that P and () are absolutely continuous measures
over T¢, with respective densities p, ¢ which are bounded from below over T¢ by a positive
constant. In this case, there exists a unique pair of Kantorovich potentials (¢, 1g) (up to
additive normalization) in the optimal transport problem from P to ), and we fix such a pair
with the normalization constant chosen such that [ ¢odP = 0. Furthermore, for simplicity
of exposition, we focus only on the one-sample case where () is known, and an i.i.d. sample
X1,..., X9, ~ Pisgiven.

Our main technical contribution will be to derive a second-order von Mises expansion of
the Wasserstein functional, and to show that the remainder of this expansion decays cubically.
We have already shown that the first-order influence function of W3 is the Kantorovich
potential ¢g. This suggests that its second-order influence function, if it were to exist, could
be obtained by taking the influence function of the mapping p — ¢¢(x), at any fixed point
x € T?. Conveniently, this mapping was our main object of study in Chapter 6, where we used
a linearization of the Monge-Ampére equation to quantify its first variation. As a reminder, let
us recall a result that can be deduced from Section 6.3 (and recall notation (1.18)).
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Lemma 88. Letp,p,q € CJ2r+5(Td) for some B > 2, and let $ be the unique Brenier potential

from D to q which has mean zero over the unit hypercube. Let ¢ = || - 12

E' be operator defined in Lemma 58, namely

— 2(¢q. Furthermore, let

E: H(TY) — L3(T9), Eu= —div(AVu),

where A = p - (V2p) L. Then, there is a constant C' = C(wa45(p, D, q), B, d) > 0 such that
Hfg— $o — Eil[ﬁ— P]H § \\ﬁ—p\\?gl+5(w)-

Using this observation, we arrive at the following result. In what follows, we recall from
Proposition 39 that the operator £ admits a unique periodic Green’s function I' € L' (T¢ x T¢),
which is symmetric and integrates to zero in each of its coordinates. It satisfies the identity

B (@) = [ D))y, forall f € CGF(TY, v € T
Td

Theorem 29. Assume the same conditions as in Lemma 88. Then, there is a constant C > (
depending only on wa 3(p, P, q), d, B such that

W2(P.Q) — WA(P.Q) - / dod(P — P)- // rd(P - P)i(P - P)

< ClIp = pllesra 5 = plIF-1(ray.

This result marks an important departure between the Wasserstein distance and other famil-
iar functionals, for which lack of existence of second-order influence functions is typical (Robins
et al., 2009). For such functionals, it is usually possible to use the idea of a quadratic expansion
to debias one-step estimators by first restricting the functional to a finite-dimensional subspace,
where a second-order influence function may exist, and then increasing the dimension of
this subspace, incurring a bias-variance trade-off. For us, the situation will be simpler, since
Theorem 29 shows that the quadratic term in the von Mises expansion of W3 (]3 , Q) is already
representable by a bilinear form, with “second-order influence function” I' € L*(T¢ x T9).
We will thus be able to perform second-order debiasing by simply estimating I" and the cor-
responding bilinear form. Nevertheless, let us emphasize that T' does not lie in L?(T¢ x T9),
and thus is not strictly-speaking a second-order influence function of W3 (-, Q) in the sense
of Robins et al. (2009).

Guided by Theorem 29, let us now define our second-order debiased estimator. We will
assume as in the previous section that the i.i.d. sample is split into the sets

X(l) = {Xla..-7Xn}7 X(Q) = {XnJrl,...,XQn},
Let

pnl(z) = e Kp,(x —y)dP,(y), =€ T¢
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be a kernel density estimator based on the empirical measure P,, = (1/n) Y 1" dx, from X q.
The above definition is to be understood with the same conventions as in Chapters 5-6; in
particular, K € C*(R?) is a kernel, and K, = K(-/hy,)/he for some bandwidth h,, > 0.
Furthermore, let ¢,, be the unique Brenier potential in the optimal transport problem from P,
to (), admitting mean zero over the unit hypercube:

/ On(z)dz = 0.
[0,1]7

Furthermore, let ¢, = | - I — 2%, be an induced Kantorovich potential. Now, define the
operator R R N
E, : H3(TY — L3(TY), FE,u= —div(A,Vu),

with A, = Py - (V23,)"!. Here and throughout what follows, all of our definitions are
tacitly made over the event that p,, defines a probability density on T¢ which is bounded
away from zero. Reasoning as in Chapter 6, the above operator admits a discrete and real
spectrum; we denote by 0 < Ay < Ay < ... its ordered sequence of eigenvalues, with
corresponding eigenfunctions {n;}32, chosen to form an orthonormal basis of L%(T?), and
such that Ennj = Ajn; for all j > 1. We emphasize that these eigenfunctions and eigenvalues
are random and depend on n, but we omit this dependence from our notation for ease of
exposition.

Let I, be the periodic Green’s function associated with the above operator, and for some
nonnegative sequence (.J,,),>1, define the estimator

- oy ()5 (y)
Fn(xay) 22%7 :L,’yer]rd‘
J=1 J

Now, let P| = (1/n) Z?Znﬂ dx, be the empirical measure based on Xy, and define the
U-statistic operator based on X3,

1

3)
2) n41<i<j<2n

where g : T? x T¢ — R is any Borel-measurable map. Our second-order debiased estimator is

then defined by
Wn = W;(ﬁn,Q) + Q/b\nd(P;L _ﬁn) + Ungn,
Td

where g, : T¢ x T¢ — R is the kernel defined by

~ ~

gn(z,y) = fn(y, x) — // [fn(y,x') + fn(y', r) — Ty, o) dPn(x')dﬁn(y’), z,y € T

Our main result is the following.
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Theorem 30. Letp,q € C{ (T%), d > 3, and assume
s> max{d/4 — 1,2}. (7.7)
Assume further that the kernel K satisfies condition K(s + 1). Let
hp < n_ﬁ, and Ji/d = ¥,
Then, it holds that
\/ﬁ(Wn — WE(P, Q)) LN N(0,03), asn — oo,

where o} is defined as in equation (7.1).

Theorem 30 shows that second-order debiasing leads to semiparametric efficient inference
under the smoothness condition (7.7), which is significantly weaker than that of our plugin
estimators in Section 7.1 when s > 2. It is easy to see that this condition is also strictly weaker
than what is achievable by the one-step estimator in Section 7.3. We leave it as an exciting
open question to determine whether this condition is sharp, or whether it can be improved by
a more careful analysis or higher-order debiasing.

Let us now turn to proving Theorems 29-30 in turn.

7.4.1 Proof of Theorem 29

Let ¢ € [0,1], P. = P + ¢(P — P), and let ¢, be the unique Brenier potential admitting mean
zero over [0, 1]%, whose gradient pushes forward P. onto Q. Let ¢, be the induced Kantorovich
potential. Furthermore, let F¢ be the operator defined by

E.: H3(TY) — LA(TY), Fou= —div(AVu),

where A, = p. - (V?p.)~L. Notice that, under the conditions we have placed on p, p, ¢, the
operator FE satisfies the properties set forth in Section 6.A of Chapter 6. Define

g:[0,1] =R, g(e) = W (P, Q).
We have already established that

W3 (Peyn, Q) — W3 (P, Q)
/ - 2 e+h» 2 € _
g'(e) = lim .

/ ¢ed(ﬁ - P )
In order to compute the second-order derivative of g, write
1 ~
h/(¢e+h - ¢e)d(P - P) (7~8)

1 ~ 1
=& [ B b= pdaP =Py [ (00— 6~ B M pn — 0

N—
=3
ae)
|
3
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Now, since p, € Cffﬁ (T%), with Holder norm and density lower bound which are uniform in

€, we may apply Lemma 88 to the densities pc, pe1p, ¢ to deduce

|

Combining this inequality with a simple duality argument, we obtain

Gern — be = B [pern — pe] S petn — pe”glw(wy

C2+B (']Td)

‘/ (¢e+h - (be - Egl[pe—i-h _pe]>d(ﬁ — P)‘
S, H(be—i-h - (z)s - Egl[pe+h - pE]HH2+5(Td) Hﬁ_ pHH*(QJrﬂ)(’]l‘d)
S lpesn — pe||(2;1+5(qyd)||ﬁ— pHH*(2+5>(Td) < K

Returning to equation (7.8), we deduce
9 = i 3 [Gean— 00d(P - P)
h—0 h
1 . .
[ B e —pdaP - )

— lim =
hli%h
- / E-p— pld(P - P),

where we used the fact that pyp, — pc = h(p — p). We have thus shown that g is twice
differentiable. One may equivalently express the second derivative in terms of the periodic
Green’s function I'¢ associated to the operator E.,

0" = [ [ Lo - PP - P)o)
It now follows from a second-order Taylor expansion that

lg(1) — g(0) — ¢'(0) — ¢"(0)] < s 9" (€) — g" ()]

To prove the claim, it thus remains to bound the quantity on the right-hand of the above display.
Notice that for any given €, ¢ € [0, 1],

where u = E_[p — p] and v = E*[p — p]. We have
Eeu=p—p= Euv,
whence E.[v — u] = (E. — Eo)u, and so, for any € T¢,

v(z) —u(r) = E;! [(Ec — Eo)ul ()
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/ T.() )(dw(A Vi) — div(A4sVu))
/v To(y,z)" (Ae — Ae) (y) Vu(y)dy.
We thus have,
909" = | [ ViLolya) (A~ A0) () Vulw)dyda
= / VE P~ pl(y) (A — Ao ) (y) Vuly)dy,

where the final equality follows from Fubini’s theorem. Deduce that for any fixed 5 > 0,

19"() = 0"() < | VEZ 5 = bll| 2 gy 1 Ae = Aerll e )| V]| 2
SJHI?—PHH—l(Td)HPe Pe ”cﬁ(Td 1D = pllg— 1(Td)
S 15 = Pllesnllp = Pl oy,

where the penultimate inequality can be deduced from the stability bound of Proposition 36
and Lemma 59 of Chapter 6. The claim thus follows. O

We are now ready to prove the main result.

7.4.2 Proof of Theorem 30

Fix § € (0, 1) so small that s — 3/2 > max{d/4 — 1, 2}. Throughout the proof, we will tacitly
make use of the fact that, by Lemma 108, there almost surely exists N > 0 such that for all
n > N, there exists A > 0 such that

1 ~
xlélﬂfdpn( z) > A7, and |[|pallcets(me) < A

We will always work over this almost sure event without explicit mention. We also abbreviate

E,[-]:=E[-]|X1,...,X,] and Var,[-] = Var[-|X1,..., X,].

Notice first that

W3 (

P.Q) -
/(bn P Pl F (P_Pn ngn

+|:W22(P7Q)_W22<Pm@)_/¢ (P—P) //FdP P,)d(P - P,)

/qbn (P-P) //I‘d )d(P Pn Ungn

Op (5w = Pllesrey 1Bn — w1 Td))

%
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where we used Theorem 29. By independence of X1y and X 3), it is a simple observation that

NG / Bud(P — P~ N(0,02)

as n — 00, by a similar reasoning as in the proof of Theorem 28. Therefore, to prove the claim,
it suffices to show that the remaining terms in the final line of the penultimate display are of
order 0,(n~'/2). We easily obtain

1P — pllescrayIBn = PI3 1 gay = Op (0™ 257 ) = 0y(n1/2)
under the condition s — 3/2 > d/4 — 1, by Propositions 42-43. It thus remains to show that
Ry = // T,d(P — P,)d(P — P,) — Ungn = 0p(n~/?). (7.9)
To do so, we separately bound the bias and variance of R,,. Regarding the bias, we clearly have

B [Ungn] = // gndPdP = // L, d(P — P,)d(P — P,),

thus, for a large enough constant C' > 0,

BR.)| = | [[ (F - TP~ Pa(p - P)

I3 [ wemwar - Bywir - )

Jj>Jn

= Z )\ pa77]>L2(1rd)
J>Jn

N Z J 2/d - D ﬁ])Lz(Td)
J>Jn

Now, reasoning similarly as in the proof of Dunlop et al. (2020, Lemma 17), it holds that

Z A3 {Pn — P 1j) LQ('Jl‘d S ”pn”Hs('er + HpHHs Td) S L
7i>Jn
thus e +1) st
‘En[R Z .728/d - D, nj>L2(Td) 5 JT; ¢ )
3>Jn

Let us now turn to the variance. Using an elementary bound on the variance of U-statistics (Robins
et al., 2009), we have

1 2 1
Var,[R,] = Var, [Ungn] < —En [( /T ) gn(X{,y)dP(y)> + 5En [92(X5, X7)] .
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Now, notice that for any = € T¢,

/W gn(,y)dP(y) = /fn(y,x)d(P—ﬁn)(y) +/ (/ fn(y,x’)d(p_ﬁn)@)) B, (')
S P —PHLOO(W),

where we used the fact that g, € L'(T¢ x T%) with uniformly bounded norm. Using this same
fact again, we arrive at

1Pn = pllpeersy 1
2

Var,[R,] < +- (1 +E, {fﬁ(xﬁ, X{)] ).

n
Regarding the final term, it holds that

2

E[[2(X], X3)] / / > 1)) 77] dP(z)dP(y)

7<Jn
= > AN //m 2)n; (y) e () e (y) dacdy
7,k<Jn
= 3 A= gl
J<Jn
2
Combining these facts, and recalling that Jrl/ d nds+d we thus arrive at
4(s+1) Pn — PllLoo(Td 1 —4/d _ 8(s+1)
B2 < gy T 4 P Py — Sn o +o(nTh).
n n

Under the condition s > d/4 — 1, the above display is of order o(n~!). The claim follows from
here. O

7.A Proofs of Central Limit Theorems for Plugin Estimators

The aim of this appendix is to prove Theorem 26. We also state and prove Proposition 40,
regarding the question of variance estimation. We begin by deriving limit laws for the functional

[ ¢0(pn, — p), which form an important component of our central limit theorems. Here, p,, is

one of the estimators ﬁflbc), and ﬂnker), which respectively arise from the boundary-corrected

~(bc) ~(ker)

and kernel density estimators py, ’, and p,, ’. We also write

p5) =B pi = B

We have the following.

Lemma 89. Lete,s > 0, and let h,,! < 27 4 0.
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(i) (Unit Hypercube) Let p € C¢([0, 1]%) be positive over [0, 1]%. Assume that ¢ € C*([0, 1]%)
satisfies Varp[¢o(X)] > 0. Then, asn — oo,

f/qﬁo ,\(bc _ (EC)) ~+ N (0, Varp[¢po(X)]).

(ii) (Flat Torus) Let p € C¢(T¢) be positive over T?. Assume that ¢y € C*(T?) satisfies
Varp[¢po(X)] > 0. Then, asn — oo,

NG / o (P — pir)) v N (0, Varp[go (X))

7.A.1 Proof of Lemma 89

The proof is standard, thus we only prove claim (i). The remaining claims can be proven
similarly. For simplicity, we write ‘1’?571 = "¢ throughout the proof. Reasoning as in the
proof of Lemma 36, and in particular using Lemma 105, it holds that

Ji / po(PP) — ) = Y / S0 — p) + v / b0 — )
—Jn / b0 — p) 1 0,(1)

\/» Z n,g n J1 )
where we write

Z > & Xiyve, i=1,....n,

Jj=jo—1 5@1/;)6

and where ¢ = [ ¢o& for all ¢ € WPC. By Lyapunov’s central limit theorem (Billingsley (1968),
Theorem 7.3), it holds that

n

1
Z?:l Var[Zy,i] ;

provided that for some p > 2,

(Zn,i - E[Zn,i]) ~ N(0,1), (7.10)

S B[ Zni — EZy 7]
(S0, Var[Z, )"

Now, using Lemma 101, it holds that

— 0. (7.11)

sup sup |Zy;| <sup Z Z Ee

>11<i< n>1 1.
n i<n j=jo— 1§€‘IJ?C
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o0

< 3 Hadeeelien | s el | || 3 100> 0
E c bc

j=jo—1 ; cewbe
[e.9]

Z 9-i(5+5)9% < Z 2775 < 0. (7.12)
]Jol Jjol

On the other hand, under the stated conditions, it follows from Lemma 36 that
> " Var(Z, ] = n(Varp(¢o(X)] + o(1)). (7.13)

Since Varp[¢o(X)] > 0, the denominator in equation (7.11) is of the order n?/2, while the
numerator is of order n by equation (7.12). It follows that Lyapunov’s condition (7.11) holds
for all p > 2. The claim thus follows from equations (7.10) and (7.13). O

7.A.2 Proof of Theorem 26

Assume first that og, 01 > 0. We begin with part (i). Under the stated conditions on the
densities, it follows from Theorem 4 that g satisfies condition A1(\) for some A > 0. Apply
the stability bound of Theorem 18 to obtain,

0< W2( (ker) Q) . WQQ(P, Q) _ /¢0d(ﬁ7§ker) _ ) < W2( (ker)7p)'

ker)

Using the convergence rate of 13,§ under W7 in Proposition 46, and Lemma 47 regarding

the bias of [ qbodﬁqgker), we obtain

P o 2
WPk Q) — W2(P,Q) = /¢ (plker) — (ker))+0 (n_mzw y (logn) )

n

Using the assumption 2(« + 1) > d, deduce that

Vi (WP, @) - WHP.Q)) = vir [ uf= ~ i) + 0,(0).
Apply Lemma 89 to deduce that

Vi (WP, Q) = W(P,Q)) ~ N(0,08), asn — co.
By the same reasoning, but now using the two-sample stability bound of Proposition 23, we
also have

nm
n+m

(W%(éskef), Q) — WE(P.Q))
/ 1 — /¢0 /{ker _ ke +F/w0 "(ker (ker)) +Op(1),
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as n,m — oo such that n/(n + m) — p € [0,1]. By Lemma 89 and the independence of
Xi,...,X,,Yq,...,Y,,, we deduce that

nm

(W3 (PI), Q) ~ WE(P,Q)) - N(0,02),

n-—+m

as n,m — oo such that n/(n +m) — p. This proves claim (i) for kernel estimators. Claim (ii)
regarding the boundary-corrected wavelet estimators (P, Qm) now follows analogously by
using Lemma 36 to bound the bias of [ ¢odP,, Lemma 106 to bound the convergence rate of

P, in Wasserstein distance, Proposition 28, to bound the bias of the plugin estimator of the
Wasserstein distance, and Lemma 89 to obtain the limiting distribution of [ ¢o(p, — E[py)).

Finally, to prove part (v), apply Corollary 19 and the result of Divol (2021) to deduce that,
for Q € {[0,1]¢, T}, since the densities p and g are bounded and bounded away from zero,
we have

VAW (P, P) = 0,(1),  VmW(Qm, Q) = 0,(1),

as n, m — oo, whenever d < 3. Therefore, using Theorem 18, Proposition 23, and Proposi-
tion 27, we obtain

\/ﬁ(WQZ(Pn, Q) — W2(P, Q)) _ \/ﬁ/gbod(Pn — P)+0,(1),
Ve (W3 P Qu) ~ WHP.Q)) = VL= pln [ ond(P, ~ P)
47 [ (@ = Q)+ 0,1,

Claim (v) then follows by the classical central limit theorem.

It thus remains to consider the situation where 01 = 0 or og = 0. Notice that the
Kantorovich potentials ¢g and 1y are almost everywhere constant if and only if P = (). As
a result, the statements “op = 0”, “o; = 07, and “P = )" are equivalent, thus it remains to
prove the claim when P = Q. In this case, it suffices to show that /nW2 (P,, P) = op(1) and

nm
n+m

these assertions are a direct consequence of the aforementioned convergence rates of these
estimators in Wasserstein distance, under the assumptions of each of parts (i)-(v). The claim
thus follows. O

Wg(ﬁn, @m) = 0p(1) for the various estimators 13n and @m under consideration. But

7.A.3 Variance Estimation

We now state a simple result regarding the estimation of variances appearing in Theorem 26.
In what follows, let Q be equal to T¢, or to a compact and connected subset of R?, and let
P,Q € Pac(2). Let (¢o,10) be a pair of Kantorovich potentials in the optimal transport
problem from P to Q). Furthermore, let

Xi,..0. Xo~ P, Y1, . Y ~Q
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be i.i.d. samples which are independent of each other, and let P,, and (),,, denote their respective
empirical measures.

Proposition 40. Let the distributions P, Q) € P,.(2) have positive densities over €. Let ]3n
and (), be estimators such that

Wa(P,, P) = 0,(1), and Wa(Qm, Q) = 0,(1),

as m, m — oo. Let ($nm, Q,an) be a uniformly bounded pair of Kantorovich potentials in the
optimal transport problem from P, to @,,. Then, as n, m — oo,

62 = Varyp, [bnm(U)] 2 Var[go(X)], and,

O,nm " —

5% = Vary gy, [bam(V)] = Var[go(Y))].

Note that the assumption of uniform boundedness of the fitted potentials can always be
satisfied, due to the compactness of 2 (Villani, 2003, Remark 1.13). In particular, the conditions
of Proposition 40 are met for any of the estimators (1371, @m) appearing in the statement of
Theorem 26.

Proof of Proposition 40. To prove the claim, we shall make use of the following stability result
for Kantorovich potentials over compact metric spaces, due to Santambrogio (2015, Theorem
1.52), which we only state in the generality required for our proofs.

Lemma 90 (Santambrogio (2015)). Let P, Q € Pac(f2), and assume that at least one of P and Q)
has support equal to Q2. Let (P )k>1, (Qk)r>1 € P() be sequences which respectively converge
to P, () weakly. Let (¢y, 1) denote a pair of Kantorovich potentials in the optimal transport
problem from Py, to Qy, for all k > 1. Then, it holds that ¢y, — ¢¢ and vy, — g as k — oo,
the convergence being uniform over (Q, for some pair of Kantorovich potentials (¢, 1) in the
optimal transport problem from P to (), which is uniquely defined up to translation by constants.

We will prove the claim for o 00 nm» and a symmetric argument may be used for 57 - By

Lemma 90, there exists a random variable a,,,, such that ¢> = ¢>nm + apm and wnm =
wn — anm converge uniformly to ¢ and g respectively. We have,
58 — 8] = [Varp, [fum(U)] = Varp[o(X)]|

= [Varp, [, (V)] - Varp[<z>o( |
[ @z, [ ar|+ | [ Gnar, - [ owir]

<| [@rar. - P>) +| [ Brnatr, - P)] 182 = G0l 2

A

Since $gm is convex up to translation by a quadratic function, and uniformly bounded, it must
be Lipschitz with respect to || - || over the compact set €2, with a uniform constant depending
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only on the diameter of this set (Hiriart-Urruty and Lemarechal (2004), Lemma 3.1.1, p. 102).
Thus, (¢2,,,)? is also Lipschitz over  with uniform constant. The set of Lipschitz functions with
a uniformly bounded Lipschitz constant, over any given compact domain, forms a Glivenko-
Cantelli class (van der Vaart and Wellner (1996), Theorem 2.7.1), thus the first two terms on the
right-hand side of the above display vanish in probability. The final term vanishes due to the
uniform convergence of &ﬁm to ¢o. O

7.B Proofs of Efficiency Lower Bounds

Throughout this appendix, given ) € Pac(€2), we abbreviate the functional ®¢g by ®, and the
influence functions @ (p ) and ¥ (p ) by ® and ¥, respectively.

We begin by defining the differentiable paths (P j,, )i>0 and (Qy p, )i>0, for all (hy, h) €
R2, as announced in Section 7.2. We follow a construction from Example 1.12 of van der Vaart
(2002). Recall that P, Q € P,.(Q2) admit respective densities p, ¢. Let ¢ € C*°(R) N C?(R) be a
bounded nonnegative map, which is bounded away from zero over R by a positive constant,
and which satisfies ((0) = ¢’(0) = ¢”(0) = 1. For any functions f € L3(P) and g € L3(Q),
define P/, QY € P,c(€) to be the distributions with densities

pl(x) < Ctf(2))p(x),  af(y) o C(tg(y))a(y), (7.14)

forall z,y € Qand ¢t > 0. Since ( is bounded away from zero over R, notice that the implicit
normalizing constants in the above display are bounded from above by a constant which does
not depend on ¢, f, g, p, ¢. We now turn to the proofs of Lemma 86 and Theorem 27.

7.B.1 Proof of Lemma 86

Let f € 75p be an arbitrary score function, and abbreviate the differentiable path P; := Ptf ,and
its density p; := p{ , for all ¢ > 0. Here, we use the definition in equation (7.14). Let (¢, 1)
denote a pair of Kantorovich potentials in the optimal transport problem from P; to (), which
we may and do choose to be uniformly bounded by diam(£2)?, and hence uniformly bounded
in ¢t. By the Kantorovich duality, one has

O(P) - &(P) = sup [/ sap+ [ wQ} [ wap ~ [ i

(CRDISTS

> / dodP, + / odQ / bodP / bodQ = / bod(P, —
o) - o(P) = [ oudp+ [ bidq - S [ [oir- [ wdQ] [ ot
(7.15)

By construction, the map ¢ € [0,00) — p;(x) is differentiable for every x € (2, and letting
A¢(x) = (pe(z) — p(x))/t, we have

) 0
lim Ay(z) = apt(m)

t—0

= f(x)p(2). (7.16)

t=0
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Now, notice that for all ¢ > 0,

(o) 5[ LD ) 'C(tf(x)t) <0,

) < [ICllerrey f (2)p(2).

Since f € L3(P) C L{(P), we deduce that A¢(x) is dominated by an integrable function,
uniformly in ¢. Since ¢ is uniformly bounded, we also deduce that the map |¢o||Ar — fp| is
dominated by an integrable function. We then have, by equation (7.16) and the Dominated
Convergence Theorem,

lim inf —(I)(Pt) —2(P)
t—0 t

> liminf/ Do AdL
t—0 Q
_ / ¢ofdP + lim inf / o [Ar — fpldL
QO t—0 Q
z/%mpwmm/wmm<MM
(9] t—0 (9]
2/%NPi/%WMWMerM=/%MR(HW
(9] (9] t—0

and similarly,

O(P) —o(P
limsup ——= (71) < hmsup/d)tAtdﬁ

t—0 t t—0

<hmsup/d>tfdP—|— <sup||¢t|Loo )hmsup/|At fpldL

= lim sup/@fdP.
t—0

Let tx | O be a sequence achieving the limit superior, in the sense that limy_, ., f ¢, fdAP =
lim sup,_,o [ ¢+dP. Up to taking a subsequence of (;), Lemma 90 implies that ¢, converges
uniformly to a Kantorovich potential fy from P to (), which is unique up to translation by a
constant, and which therefore takes the form fy = ¢g + a for some a € R. The limit superior
clearly continues to be achieved along this subsequence, thus we replace it by (¢, ) without
loss of generality. We thus have

%ﬁm/@ﬁPzg&/%mW:/(g&%)MPz/Wﬁwﬂsz%NR

where the interchange of limit and integration holds again by the Dominated Convergence The-
orem, since ¢; are uniformly bounded, and f € L(P). Combine this fact with equation (7.17)

to deduce that &(P &(P
lim (t)t_() = / PofdP.

t—0

It follows that & = ¢o — f ¢odP is an influence function of ® with respect to 75p. Since
we assumed that ® € Pp, it must in fact be the case that ® is the unique efficient influence
function of ® with respect to Pp (van der Vaart, 2002), and the claim follows. O
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7.B.2 Proof of Theorem 27

We shall use the following abbrevations of the differentiable paths defined in equation (7.14).
Forany h € Randt > 0, if f = h® and g = h¥, we write

Pon:=Pl, pin(@) = pl (@) = en(t)C(th®(x))p(a), (7.18)
Qun=Qf, an(y) =l (y) = kn(O)CERT(y))q(y), (7.19)

for all z, y € T¢, where the normalizing constants are explicitly denoted

-1

o) = ([ cnbnar@) . o= ( [ conduaanm)

In this case, the collections {(P; 4)i>0 : h € R} and {(Q¢)¢>0 : h € R} respectively have
score functions given by the tangent spaces

Pp={h®:heR}, Pg={hV:hecR}

We begin by showing that there exist M, 7, % > 0 such that p, € Co~Y(T9; M,7) uni-
formly int|h| < 4. Anidentical argument may then be used to show that g, , € C*~1(T4; M, 7)
for all appropriate ¢, h. Our proof then proceeds by proving parts (i) and (ii).

Since p > !, and since ( is bounded from below by a positive constant, it is clear that

there must exist ¥ > 0 depending on v and ¢ such that
71 < pep over T? forallt > 0,h € R. (7.20)

We next prove the uniform Hélder continuity of p; ;. We begin by studying the Holder
continuity of the map ((th®(-)). Since p,q € C*~1(T%; M,~), and since we assumed o ¢ N,
we have by Theorem 4 that, for some constant A > 0 depending only on M, v, «

19| as1(pay < A (7.21)

Furthermore, recall that ¢ € C°°(R). Thus, by the multivariate Faa di Bruno formula (see,
for instance, Encinas and Masque (2003); Constantine and Savits (1996)), it holds that for all
multi-indices 1 < |3| < | + 1],

18 d o
1 /1 j
DP¢(thd(- 5!} (th)* ¢ (thd(- | | — ( Dmp( )> ,
ey €;j 7']

e])

where the second summation is taken over all indices (ej)1<j<¢ C N and multi-indices
(T5)1<j<d € N? such that for some 1 < s < d — 1, 7j=0andej =0foralll <j <s,e; #0
and 7; # 0 for s + 1 < j < d, and for which it holds that Z;l:1 e = £ and Z?Zl e;j7; = .
Furthermore, 5! = fi!... 54!, and 7;! is defined similarly for all j. Since ( € C®(R), its
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derivatives of all orders less than a + 1 are uniformly bounded over any fixed compact set.
Since ® is bounded, we deduce that for any & > 0,

sup  sup [|(th) ¢ (thd())[loo Sa 1.
0<t<|a+1] t2|2’\h<€*R
t|h|<u

Furthermore, we have || D7®||oc < A for any 0 < |7| < |« + 1. This fact together with the
preceding two displays implies

sup  sup [|DPC(th®()) s Saa 1. (7.22)
0<|BI<[a+1] tz‘o,‘heu@
tlh|<u

Now, recall that p; 5, (-) = ¢p(t )C(th®(-))p(-), and that ¢, (t) is uniformly bounded in A and ¢
because ( is bounded away from zero by a positive constant. Thus, using the above display,
the fact that p € C*~(T¢; M), and Lemma 95, we deduce there exists a constant M > 0,
depending only on M, u, o and the choice of ¢, such that

sup ||pe,nllca—r(pay < M.
t>0,heR
t|h|<u

Combine this fact with equation (7.20) to deduce that

pen € CO7NTY M,7), forallt >0,h € R, t|h| < a.

We now prove part (i). Since ® € Pp, it follows from Lemma 86 that ® is the efficient
influence function of ® relative to Pp Since Pp is a vector space, it follows from Theorem 25.21
of van der Vaart (1998) that for any estimator sequence U,

sup lim inf sup nEy, ,|Up — @ (B, -1/ h){Q > Varp|¢po(X)],
ICR M7 hel ’
|Z|<oo

where the infimum is over all estimator sequences.

We next prove part (ii). Inspired by the proof of Theorem 11 of Berrett and Samworth
(2023), our goal will be to invoke a more general version of Theorem 25.21 of van der Vaart
(1998), given in Theorem 3.11.5 of van der Vaart and Wellner (1996), whose statement we briefly
summarize here. Let H be a Hilbert space with inner product (-, )z, and norm ||-|| ;. Let
(X, An, tinp © b € H) be a sequence of asymptotically normal experiments (as defined in
Section 3.11 of van der Vaart and Wellner (1996)). A parameter sequence (k,(h) : h € H) CR
is said to be regular if there exists a nonnegative sequence (7,) such that

’r‘n(lin(h) — Iin(O)) — k(h), he€H,

for a continuous linear map £ : H — R. Denote by * : R — H the adjoint of &, namely the
map satisfying (£*(b*), h)g = b*i(h) forall h € H.
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Lemma 91 (van der Vaart and Wellner (1996), Theorem 3.11.5). Let the sequence of experiments
(X, An, tin h = h € H) be asymptotically normal, and let the parameter sequence (r,(h) : h €
H) be regular. Suppose there exists a Gaussian random variable G such that for all b* € R,
b*G ~ N(0, ||c*(b*)||%). Then, for any estimator sequence (U, )n>1,

sup liminf sup riE“nyh(Un — kn(h))? > Var[G].

ICH "X per
|Z|<oo

Returning to the proof, define the Hilbert space H = R? with inner product
((h1, ha), (M, o)) = hahi Varpldo(X)] + hohty Varg[vo(Y)], - (ha, ha), (1, hs) € H,
and the sequence of experiments

Hn.h = P®n ® Q®m h = (hla h2) € RQ:

n_1/2,h1 m—1/2,h27

endowed with the standard Borel o-algebra. Here, m is viewed as a function of n which satisfies
n/(n+m) — p € [0,1] as n — oo. The following result can be deduced from Section 7.5
of Berrett and Samworth (2023) with minor modifications, using our assumptions placed on (.

Lemma 92 (Berrett and Samworth (2023)). The sequence of experiments (j,p, : h € H) is
asymptotically normall.

Forall h = (h1, h2) € H,let kn(h) = W(P,~1/2 p, s @, -1/2 ,, ), Where again m is treated
as a function of n. Notice that x,(0) = ¥(P,Q) for any n > 1. By following the same
argument as in the proof of Lemma 86, using the Kantorovich duality and the stability result
for Kantorovich potentials in Lemma 90, one has

Hn(h) — Iin(O) = /(ﬁod(Pnuzﬁl - P) + /de(Qm1/27h2 - Q) + 0(1).

Now, since ¢(0) = ¢’(0) = 1 and [ ®dP = 0, we have for all ¢ > 0,

1

@) !

S lI¢llez@t* AT @) L2 p) -

_ ‘ / [C(th®() — 1~ thiB(x) | dP(2)

Recall that p and ¢ are bounded, and that c;,, (n~'/2) is uniformly bounded in h; and n, thus
for all z € TY,

P-4y (2) = p(&) = pl2) [ e, (072 (n ™ 2(a)) — 1]
= pl) [¢(hn28(2)) —1] + 0 (leloollfllooh%)
= p(@)hin™ & (x) + O (hi/n),
where we again used the fact that ¢(0) = ¢(0) = 1. Similarly, for all y € T¢,

172, () — a(y) = a(y)ham™ 2T (y) + O (h}/m),
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implying that,
kin(h) — Fin(0) = hin~ 1/2/¢0<I>dP+ hzm—1/2/¢owQ + O(h2/n + h3/m)

= hin~ Y2 Varp[¢o(X)] + ham™ Y2 Varg[yo(Y)] + O(h3 /n + h3/m).
We deduce that

P e (h) — Kn(0)) — ia(h) = (/T = p, /), (hy, ho))s

m-+m

as n, m — oo such that n/(n + m) — p. It follows that the sequence of parameters (x,(h) :
h € H) is regular. Furthermore, the adjoint of & is easily seen to be £*(b*) = b*(\/1 — p, \/p),
for all b* € R, and one has

I (") 113, = * ((1 = p) Varplgo(X)] + p Varglo(Y)]).

The claim now follows from Lemma 91. O

7.C Alternate Proofs of Central Limit Theorems

In this Section, we provide an alternate proof of Theorem 26 which does not rely on our stability
bounds in Theorem 18 and Proposition 23. We instead follow the strategy developed by del
Barrio and Loubes (2019) for obtaining limit laws of the process v/n(W3 (P, Q) — W(P,Q)).
For the sake of brevity, we only prove the one-sample case of Theorem 26(ii), and the remaining
assertions of Theorem 26 can be handled similarly. Throughout this section, we abbreviate

U = Ube and ﬁn = 13,§bc).

We shall make use of the classical Efron-Stein inequality (see for instance Boucheron,
Lugosi, and Massart (2013), Theorem 3.1) for bounding the variance of functions of independent
random variables, stated as follows.

Lemma 93 (Efron-Stein Inequality). Let X1, X1, X2, X}, ..., X, X/, be independent random
variables, and let R,, = f(X,...,X,) be a square-integrable function of X1, ..., X,,. Let

R;” = f(Xla-~7Xz'—17XZ(7Xi+17-~7Xn)7 1= 1,.. N
Then,

Var[Ry] <> E(Rp,
=1

With these results in place, we turn to proving the one-sample case of Theorem 26(ii). In
view of Lemma 106, it suffices to assume P # @, in which case Var[¢o(X)] > 0. We abbreviate

~

P, = ﬁébc), and we begin with the following result.

Proposition 41. Assume the same conditions as Theorem 26(ii). Define
Ry = W3(Po, Q) [ éudP.

Then, as n — oo, n Var(R,,) — 0.
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7.C.1 Proof of Proposition 41

Let X| ~ P denote a random variable independent of X1,..., X, and let
1 1 Z"
/o

denote the corresponding empirical measure. Let ]3,'1 be the distribution with density
S RCHY S RE= Y S Be wheef= [aiB cew,
e J=Jjo €¥; J=jo—1&€¥;

where we write U _; = ® for ease of notation. Set
R, =W}(P.,Q) - [ udP.

By Lemma 93, it will suffice to prove that n?E(R,, — R},)% = o(1). Let (¢, 1) be a pair of
Kantorovich potentials between P, and Q. Without loss of generality, we may assume that
[ ¢ndL = [ ¢odL for all n > 1. By the Kantorovich duality, we have

W3 (PoQ) = [ 6udPyt [ Gui,

W3(P., Q) = dP, + [ yd
5 ( ¢S$)1;K/¢ /w Q

> [udPit [ GuiQ = Wi PLQ) + [ GudlP - Py
It follows that, on the event F,,,
Ry B, < [ (60— 60)d(By - ).

In view of Lemma 93, the claim will follow if we are able to show that n?E(R,, — R.,)+ = o(1).

Arguing similarly as in the proof of, for instance, Lemma 36, it holds that P(p,, = p,) < n =3
Using this fact and the above inequality, it will suffice to prove that the quantity

R 2

B s= B ( [ o050~ )it

+

vanishes as n — oo. To this end, notice that

[Go= 0@~ = [Go -0 S 3 (e e

Jj=jo—1£€Y¥;
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1 & -
— o > e - €x)) [ Gu oo
j=jo—1E€W;

Using the locality of the wavelet basis (Lemma 30(ii)) and the Cauchy-Schwarz inequality, we
obtain

< 3 Y Eer 0 [ 116 = Il 5 2 5 > [ 13- solier
J=jo—18€V¥; J=jo—1&€Y;

In the final step, we again used Lemma 30(ii) together with the fact that p is bounded over
[0, 1]¢ (since p € C*~1([0, 1])), implying that

/f dx</§ )dx = 1.

By Lemma 101, for all £ € ¥ and j > jo, we have supp(§) C I¢ for a rectangle Iz C [0, 1]¢
satisfying diam(I¢) < 277, and 1€l oo () S < 24i/2 Thus,

B (R - RS 3 2 [ 60l

Jj=jo—1

Apply the Poincaré inequality in Lemma 38 together with the bound diam(Z¢) < 277 to deduce

J’"/ Jn
’E(R, — R})2STn Z 2(d=2); /HV ¢0)||2§Jn Z 2(d_mHTn_TOHZE(P)
J=jo—1 Jj=jo—1

where the final inequality holds due to the assumption that p has a positive density over [0, 1]¢,
which, due to the continuity of p, implies that there is a constant 'y*l > 0 such that p > 'y*l
over [0, 1]%. Apply Theorem 19 to deduce that

E(Rn — R)% < Z 220 T,, — Ty

< J, (an(d—Q—Qa) v (logn)2> .
Jj=jo—1

[ :

Since d < 2(a + 1) and J,, < log n, the above display is of order o(1), thus the claim follows
from Lemma 93. O

To prove the claim from here, write
V(W3 (Po, Q) ~ EWF(Po,Q)) = Vit [ 60(pn — p1,) + v (R~ EIRA)).
where recall that p;, = E[p,,]. It follows from Proposition 41 that the final term of the above

display converges to zero in probability. Furthermore, \/n [ ¢o(pn—p.,,) ~> N (0, Var[¢o(X)])
by Lemma 89. Combining these facts with the bias bound of Theorem 19, the claim follows. [



Part 111

Optimal Transport in Action

342



Chapter 8

An Application to the Search for
Pairs of Higgs Bosons

Our aim in this final chapter is to provide an application of the methods developed in this thesis
to a statistical problem arising in high energy physics, and more specifically in the search for
new physical phenomena in collider experiments.

8.1 Introduction

The Standard Model (SM) of high energy physics is a theory describing the interactions between
elementary particles—the building blocks of matter. One key component of the SM is the
presumed existence of a quantum field responsible for generating mass in certain elementary
particles. This field is known as the Higgs field, originally theorized by Higgs (1964), Englert
and Brout (1964). Excitations of the Higgs field produce particles, known as Higgs bosons,
which were the subject of an intensive search by experimental particle physicists ever since the
mid 1970s. In July 2012, two independent experiments at the Large Hadron Collider (LHC) at
CERN (the European Organization for Nuclear Research) announced the observation of a new
particle consistent with the SM Higgs boson (ATLAS, 2012; CMS, 2012). Having discovered this
Higgs-like particle, current work is concerned with detailed studies of its properties, in order
to confirm or refute those predicted by the SM. One such property is the so-called Higgs boson
self-coupling, whereby a single excitation of the Higgs field can split into two Higgs bosons
without intermediate interactions with other particles. Observing this phenomenon would
provide compelling new information regarding the mechanism of particle mass generation.
This chapter is concerned with some of the statistical challenges posed by its search.

The LHC is housed in a massive underground tunnel in which two counter-rotating beams
of protons are accelerated to nearly the speed of light. When these protons collide, new particles
are formed, and their paths within particle detectors are recorded. Individual collisions are
referred to as events. An event in which two Higgs bosons are generated is called a double Higgs

343
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(or di-Higgs) event. The Higgs boson is a highly unstable particle; whenever it is produced,
it decays into other particles almost immediately, making di-Higgs production impossible to
observe directly.

The Higgs boson most commonly decays into a pair of so-called bottom quarks (b-quarks).
An event in which four b-quarks are observed is thus a candidate di-Higgs event, but could
also have arisen from various other physical processes that produce four b-quarks. We say that
a di-Higgs event in which the Higgs bosons decay into four b-quarks is a signal event, while
any other event tagged as having four b-quarks is called a background event. The problem of
searching for double Higgs boson production reduces to testing whether the proportion of
signal events is nonzero among the observed data. As we describe in Section 8.3, carrying
out this test is a well-understood statistical task when the distributions of both background
and signal events are known. While the di-Higgs signal distribution can be approximated to
sufficient accuracy with first-principles simulation, simulating the background distribution
suffers from large high-order corrections which are computationally intractable (Di Micco
et al., 2020). Instead, the background distribution must be estimated using observed data. This
is known as the problem of data-driven background modeling, which is the main subject of this
chapter.

As stated, the background distribution is not a statistically identifiable quantity without
further assumptions, due to the potential presence of an unknown proportion of signal in the
data. Any analysis strategy must therefore make some modeling assumptions to make the
background estimation problem tractable. As we discuss below, it is standard to assume that the
background distribution is related in some way to the distribution of certain auxiliary events,
which in turn is identifiable. An example of useful auxiliary events is those consisting of less
than four observed b-quarks, since they are unlikely to be signal events, but are kinematically
similar to the background events of interest (Bryant, 2018). Stated differently, the distribution of
auxiliary events is an identifiable estimand which has undergone a distributional shift relative
to the non-identifiable background distribution of interest. If the analyst has access to a
sample of auxiliary events, its empirical distribution provides a first naive approximation of
the desired background distribution. To obtain a more precise estimate, one must correct for
the distributional shift.

Aswe discuss in Section 8.1.2, the most widely-used method for correcting this distributional
shift is based on an estimate of the density ratio between the background and auxiliary events.
This method typically first estimates the density ratio in a signal-free region of the phase
space, known as the Control Region, and then extrapolates it to the region of primary interest,
known as the Signal Region. Any deviation of this extrapolated density ratio from unity is
used to correct the distributional shift undergone by the auxiliary sample. This extrapolation
can be viewed as an instance of transfer learning (Weiss, Khoshgoftaar, and Wang, 2016).
While a careful choice of the density ratio estimator can greatly improve the accuracy of this
extrapolation, it clearly cannot lead to a consistent estimator if the distribution in the Signal
Region is unconstrained relative to its counterpart in the Control Region. This procedure thus
places an implicit modeling assumption on the underlying distributions, which is challenging
to quantify and verify in practice. Nevertheless, variants of this procedure have been used in
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each of the most recent di-Higgs searches in the four b-quark final state (e.g. ATLAS (2018),
ATLAS (2019), ATLAS (2021), CMS (2022), ATLAS (2022)). This raises the important need for
cross-checking the modeling assumption made by such an approach.

8.1.1 Owur Contributions

This chapter develops a new methodology for data-driven background modeling in di-Higgs
boson searches. Our approach is fully nonparametric, and does not involve the extrapolation of
density ratios. It hinges upon a characteristic modeling assumption, which is complementary
to that of the density ratio method. These two distinct methods can thus serve as cross-checks
for each other in di-Higgs searches, an important benefit that will increase the analyst’s trust
in the obtained background estimates.

Our approach is based on the optimal transport problem (Villani, 2003) between multi-
dimensional distributions of collider events. Optimal transport has already proven to be a
powerful tool for transfer learning in classification problems (Courty et al., 2016), and here
we propose to use it rather differently to correct distributional shifts between estimates of
the auxiliary and background distributions. Our method involves out-of-sample estimation of
optimal transport maps, for which we consider two different estimators. The first is based on
nearest neighbor extrapolation, and was already introduced in Chapter 5. Our second estimator
appears to be new, and leverages some strengths of the density ratio approach.

Unlike our earlier work on optimal transport map estimation, however, we will find it
useful in this chapter to work with a non-quadratic cost function. We will instead take the cost
to be a metric over the space of collider events which was proposed by Komiske, Metodiev, and
Thaler (2019). This metric is itself obtained through the optimal transport problem of matching
clusters of energy deposits in collision events. Our approach therefore involves a nested use
of optimal transport.

We illustrate the empirical performance of our method, as compared to the density ra-
tio approach, on realistic simulated collider data. We observe that both approaches lead to
quantitatively similar background estimates, despite the complementarity of their underlying
modeling assumptions. In particular, this study illustrates how our methods can be used to
cross-check each other in practice.

8.1.2 Related Work

Di-Higgs boson production has been the subject of numerous recent searches by the ATLAS
and CMS collaborations at the LHC—we refer to the recent survey paper of Di Micco et al. (2020)
for an overview. The four b-quark final state is the most common decay channel for di-Higgs
events, but suffers from a large multijet background. As described previously, each of the
most recent searches in this final state performed data-driven background estimation by first
estimating a density ratio in a Control Region, and extrapolating it to the Signal Region. Certain
searches, such as ATLAS (2019), estimate the density ratio using heuristic one-dimensional
reweighting schemes, while others, such as CMS (2022), use off-the-shelf multivariate classifiers
for this purpose. More broadly, the ihe idea of estimating density ratios using classifiers has a
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long history in statistics—see for instance Fix and Hodges (1951), Silverman and Jones (1989),
Qin (1998), Cheng and Chu (2004), Kpotufe (2017)—and appears in a variety of applications in
experimental particle physics (e.g., Cranmer, Pavez, and Louppe (2015), Brehmer et al. (2020),
CMS (2022)). Classification-based estimators have the practical advantage of circumventing
the need for high-dimensional density estimation, which can be particularly challenging to
perform over the space of collider events.

Rather than density ratios, the key object of interest in our new methodology is a nested
optimal transport problem. Hierarchical optimal transport problems of this kind have recently
been used for other tasks, such as multilevel clustering (Ho et al., 2017, 2019; Huynh et al.,
2021) and multimodal distribution alignment (Lee et al., 2019). Very recently, optimal transport
has also been used in high energy physics for calibrating stochastic simulators (Pollard and
Windischhofer, 2022), for purposes of exploratory data analysis (Komiske, Metodiev, and Thaler,
2019; Komiske et al., 2020; Cai et al., 2020), and for the purpose of defining a geometry on
the space of collider events (Komiske, Metodiev, and Thaler, 2020). We also note that optimal
transport has implicitly been used for one-dimensional template morphing in the early work
of Read (1999).

Beyond the search of di-Higgs boson production, we emphasize that the question of data-
driven background estimation arises in a variety of problems in experimental high-energy
physics, where our methodologies could also potentially be applied. We refer to the book
Behnke et al. (2013) for a pedagogical introduction to statistical aspects of the subject; see
also Appendix 1 of Lyons (1986). Finally, we mention some recent advances on the widely-
used sPlot (Barlow, 1987; Pivk and Le Diberder, 2005; Borisyak and Kazeev, 2019; Dembinski
et al., 2022) and ABCD (Alison, 2015; ATLAS, 2015; Choi and Oh, 2021; Kasieczka et al., 2021)
techniques for background estimation, the latter of which can be viewed as a precursor to the
methods developed in this chapter.

8.2 Background

8.2.1 LHC Experiments and di-Higgs Boson Production

The LHC is the largest particle collider in the world, consisting of a 27 kilometer-long tunnel
in which two counter-rotating beams of protons are accelerated to nearly the speed of light.
These particles are primarily collided in one of four underground detectors, named ALICE,
ATLAS, CMS and LHCb. ATLAS and CMS are general-purpose detectors used for a wide range
of physics analyses, including Higgs boson-related searches, while ALICE and LHCD focus
on specific physics phenomena. We focus on the CMS detector in what follows, but similar
descriptions can be made for the ATLAS detector.

When two protons collide, their energy is converted into matter, in the form of new
particles. The goal of the CMS (Compact Muon Solenoid) detector is to measure the momenta,
energies and types of such particles. To measure their momenta, CMS is built around a giant
superconducting solenoid magnet, depicted in Figure 8.1, which deforms the trajectories of
particles as they move from the center of the detector outward through a silicon tracker. The
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CMS DETECTOR STEEL RETURN YOKE
Total weight : 14,000 tonnes 12,500 tonnes SILICON TRACKERS

Overall diameter : 15.0m Pixel (100x150 ym) ~16m* ~66M channels
Overall length :28.7m
Magnetic field  :3.8T

Microstrips (80x180 ym) ~200m?* ~9.6M channels

SUPERCONDUCTING SOLENOID
Niobium titanium coil carrying ~18,000A

MUON CHAMBERS
Barrel: 250 Drift Tube, 480 Resistive Plate Chambers
Endcaps: 468 Cathode Strip, 432 Resistive Plate Chambers

PRESHOWER
Silicon strips ~16m? ~137,000 channels

FORWARD CALORIMETER
Steel + Quartz fibres ~2,000 Channels

CRYSTAL
ELECTROMAGNETIC
CALORIMETER (ECAL)
~76,000 scintillating PBWO, crystals

HADRON CALORIMETER (HCAL)
Brass + Plastic scintillator ~7,000 channels

Figure 8.1: Illustration of the CMS detector (Sakuma and McCauley, 2014). Counter-rotating
beams of protons are made to collide in the center of the detector. The trajectory and mass of
each particle emanating from the collision is then recorded.

extent to which the trajectory of a charged particle is bent depends on its momentum and can
hence be used to measure the momentum. After the silicon tracker, CMS consists of several
layers of calorimeters which measure the energies of the particles. We refer to CMS (2008) for
a complete description of the CMS detector.

Proton-proton collisions give rise to highly unstable particles which decay almost instantly
into more stable particles. The detector is only able to observe these longer-lived particles. By
measuring their energies and momenta, insight can be gained into the physical properties of
the unstable particles from which they originate.

The Higgs boson is an example of an unstable particle, which decays within approximately
10722 seconds. The SM predicts that a Higgs boson decays into a pair of bottom quarks (b-
quarks) 60% of the time, and this decay channel has indeed been observed experimentally
(ATLAS, 2018; CMS, 2018). Other channels which have been observed experimentally include
the decay of a Higgs boson into pairs of photons (ATLAS, 2018; CMS, 2018), W bosons (ATLAS,
2018; CMS, 2019), Z bosons (ATLAS, 2018; CMS, 2018), and tau leptons (ATLAS, 2019; CMS,
2018). The SM further predicts the rare possibility that two Higgs bosons can be produced
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simultaneously, and this chapter is concerned with the statistical challenges arising in the
search for this process, which has yet to be observed experimentally. If this process were to
occur, the two resulting Higgs bosons would each, in turn, be most likely to decay into two
b-quarks, thus making four b-quarks the most common final state of di-Higgs boson events.
We focus on this decay channel (abbreviated HH— 4b) throughout this chapter. We note that
b-quarks form into bound states with other quarks called b-hadrons which are themselves
unstable, and rapidly decay into collimated sprays of stable particles called b-jets, which can
be efficiently identified by the CMS detector (CMS, 2018).

8.2.2 Collider Events and the CMS Coordinate System

Particles measured by the CMS detector are typically represented in spherical coordinates.
Given a particle with momentum vector p = (,y, z) € R3, its azimuthal angle ¢ € [0, 27) is
defined as the angle increasing from the positive x-axis to the positive y-axis, while the polar
angle 6 € [0, ) is increasing from the positive z-axis to the positive y-axis. The length of its
projection onto the (x, y) plane is called the transverse momentum pp. It is common to replace
the polar angle 6 by the pseudorapidity of the particle, given by n = — log(tan(6/2)).

In addition to the variables pr, n and ¢, the rest mass m of each particle can be obtained from
the energy measurements made by the calorimeters in the CMS detector. Altogether, a particle
jet is analyzed as a single point in this coordinate system, and encoded as a four-dimensional
vector (pr, N, ¢, m). In our search channel, collisions lead to multiple, say K > 1, jets measured
by the detector, which may be encoded as the 4 K -dimensional vector (pp;, n;, ¢i,m; : 1 < i <
K). We opt for an alternative notation, which will be particularly fruitful for the purpose of
defining a metric between collider events in Section 8.5.2. Specifically, an event will henceforth
be represented by the discrete measure

K
9= ZpTié(m,%mi)v (8.1)
i=1

where J, denotes the Dirac measure placing unit mass at a point x € R3. In particular, the
representation (8.1) emphasizes the invariance of an event with respect to the ordering of its
jets. The transverse momenta pr;, may be viewed as a proxy for the energy of each jet, thus the
total measure of g denotes its total energy, denoted s = ) ;" ; pr,. The set of events with K
jets of interest is denoted by

K
G = ZPTj5(nj,¢j,mj) cpr;,my >0, ¢5m €R, 1< j< K »,
j=1

where the definition of ¢; is extended from [0, 27) to the entire real line by 27-periodicity. In
the context of double Higgs boson production in the four b-jet final state, the choice K = 4
will be most frequently used, and in this case we simply write G = G(*%).

Finally, we note that events are deemed invariant under the orientation of the z- and
z-axes. This fact, together with the periodicity of the angle ¢, implies that two events g =
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K K .
> =1 PT;0(n;,6,m;) € G¥) and ¢ = ijlp’Tjé(n;,%,m;) € G) may be deemed equivalent
if they are mirror-symmetric in 7, ¢, as well as rotationally symmetric in ¢, that is, if there
exist A € 2nZ and ¢1, 12 € {—1, 1} such that

K K
/
Zijé(Llnij‘f’Q(ﬁj,mj) = ZPTj(s(n;, i m) (8.2)
Jj=1 j=1

Formally, we define an equivalence relation ~ between events in G&), such that g ~ ¢ if and
only if there exist A, ¢1, ¢ for which (8.2) holds.

8.3 Problem Formulation

8.3.1 Overview of Signal Searches at the LHC

In order to make inferences about the presence or absence of a signal process in collider data,
event counts are commonly analyzed as binned Poisson point processes. While we focus on the
setting of double Higgs boson production in the four b-quark final state, the description that
follows is representative of a wide range of signal searches for high-energy physics experiments.

Let 1y denote a o-finite Borel measure over the state space G of collider events, with respect
to a fixed choice of Borel o-algebra on G denoted B(G). Let F' denote an inhomogeneous
Poisson point process (Reiss, 2012) with a nonnegative intensity function f € L?(G) on G, that
is, F' is a random point measure on G such that

1. F(A) ~ Poisson(A(A)), where ) is the intensity measure induced by f, defined by
MA) = [, fdvg forall A € B(G);

2. F(Ay),...,F(Ay) are independent for all pairwise disjoint sets Ay, ..., Ay € B(G), for
all integers £ > 1.

Every four b-jet collision event is either a signal event, namely an event arising from two Higgs
bosons, or a background event, arising from some other physical process. Letting ;2 > 0 denote
the rate of signal events, we write the intensity measure A as

AC) = Ba() + po (),

where (4 and o, respectively, denote nonnegative background and signal intensity measures.
o is typically normalized such that the value = 1 corresponds to the theoretical prediction
of the signal rate. The measures 34 and ¢ typically depend on nuisance parameters related to
the calibration of the detector, the uncertain parameters of certain physical processes, such
as the parton distribution functions of the proton (Placakyte, 2011), and so on. We suppress
the dependence on such nuisance parameters for ease of exposition. The parameter p is of
primary interest, since non-zero values of 1 indicate the existence of signal events. A search
for the signal process therefore reduces to testing the following hypotheses on the basis of
observations from the Poisson point process F:

Hoy:p=0 wvs. Hy:pu>0. (8.3)
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Given a sequence GG1,Gay, ... of observed events, we may write ' = Zf‘i 19a,, where
M ~ Poisson(A(G)) is independent of the observations, which satisfy

G1,Ga,... S A/NG) = €S + (1 — €) Py (8.4)
Here, S = 0/0(G) and Py = 4/34(G) denote the respective signal and background distribu-
tions, and € = puo(G)/A(G) the proportion of signal events.

The Poisson point process F' is often binned in practice. Let £ : § — A C R denote
a dimensionality reduction map, to be discussed below, which will be used to bin the point
process using univariate bins. Let {; }3]:1 denote a collection of bins forming a partition of A,
and define the event counts

Dj=F(¢(I) = [{1 <i < M:&(Gy) € I}
The definition of I’ implies that the random variables D; are independent and satisfy
Dj ~ Poisson(Bj + ,qu), j=1,...,J, (8.6)
where B; = 84(¢71(I;)) and S; = (£ (1))

, Jg=1...,J (8.5)

The likelihood ratio test with respect to the joint distribution of Dy, ..., D is typically
used to test the hypotheses (8.3) (ATLAS, CMS, and Higgs Combination Group, 2011). The
binned likelihood function for the parameter y is given by

Dj
L(p) = H We— (BJ'"'“SJ), (8.7)
j=1 a

Di-Higgs events are rare in comparison to background events, thus the signal-to-background
ratio is low. At the time of writing, values of M which are typically observed at the LHC
may be too small for any test to have power in rejecting the null hypothesis in (8.3) at desired
significance levels (Di Micco et al., 2020). Analyses which fail to reject Hy instead culminate
in an upper confidence bound on p, also known as an upper limit (ATLAS, CMS, and Higgs
Combination Group, 2011).

The power of the likelihood ratio test for (8.3) may be increased by choosing a function &
which maximizes the separation between background and signal event counts across the J
bins. Informally, the optimal such choice of £ is given by

¢(g9) = P(G is a Signal Event|G = g), (8.8)

which may be estimated using a multivariate classifier, such as a neural network or boosted
decision trees, for discriminating background events from signal events.

The signal intensity measure o is theoretically predicted by the SM, and can be approximated
well using Monte Carlo event generators (Di Micco et al., 2020). The background intensity [ is,
however, intractable due to the strongly interacting nature of quantum chromodynamics (QCD)
in which events with the four b-quark final state can be produced via an enormous number of
relevant and complex pathways. The intensity measure j4, or its binned analogue (B5;) 3-]:1,
must therefore be estimated from the collider data itself, which we refer to as data-driven
background modeling. This problem is the primary focus of this chapter.
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8.3.2 Setup for Data-Driven Background Modeling

The aim of this chapter is to develop data-driven estimators of the background intensity measure
B4. The primary challenge is the fact that the sample G, ..., G/ is contaminated with an
unknown proportion € of signal events. The background estimation problem is thus statistically
unidentifiable as stated, and it will be necessary to impose further modeling assumptions.

In order to formulate these assumptions and our resulting background modeling methods,
we assume that the analyst has access to a second Poisson Point Process 1" = Zf\i 10/,
consisting of auxiliary events which were tagged by the CMS detector as having four jets, of
which exactly three are b-jets. We refer to such events as “3b events”, as opposed to “4b events”
which were identified as having four b-jets'. We stress that the terms 3b and 4b do not refer to
the true number of b-quarks arising from the collision, rather the number of b-jets identified
by the detector. As we discuss in Section 8.6, the majority of 3b events in fact arise from the
hadronization of two b-quarks and two charm or light quarks, while a small proportion arise
from four b-quarks?. For the purpose of a discovery analysis, the 3b sample Hy, ..., Hy can
therefore be treated as having a negligible proportion of signal events (Bryant, 2018; CMS, 2022).
We treat this proportion as zero for sake of exposition. We henceforth denote the intensity
measure of the point process 7" by 3, and we denote by P; = 33/33(G) the corresponding
probability distribution of the observations Hy, Ho, .. ..

The kinematics of 3b events are similar, but not equal, to those of 46 background events (CMS,
2022). Unlike 4, however, the intensity measure 53 is an identifiable estimand due to the
lack of signal events in the point process 7T'. Any consistent estimator 33 of 83 can be used
to provide a zeroth-order approximation of 54 (up to a correction for normalization). This
approximation is, however, insufficiently accurate to be used as a final estimate of 54 and our
goal is to develop statistical methods for correcting this naive background estimate.

Recall that the four b-jets of any signal event g € G are naturally paired, with each pair
arising from a Higgs boson. The true pairing of the jets is unknown to the detector; however,
it may be approximated, for instance using an algorithm due to Bryant (2018). We use the
same pairing algorithm in our work. Given as input an event g, this deterministic algorithm
outputs one among the three distinct unordered pairs of measures {g*, ¢>°} € G® which
satisfy g = g! + g°. We refer to g' and g2 as dijets. When g is a signal event, we expect that
each dijet arose from a decay of a Higgs boson, whereas when g is a background event, we
expect that at least one of the two dijets arose from the decay of a different particle.

The Higgs boson is known to have mass my approximately equal to 125 GeV (ATLAS, 2012;
CMS, 2012). It follows that the two dijets should approximately satisfy m(g') ~ m(g?) ~ mpy,
where m(a) denotes the invariant mass> of anya € G (K) K > 1. Large deviations of the dijet

'3b events were used for background estimation in the HH— 4b channel in the recent analysis of CMS (2022).
“2b events” consisting of two, rather then three, b-tagged jets have been used in other recent analyses (e.g. ATLAS
(2019, 2021)), and our description also applies to such events with only formal changes.

®As a result, the expected rate of production of 3b events E[N] is typically higher than that of 4b events E[M]
by an order of magnitude; cf. Section 8.6

*If E denotes the sum of the energies of the constituent jets of a, and p denotes the magnitude of the sum of
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Figure 8.2: Illustration of the Control and Signal Regions. The two-dimensional histogram
represents simulated 4b collider events described in Section 8.6, plotted in terms of their dijet
invariant masses. We emphasize that this is a low-dimensional representation; the events
considered in this work are 16-dimensional. The red line indicates the boundary of the Signal
Region, while the annulus bounded by the yellow and red lines represents the Control Region.
The constants o, 1. and ks used in this figure are stated in Section 8.6.

invariant masses from 125 GeV indicate that g is not a signal event. This provides a heuristic for
determining events among G, . . ., Gy which are unlikely to be signal events. To elaborate,
we form subsets G.,Gs C G such that G. N G; = (), where G; is called the Signal Region,
containing events with dijet masses near my, and G is called the Control Region, containing
all other events which will be used in the analysis. We follow Bryant (2018) and employ the
following specific definitions of G. and Gj:

. my 2 my 2

G, = {g cg: \/(m(gl) _ acmH>2 n (m(gz) — cfcmH>2 < rc} \ Gs, (8.10)

for some constants o, rc, ks > 0. These regions are illustrated in Figure 8.2. We similarly
partition the Poisson intensity measures (3, 84, by defining for all A € B(G),

BE(A) :/Bj<Aﬂgc)7 6]8(‘4) :6](Amgs)7 ] :3a4
These four measures are illustrated in Figure 8.3. Furthermore, we assume for ease of exposition

their momentum vectors, then the invariant mass of ¢ is defined by m(a) = \/E? — p? (Hagedorn, 1964).
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that these measures are absolutely continuous with respect to the dominating measure vy, and
we let b = dﬁ?/dyo forall j = 3,4and a = ¢, s.

Recall that the collider events associated with the intensity measures /3§ and 33 are signal-
free by construction, and those from 3 are also signal-free under the assumption that negligibly
few signal events will fall outside of ;. These three intensity measures can therefore be
estimated directly by means of their empirical intensity functions. We have thus reduced the
background modeling problem to that of estimating 33, given estimates of 35, 33 and 3.

To this end, we will partition the samples into the sets

{G5,...,G3 } ={G1,...,Gu}NGs,  {Hj,....,H}}:={H,...,Hy} NG,
(GS,...,Go Y} == {Gy,...,Gu} N Gey,  {HE,... HS Y} :={Hy,...,Hy} NG,

where M = m. + mgs and N = n. + ns. Furthermore, let
Ne Ns L2
B =Tlg. =D 0ue, B3, =Tle, =Y s, Bim, = Flo. =D dae
i=1 i=1 i=1

denote the empirical estimators of the measures 35, 33, 3f, illustrated in the background of
Figure 8.3. As previously noted, the measure 35 provides a zeroth-order approximation of /3]
(after a normalization correction), thus a naive first estimate of 5j is given by 35, . As we
shall see in the simulation study of Section 8.6, this approximation is insufficiently accurate to
be used as a final estimator. Our methodologies improve upon it by modeling the discrepancy
between the 3b and 4b distributions in the Control Region via 3% ,,, , 05 ,, , and then using that
information in the Signal Region to improve the accuracy of 35, ‘as an estimator of Bi.

Once we are able to derive an estimator Ej of 3], based on the signal-free observa-
Eons GY,...,Gy,,, Hi,...,Hyp,, Hf,..., H; , we may define the fitted histogram B; =
Bi(€74(I;)), 5 =1,...,J. One may then test the hypotheses (8.3) using the likelihood ratio
test, based on the following modification of the likelihood function in equation (8.7),

Lp) = H Te_(éﬁ“sf), where D} = {1 <i <my: £(G7) € I;}].

(8.11)
Here, L can be viewed as a restriction of the likelihood L to the Signal Region. Notice that Ej
is independent of D7, for any j, k. In practice, it is also necessary to incorporate statistical and
systematic uncertainties pertaining to the estimator Ej into the hypothesis testing procedure
(ATLAS, CMS, and Higgs Combination Group, 2011). Since formal uncertainty quantification
for background modeling is beyond the scope of this work, we omit further details, and provide
further discussion of this point in Section 8.7.

The primary difficulty remaining in the testing problem (8.3) is that of deriving estimators
of the background intensity measure 3. In what follows, we describe two classes of estimators
for 33: one based on density ratio estimation (Section 8.4), and the second based on optimal
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Figure 8.3: Illustration of the four Poisson intensity measures /35, 33, 3¢, 3], among which
only the latter is nontrivial to estimate, and summary of the three methods developed in this
chapter for estimating 3;. The method FvT (Four vs. Three) estimates the ratio of the two
densities in the Control Region using a classifier, and then extrapolates it into the Signal Region
using out-of-sample evaluations of the classifier. The OT-kNN (Optimal Transport—k Nearest
Neighbors) method produces an estimator T of the optimal transport map 7" between the 3b
Control and Signal Region distributions, and evaluates this estimator out-of-sample on an
estimator of the 4b Control Region distribution. The out-of-sample evaluation of Tis performed
using nearest-neighbor extrapolation. The OT-FvT (Optimal Transport-Four vs. Three) method
combines these ideas: first, it uses the classifier to produce an estimator of 3§ with the same
support as 35 ,, , and second, it pushes forward this estimator through T, thereby avoiding
out-of-sample evaluations of both the classifier and optimal transport map. The background of
the figure consists of bivariate histograms of simulated 3b and 4b samples in the Control and
Signal Regions, plotted in terms of their dijet invariant masses, as in Figure 8.2.

transport (Section 8.5). The former is the most common approach to di-Higgs background
modeling, and will later be referred to as the FvT method. The latter is new, and we will discuss
two different instances of this approach, which will later be referred to as the OT-KNN and
OT-FvT methods. These three distinct estimators are summarized in Figure 8.3.
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8.4 Background Modeling via Density Ratio Extrapolation

The discrepancy between 3b and 4b background distributions may be directly quantified in the
Control Region, where no signal events are present. Under a suitable modeling assumption,
this discrepancy may be extrapolated into the Signal Region to produce a correction of the 3b
signal region intensity measure (33, leading to an estimate of 3. This general strategy forms
the basis of most background modeling methodologies used in recent di-Higgs searches, as
discussed in Section 8.1. in this brief section, we recall how this approach may be carried out
using a classifier for discriminating 3b and 4b events.

Let E denote a random collider event, arising from either the 3b or 4b distributions, and
define the latent binary random variable 7 indicating the component membership of E. More
specifically, let Z be a Bernoulli random variable with success probability P(Z = 1) =
B4(G)/(B4(G) + B3(G)), and let E be generated according to the mixture model

E|Z=0~DP;, E|Z=1~ P,
Setting 1/(g) = P(Z = 1|E = g) for all g € G, it follows from Bayes’ Rule that

bilg) _  ¥(9)
b5(g)  1—1(g)

where we recall that b5 denotes the intensity function associated to 37, j = 3, 4. Therefore,

g € G, (8.12)

g = [ 9 dsste), A€ B, 19)

Equations (8.12-8.13) are a reformulation for our context of the well-known fact that, up to
normalization, a likelihood ratio may be expressed as an odds ratio (Silverman and Jones, 1989).
Estimating the ratio of 3b to 4b intensity functions in the Control Region thus reduces to the
classification problem of estimating 1), say by a classifier 1. This observation has the practical
advantage of circumventing the need of performing high-dimensional density estimation.
Assuming that the estimator 12 can be evaluated in the Signal Region G, disjoint from its
training region G., we may postulate that the measure

~

A € B(Gs) — %dﬁg(g) (8.14)

A 1—=1(g)
provides a reasonable approximation of 3}. The quality of such an approximation is driven by
the ability of the classifier ¢ to generalize between regions of the phase space. To formalize
this, we will assume for simplicity that 1) is an empirical risk minimizer taking values in a class
{Ya : G — [0,1] : a € Q}, for some parameter space Q2 C R, d > 1. That is, we assume

i ~ : RS c i - c
1) = 1)y, where a = argmin n—CZE(dJa(Hi),O) +mc;£(¢a(Gj)7l) ,

a€e) i—1

for some loss function £ : [0, 1] x [0,1] — R. We then make the following assumption:
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Assumption 1. The conditional probability 1) satisfies the following conditions:
(i) (Correct Specification) There exists a* € €2 such that ¢ = .

(ii) (Generalization) We have

o = argmin E[L(¢0(G), 2)|G € G].
a€ell

Assumption 1 implies that a classifier trained solely in the Control Region can consistently
estimate the full conditional probability ¢)(g), for events g € G lying in both the Control and
Signal Regions. Such an assumption guarantees the ability of the classifier 12)\ to generalize
from the Control Region, making the ansatz (8.14) justified. A natural estimator for 3} is then
obtained by replacing (33 in equation (8.14) by its empirical counterpart 3 ,, . Doing so leads
to the estimator

Bi=>" _WHD Os- (8.15)

Bj is called the FvT estimator, and we refer to 12; as the FvT (Four vs. Three) classifier.

The validity of Assumption 1 relies crucially upon the choice of the function class {t4 }, or
equivalently the choice of the classifier @/ZJ\ Indeed, off-the-shelf classifiers may lack the gener-
alization ability to satisfy Assumption 1(ii). In our simulation study, we will use a classifier
that is described further in Manole et al. (2022), and which has been used in the most recent
HH — 4b search at the CMS Collaboration (ATLAS, 2023).

8.5 Background Modeling via Optimal Transport

The methodology described in the previous section hinged upon the ability of the classifier 121\
to accurately extrapolate from the Control Region to the Signal Region, implying that the 3b
and 4b intensity functions in the latter region are constrained by their values in the former
region. The validity of this assumption is difficult to verify in practice due to the blinding of
the 4b signal region which motivates us to develop a distinct approach with a complementary
modeling assumption. In this section, rather than extrapolating the discrepancy between the
3b and 4b intensity functions, we will extrapolate the discrepancy between the Control and
Signal Region intensity functions, as illustrated in Figure 8.3.

We cannot use a density ratio to quantify the discrepancy between the intensity functions
in the Control and Signal Regions, because these regions are disjoint. We will instead use a
transport map for this purpose. In order to make use of transport maps, it will be convenient to
normalize all intensity functions throughout this section. That is, we will define an estimator
for 3§ by separately estimating the probability measure Pj = 3§/ (Gs) and the normalization
B3(Gs). More generally, we denote by

PE=B2/B5(Ge), P =B5/B3(Gs), § =34,
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the four population-level probability measures, with corresponding empirical measures
1 & 1 M
Pgﬁna :—ZéHg, ija :—Zd@g, a € {c,s}.
g = mqg <

Let us now formally define the optimal transport problem over calG.

We propose to perform background estimation under the following informal modeling
assumption, which will be stated more formally in the sequel.

Assumption 2’. There exists an optimal transport map 7y : G. — G, pushing forward Ps
onto P3 such that
Tou Py = Pj. (8.16)

Assumption 2’ requires the 3b and 4b distributions to be sufficiently similar for there to
exist a shared map 7Tj which pushes forward their restrictions to the Control Region into
their counterparts in the Signal Region. If such a map Ty were available, it would suggest the
following procedure for estimating P:

(a) Fit an estimator T of Ty o based only on the 3b observations;

(b) Given any estimator ﬁimc of Pf, use the pushforward f# Rﬁmc as an estimator of P;.

Let us now be more specific about the optimal transport problem arising in Assumption 2’.
Unlike previous chapters, the underlying space G in this problem is a space of measures. We
may nevertheless define the Monge problem of transporting Pg onto P in the usual way,

argmin | W(h,T(h))dP5(h), st TuPs=Pj, (8.17)
T:Ge—Gs J Ge
where we take W to be a given metric on the space G; we provide a candidate for such a metric
in Section 8.5.2. When a solution 7j to the Monge problem exists, it is said to be an optimal
transport map, as in previous chapters. We postulate that the optimal transport map from Py
to P35, when it exists, is a sensible candidate among transport maps from Py to P; to satisfy
equation (8.16).

A shortcoming of this choice is the requirement that there exist a solution to the optimization
problem (8.17). We know from Chapter 1 that the Monge problem over Euclidean space admits
a unique solution for absolutely continuous distributions, when the cost function is the squared
Euclidean norm. While sufficient conditions for the solvability of the Monge problem in more
general spaces are given by Villani (2008, Chapter 9), we do not know whether they are satisfied
by the metric space (G, W) under consideration. Furthermore, the Monge problem may not
even be feasible between distributions which are not absolutely continuous, which precludes the
possibility of estimating 7 using the optimal transport map between the empirical measures
of P§ and Ps.

Motivated by these considerations, we will prefer to formalize Assumption 2’ via the
Kantorovich optimal transport problem from P35 to Py3. Define the 1-Wasserstein distance over
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P(G), generated by W, by

W(Ps,Pj) = inf / W(g,h)dr(g,h), (8.18)
ST ren(Pg,py) Jgoxa,

and recall that any coupling 7 which achieves the infimum is referred to as an optimal coupling

Using the Kantorovich relaxation, we now formalize Assumption 2’ into the following condition,

which we shall require throughout the remainder of this section.

Assumption 2. Assume there exists an optimal coupling my € II(P5, P3) between P5 and Ps.
Given a pair of random variables (H¢, H®) ~ 7, let m(+|h) denote the conditional distribution
of H? given H® = h, for any h € G.. Then, the following implication holds:

G~ I — G~ P} (8.19)
G8|GCN7T0(“GC) 4- :

Assumption 2 requires the 3b and 4b distributions to be sufficiently similar for their restric-
tions to the Signal and Control Regions to be related by a common conditional distribution.
It further postulates that this conditional distribution is induced by the optimal coupling 7.
Heuristically, 7 (:| H) plays the role of a multivalued optimal transport map for pushing an
event /1 from the distribution PS5 onto P;. Assumption 2 requires this map to additionally
push the distribution Pf onto its counterpart 7 in the Signal Region. In the special case where
there exists an optimal transport map Ty from P§ to P3, we note that mg = (Id, Tp) 4 P5 is an
optimal coupling of P35 with P3, where /d denotes the identity map. In this case, equation (8.19)
is tantamount to equation (8.16).

8.5.1 Background Estimation

We next derive estimators for the background distribution P; under Assumption 2. It follows
from equation (8.19) and the law of total probability that

Py() = /g 7o(-19)dP5(g).

Since 7y (-|g) is the distribution of H® given H¢ = ¢, induced by the optimal coupling 7, it is an
identified parameter which can be estimated using only the 3b data. Given an estimator 7(-|g)
of this quantity, and an estimator Py, of Py, it is natural to consider the plugin estimator of
the background distribution Pj, given by

() = /g 7 (19)dBf . (9)- (8.20)

In what follows, we begin by defining an estimator 7(-|g) in Section 8.5.1.1, followed by two
candidates for the estimator Igfmc, leading to two distinct background estimation methods
described in Sections 8.5.1.2 and 8.5.1.3. In Section 8.5.1.4, we briefly discuss how these
constructions also lead to estimators of the unnormalized intensity measure 3§. We then
provide discussion and comparison of these methodologies in Section 8.5.1.5.
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8.5.1.1 The Empirical Optimal Transport Coupling

A natural plugin estimator for the coupling 7 is the optimal coupling 7 between the empirical
measures Ps,, and Pj, , which has already made an appearance in 5.3 of Chapter 5. In detail,
denoting by ¢ € R"<*™s the joint probability mass function of 7, the empirical Kantorovich
problem takes the following form:

n. n n n
R =R . C S C 1 S 1
q=(gij) € argmin E E ai;W (H;, Hj), st gi; >0, E qij = —, E qij = —-
(gij)E€R™Mexms 4y 5 i=1 [ Ne

(8.21)
Equation (8.21) is a finite-dimensional linear program, for which exact solutions may be
computed using network simplex algorithms such as the Hungarian algorithm (Kuhn, 1955).
We refer to Peyré and Cuturi (2019) for a survey. We then define the estimator 7(-|HY), for
i € [nc), as the discrete distribution over {H7, ..., H;; } with probability mass function

qij
S

{Z\'i:ﬁ:nc’a\ijv J=1,...,ns.
d Zk:l%‘k

We are now in a position to define estimators of the background distribution Pj.

8.5.1.2 The OT-ENN Estimator

We first consider the general estimator in equation (8.20) when 13407mc is the empirical measure
Py ... This choice is perhaps most natural, but it requires us to perform out-of-sample eval-
uations of the estimator 7(-|g). Indeed, recall that the latter is defined over {HY, ..., Hy, },
whereas Pf,, is supported on {G¥,...,G7, }.

We extend the support of 7(+|g) to all ¢ € G. using the nearest-approach set forth in
Chapter 5. Let & > 1 be an integer. For all g € G, let I (g) denote the indices of the k-
nearest neighbors of g with respect to W, among HY, ..., Hf . Specifically, we set I(g) =

{j1,-- -, Jr} C [nc] where
W(g,H]Cl) <---< W(Q? H]ck) < W(.Q? H]c)a for 311.7 € [nc] \ {j17 ce 7jk}
Furthermore, define the inverse distance weights

_ /Wy, Hf)
Zlelk(g) 1/W (g, ch)’

with the convention co/oco = 1. We then define for all g € G,

wi(g i € Ii(g), (8.22)

i (lg) = D wilg)®(-[HY). (8.23)
i€l (g)

The estimator TiNN(-|g) couples g with all of the events to which its k-nearest neighbors are
coupled under 7. The coupling values which correspond to the closest nearest neighbors are
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assigned higher weights w;(g). Furthermore, we note that when g € {HY, ..., H; }, it holds
that Tnn(+|g) = 7(+|g). With these defintions, the generic estimator (8.20) takes the form,

P} () 12/ TinN (+9) APy, (9) Z > wilGHR(|HY),

e € 1=14ic,(GS)

or equivalently,

ﬁf,kNN—*Z Z Z wi(G7)qij Om:-

7=1 \ =1l (GS)

We refer to ]345 xNN as the OT-ENN (Optimal Transport-k Nearest Neighbor) estimator of P;.

8.5.1.3 The OT-FvT Estimator

The rate of production of 3b events typically exceeds that of 4b events by one order of magnitude
(cf. Section 8.6). As a result, in the general formulation (8.20) of our optimal transport map esti-
mators, we expect to have access to a smaller sample size m, for estimating the distribution Py,
than the sample sizes n. and ng for estimating the optimal transport coupling 7. Motivated by
this observation, we next define an estimator ﬁfmc which can leverage the larger 3b sample
size ne.

Let pj = dPs /dvy denote the density of Py for j = 3, 4. Recall from Section 8.4 that for any
event g, ¥(g) denotes the probability that a random event G arose from the 4b distribution as
opposed to the 3b distribution, given that G = g. Furthermore, @(g) denotes the [0, 1]-valued
output of the FvT classifier for discriminating 4b events from 3b events. Recall further that for

any g € G, it holds that pj(g)/p5(g) = (85(Gc)/B5(Gc)) - (¥(9)/(1 — ¢(g)), or equivalently,

ey — D5(Ge) o) e
P4(A)_5§(gc) Al_w(h)dPg(h), A eB(G.).

We define a plugin estimator of the above quantity via

Py (A) = < () P, (h), A€B(G). (8.24)

A1 —(h)

ﬁfimc can be viewed as a reweighted version of the empirical measure Py, . The weights are
chosen to make the 3b sample resemble a 4b sample, by using the FvT classifier to estimate the
density ratio p§ /p§. Since the 3b sample is one order of magnitude larger than the 4b sample, we
heuristically expect this estimator to have smaller theoretical risk than the empirical measure
Pj . whenever the density ratio p{/p§ is smooth.

A second motivation for using the estimator ﬁimc is the fact that it is supported on the
domain of definition of the in-sample empirical optimal transport coupling 7(-|g). We therefore
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do not need to extend the domain of this estimator, unlike the previous section. With these
choices, the generic estimator in equation (8.20) takes the following form:

~ ~ =~ Ne o2 = QZ(HC) ~
Pjop = / 7(-lg)dPy,,, (9) = — ( Alqz') Oms. (8.25)
g mz Z —g(Hg) )

c

We refer to ]345701; as the OT-FvT (Optimal Transport-Four vs. Three) estimator of P}.

8.5.1.4 Estimation of the Background Normalization

We briefly show how the OT-kNN and OT-FvT estimators can also be used to estimate the unnor-
malized background intensity function 3. We employ the widely-used ABCD method (Alison,
2015; ATLAS, 2015; Choi and Oh, 2021; Kasieczka et al., 2021), which requires the following
assumption.

Assumption 3. It holds that 5(Gs) = £3(Gs)55(Gc)/55(Ge).

Assumption 3 implies that the ratio of the number of 4b to 3b events in the Control
Region should be the same as that in the Signal Region. Under this assumption, a natural
estimator for 33(Gs) is simply given by m.ns/n.. Therefore, under Assumptions 2-3, the
probability measures P}, and P} o can be used to define the following two estimators of
the unnormalized background intensity measure /3,

~ MM ~ -~ MecNg =~
Bl = — Pl inne Bior = —Piop- (8.26)
Ne Uz
We respectively refer to the above measures as the OT-ANN and OT-FvT estimators of /3], or
simply as the OT-ANN and OT-FvT methods.

8.5.1.5 Remarks

We summarize the three background estimation methods, FvT, OT-kNN and OT-FvT, in Table 8.1,
and make the following remarks:

*+ Assumption 2 is the primary modeling assumption required by OT-kNN and OT-FvT. We
view this condition as being complementary to Assumption 1(ii), required by the FvT
method. Indeed, it involves an extrapolation (of an optimal coupling) from the 3b to 4b
distribution, rather than an extrapolation (of a density ratio) from the Control Region to
the Signal Region.

* The OT-FvT estimator (8.25) can alternatively be interpreted through the lens of domain
adaptation for the FvT classifier. To make this connection clear, suppose for simplicity
that n. = mc. In this case, it can be shown that 7 is in fact induced by an optimal
transport map, in the sense that there exists a permutation 7 : [n.| — [n.] such that

@J:I(Z:?(j))/nﬁ iajzlw'-vnc-
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Table 8.1: Summary of the three background estimati(/)\n methods: FvT, OT-kNN, and OT-FvT.
The final estimator for each method takes the form /3] o Z?il v;0 HS for the values of v;
listed in the table.

Estimator FvT OT-FvT OT-kNN
(of the form oc } 7% v;0ps) v Y )
V(HS) | e p(HE) | e .
v | D | ) Y wil G
1=9(H?) | i 1—y(Hf) (=1 i€, (GS)

The FvT and OT-FvT estimators then take the following form:

o~

>, = i(HS) ~ s ZZ)(H;(]'))
ﬂi,FVT B8 %61757 /BziOF X ,\7(5}[g
; L—4(Hj) ;1—¢(H$<j>) :

While the FvT method evaluates the density ratio estimator ¢ /(1 — 1;) at events H? in
the Signal Region, the OT-FvT method evaluates it at the events Hg(j) in the Control
Region, to which the events H are mapped under the empirical optimal coupling 7. The

OT-FvT method thus circumvents the evaluation of 12 outside the region where it was
trained. Optimal transport has similarly been used in past literature as a tool for domain
adaptation between train and test data in classification problems (cf. Section 8.1.2).

* In defining the estimator OT-kNN, we proposed to extend the domain of definition of the
empirical optimal transport coupling 7(+|g) to the entire space G, via nearest neighbor
extrapolation; cf. equation (8.23). We saw in Chapter 5 that, for the quadratic optimal
transport problem over Euclidean space, such a procedure has statistically minimax
optimal risk for estimating the underlying optimal transport map 7}, assuming that it
exists and is Lipschitz continuous. Nevertheless, the risk of this estimator suffers severely
from the curse of dimensionality, and does not generally improve when 7j enjoys higher
regularity. We instead showed in Chapter 5 that plugin estimators of Tj based on density
estimates of P5 and P35 may achieve improved convergence rates in such settings. In
our context, it is challenging to perform density estimation over the space of measures
G—and particularly over the non-convex set G.—thus we did not follow this approach.
Our aim was instead to alleviate the curse of dimensionality inherent to the OT-kNN
method by introducing the OT-FvT method. Indeed, we view the task of estimating
Py as a larger statistical bottleneck than that of estimating 7, and the estimator J%fvmc
(used by the OT-FvT method) may potentially achieve smaller risk than the empirical
measure Py, (used by the OT-kNN method).

* Our theory in Chapter 5 additionally shows that the value k = 1 suffices for the estimator
TrNN to enjoy optimal theoretical risk, at least for the Euclidean optimal transport
problem with quadratic cost. In our work, we nevertheless allow for £ to be greater than
1 in order to leverage the larger size of the 30 sample. For example, when k = 1, the
estimator 3 , \y is supported on at most m, events, whereas it can be supported on as
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many as ns > m, events if k is chosen sufficiently large. In practice, we recommend
choosing £ to be as small as possible while ensuring that 3] , \x has support size on the
same order as ny—this typically amounts to choosing £ to be on the order of n /me. In
our simulation study (cf. Section 8.6), we therefore choose the value £ = 10, but also
illustrate the performance of the OT-KNN method for other values of k.

* We have chosen to separately estimate the probability measure P; and the normalization
B3(Gs), because the classical optimal transport problem is only well-defined between
measures with the same total mass. A possible alternative is to consider the partial (Figalli,
2010) or unbalanced (Liero, Mielke, and Savaré, 2018) optimal transport problems between
the unnormalized intensity measures 35 and 3. These variants of optimal transport are
well-defined between measures that have possibly different mass, but have the downside
of introducing tuning parameters. As we explain in Section 8.6, the normalizations 35(G.)
and f33(G;) are of the same order of magnitude, and can in fact be made to coincide by
tuning the definition of the Control and Signal regions, thus we have simply focused our
attention on the classical (balanced) optimal transport problem in this work. Nevertheless,
in the following subsection, we will employ a variant of the partial optimal transport
problem to define the metric W.

8.5.2 A Metric between Collider Events

We now describe a candidate for the metric W on G. Recall that the Kantorovich problem in
(8.18) gave rise to the Wasserstein distance }V between probability distributions over G. By a re-
cursion of ideas, we will also define I to be a Wasserstein-type metric, arising from the optimal
transport problem between constituent jets of events. This approach was introduced by Komiske,
Metodiev, and Thaler (2019). They propose to metrize G using a variant of the Wasserstein dis-
tance which is well-defined between measures with non-equal mass (Peleg, Werman, and Rom,
1989; Pele and Werman, 2008). Given any two collider events g = Z?Zl pr; 5(17],,% mj) €Y,

h = E?:l p/Tj 5(n;,¢;,m;) € G, the metric is defined by

4 4 4
i 1
W 7h e 3 - i i — /' 2 + ; — /. 2 + o ,.
(g ) (fijl)Tél]él4><4 R ; ; f] \/(77 77]) (QS (b]) ;(I)’Tz pTl)
s.t. fl] 207 Zfl] SpTiv Zfl] Sp,Tja Zfzg:mln(ZmeZp{TJ)v
J 7 ij i p

(8.27)
for a tuning parameter R > 0. We make several remarks about this definition.

* In the context of particle physics, the coupling f;; is naturally interpreted as a flow of
energy (measured in terms of the transverse momentum pr) from jet ¢ of g to jet j of
h, as depicted in Figure 8.4. W (g, h) thus measures the smallest possible transport of
energy required to rearrange the jets of the event g into those of h.

* We have followed Komiske, Metodiev, and Thaler (2019) by omitting the mass variables
m; and m; from the definition of W. This choice is further discussed in the context of
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Figure 8.4: Left: (7, ¢)-plot of two events g, h € G. Each point represents a constituent jet,
with size proportional to its py value. A line connecting the i-th jet of event g to the j-th jet of
event h indicates a nonzero value of the optimal coupling f;;, with line darkness increasing as
a function of the magnitude of f;;. Right: (1, ¢)-plot of events ¢, h € G, where ¢’ ~ g is an

approximate minimizer in Eq. (8.28). One has W (g, h) = W (g, h) < W (g, h).

our simulation study in Section 8.6.

* The tuning parameter R trades-off the influence of the angular variables ¢;, ;, and that
of the energy variables pr,. Our choice of R is further discussed in Section 8.6.

The metric W does not, however, tal;\e/ into account the equivalence relation ~ over G
defined in equation (8.2). For example, W (g, h) could be nonzero even when g and h are
deemed equivalent for our purposes. We therefore define our final metric W by

W(g,h) = inf {W(g’, h):g'~g,4 ¢ Q}, g,heg. (8.28)

Strictly speaking, W now becomes a metric over the set of equivalence classes of events induced
by ~. We refer to Figure 8.4 for an illustration.

8.6 Simulation Study

8.6.1 Simulation Description

In this section, we compare the performance of the three background modeling methods
OT-FvT, OT-kNN and FvT, on realistic simulated collider data, generated using the MadGraph
particle physics software (Alwall et al., 2011). Code for reproducing this simulation study is
publicly available®.

Since b-tagging is imperfect, in practice, we expect the 3b and 4b samples to be composed
of a mixture of different multijet scattering processes which do necessarily arise from b-quarks.

*https://github.com/tmanole/HH4bsim
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We perform a study in MadGraph to estimate the relative scale of such processes. Assuming
a b-jet tagging efficiency of 75%, a charm jet tagging efficiency of 15% and a light jet tagging
efficiency of 1%, we find that the 4b (resp. 3b) sample consists of 90% (10%) events in a final state
with four b quarks, 7% (9%) events in a final state with two b quarks and two charm quarks,
and 4% (80%) in a final state with two b quarks and two light quarks. In particular, we stress
that a fraction of the 3b sample consists of mislabelled 4b events, which could be signal events.
This signal contamination is expected to be sufficiently small to be considered negligible for
purposes of a signal discovery analysis, as in this chapter.

We generate four-quark events in MadGraph according to the percentages listed above. The
calorimeters in the CMS detector are not perfect, and the measured jet energies have a finite
resolution. The distribution of the observed smeared energy is well-approximated by the
normal distribution N (E, 02(FE)), where E denotes the true energy of a jet, and o (E) satisfies

()G ) o

for some constants S, N,C' > 0. We apply this smearing to the quark four-vectors, setting
S =0.98, N = 0,C = 0.054. For simplicity we set the quark masses to zero and omit them
from the the metric W. When applying these methods to real data, it may, however, be useful
to incorporate the jet masses into the definition of W. We also apply jet-level scale factors to
account for the pr dependence of CMS b-tagging for light, charm and bottom quark jets:

(2.5pr e~ "PT +0.6)/0.75 b-quark
Scale Factor = ¢ (pr e 10P7 40.2)/0.15 c-quark
(0.03 pr + 0.01)/0.01 u, d, s-quark or gluon,

where pr is measured in TeV. Events are weighted by the product of the scale factors for the
b-tagged jets.

Following this pre-processing of the data, the pairing algorithm described in Section 8.3.2
is applied to all events, and those falling within the Control and Signal Regions are kept. We
define these regions according to equations (8.9-8.10), with the parameters o, = 1.03, ks = 1.6
and r. = 30 GeV. The final sample consists of n; = 201, 568 events in the 3b Signal Region,
ne = 159,427 events in the 3b Control Region, ms = 28, 980 events in the 4b Signal Region,
and m. = 22,053 events in the 4b Control Region. The order of magnitude of these sample
sizes, as well as the proportion of 3b to 4b events, is similar to those used in recent di-Higgs
analyses at the LHC (ATLAS, 2019). We also simulate a separate 4b sample of size approximately
10(ns 4+ ms), which we choose not to contain any signal events, and whose distribution we
treat as the ground truth for the purpose of validating our background models.

We additionally generate a Monte Carlo sample from the SM di-Higgs signal distribution,
with which the signal intensity rates (.S;) 5]:1, used to form the likelihood function (8.7), can
be specified. For the purpose of validating our background models, we train a [0, 1]-valued
classifier ¢ (abbr. Signal vs. Background, or SvB, classifier) to discriminate the 4b data from the

Monte Carlo di-Higgs sample. Given that our simulated 4b sample contains no signal events, E
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forms a reasonable proxy for the theoretical binning function ¢ in equation (8.8). The SvB
classifier has the same architecture as that of the FvT classifier described in in Manole et al.

(2022). In the sequel, we refer to {(g) as the SvB value corresponding to an event g.

Finally, we discuss our choice of the parameter R arising in the definition of the metric W.
In order for the two terms in the definition of W to be of comparable order, we make the
requirement that R lie within the range of the first summand in equation (8.27). We identify
this range as follows. Since b-tagging is only performed for values of 7 lying in the interval
[—2.5,2.5], we impose R < /72 + 52 & 5.9. Furthermore, jet clustering algorithms used by
CMS merge particles whose (7, ¢)-Euclidean distance is within 0.4 (Cacciari, Salam, and Soyez,
2008; CMS, 2017), thus we impose R > 0.4. Now, since we expect that the largest discrepancies
between the Control and Signal Region distributions arise in the kinematic variables (7, ¢),
we choose the smallest possible value R = 0.4 when fitting the empirical optimal transport
coupling 7. On the other hand, for the nearest-neighbor lookup of the OT-ANN method, we set
R = 2.75, which is the midpoint of the interval [0.4, 5.9]. We make no attempt to tune these
values of I?, and we leave open the question of choosing them in a data-driven fashion. We
compute the metric W in part using the EnergyFlow Python library (Komiske, Metodiev, and
Thaler, 2022), and we compute optimal couplings between distributions of collider events using
the Python Optimal Transport library (Flamary et al., 2021)—see Appendix 8.A for further
details.

8.6.2 Simulation Results

The fitted intensity measures Bj produced by the three background methods (FvT, OT-kNN and
OT-FvT) are binned and plotted in Figure 8.5. Logarithmic scales are used to better visualize
signal-rich regions. It can be seen that the three methods yield qualitatively similar estimates
of the SvB intensity function. We recall that the SvB variable is of primary interest to model, as
it is used as the final discriminant when testing the signal hypothesis (8.3). The myp variable
has also been used as the final discriminant in recent di-Higgs studies (Bryant, 2018). Given an
event g € G with dijet pairing {g!, g*}, its myp value is defined as follows®, using the notation
of Section 8.3.2,

o) =o'+ ) 02

Once again, we observe that this variable is well-modelled by all three methods.

In order to provide a quantitative comparison of these methods, we develop a heuristic
two-sample test for testing equality between the distribution of the fitted background models
and of the true upsampled 40 data. Specifically, we form a proxy for a two-sample test by
training classifiers to discriminate each of the background estimates from the upsampled 4b
data (similar approaches have previously used in the high energy physics literature by Krause
and Shih (2023a, 2023b). For each classifier, we record the area under the receiver operating
characteristic curve (AUC; Hanley and McNeil (1982)), and any deviation of this quantity from .5

>Equation (8.29) can be interpreted as the four-body invariant mass after the dijet four-vectors have been
corrected to have the Higgs boson mass.
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Figure 8.5: Histograms of the the SvB classifier output variable (left) and the mpp variable
(right) for the three background models as well as the upsampled 4b data (treated as the ground
truth), the 3b data (normalized by the factor nym./n.), and the di-Higgs signal sample (SM
HH). Error bars in the k-th bin of any histogram denote 4++/N}, where N, is the number of
events per bin. Error bars in the ratio plot denote ++/Ny /Nox, where Ny, is the number of
observed 4b events per bin. The dashed lines in the ratio plot denote £4/1/Nyy.

is an indication of mismodeling. We again choose our classifiers to be residual neural networks
with the architecture described in Manole et al. (2022). Although this choice is inherently
favourable to the FvT method, and to some extent the OT-FvT method, we use it because it
coincides with the SvB classifier architecture, and will thus be most powerful at detecting
mismodeling in the features which are relevant for the final signal analysis. Small sentence
to address point #6 from the referee — let me know if we should say more. Another caveat
with the use of the AUC as a performance metric is the fact that it may not be sensitive to local
deviations in the signal-rich area of the phase space, since it has low overall yield. The fitted
AUC value for each method is reported in Figure 8.6. Though all AUCs are significantly greater
than .5, they are substantially lower for our background models than for the benchmark method
consisting of the uncorrected 3b sample. The FvT method has the lowest AUC, followed closely
by the OT-FvT method and OT-ANN method. While the OT-1NN method has comparable
AUC point estimate as the OT-FvT method, we emphasize that its variability interval is wider,
which could have been anticipated from the discussion in Section 8.5.1.5, where we emphasized
that the support size of 3] ;yx can be an order of magnitude smaller than 7. In contrast, the
OT-10NN and OT-20NN estimators have narrower variability intervals than OT-1NN, but have
markedly larger AUC point estimates than the remaining methods. The performance of the
OT-kNN method for varying values of £ is also illustrated in Figure 8.8 along as a function of
the SvB and myy variables.

We next provide a qualitative comparison of the fitted weights produced by the three
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Figure 8.6: Fitted AUC values obtained by discriminating each background model from the
upsampled 4b data using the FvT classifier, together with 95% percentile bootstrap variability
intervals, obtained by bootstrapping the predicted classifier probabilities. 1,000 bootstrap
replications are used. Note that this bootstrap procedure does not take into account the
variability of the background estimators themselves. For the 3b-tagged data, we obtain the
AUC 0.5843, with variability interval [0.5812,0.5874].

background modeling methods. Recall that these methods all take the form

Ns
S
Bi=> widn,
i=1

for some nonnegative weights v;, which are summarized up to normalization in Table 8.1. In
Figure 8.8, we plot the weights of the two optimal transport methods against those of the FvT
method. We observe that the FvT and OT-FvT methods produce weights which are concentrated
and symmetric around the identity. This implies that the odds ratio of the FvT classifier at a
point H? in the Signal Region behaves similarly to the odds ratio at any point H;’ in the Control
Region to which H7 is optimally coupled. This suggests that the transfer learning of the FvT
classifier from the Control Region to the Signal Region is, to some extent, well-modelled by the
optimal transport coupling 7. This observation heuristically suggests that Assumptions 1-2
both hold in this simulation. In contrast to the method OT-FvT, we observe that the method
OT-10NN produces markedly different weights than the FvT method, which can partly be
anticipated from the discrete nature of the nearest neighbor extrapolation. We conjecture that
the nearest-neighbor estimator of the optimal transport coupling has poorer theoretical risk
than its counterpart in the OT-FvT method.

8.7 Conclusion and Discussion

Our aim has been to study the problem of data-driven background estimation, motivated by
the ongoing search for double Higgs boson production in the 4b final state. After recalling a
widely-used approach to this problem based on transfer learning of a multivariate classifier,
our first contribution was to develop the FvT classifier architecture which is tailored to collider
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Figure 8.7: Histograms of the SvB classifier output variable (left) and the myy variable (right)
for the OT-ANN estimator, with k& € {1, 10,20}.

data, and which can serve as a powerful tool for implementing this methodology. Our primary
contribution was then to propose a distinct background estimation method based on the optimal
transport problem. A recurring theme throughout our work has been the complementarity of
the modeling assumptions made by these two distinct approaches, which allows them to be
used as cross-checks for one another in practice. We substantiate this point with a realistic
simulation study, in which these methodologies appear to give consistent results despite their
inherently distinct derivations.

Quantifying the uncertainty of our background estimates is a challenging problem left
open by our work, which is nonetheless crucial for applying our methods in practice. In
the experimental particle physics community, it is commonplace to measure both statistical
uncertainties—those arising from fluctuations of the data generating process—and systematic
uncertainties—those arising from potential mismodeling (Heinrich and Lyons, 2007). Both
of these forms of uncertainty are challenging to quantify in our context. For instance, a
prerequisite for quantifying the statistical uncertainty of the methods OT-kNN or OT-FvT is to
obtain uniform confidence bands for optimal transport maps. Although we have taken a first
step toward this question in Chapter 6, our theory is limited to pointwise confidence bands
over the torus, and completely new ideas would be needed to obtain practical uniform bands
over the space of measures G. The question of quantifying systematic uncertainties is more
open-ended, and typically involves heuristics for assessing the extent of potential mismodeling
by the background estimation methods. Due to the complementarity of assumptions placed by
our methods, any lack of closure between them could potentially play a role in quantifying
their systematic uncertainties. While further investigation is required to make such a proposal
formal, it is our hope that the optimal transport methodology presented in our work can help
contribute to the challenging question of systematic uncertainty quantification in the search
for di-Higgs boson production, or in other searches at the Large Hadron Collider.
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Figure 8.8: Bivariate histogram of the 3b data HY,..., H; in the Signal Region, plotted in
terms of the weights of the OT-FvT method against those of the FvT method (left), and of the
OT-10NN method against those of the FvT method (right). The purple lines denote the identity

function.

8. A Computation of Optimal Transport Couplings

In this section, we describe our numerical approximation of the empirical optimal transport
coupling ¢ in equation (8.21). Equation (8.21) is a linear program which can be computed
exactly using simplex algorithms (Peyré and Cuturi, 2019). Such approaches have memory
complexity which grows quadratically in n. A ng, since they require the cost matrix

C=(W(HEHS) :1<i<ne,1<j<ny)

to be stored in memory. As described in Section 8.6, the sample sizes n, and ng are at least of
the order 10° in our problem, in which case the storage of the matrix C' becomes intractable.
For low-dimensional problems, the storage of C' can be avoided by using the so-called back-
and-forth algorithm of Jacobs and Léger (2020), which has linear memory complexity. For
higher dimensional problems, a common approach is to divide the datasets into several (say, B)
batches, and to compute B separate optimal transport couplings. Such batches can either be
obtained through subsampling or deterministic schemes—see Sommerfeld et al. (2019), Fatras
et al. (2021), Nguyen et al. (2022), and references therein.

We follow a similar approach in our work. We partition the two samples
D¢ ={H{,...,H, }, D°={H{,...,H; }

into B > 1 disjoint batches DY, ..., D% and D5, ..., Dy, satisfying D¢ = | J,, Df, and D° =
U, D;. Assume for simplicity that for some n%,n% > 1, |D§| = n? and |Dj| = n? for all
k=1,...,B. We then compute the optimal transport couplings

" = argmin Z Z ;W (H, H?)
(415) SR ¥ HeeD;; HoeD;
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where the minimum is taken over all ¢;; > 0 satisfying

nB 1 nB 1
E 1] nSB7 E 1) ncB7
=1 7j=1

for all K = 1,..., B. We then approximate the empirical optimal transport coupling g in
equation (8.21) by the matrix

The memory complexity of this algorithm is O(BnZn?) as opposed to the complexity O (n.ns)
incurred by any method which requires the storage of the matrix C.

In our simulations, we computed the couplings g using the network simplex solver de-
scribed by Bonneel et al. (2011), as implemented in the Python Optimal Transport package (Fla-
mary et al., 2021). Our simulations were run on a standard Linux machine with 12 cores and
32GB of RAM. We chose B = 16, which is approximately the smallest value of B for which

the computation of the couplings ¢* did not exceed our machine’s memory limit.

We chose the batches according to the following procedure. For any event G = Z?:l PT;0(n; b;,my)>
let s7(G) = Z?Zl pr; denote the scalar sum of the transverse momenta of G. Let H, é) denote
the event among HY, ..., H;, with the i-th smallest s value, foralli = 1,...,n.. Thatis,

sT(Hfyy) < sr(Hfy)) < -+ < sp(HG, )
We likewise define H (Sj) for j =1,...,ns such that

st(Hpy) < sp(Hy) < - < sp(H}, ).
We then set, fork=1,..., B,

Df = {H{p rysry LS <}, Df = {Hip_1yspy: L <r<nf}.

This choice ensures that each batch contains events with a comparable range of s7 values. We
impose this property because the penalty term in the definition of W (Eq. (8.27)) is sensitive
to large deviations of sy values. We leave open for future work whether different batching
methods, such as subsampling, would yield improved performance.



Appendix A

Function Spaces

In this Appendix, we collect definitions and properties of Holder spaces, Besov spaces, and
Sobolev Spaces, which are used throughout this thesis.

A.1 Holder Spaces

Given a closed set @ C RY, let C,(£2) denote the set of uniformly continuous real-valued
functions on (). For any function f : 2 — R which is differentiable up to order k£ > 1 in the
interior of {2, and any multi-index v € N¢, we write || = Z?:l i, and for all |y| < k,

ohlf

DVf=—1-—+ .
! 8:51”...8303‘1

Given an integer k > 0 and 3 € (0, 1), the Holder space C¥#(12) is defined as the set of
functions f € C,(€2) which are differentiable to order & in the interior of 2, with derivatives
extending continuously up to the boundary of €2, and such that the Holder norm

k
||f||ck,ﬁ(ﬂ) = Z |s1|1p 1D floo + Z sup |DY f(x) — D7 f(y)|
j=017

=i A yll”
is finite. We typically use the abbreviation
c(Q) = cloberlod(q),
for any o > 0, and in Chapter 3 we will also use the abbreviation
T(Q) =),

where o denotes the largest integer strictly less than « (for instance, @ = 0 when a = 1).
Furthermore, for any a > 0, C%(T%) (resp. C,(T%)) is defined as the set of Z%-periodic functions
f:R?Y = Rsuch that f € C*(R?) (resp. f € Cy(R?)).

372
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Let us now state a few elementary facts about Holder spaces. The following simple interpo-
lation inequality can be found, for instance, in equations (6.8)—(6.9) of Gilbarg and Trudinger
(2001).

Lemma 94 (Interpolation Inequality for Holder Norms). For all € > 0, there exists C(e,d) > 0
such that for all f € C?T9(T9),
| fller+sray < C(E) fll Loo(ray + €l fllc2+s(Ta)-

The following bound can be deduced from the Leibniz rule together with equation (4.7)
of Gilbarg and Trudinger (2001).
Lemma 95 (Products of Holder Functions). For any « > 0, there exists a constant C' = C'(«) >
0 such that for all f,g € C*(T4),

1 f9llca(ray < Call fllca(rayllgllce(ray-

The following is straightforward.

Lemma 96 (Compositions of Holder Functions). For any «, 3 € (0, 1], there exists a constant

C = C(a, B) > 0 such that for all f € C1+*(T9) and g € CP(T?),

lg © ¥ fllcespay < CI 1o pana 19les(ra)-

A.2 Sobolev Spaces

A.2.1 Sobolev Spaces on the Torus

Fix the collection of test functions D(T?) = C>(T¢), endowed with the standard test function
topology, and let Do(T¢) = C5°(T<). The set of periodic distributions D’(T?) is defined as the
set of continuous linear functionals on C*°(T¢), and we denote by (-, -) the induced duality
pairing. D} (T?) is similarly defined as the dual of Do(T¢). Furthermore, define the discrete
Schwartz space S(Z?) as the set of maps ¢ : Z¢ — R such that for any k > 0 there exists
C% > 0 such that

[S(E) < Crlig ™, forall € € 2.

The set of tempered distributions on Z? is denoted as S’(Z), and is defined as the set of

continuous linear functionals from S(Z?) to R. The Fourier transform defines a bijection
F : C®(T?%) — S(Z4), with inverse

Fla= Z age®™ &) foralla € S(Z9)
¢ezd

which extends uniquely to a map F : D'(T¢) — S’(Z%) via the action

(Fu, ¢) = (u, (F¢) or),
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for any test function ¢ € D(T?), where +(z) = —x. We represent any periodic distribution
u € D'(T?) by its formal power series

u= Z Fu(£)e? e
¢ezd
which coincides with the classical Fourier series of u when it is sufficiently regular.
Define the Riesz kernel of order s € R as the periodic distribution

L= llg]rem™ e

tezd

which is in fact an Ll(Td) function when —d < s < 0 (Stein and Weiss, 1971, Theorem 2.17),
and define the fractional Laplacian of order s as the convolution operator

(=AY Pu=I;xu=F | |*Ful, (A1)

for any periodic distribution u € D)(T¢). We then define the inhomogeneous Sobolev space
H*"(T9), forall s € Rand 1 < 7 < 00, as the set of periodic distributions u € D'(T¢) for

which the norm
s /2

HUHHS’T(Td) = H(_ U| L7 (Td)

is finite. Likewise, the homogeneous Sobolev space H’ "(T9) is the set of periodic distributions
u € D)(T?) such that the above norm is finite. In the special case r = 2, we omit the second
superscript in the preceding definitions, and simply write H*(T?) := H*2(T%), H§(T?) :=
Ho* (1), and ||l zs(zy = || ey

Given s > 0 and r > 1, it follows from Theorem 3.5.6 of Schmeisser and Triebel (1987)
that the H %" (T%) is isomorphic to the dual of the Banach space H" (T¢), where ' denotes

the Holder conjugate of . Combining this fact with a similar argument as in paragraph 3.13
of Adams and Fournier (2003), one may deduce the following.

Lemma 97. Letr > 1 and s > 0. Then, for allu € LS(’]I‘d),
HUHH?&NT%:isup{<uﬂ»L%T%:Qje‘Hsf(Td%HUHH&”GN)::1}'

Next, we state a standard interpolation identity. Given two complex Banach spaces B1, B,
we denote their f-complex interpolation space, for any ¢ € (0, 1), by (B1, B2)g (Bergh and
Lofstrom, 1976). The following can be found, for instance, in Theorem 3.6.1/2 of Schmeisser
and Triebel (1987).

Lemma 98. Letr > 1, —00 < 50 < 51 < 00,0 € (0,1). Ifs = (1 — 0)so + 0s1, then

H5"(T%) = (H*"(T%), " (T?) (A.2)

[0y

It will be convenient to note the following norm equivalence.
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Lemma 99. Forallr > 1 andu € H'"(T9),
[l ey = Ml rpay + Vel rga),
and for allu € HS’T(Td),
[wll grrr(ray < [Vl pr(pay,
where the implicit constants in the preceding two displays depend only on d, r.

The first assertion can be deduced from Theorem 3.5.4 of Schmeisser and Triebel (1987),
and the second is then a consequence of the periodic Poincaré inequality.

We will frequently make use of the following Sobolev embedding, for which a self-contained
proof over the torus can be found in Bényi and Oh (2013).
Lemma 100. Lets > 0 and1 < r <t < oo satisfy
s 1 1

d r t
Then,

UHLt('H‘d) S HUHHs,r(Td) for allu S HS’T(Td).

A.2.2 Sobolev Spaces over Domains

We now briefly mention a generalization of the preceding spaces to domains of R?, and we
refer to Triebel (1995) for further details. We define the Bessel Sobolev norm of smoothness
s € R and integrability 1 < r < oo as follows, for any tempered distribution ¢ over R,

1611 zrsor (ay = [|F 7 [¢)*FIG1 ()]

and we let H*"(R?) denote the completion of C2°(R?) under the above norm. In the special
case r = 2, it follows from Parseval’s identity that

1oty = |6 FIAO 2 gy

and in this case, we omit the superscript and simply write H*(R?%) = H*?(R?). Furthermore,
for any domain 2 with C* boundary, we define

Lr (Rd)a

s,T = inf s,T 5
1]l 772 (2) rer g £ |75 (may
o=fla

where the restriction f|q is to be understood in the sense of distributions when s < 0. The space
H*"(Q) is then defined as the set of all restrictions f|q of tempered distributions f € H*"(Q)
for which the above norm is finite. Once again, we simply write H*(Q) := H>2(Q).

Finally, we define the following homogeneous Sobolev seminorms for all s € R,

181137 ay = 111 - 1 FSC) 72 aays

for any ¢ € H*(R?) such that the above display exists and is finite. We define ||¢|| ;7. @
analogously.



Appendix A. Function Spaces 376

A.3 Wavelets and Besov Spaces

In Section 5.2.3 and Appendix 5.G, we make use of the boundary-corrected wavelet system WP¢
over the unit cube [0, 1]¢, and of the periodic wavelet system WPe" over the flat torus T<. In this
section, we provide further descriptions and properties of these wavelet bases, before turning
to definitions and characterizations of Besov spaces over [0, 1]? and T%. For concreteness, we
describe these constructions in terms of the compactly-supported N-th Daubechies scaling and
wavelet functions (g, &y € C"(R%), where r = 0.18(N — 1) for an integer N > 2 (Daubechies
(1988); Giné and Nickl (2016), Theorem 4.2.10). We also extend this definition to the case
N =1 by taking (p, & to be the (discontinuous) Haar functions (Giné and Nickl (2016), p. 298).
Throughout the thesis, whenever we work with a Besov space B, ,, we tacitly assume that the
parameter NV is chosen such that the regularity r is strictly greater than the parameters [s] or
«, in which case it must at least hold that NV > 2.

Our exposition closely follows that of Giné and Nickl (2016), and we also refer the reader
to Cohen, Daubechies, and Vial (1993); Cohen (2003); Hardle et al. (2012) and references therein
for further details.

A.3.1 Boundary-Corrected Wavelets on [0, 1]¢

It is well-known that the /NV-th Daubechies wavelet system

ok = Co(- — k), &oje = 23&0(2P() — k), >0, ke,

forms a basis of L?(IR), with the property that {(ox : k¥ € Z} spans all polynomials on R
of degree at most N — 1. While this family may easily be periodized to obtain a basis for
L?(]0,1]), as in the following subsection, doing so may not accurately reflect the regularity of
functions in L?([0, 1]) via the decay of their wavelet coefficients, near the boundaries of the
interval. This consideration motivated Meyer (1991) and Cohen, Daubechies, and Vial (1993)
to introduce the so-called boundary-corrected wavelet system on [0, 1], which preserves the
standard Daubechies scaling functions lying sufficiently far from the boundaries of the interval,
and adds edge scaling functions such that their union continues to span all polynomials up to
degree N — 1 on [0, 1]. In short, given a fixed integer jo > logy N, the construction of Cohen,
Daubechies, and Vial (1993) leads to smooth scaling edge basis functions

C%)‘}gtk with support contained in [0, (2N — 1)/27°],

Cé;%},;t with support contained in [1 — (2N — 1)/2%, 1],
which in turn can be used to define edge wavelet functions 56‘;%, féi]%l}f, fork=0,...,N —1.
In this case, if one defines,

J—Jo —Jo

o j
ngk =272 ngok (2] ]D(')) ) fgjk =272

then the family

ok (27790()), forall j > jo, a € {left, right},

DB =GP 0 <k <270 — 1= { el B Com 0 SRS N =1L, N <m <20 - N -1},
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W={&h5 0 < k<2 — 1,5 > o}
— el e om0 S KN = LN Sm <20 - N = 1,52 jo},
form an orthonormal basis of L?([0, 1]), with the property that ®>° spans all polynomials on

[0, 1] of degree at most N — 1. We then define a tensor product wavelet basis of L2([0, 1]¢) by
setting for all j > joand all £ = (¢4,...,44) € {0,1}¢\ {0},

l_ICOJOI'C and blgf H CO]k xz H éO]k x € [0, 1]d,

(Léz—o lg =1

where in the definition of C}LC , the index k = (k1, ..., kq) ranges over K(jo) := {1,...,270 —
1}¢, while in the definition of 5;-’,55, k ranges over IC(j). In this case, the wavelet system

vhe =P u | | wh, @ ={G% ke K(o)}l, O ={5 ke KG)}, J = o,

J=jo
announced in Section 5.2.3 forms a basis of L2([0, 1]¢). We sometimes make use of the abbrevi-
ation ¥;,_1 = P.
A.3.2 Periodic Wavelets on T

When working over T¢, a simpler construction may be used due to the periodicity of the
functions involved. Denote the periodization on T of dilations of the maps (p, o by

PE=D G- —k) =1, &= 22427~ k)), j=0.

k€Z keZ

In this case, the collection

wrer = {1,5(1;’;; (- —279k) 0< k<2 —1,5> 0}

forms an orthonormal basis of L?(T), which may again be extended to L?(T) using tensor
product wavelets. Specifically, if £, = Hle(f;?,fr)zi forall £ = (f1,...,4q4) € {0,1}¢\ {0},
then

P = {1} U U\If?er, with WP = {&0: k € K(5), £ € {0, 13"\ {0}}, j >0,
7=0

forms an orthonormal basis of L?(T¢) (Daubechies (1992), Section 9.3; Giné and Nickl (2016),
Section 4.3).
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A.3.3 Properties of Boundary-Corrected and Periodic Wavelet Systems

In both of the preceding constructions, one obtains a family ® of scaling functions and a
sequence of families (V) ;>;, of wavelet functions, such that

obe, for U = whe
{1}, for U = yrer,

b, for U = wPe
U for ¥ = PO,

®=Vj1={G:keK(jo)} = {
j ZjO)

Uy = {&re : k € K(j),¢ € {0,139\ {0}} = {

0, for ¥ = pper,
K@) ={0,...,20 =1}, j > jo.

) {[logz N1, for ¥ = ¥be
Jo =

In both cases, the wavelet system is defined over a domain €2, which is to be understood as
either [0, 1]¢ in the boundary-corrected case, or as T¢ (which itself may be identified with
(0,1]%) in the periodic case. In either of these settings, the wavelet system

o0
v=2ou |y, (A.3)
J=Jo
forms a basis of L?(£2). The following simple result collects several properties and definitions

which are common to both of the above bases.

Lemma 101. Let N > 1. There exist constants C1,Co > 1 depending only on N, d and on the
choice of basis U € {WP¢ WPY sych that the following properties hold.

(i) The cardinalities of ® and V; satisfy |®| < Cf,

\I’j| < 022dj fOY‘ all] > jo.

(ii) Forallj > jo and § € U, there exists a rectangle I¢ C ) such that diam(I¢) < C1277,
supp(§;) C I¢, and Hzge\pj I(-€ Ig)‘ . < (Cs.

(iii) Every element { € W is contained in C"((2).
(iv) Polynomials of degree at most N — 1 over  lie in Span(®).
(v) If N > 2, we have,

sup sup || D7(||;~ < Ch, sup  sup sup 9-i(5+hl) |ID7E]| joe < Co.
0<py|<|r) Ce@ 0<ly|<[r] j2jo €€ ¥

Notice that the only Z%-periodic polynomials on R? are constants, thus Lemma 30(iv) is
nearly vacuous for the basis WP,
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A.3.4 Besov Spaces

We next define the Besov spaces B;,q(Q), for s > 0, p,q > 1. Once again, € is understood

to be one of [0, 1]¢ or T¢, and ¥ is understood to be the corresponding wavelet basis as in
equation (A.3). Let f € LP(Q2) admit the wavelet expansion

f:ZﬁgC—F Z Z Be&, over €,

Ced J=jo 56\117'

with convergence in L?(§2), where B¢ = [ £f for all £ € U. Then, the Besov norm of f may
be defined by

; (A.4)

q

i(s+d_4d
11 o0 = NBOceal, + | (2 B, ),

>jo|lp

and we define

FELP(Q): Ifllsy @ < 0}, 1<p<oo

B, (Q) =
feCu) s 1fllgy o) <00 p=oo.

We extend the above definition to s < 0 by the duality B;, ,(€2) = (B,5(2))", where
% +1= % + % =1, for p,q & {1, 00}. It can be shown that the resulting norm on the space
B, () is equivalent to the sequence norm | - [|5s, (q) in equation (A.4) (cf. Cohen (2003),
’ ey
Theorem 3.8.1), thus we extend its definition to s < 0.
We will freq The following result summarizes some elementary identities (cf. Theorem

1.122 of Triebel (2006) and Section 4.3.6 of Giné and Nickl (2016)).

We shall often make use of Besov spaces in order to characterize Holder continuous
functions in terms of the decay of their wavelet coefficients, via the following classical result.

Lemma 102. Forall0 < s < r,andd > 1, we have
C*([0,1)%) € B o ([0, 1]%),  C3(T?) C B, o (T%, (A5)
and there exist C1, Co > 0 such that

s, qogey < Crll-llesqoay s s, o cway < Coll-lles(ray -
If s ¢ N, then equation (A.5) holds with equalities, and with equivalent norms.

An analogue of Lemma 102 is well-known to hold for the Daubechies wavelet system over
R, in which case it can readily be proven using an equivalent characterization of Besov spaces
in terms of moduli of smoothness (Giné and Nickl (2016), Section 4.3.1). Such characterizations
are also available for the periodized and boundary-corrected wavelet systems (Giné and Nickl
(2016), Theorem 4.3.26 and discussions in Sections 4.3.5-4.3.6), and at least in the periodized
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case can be shown to lead to Lemma 102 (Giné and Nickl (2016), equation (4.167)). For the
boundary-corrected case, Lemma 102 is known to hold in the special case d = 1 (Cohen,
Daubechies, and Vial (1993), Theorem 4; Giné and Nickl (2016), equation (4.152)), but we do
not know of a reference stating this precise result when d > 1, in part due to the potential
ambiguity of defining the Holder space C*([0, 1]%) over the closed set [0, 1]%. We thus provide
a self-contained proof of Lemma 102 in the boundary-corrected case for completeness, using
standard arguments.

Proof of Lemma 102 (Boundary-Corrected Case). Let Q = [0, 1]%. Suppose first that
[ € B, (§2) for some s ¢ N, with wavelet expansion

F=YBC+D> > Bt
edbe J=jo geq/;?c

We wish to show that || f[lcso) < [ f]lss. _(0)- By Lemma 101, £ € C"(Q) for all £ € ¥,
where recall that [s] < r, thus we may define the map

fr=> BD'C+ > Y BeDVE, forall0 < |y] < [s].

CE‘I’bC J=jo EE‘IJ?C
Notice that || D7¢[|z~ < 1 forall ¢ € B¢, and for all j > jo, k € K(j), £ € {0, 1)\ {0},
Debs, = 2(]'—]’0)(%*'7')D”f}ockg@j*jo('))

Then, it follows from Lemma 101 that for all x € Q°,

@) < D 1BD@)+ Y Y |BDE(w)]

¢cedbe i=io gewbe

S 1B cearell,. 1%+ D 1(Be)ecurellen 207G S 1(Je(a)] > 0)

i=jo ceube
o] L
S B ceavelly, + D 2EHD(Be) el
J=jo
< J(44s) o o (r=s
S 18 cearel,., +||(27C ||<ﬁg>@;e||gw)j>w > 2 < fllsy, o)
- % j=jo

(A.6)

where on the final line, we used the fact that s is not an integer, thus |y| < s. An analogous
calculation reveals that the series defining f, converges uniformly for any 0 < |y| < |s], thus
it must follow that f is differentiable up to order |s| with derivatives given by D7 f = f.,
which by equation (A.6) must satisfy [ D7 f(z)| < C || fl| 5 (o forallz € Q°, for a constant
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C > 0 depending only on d and r We next prove that D7 f is uniformly (s — |s])-Holder
continuous over €2°, for all |y| = |s|. For all z,y € Q°, we have,

IDVf(x) = D f(y)l < Y 1BIID7¢(x) — DV(y !+Z > 1Bel[DVE(x) — DYE(y))-

¢edbe J=jo 5@1/?6
Since ¢ € C"(Q), for all ¢ € dbe,

> 1BID¢(@) = D) S F sy, oy 12Nz =yl S 1F sy, oy = = wll-

¢edbe

Furthermore, using the definition of the boundary-corrected wavelet basis and its locality
property in Lemma 30(ii), we have

> ) 1BelIDYE(x) — DYE(y)

J=jo gewbe
co 29-1

=3 % Y 18 297G DI (20 (2)) — D ore(20 ()]

J=jo k=0 1€{0,1]9\{0}

N Z 1(Be)cepbellen 2V WG4 (27700 — 2700y | A1) ™ 1(J&()| v [&(y)] > 0)

J=jo 5@1/;?6

S Z H(,B&)geq;}ac“ZOOQ(-j Jo)(zH'y\)(gJ Pz =yl A1)

J=jo

- -(d .
S DI Bceuss, e EHD (@12 — )l A1)

§=0

J(z,y) y
S 3 160w, I EH =yl 4 30 NBecune, e,
=0 j=J(z,y)

where J(x,%) is the smallest integer j > 0 such that 27|z — y| > 1; in particular,

2700 <z — y|| < 2770, (A7)
Now, since 2/(2 ”(Bé')fequc llew HfHBs ) < 00, and since |y < s ¢ N, we obtain
(z,y) 00 '
1£llss. D7 f@) = D) S e =yl Z /(=) 4 %~ lhi=)
j=J(z.y)

<l — yHQJ (@y)(Vl=s+1) 4 9J(zy)(lhl=s) < |z — st—lvl 7
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where the final inequality is due to equation (A.7). It readily follows that || ¢« ) < ||/ B, ()"

Furthermore, since D7 f is uniformly Hélder continuous over (0, 1), it is in particular uni-
formly continuous and hence extends to a continuous function over [0, 1]%, thus f € C*([0, 1]%).
We next show that C*([0,1]%) C B5, ([0, 1]?) for all s > 0, with the requisite Hélder norms.

Assume || f||¢s(q) < 00, and let B¢ = [ f& for all ¢ € UPC. By definition of the Besov norm, it
will suffice to prove that

—i(44s L
H(»Bc)cecbbon S Hf||cs([0,1]d)a H(ﬂ&)gew?CH S ||f||cs([o,1]d) 2 i3+ ), J = Jo-

The first bound is immediate, since f is bounded above by || f{|¢s (g 174y over [0, 1]¢. To prove

the second bound, let 2 € (0,1)%, and let s denote the largest integer strictly less than s. By a
Taylor expansion to order s, there exists ¢ > 0 such that

fl)= Y DVf(wo)(x —a0)| < e fllesqy o = 20l®, z€Q,  (A)
0<]y|<s
where (x — )Y = H?:l(l‘i — ;). In particular, for any given £ € \Illj?c, J > jo, choose

zo € I¢ N (0, 1), where diam(I¢) < 277 and I is a set containing the support of &, as defined
in Lemma 30(ii). We then have,

‘/ff‘ S /f(m) 3" DV f(x0)(x — o) da

0<|v|<s

1 e / €@)| |z — zoll* dz = || flle=(ey / €(@)| ||z — o|* dz,

where the final equality uses the fact that polynomials of degree at most |r| lie in Span(®®°)
by Lemma 30(iv), and are therefore orthogonal to £. We thus have,

1Bel < 1 llecey /Q €(@)] |z — zoll° do
= Ifllecey /I €(@)] |z — ol do
3
< 1 flles () 2%9/? diam(Ie)* L(Te) S || flles(y2 7 (5 79).

The claim readily follows. O
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Wavelet and Kernel Density
Estimation

In this Appendix, we state several properties of wavelet and kernel density estimators which
are used throughout our development. We always work over [0, 1]¢ or T? in what follows.

B.1 Wavelet Density Estimation

We begin by discussing wavelet density estimators over 2 € {T¢, [0, 1]?}, with the correspond-
ing basis ¥ € {WP" WP} as in Section A.3.3. Let ¢ € L2(Q) denote a probability density with
corresponding probability distribution (), and with corresponding wavelet expansion

= _BcC+ D> Y B
ced J=jo £€Y;

Givenaniid. sampleYi, ... Y, ~ Q with corresponding empirical measure Q,, = (1/n) > ;" ; dy;,
define the unnormalized and normalized wavelet density estimators of the density ¢ of @,

S ZJ“ S Gl (G > 0)
an = BCC + B&ga an = }L n~_d£ s (Bl)
e j=jo EEY; G >0 n

where J,, > jo is a deterministic threshold, and Bg = f £dQy forall§ € V;, jo < j < Jy,. The
following simple result guarantees that ¢, integrates to unity since g is a probability density.

Lemma 103. We have [, ¢, = 1. In particular, it follows that 3~ ., BC Jo¢=1

The proof of Lemma 103 appears in Appendix B.1.0.1. In the special case of the periodic
wavelet system, for which P consists only of the constant function 1, Lemma 103 implies that
the corresponding estimated coeflicient satisfies 51 = 1 deterministically, thus the definition
of ¢, in equation (B.1) coincides with that which will be given in Appendix 5.G.

383
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With this result in place, we turn to L> concentration results for ¢,, as well as for Besov
norms of g,, which we frequently use throughout our proofs. In what follows, write

JIn
01, (0) = Elan, )] =Y BeC+ D > e, yeq.
S =y =

Lemma 104. Let N > 2 and q € B3, ,(§2) for some s > 0. Then, there exist constants v,b > 0
depending only on the choice of wavelet system, such that for any J,, > jo, and allu > 0,

2

P(ﬁgglgg—ﬁd EU> SeXp{—nz}, (B.2)

TLU2

i~ 4 . .
P (;EU\IE’_ Be — Be| = U) S 272 exp {_er2jd/2bu}’ Jo<J < Jn. (B.3)
J

1
Furthermore, if 2’7 = con@+2 for some co > 0, then there exists a constant C' > 0, depending
on cg and on the choice of wavelet system W, such that the following assertions hold.

(i) Forall0 <u <1,

P(Ilanllggégm(m > u+ ||Q||Biéfoo(g)) < C 2% exp (—u?2%/C).

(ii) Forall2=/» <u <1,
P (H'qvn — qJnHLoo(Q) > u) < CJn2‘]"d(d+3) exp ( — nu22_dJ”/C).

Lemma 30(ii) is implicit in the proofs of almost sure L°° bounds for wavelet estimators by
Masry (1997) and Guo and Kou (2019), as well as Giné and Nickl (2009) when d = 1. While
these results are based on wavelet estimators over R?, they can readily be adapted to the
wavelet systems considered here, as consequences of inequalities (B.2)—(B.3). For completeness,
we provide a proof of Lemma 30(ii), along with the remaining assertions of Lemma 104, in
Appendix B.1.0.2.

Using Lemmas 103 and 30(ii), the following result is now straightforward.

Lemma 105. Let N > 2. Assume there existy,s > 0 such that ¢ > 1/~ over ), and such that
q € B3, oo (€2). Then, there exists c; > 0 depending on~, HQHB&QO(Q) such that with probability
at least 1 — cl/n2, Gn, is a valid probability density over ), and hence G, = qy,. If we instead have
N =1, then under no conditions on q it holds that g, = g, almost surely.

Having now established that ¢, is a valid density with high probability, we may speak of
its convergence in Wasserstein distance. Niles-Weed and Berthet (2022) previously derived
upper bounds on the risk, in Wasserstein distance over [0, 1%, of a projection of g, onto the set
of probability densities. Using Lemma 105, we are able to extend their result to the estimator
@n, i.e. the distribution function of the density ¢, defined in equation (B.1). We also state this
result for a general exponent of the 2-Wasserstein distance.
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Lemma 106. Let U = U™ with N > 2. Assume that q¢ € B, . ([0,1]%) for some s > 0.

Assume further that ¢ > 1/~ over [0,1]% for some ~y > 0. Let 2/» =< n!/(4+25)  Then, for any
p > 0, there exists a constant C > 0 depending on M, ~, p, s such that

_ p(s+1)
n 2s5+d , Z 3
1/nP/?, d=1.

Furthermore, when N = 1, equation (B.4) continues to hold with s = 0 for any density satisfying
7~ < q <y over [0, 1]4, for somey > 0.

The proof appears in Appendix B.1.0.4.

B.1.0.1 Proof of Lemma 103

Recall that Span(®) contains all polynomials of degree at most N — 1 over €2, by Lemma 30(iv).
In particular, it contains the constant function 1, thus if 52 = fQ (,weobtainl =) ced 52( .
It then follows by orthonormality of ¥ that

/Qn—/ > B¢ ZB<C+ZZBg£ :Zﬁé@:/ D B | dQn = 1.

ced ced J=Jjo §€Y; ¢ed Ced

This proves the claim. O

B.1.0.2 Proof of Lemma 104

Throughout the proof, b, v,c > 0 denote constants depending only on ¢y and the choice of
wavelet system, whose value may change from line to line. To prove inequality (B.2), recall
first from Lemma 30(v) that

sup [[C| e () < b, sup 2794/2 qup 1€l oo () < 0. (B.5)
¢ed J=jo £ev;

By Hoeftding’s inequality, equation (B.5) implies that for all u > 0,
nu?
supl/i’c —Belzu) <Y P(|[Cd@Qn-Q)|>u) Sexpi—75 ¢, (B
ced

where we have used the fact that |®| < 1 by Lemma 30(i). To prove equation (B.3), notice that
forall§ € ¥ and j > jo, given Y ~ @),

Vare /52 Wy < [lglz= /52 )y = )z < v,
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where we used the fact that ¢ € B3, ,,(€2) € L*°(2). Therefore, by Bernstein’s inequality, we
have for all u > O and jo < 7 < Jp,

~ -~ . nu2

P o zu) < Y B(fe -l zu) s e {-— "0 L ms

<§Seu\lz|ﬁg Bd_u)_fezq; e = el =) 5 exp{ v+2ﬂd/2bu} ®7)
J

Here, the last inequality uses the fact that |¥;| < 2% by Lemma 30(i) for all j > jo.

To prove part (i) from here, let 0 < v < 1. A union bound combined with the above display
leads to

2

e nu
P| sup su —Bel>ul| <J2rexpd o — 2 L B.S
<j0<jEJn 56\12 P =Pl = > ~ o P v 4 29nd/2py, (B.8)

whence, since 27 = nﬁ,
In(s+d) ~
P2 sup  ||(Be — Be)eew, ||, > u (B.9)
JUSJSJn R

nu22—JIn (s+d)

< Jp24m exp { — F A m < Jp2%n exp {—chQJ"S} .
v+b272 272 T2y

Combining this fact with equation (B.6), we have

P (G0 — 4, gz > u)

In(d+s)

SP(H(Bc—ﬁcke@szZU/Q)HP(? 2 sup H(Bf—ﬁa@jmwzu/z)

Jo<j<Jn
< CJp2%m exp{—u?27"% /C}Y,

for a large enough constant C' > 0. Thus, we have
@ullgse. < = 02 llre + 1 lge <+ lal gy
with probability at least 1 — C.J,,29/ exp{—u?277 /C}. Part (i) thus follows. To prove part

(ii), let 6, < 27(4%2) /(4Cy), for a constant Cy > 0 to be specified below. Notice that for all
x,y €,

In —~
1@ (@) — @) < D Be(C@) = D |+ D Beléla) — £))
ced J=Jjo §€Y;

Jn
<SS Belllz =yl + S 2E Bellle — g Y I(E(@) Aé(y) > 0)

Ced J=Jjo EG‘IIJ'
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Jn
(d
Sl =yl + > 2EH|e]| oo oy llz —

J=Jo
In .
<Y 26 g — g S 2 |z — g,
J=jo

where we have again used the properties appearing in Lemma 101. Upon repeating an analogous
calculation, we deduce that both ¢, and ¢, are Cy27n (d+1)-Lipschitz.

Let K,, = O(1/6%) = O(2~7/n44+2)) denote the §,-covering number of the unit cube
[0, 1]% with respect to the Euclidean norm, and let {zg : 1 < k < K, } be a corresponding
Sn-cover. Letting I, = {z € [0,1]? : ||x — 2ox|| < 0.}, we have (for both Q € {[0, 1], T?}),

_ o < B
1Gn — @7, |l L (@) 1123)12”?22"1”() a1, ()]

. .
L sup |Gn(2) — Gn(zor)]

+ 13}35;(71 j‘eli a1, (zok) — qu, ()] + 1<Hk}ax |Gn (o) — qu, (zok)|

< 2027 d+ s 4  Jnax |@n(@or) — a1, (Tok)|

<2 /9 - )
< / + Sngg(n\qn Zok) — 4, (Tok)|

Thus, for any 2=In < g < 1, using Lemma 101 and the bounds (B.6)—(B.8), we have
P (1Gn — @1, lLo () = )

<P (s (7o) = as, oo = u/2)

Ky In
<Y P (B = BCwor) + YD (Be — Be)é(won)| > u/2
k=1 CeP J=jo €€
Kn R Ky JIn R
<SP DB = BCon) | = u/a | + TP YT (Be - Be)é(on)| > u/4
k=1 ced k=1 J=jo £€T,

< K,P | sup |B¢ — B¢l > cu | + KPP Jn2d% sup sup |B§ — Be| > cu
e J0<j<Jn €Y
< Ky exp(—nc?u? /b%) + J, K, 2% exp ( ncu?2= /(20 + cbJ, u))
It follows that, for a sufficiently large constant C' > 0,

P (Han -qy, HLOO(Q) > u) < (O, 27nd(d+3) exp ( — nu22_d‘]"/(JnC)),

for all 27/ < u < 1. The claim readily follows. O
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B.1.0.3 Proof of Lemma 105

The claim for N = 1 follows by definition of the Haar system, since in this case gy, is equal to a
histogram. We thus assume s > 0 and N > 2. Recall that g, integrates to unity by Lemma 103,
thus it suffices to show that g, > 0 with high probability. Apply Lemma 104 to deduce that

1Gn = @l L) < v7H/4,

1

except on an event with probability at most ¢; /n?, for some ¢; > 0 depending on v~ ! and

gl s, () Furthermore, using Lemma 101, the bias of g, satisfies

dj
las, = dllze@y = > 22 (Be)eew, e
j>Jn+1

4i_d _ _
<llglss @ D>, 227" Sallss, @2 <v7/4,
j>Jn+1

for all n larger than a universal constant depending only on ||q||zs. __(q)- Therefore, after
possibly increasing ¢; > 0, we have with probability at least 1 — ¢1/n? that for all n > 1,

1Gn — all o) < 7' /2-

1

Since ¢ > v+, we deduce that ¢, > 7_1 /2 > 0, over the same high probability event. OJ

B.1.0.4 Proof of Lemma 106

By Jensen’s inequality, it suffices to assume that p > 1. It is straightforward to verify from
Lemma 101 that the wavelet system ¥ satisfies Assumptions E.1-E.6 of Niles-Weed and
Berthet (2022), except Assumption E.2 in the special case N = 1. We also have 7! < ¢ < v
over [0, 1]%. These conditions are sufficient to invoke their Theorem 4 for any N > 1, leading
to

W2 (Qn, Q) fn G — q,’B;}([O,l}d) )

Furthermore, it follows from Lemma 105 that the event A,, = {G,, = ¢, } satisfies P(AS) < n~2.
Let ¢, = E[gy], so that

-2

EW{(Qn, Q) = E[WE(Qu Q). +E[WE(@Qn Q)Lag | S Elldn = allfs ) + 7

5.1((0,1)4

Now, we make use of the following result which can be deduced from the proofs of Theorem 1
and Proposition 4 of Niles-Weed and Berthet (2022).

Lemma 107 (Niles-Weed and Berthet (2022)). Let q be a density satisfying v~ < q < v over
[0, 1)%. Assume further that q € B, . ([0,1]%) for some s > 0. Then,

_ P —pJn(s+1)
”qJn Q||B2—’}([0’1}d) ~ )

EH(BC — Be)ceave 52 < 1/nf?, EH(B& - 55)5@1/?

: b
525(2d”/n1/2), i > jo
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Let p' > 1 satisfy % + ﬁ = 1. Lemma 107 implies,

Ellgn — ally; 55 (0.11%)

S Ellgn — QJan vogey T 140 — q” L([0,1])
p

+ 2_PJn(5+1)

52 +E Z 2—j}|(,§5 - 5&)56\1/;90 t

J=Jjo

SE|[(Be — Be)ceave

P

Jn o’
Z 20 (B = Bedecurelly, | | D027+ 27D

Jj=Jjo J=Jjo
2

w\m

N
3

7

A

In JIn
g n‘% + n—% Z 2P(77+g—1)j Z 2—p'T]j + 2—pJn(s+l)’
Jj=jo J=Jo

for any n € R. Now, when d > 3, choose 1 — % < n < 0. In this case, the above display is of
order

B olp(r+§=)=pnldn | g=pJu(s+l) _ gp(3=Dn 4 9=pdu(s+1) < =550

which proves the claim for d > 3. When d < 2, choose = 0. Then, the penultimate display is
dominated by its second term, which is of order n /2 when d = 1 and of order (logn//n)”
when d = 2. The claim follows. O]

B.2 Kernel Density Estimation

Recall that we define the kernel density estimator
i = Kix Qu = [ K= 0)dQu0),

where, in the above display, Q,, € P(T¢) is extended by Z?-periodicity to a Borel measure on
R?. Under condition K(cx), we assume that K € C3°(0,1)%, and thus it is easy to see that the
periodization of K}, , denoted by

=Y K (-9
AL

defines a function in C* (T?), with the property that for all z € R?, there exists £ € Z¢ such
that K, (x) = K}, (v — £). By the Poisson summation formula, it holds that

FIKn,1(€) = FIKp,](€) = FIK](hn€), forall¢ € Z% (B.10)
Throughout what follows, we write for all u € L!(T4),

Khnu:f?hn*u—u.
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The aim of this appendix is to derive the convergence rate of the kernel density estimator
under the Holder norms C7(T%) with > 0, and under the negative Sobolev norms H ~7"(T4),
r > 2. We begin with the former.

B.2.1 Convergence Rate under Hélder Norms

When v > 0 is an integer, the question of characterizing the convergence rate of ¢, under the
C7(T%) norm reduces to deriving the uniform convergence rate of derivatives of the kernel
density estimator, which is a classical topic (Bhattacharya, 1967; Silverman, 1978; Giné and
Nickl, 2016). Using an elementary interpolation argument, we can extend this existing work to
non-integer values of v, as stated next.

Proposition 42. Let 0 < v < s, and assume ¢ € C*(T%). Let K satisfy condition K(s). Then,
there exist constants C, b > 0 depending on ||¢|¢s(74), 7, s such that for any h,, > 0,

Ellgn, — qllev(ray < Chy 7,
and such that for any h, < u <1,
IP’(HEjn - thch(W) > u) < Ch;b exp ( — anh?ﬂer/C).

In particular, there exists a constant C; > 0, depending in particular on ¢, such that, almost
surely for alln > 1,

B log(hnt)
1 = anallevnsy < Oy [ =55

Proof of Proposition 42. Given a,b > 0 and a bounded linear operator F' : C%(T%) — C*(T9),
denote the norm of F' by

||FU||ca(1rd)
F|lca(ray_seb(pay =  sup =~ ————>,
1 lleewaycrm weca(ripfo}  [Iullep(ray

When 7 is an integer, it is a standard fact that the following bound holds under condition K(s)
(see for instance Giné and Nickl (2016), page 402):
1k lles (reyscv(ray S sy 7

If instead v > 0 is not an integer, let 79 = [v], 71 = [y] and § = 7/~1. The periodic
Holder space C7(T?) is a real interpolation space of exponent @ between C°(T%) and C7* (T4)
(cf. Schmeisser and Triebel (1987), page 173), whence it follows that

”lchn HCS(’Jl‘d)—wV(’Jl‘d) g H’Chn Hé:gyd)ﬁcvo (T4) chhn Hgs(qrd)ﬁcﬂa (Td)

< (h‘ff%)l*e (hfl_%)a = B



Appendix B. Wavelet and Kernel Density Estimation 391

This proves the first claim. To prove the second claim, it can be deduced from the proof of
Lemma 32 of Manole et al. (2021) (see also Giné and Guillou (2002)) that for all integers v > 0,
there exists C' > 0 such that for all h,, < u <1,

IF’(HZ]Vn — thHC'y(Td) > u/h%) < Ch;d(d+7+2) exp ( — anth/C).

Ifinstead v > 0 is a real number, it follows again from the interpolation property of the periodic
Holder spaces that the following inequality holds (cf. Lunardi (2018, Corollary 1.7)),

. " 1— 2 _ O
1Gn = annllev(ray S 1dn = @nnll oy 180 = gna ll o107 -
The preceding two displays imply,
P (11G0 = o>y > u/7,)

< P (G0 = ana letuscray = w/BEY) + P (G = anlern ey = w/hf)

< h;d(dHﬂH) exp ( — anhﬁ/C),
from which the second claim follows. The final claim is now a direct consequence of the first
Borel-Cantelli Lemma. O

We deduce the following Lemma.

Lemma 108. Letq € C} (T?) for some s > 0, and let 0 < v < s. Let K satisfy condition K(s).
Suppose that for some ¢ > 0,

hn:c-n_“, With0<a<m,

Then, for any b > 0, there exist constants C,§ > 0 depending on K,~,b,c such that with
probability at least 1 — C'/nP.

L gnllev(ray < C-
2. Gy is a valid density; in particular, G, > C~' > 0 and de gn = 1.

In particular, there exist constants C, N > 0, possibly depending on q, such that the two preceding
assertions hold almost surely for alln > N.

In particular, the following is an immediate consequence of Lemma 108 and Theorem 3.

Lemma 109. Letp,q € C5(T?) and let 0 < v < s,y & N. Suppose that for some ¢ > 0,

hp,=c-n"% withl<a< ot d

Then, for any b > 0, there exist constants C, \ depending on ws(p,q),~,b, c such that with
probability at least 1 — C'/n®, the unique mean-zero Brenier potential 3,, whose gradient pushes
forward p onto qy, is well-defined and satisfies

H@anwH(Td) <), and@, is \"'-strongly convex.
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In particular, there exist constants C, N, A > 0 depending on p and q such that the above display
holds almost surely for alln > N.

B.2.2 Convergence Rate under Negative Sobolev Norms

We now turn to the question of bounding the convergence rate of the kernel density estimator
under the negative Riesz potential Sobolev norms.

Proposition 43. Let 0 < o < d,s > 0,7 > 2,and q € Ci(’]l‘d). Assume K satisfies
condition K(s + ). Assume further that for some ¢ > 0, h,, > ¢ - n~1/¢
constant C' = C(ws(q), K, ¢, i, 8,7) > 0 such that

. Then, there exists a

lgn, — QHH*O‘W(’]I‘d) < C’hff”‘,

and,

1 a—z
~ ~ T hn ?
Ellgn = hy | zr-ar(ray < <E||Qn - th||7}{—a,r(qrd)> < CW'

Furthermore,
200—d h2a—d

h
—1""n ~ 2
C B < EHQn - qhnHH—a(’]I‘d) <C n

When « = 0, the above result reduces to the traditional convergence rate of the kernel
density estimator under L"(T¢) norms (Giné and Nickl, 2016). When s = 0 and o = 1,
this result has previously appeared in Divol (2021), and our proof below is inspired by their
approach.

Proof of Proposition 43. We begin with the bound on the bias of ¢,. Recall the definition of the
fractional Laplacian (—A)~%/2 and its associated Riesz kernel I,,, given in Chapter A. We have,

an, — ll - (ray = || o * Kn, d]|

L7 (Td)
= HIChn [La % q” L7(T4)
= HIChn [(_A)_a/2Q] | L7 (Td) (B-ll)
Now, let v = a + s, and notice that by definition of the Riesz potential spaces,
(=2l ypr.r(raty S Nall oy (B.12)

Therefore, the question of bounding the expression in equation (B.11) reduces to the question
of bounding the L"(T%) approximation error of the convolution of the H7"(T%) function
f = (—A)~%/2[¢]. When 7 is an integer (Giné and Nickl, 2016), but we provide below a direct
proof for general . Specifically, we aim to show

1 [ £ ey S -
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Define M := |- || 77(F[K](-) — 1), with 0/0 = 0. We will show below that M (a-) is a L"(T¢)
Fourier multiplier for any given a > 0, in the sense that

|7~ [M (a) F £]]

L7 (Td) < CHfHLT(Td)

for all f € L"(T9), for a constant C' > 0 independent of a. Taking this fact for granted
momentarily, let us show how the claim follows. Using equation (B.10), we have

1k, L oy = 1F = (FIChL LA [ 1 oy
= || FH (M (ha&) [N FLA1E)) |
S | FH eI FIA©)]

L7 (T4)
5 hffa

reray = Pallfll v ray gl z7s.r (Tay,

where we used equation (B.12) to obtain the final inequality.

It thus remains to show that M (a-) is indeed a Fourier multiplier, with norm independent
of a > 0. To do so, it will suffice to show that M satisfies the conditions of Mikhlin’s multiplier
theorem (Grafakos, 2008, Theorem 6.2.7). Abbreviate g = F[K]. By condition K(v), M is
bounded over R?. Furthermore, recall that condition K(7) implies that K is a kernel of order
v — 1, ie. D*g(0) = 0 for all multi-indices  such that 1 < || < v — 1. For any such &, we
have

D"g(§) = D"g(0) + > D g(0)¢” + O(||€[7 1"l = Oo(|lg [,

a:1<|w|<y—1—|K|

for ||€]| < 1. Since K and g are Schwartz functions, the above bound also continues to hold
trivially for all |x| > . Using the general Leibniz rule, we deduce that for all multi-indices w
satisfying 1 < |w| < ¢ + 1, we have!

DM ()| = [D* (g(&)l] )|
-1 (2) @sten (0=l

K
r<w

N

> DR | liel |

r<w

< D lelr gyl

K<w

S I+,

for all ||£]] < 1. Finally, since g is a Schwarz function, the last bound of the above display
continues to hold trivially when ||¢|| > 1. The conditions of Mikhlin’s Multiplier Theorem are
thus satisfied. This completes the proof of the bias bound.

"The notation x < w is to be understood componentwise. Furthermore, we write (:’) = H‘j:l (“ )
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To prove the first claim about the variance, we follow the proof of Divol (2021) closely. We
would like to bound V = E||(1/n) -1 | (U; — EU;) HET(W)’ where

Ul(x) :IQ*KZR(XZ‘—x), QZETd,

where we write K ;’Ln =K h,, — 1. Using Rosenthal’s inequality (Rosenthal, 1970, 1972), it holds
that

VEn [ EU@P) a0t [ BU@)da,
Td T

Notice that, due to the upper-boundedness of g, one has for any = € T,
B @) = | |fax K2, (0= o) atu)dy

/ ’I * Kh —x) ‘ dy = /[[‘d ‘Ia *f{;’bn(y)‘rdy = Hf{onH"H,a,r(Tdy
where we used the translational invariance of £. We now make use of the following.

Lemma 110. Let 0 < o < d, r > 2, and assume condition K(c) holds. Then, there exists
C = C(a,r) > 0 such that

C_lh:la_(r_l)d < HI?O,LH;{*a,T(Td) < Ch;a_(r_l)d.

The proof appears below. We thus have
V < /2 (o) /2 4 i ra—(r=)d _ n‘T/QhZ(a_%> L plorpre==Dd_ (g 13)
Note that
- n_”/Qh:L(a_g) > nl—rh;a—(r—l)d — h,>c- n—l/d’

thus, under our assumption that h,, > en~1/d

tion (B.13) dominates, and we obtain

, the first term on the right-hand side of equa-

V< n—T/Qh:L(a_%)'

It thus remains to prove the final claim, for which it suffices to prove the lower bound. We
have,

n

1 - ey = BIC1/) 3 (0~ BUDIE e

/W/W‘I * K7 ( —m‘dxdy

h2a d

)(

= KR, e =

where we used the fact that ¢ is bounded from above and below over T¢, and we invoked
Lemma 110 in the final order assessment. The claim follows. O
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Proof of Lemma 110. Let
AR -1
- p )
¢eRd\ {0} €]l

which is finite by condition K(1). By the Hausdorff-Young inequality, notice that

L (Td) < H(H : H_a]:[izn])gezg

where 7’ = r/(r — 1) is the Holder conjugate of 7. We thus have,

KR, M gz-areray = | FHI - 70 F KR, ]|

o' (zd)

7 ’]:[K](hng)‘w
VRGN ey < 3 IO

Z el
where
FIE] ()| [ FIE) )|
Sp1 = ‘—,, Sno = —_—.
" ;Z:d 12mg]f"" " ;Z:d 27| |
SV €Ly
Nllhn§||§1/2 ’i||hn§|‘>1/2
Regarding term .S,, 1, apply condition K(cx) to obtain
(1~ wllhmg])%
Snp1 > N TP T —
" Zd [[27g]|™"
£eZs
Klhngll<1/2
1 1 /
2 S sa e =< by
27" || 2" gZ:d e
rllhngll<1/2

where the final order assessment holds due to the condition ra < d(r — 1), which implies
r’o < d. A similar argument shows that S;, 1 < h;’a—d. It thus remains to upper bound S, ».
Recall that K € C°(R?), thus K and F[K] both belong to the Schwartz space. In particular,
FIK](&) < ||€||7¢ for any £ > 0. Choosing £ such that 7' (¢ + «) > d, it follows that

SuaSha™t DT T g ) — e,

cezd
Kllhné|P>1/2

Deduce from here that
(r'a—d)

||I?;)ln||;[fa,r('ﬂ*d) = hr? — h:la_(T—l)d.

This proves the claim. t
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