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[Lecture 01, 2024-10-08]

0.1 Prerequisites

• General material from model theory: Logic 2 is more then enough. Can
be found in [TZ12]): Compactness, saturation, type spaces, quantifier
elimination, decidability.

Some model theory of ACF.

• Solid knowledge of field theory, (infinite) Galois theory

• Basic algebraic geometry concerning algebraic varieties over a field and the
corresponding commutative algebra (see [Lan73] or, for a more advanced
treatment, [FJ23]).

Main bibliographical sources for the course:

• Original paper by James Ax: The elementary theory of finite fields
[Ax68].

• Lecture notes by Zoé Chatzidakis: “Notes on the model theory of finite
and pseudofinite fields”. [Cha18] or [Cha05]?

• Chatzidakis, van den Dries and Macintyre: Definable sets over finite
fields [CDM92]

Introduction, Motivation and Overview

The model theory of finite and pseudofinite fields is central toe model theory
and applications. Ax’s paper is seminal and extremely influential.

We work in the language of rings, Lring “ t0, 1,`,´, ¨u. We consider fields as
first order structures in Lring.

Fact 0.1 (Some Tame Theories of Fields). (a) The theory ACF of alge-
braically closed fields has QE, is decidable and its completions are
given by ACFp where p is prime or 0 specifying the characteristic.

It also follows that ACFp is strongly minimal with algebraic closure
acl given by field theoretic closure.

(b) RCF, the theory of real closed fields ThpRq, is complete and de-
cidable (Tarski). F is real closed iff

• ´1 is not a sum of squares (formally real)a

• @a P F. Db P F. pa “ b2 _´a “ b2q.

• Every polynomial ppXq P F rXs of odd degree has a root in F .
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If F |ù RCF then x ď y :“ Dz. y´ x “ z2 defines a field ordering and
RCF has QE in the definitional expansion to LoRing :“ Lring Y tďu.

(c) Ax-Kochen, Macintyre: Similarly ThpQpq admits an explicit (re-
cursive) axiomatization (p-adically closed fields) and quantifier elim-
ination in a definitional expansion.

(d) Using Ax-Kochen / Ershov (AKE) one may also give axiomatizations
to theories like ThpCpptqqq, ThpRpptqqq.

aclearly this implies characteristic 0

Fact 0.2 (Julia Robinson). In the field Q, the ring of integers Z is Lring-
definable, hence also N (by Legendre’s four squares theorem), so Q is un-
decidable by Gödel.

Question 0.2.1. What about other theories of field?

Especially field important in number theory.

Clearly ThpFqq is decidable (Fq is finite, just check). But what about uniform
decidability?

Notation 0.2.2. We set Tf :“
Ş

q“pn

p prime

ThpFqq (finite fields)

We set Psf :“ tφ | @q " 0. Fq |ù φu “ lim supqÑ8 ThpFqq (pseudo finite
fields), i.e. the theory of the infinite models of Tf .

In order to understand Tf , we need to study Psf. This was done by Ax.

Theorem 0.3 (Ax, 1968 - main theorem of his paper). A field F is pseudo-
finite iff the following hold:

1 F is perfect.

2 GalpF q “ GalpF alg{F q – Ẑ, i.e. the absolute Galois group of F is

isomorphic to lim
ÐÝ

Z
nZ.

3 F is PAC (pseudo algebraically closed), i.e. every absolutely
irreducible algebraic variety V defined over F has an F -rational point.

We will call this theory Psf 1 until we have proven the theorem.

Comment 0.4. (a) (1), (2) and (3) are first order expressible.

(b) Modulo (1), (2) is equivalent to @n ě 1. F has a unique algebraic
extension of degree n.
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(c) In (3) it is enough to talk about algebraic curves, i.e. dimpV q “ 1.

The notions appearing in the theorem will be explained in the course of the
lecture.

Remark 0.5. Theorem 0.3 need two essential ingredients from algebraic
geometry and number theory:

1 The Lang-Weil estimates (a consequence of the “Rieman hypoth-
esis for curves over finite fields”a),

2 Chebotarev’s density theorem.

We will not prove these two in the lecture and treat them as black boxes.

athis is a theorem

1 Preliminaries

1.1 Field theory and infinite Galois theory

Notation 1.0.3. Let P :“ tp : p primeu and Q :“ tpn : p P P, n P Ną0u.

Fact 1.1. (1) If F is a finite field, then q :“ |F | P Q and F is perfect.a

(2) For every q P Q there is (up to isomorphism) a unique field of cardi-
nality q, denoted by Fq.

(3) If q “ pn and q1 “ p1n1

then Fq Ď Fq1 iff p “ p1 and n|n1.

(4) If F is a finite field, then for every n ě 1 there is a unique field
extension Fn{F with rFn : F s “ n. By uniqueness it follows that this
is a Galois extension.

(5) The multiplicative group pFˆ, ¨q of a finite field F is cyclic, i.e. –
Z
p|F | ´ 1qZ.

(6) If F is a finite field and Fn
F as in (4) then Gal

´

Fn
F

¯

– Z
nZ.

Moreover if F “ Fq then Frobq P GalpFn{F q is a generator of it,
where Frobqpxq “ xq.

aRecall that a field is perfect iff either it has characteristic 0 or it has characteristic
p and the Frobenius endomorphism, x ÞÑ xp, is an automorphism. Equivalently, every
algebraic extension is separable.

Proof (sketch). (1) charpF q “ p P P, so F is a finite-dimensional Fp-vector
space, so |F | “ pn. Frobp : F Ñ F is injective, hence surjective.

(2) Let q “ pn P Q. In Falg
p take the set of zeros of Xq ´X (the fixed points

under Frobq). This is a subfield with q elements, every root of Xq ´ X
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being simple (´1 is the derrivative).

(3) Follows from (2).

(4) By (3) and (2)

(5) A polynomial of degree m has at most m roots. Copy from
official notes

(6) If F “ Fq, then Fn “ Fqn . Then |Fq| “ tx P Fqn |Frobqpxq “ xu. So
GalpFqn{Fqq is generated Frobq by Galois correspondence.

Fact 1.2. For every p P P, we have Falg
p “

Ť

ną0 Fpn , so Falg
p is an increasing

union of finite fields.

[Lecture 02, 2024-10-11]

1.2 Infinite Galois Theory

Recall: If L{K is a field extension, consider AutpL{Kq “ tσ P AutpLq|σ|K “

idKu. If L{K is Galois1 we write GalpL{Kq or GpL{Kq for AutpL{Kq and call
it the Galois group of L over K.

Definition 1.2.4. The absolute Galois group of K, denoted by GalpKq
is defined as GalpKsep{Kq “ AutpKalg{Kq, where Ksep is a separable
closure of K.

Fact 1.3 (Main Theorem of Finite Galois Theory). Let L{K be a finite
field extension, i.e. n “ rL : Ks “ dimKpLq ă 8.

Then

(1) |AutpL{Kq| ď n with equality iff L{K is Galois.

Assume now that L{K is Galois. Then

(2) the maps

tsubgroups of GalpL{Kqu
F

Ð
Ý

Ý
Ý

Ý
Ñ

G
tK ĎM Ď L intermediate fieldsu

H ÞÝÑ LH

AutpL{Mq ÐÝ [M

are inverses of each other and define inclusion reversing bijections.

(3) If H is a subgroup of GalpL{Kq, then it is a normal subgroup iff the

1i.e. algebraic, normal and separable
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corresponding field extension FpHq{K is normal (thus Galois).

(4) If K ĎM Ď L with M{K Galois, then the respective map GpL{Kq↠
GpM{Kq is a surjective group homomorphism inducing an isomor-
phism

GpL{Kq
GpL{Mq – GpM{Kq.

Infinite Galois theory is an extension of this. Here L{K is Galois, but rL : Ks
not necessarily finite.

In order to obtain a Galois correspondence as in (2) we need to endow the Galois
group with a topology, the so-called Krull topology.

Definition 1.3.5. A topological group is a group G endowed with a
Hausdorff a topology, such that

G ÝÑ G

g ÞÝÑ g´1

and

GˆG ÝÑ G

pg, hq ÞÝÑ gh

are continuous.

aSome authors don’t require that. However in this course topological groups will
always be Hausdorff.

Remark 1.3.6. In a topological group G, for any g P G, the maps

ρG : G ÝÑ G

x ÞÝÑ xg

and

λG : G ÝÑ G

x ÞÝÑ gx

are homeomorphisms.

In particular, the topology on G is determined the neighborhoods of 1 P G.

Fact 1.4 (Elementary Facts about Topological Groups). Let G be a group.

(1) If H ď G then H is also a subgroup of G, where H is the closure of
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H.

If H is normal (resp. abelian), so is H.

(2) Every open subgroup of G is also closed (i.e. clopen), as all the cosets
are open.

(3) Any closed subgroup of finite index in G is open (i.e. clopen).

(4) If G is compact, a closed subgroup H is open iff pG : Hq ă 8.

(5) Let U Ď G be a dense subset. Let H ‰ V
open
Ď G. Then U ¨ V “

tuv | u P U, v P V u “ G.

Proof. (1) Exercise.

(2) If H ď G is open, so are all cosets of H, thus also GzH (as a union of
cosets).

(3) Similar as (2).

(4) clear

(5) Let g P G. If V is open, so is V ´1 and also g ¨ V ´1. Since U is dense, we
find u P U X g ¨ V ´1 and v as desired.

Definition: 1.4.7 (Projective limits). Consider a category C. Let H ‰ I
be a partially ordered set which is directed, i.e. @i, j P I. Dk P I. k ď i, j.

For any i P I let Gi P ObpCq. For any i ď j let fij : Gi Ñ Gj be a
morphism, such that these are compatible, i.e. fik “ fjh ˝ fij .

pGiqiPI , pfijqi,j is a projective system in C (the fij are part of the datum
but often omitted in notation).

The projective limit of pGiqiPI , denoted by lim
ÐÝ

Gi, is the terminal object
in the category of cones over pGiqiPI , i.e. an object G P ObpCq together
with morphisms πi : G Ñ Gi compatible with the fij such that for every
H P ObpCq and αi : H Ñ Gi compatible with the fij , there exists a unique
morphism α : H Ñ G making the diagram commute:
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Gi

H lim
ÐÝiPI

Gi

Gj

fij

αi

D!

αj

πi

πj

This is of course unique up to unique isomorphism (if it exists).

Proposition 1.5. In the category of topological groups, the projective
limit is the closed subgroup of

ś

iPI Gi given by tpaiqsiPI |@i ď j. fijpaiq “
aju.

The structural maps fi : lim
ÐÝjPI

Gi Ñ Gi are the restrictions of the projec-

tive map πi :
ś

jPI Gj Ñ Gi.

In particular, if all Gi are compact then so is lim
ÐÝiPI

Gi.

Proof. We need to show:

(1) The group constructed above is indeed a topological group and the struc-
tural maps are continuous.

(2) It is indeed the projective limit.

This is left as an easy exercise.

Definition 1.5.8. A profinite group is a topological group, which is
isomorphic to some projective limit lim

ÐÝiPI
with all Gi finite (i.e. discrete).

Proposition 1.6. For a topological group G, the following are equivalent:

(a) G is profinite,

(b) G is compact and totally disconnecteda.

a@x ‰ y P X. DZ
clopen

Ď X. x P Z ^ y R Z

Proof. (a) ùñ (b): Compactness follows from Proposition 1.5. Totally discon-
nected follows from the definition of the product topology: Let x ‰ y P lim

ÐÝi
Gi.
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Then there exists a coordinate, where they differ, i.e. xi ‰ yi. Consider f´1
i pxiq,

this is clopen.

(b) ùñ (a): This is the harder direction. We’ll only sketch the proof. One
shows that for every 1 ‰ g P G, there is an open subgroup N Ĳ G such that
g R H.

Then there is a normal such subgroup as pG : Hq ă 8, so
Ş

gPGH
g “

ŞN
i“1Hgi

is open.

Then G{N is finite and discrete and G ãÑ lim
ÐÝN open normal

G
N is injective by

the above, continuous with dense image, so an isomorphism, so a homeomor-
phism.

Lemma 1.7. Let pGiqiPI ,pfijqi,j be a projective system. Suppose that the
projective limit of this exists. Let I0 Ď I be coinitial, i.e. @i P I. Di0 P
I0. i0 ď i, then lim

ÐÝiPI0
Gi – lim

ÐÝiPI
Gi are canonically isomorphic.

Proof. Clear.

Proposition 1.8. Let L{K be Galois and let tK Ď Li Ď L|i P Iu be the
set of all finite Galois subextensions ordered by reversed inclusions.

Then GalpL{Kq – lim
ÐÝiPI

GpLi{Kq as groups.

Proof. It is injective as any a P L is in some finite Galois subextension L1{K.
Surjectivity is clear, as we can glue field automorphisms (being a field automor-
phism can be checked locally).

Definition 1.8.9. For L{K Galois the Galois group, GpL{Kq, is the
profinite topological group given by lim

ÐÝiPI
GpLi{Kq.

The topology is called the Krull topology.

Remark 1.8.10. By construction, a basis of clopen sets of GpL{Kq is given
by

tσ ¨GpL{L1q|σ P GpL{Kq, L1{K finite Galoisu.

Lemma 1.9. Let L{M{K be a tower of field extensions with L{K and
M{K Galois.
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Then

res : GpL{Kq ÝÑ GpM{Kq

is surjective. More generally, for any intermediate field K Ď M 1 Ď L, any
K-embedding of M 1 into L extends to an automorphism σ P GpL{Kq.

Proof. Easy application of Zorn’s lemma.

Proposition 1.10. Let L{K be Galois.

(1) If K ĎM Ď L then L{M is Galois and GpL{Mq is a closed subgroup
of GpL{Kq and LGpL{Mq “M .

(2) If H is a subgroup of GpL{Kq, then GpL{LHq “ H.

Proof. (1) One has GpL{Mq “
Ş

KĎM 1
ĎM

M 1 finite

clopen
hkkkkikkkkj

GpL{M 1q. So GpL{Mq is closed.

Clearly M Ď LGpL{Mq. For the other inclusion let a P LzM . Since L{M
is algebraic, there is a finite Galois extension M1{M containing a. By the
finite Galois correspondence, there is σ1 P GpM1{Mq such that σ1paq ‰ a.
By Lemma 1.9 there exists σ P GpL{Mq such that σ|M1 “ σ1, so σpaq ‰ a,
i.e. a R LGpL{Mq.

(2) Clearly H Ď H̃ :“ GpL{LHq. As H̃ is closed by (1), we get H Ď H̃.

Suppose there is σ P H̃zH. Then there is some finite Galois exten-
sion L1{K with K Ď L1 Ď L, such that σ ¨ GalpL{L1q X H “ H. Let
res : GpL{Kq´1 ↠ GpL1{Kq. (This is surjective by Lemma 1.9.) Then
respσq R respHq. So by finite Galois theory, respσq moves some element of
pL1qrespHq Ď LH  .

Corollary 1.11 (Infinite Galois Correspondence). Let L{K be Galois and
G :“ GpL{Kq. Then the maps

tclosed subgroups of Gu
F

Ð
Ý

Ý
Ý

Ý
Ñ

G
tK ĎM Ď Lu

H ÞÝÑ LH

FixpMq ÐÝ [M

are inverse to each other and define inclusion reversing bijections.
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Moreover

(a) a closed subgroup H ď G is open iff LH{K is finite and then pG :
Hq “ rLH : Ks,

(b) for σ P G andH “ GpL{Mq, σHσ´1 corresponds to σM , i.e. LσHσ´1

“

σpLHq and GpL{σpMqq “ σGpL{Mqσ´1,

(c) for K ĎM Ď L, then M{K is Galois ( i.e. normal) iff GpL{Mq Ĳ G

and then GpM{Kq – GpL{Kq
GpL{Mq as topological groups.

[Lecture 03, 2024-10-15]

Example 1.12. Let Fq be a finite field. Then, by Fact 1.1 one has

GalpFqq –
χ lim
ÐÝI

Z{nZ :“̂Z, where the index set is I :“ Ně1 ordered by

n ĺ m : ðñ m ‌ n and fn,m : Z{nZ can:z pmod nqÞÑz pmod mq
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ Z{mZ.

As pFalg
q qxFrobqy“Fq , so xFrobqy “ GalpFqq by Proposition 1.10 (2). So

Frobq, which under χ corresponds to p1, 1, . . .q P lim
ÐÝ

Z
nZ, is a topological

generator of GalpFqq.

The finite extensions of Fq are of the form Fqn , n ě 1. By the Galois
Correspondence (1.11) the open subgroups of GalpFqq are given by Hn :“

xFrobn
q y as pFalg

q qxFrob
n
q y “ Fqn .

Under χ, Hn corresponds to xny, where n “ pn, n, . . .q.

Lemma 1.13. Let πn : Ẑ ↠ Z{nZ be the structural map. Then kerpπnq “

xny “ nẐ.

Proof. One could to this by hand. For fun we use the Galois correspondence
(see Example 1.12). The open subgroups of Ẑ admits for every n ě 1 a unique
open subgroup of index n.

This is equal to kerpπnq and by Example 1.12 to xny (we have xny Ď nẐ
loomoon

closed

ď

kerpπnq).

Lemma 1.14. (1) Ẑ “ tpanqně1 P
ś

ně1
Z
nZ|m ‌ n ùñ am ” an

mod mu.

(2) For p P P let Zp :“ lim
ÐÝně0

Z
pnZ. Then Ẑ –

ś

pPP Zp as topological
groups.

Proof. (1) by definition.
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(2) For m P Ną0, m “
ś

phi
i , we have Z{m –

ś

Z{phi
i (Chinese remainder

theorem). Now go to the limit.

Corollary 1.15. |Ẑ| “ 2ℵ0 , in particular Z Ĺ Ẑ.

Proof. Ẑ Ď
ś

nPNą0
Z{nZ, i.e. |Ẑ| ď 2ℵ0 . By Lemma 1.14 (2) we get an epimor-

phism Ẑ ↠
ś

pPP Z{pZ, thus |Ẑ| ě 2ℵ0 .

Definition 1.15.11. (1) Let G be a topological group. A subset S Ď G
is topologically generating iff xSy “ G.

(2) A profinite group is called procyclic iff it is topologically generated

by a single element. (For example Ẑ “ x1y, GalpFqq “ xFqy).

Lemma 1.16. Ẑ is free procyclic with topological generator 1, i.e. (it is
procyclic and) it is the initial object in the category of pointed profinite

groups.a In partucular pẐ, 1q is uniquely determined up to unique isomor-
phism by this property.

ai.e. for every pointed topological group pG, gq there exists a unique isomorphism

pẐ, 1q Ñ pG, gq.

Proof. Let G “ lim
ÐÝ

Gi with Gi finite and let g “ pgiqiPI P G ď
ś

Gi

Let ni :“ ordpgiq P N. We get a group homomorphism Z
niZÑ Gi, 1 ÞÑ gi, so

a continuous group homomorpism

φi : ẐÑ Ẑ
niẐ –

Z
niZ ↠ Gi.

These commute with fij : Gi Ñ Gj , so by the universal property we get a unique

isomorphism φ : ẐÑ G as claimed.

Remark 1.17. If H is a closed subgroup of the profinite group G, then
H “

Ş

HďH̃ďG
H̃ open

H̃.

Proof. LetH1 denote the right hand side. SupposeH Ĺ H1. Choose h1 P H1zH.
Then there is an open neighborhood Ω Q h1, such that Ω X H “ H. We may
assume that Ω “ h1N , where N is an open normal subgroup (since these form
a neighborhood basis of 1).

Let H̃ :“ H ¨N . This contains 1 and h1 R H̃, as h1N XH “ H  .
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Definition 1.17.12. The set N˚ of supernatural numbers is defined as
the set of formal products

ś

pPP p
nppq, where nppq P NY t8u.

Lemma 1.18. There is a one-to-one correspondence between N˚ and the
set of closed subgroups of Ẑ given by

ź

pnppq ÞÝÑ
ź

pPP
Hppnppqq

where

Hpnppq :“

#

pnppqZp if nppq P N
p0q if nppq “ 8,

i.e. Hpnppq “
Ş

nďnppq p
nZp.

Proof. This follows from Remark 1.17 together with the fact that the open
subgroups of Ẑ are of the form nẐ “

ś

pPP0
pnppqZp ˆ

ś

qPPzP0
Zq, where n “

ś

pPP0
pnppq.

Proposition 1.19. (1) For a profinite group G the following are equiv-
alent:

(a) G is procyclic.

(b) There exists a continuous epimorphism φ : Ẑ ↠ G.

(c) For every open and normal subgroup N Ĳ G, the quotient G N
is cyclic.

(2) Assume that G is procyclic and moreover that for every n ě 1 there
is a (necessarily unique) open normal subgroup Nn of index n. Then

every continous epimorphism φ : Ẑ ↠ G is an isomorphism.

Proof. (1) paq ðñ pbq is clear from the above. Also pbq ùñ pcq is clear:

Indeed let N Ĳ G be open, and φ : Ẑ ↠ G. Then φ´1pNq Ĳ Ẑ is open, so

of the form nẐ for some n ě 1. Hence

G
N – Ẑ

φ´1pNq “
Ẑ

nẐ –
Z
nZ.

Let us now assume that G satisfies (c). In particular G – lim
ÐÝ

Gi with Gi

finite cyclic (so abelain), so G is abelian.

For every open subgroup H ď G (automatically normal) denote by SH Ď

G the set
SH :“ tg P G|gH generates G Hu.
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Since G H is cyclic, we have SH ‰ H. Moreover if H ď H 1, then SH Ď

SH1 . If H,H 1 are both open, so is H XH 1 and thus SHXH1 Ď SH X SH1 .
Note that SH is a finite union of cosets of H, so SH is clopen, in particular
closed.

So tSH |H ď G openu has the finite intersection property. By compact-
ness of G, we have

Ş

HďG
open

SH ‰ H. By construction any g P
Ş

SH is a

topological generator.

(2) Note that such a G has a unique open subgroup Hn of index n, since Ẑ
has. Let φ : Ẑ ↠ G be a continuous epimorphism.

Claim 1. φ is injective.

This of course suffices by the usual argument for compact Hausdorff space.

Subproof. For all n ě 1 the map

φn “ πn ˝ φ : Ẑ ↠φ G↠π
1
G
Hn

– Z
nZ.

factors through Ẑ
nẐ as ψn : Ẑ n̂Z –

Z
nZ ↠ Z

nZ, so ψn is an iso-
morphism for all n ě 1. It follows easily that φ is injective. ■

Definition 1.19.13. Let F be a perfect field. Fix an algebraic closure F alg

of F .

Then F is called quasifinite iff it has a unique extension Fn of degree n
in F alg for every n ě 1.

Proposition 1.20. For a perfect field F the following are equivalent:

(1) GalpF q – Ẑ,

(2) F is quasifinite.

Proof. (1) ùñ (2) is clear by infinite Galois theory.

(2) ùñ (1): Exercise:
maybe one
can shorten
the proof

Assume that F is quasifinite. Let G :“ GalpF q.

For ever n P Ně1, G has a unique open subgroup Nn of index n, wich in addition
is normal and Fn “ pF

algqNn is a Galois extension of F .

Let Gn :“ GalpFn{F q “ G
Nn

.

Claim 1. Gn is cyclic.
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One the claim is proved, we are done by Proposition 1.19.

Subproof. We use inductoin on n ě 1. n “ 1 is clear. n “ p P P is clear as well.

Now let n ě 2 be non-prime and assume that the statement holds for all n1 ă n.
Pet p P P be such that p ‌ n. Let g P Gn be an element of order p. Then

F 1 :“ F
xgy
n is a finite extension of F of degree n1 “ n

p . So F 1 “ Fn1 . By the

induction hypothesis, we have Gn1 – Gn
xgy –

Z
n1Z. Thus there is h P Gn

such that xg, hy “ Gn. The subgroup xgy X xhy has p elements or 1 element. If
it has p elements it is equal to xgy, so g P xhy, i.e. Gn “ xg, hy “ xhy is cyclic.
Otherwise xgy X xhy “ t1u. Both xgy and xhy are normal, so rg, hs P xgy X xhy is
trivial. So Gn – xgy

loomoon

Z{pZ

ˆ xhy
loomoon

–Z{n1Z

. Note that p ffl n1 as otherwise there would be

two different subgroups of order p, i.e. there would be two different extensions
of F of degree n

p “ n1. ■

1.3 Model Theory (of ACF)
[Lecture 04, 2024-10-18]

We’ll use freely fundamental results from model theory (see [TZ12]2)

Theorem 1.21. Let T be a theory such that all finite T0 Ď T have a
model. Then T has a model.

Proof. Use Gödel’s completeness and the fact that proofs are finite.

Theorem 1.22 ( Loś’s Theorem). Let pMiqiPI be a family of L-sentences
and U an ultrafilter on I.

Let M :“
ś

iÑU Mi :“
ś

iPI Mi „U .

Let φpx1, . . . , xnq be an L-formula, a1, . . . , a
n PM , say aj “ paji qiPI{ „U .

Then we have

M |ù φras ðñ ti P I|Mi |ù φraisu P U .

This gives rise to an alternative, semantic proof of the Compactness Theorem
(1.21), see [Poi00, Theorem 4.5].

Recall:

2A good reference, but somewhat too compact for learning the material for the first time.
[Poi00] is a better introduction.
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• If L is a first order language, M an L-structure, A Ď M a subset, LA :“
L\ tca|a P Au, MA :“ pM, cMA

A :“ aq.

A set πpx1, . . . , xnq of LA-formulae in x1, . . . , xn is a partial n-type over
A iff for all φ1, . . . , φN P π

MA |ù Dx
ľ

φipxq

(π is finitely satisfiable).

Note: By compactness, we find N ľ M and b P Nn a realization of π,
written N |ù πpbq or b |ù π, i.e. N |ù φrbs for all φ P π.

• π is called complete if it is maximal finitely satisfiable ( ðñ for every
LA-formula φpxq either ψ P π or ␣ψ P π.)

• SnpAq “ SM
n pAq :“ the space of all complete n-types over A endowed with

the Stone topology, with basic open (in fact clopen) sets of the form

xφy :“ tp P SnpAq|φ P pu

where φ is an LA-formula. This is compact (by the Compactness Theorem
(1.21)) and totally disconnected.

• Let κ ě |L| be an infinite cardinal.

Definition 1.22.14. An L-structure M is κ-saturated if for every
A Ď M , |A| ă κ every ppxq P S1pAq is realized in M ( ùñ every
ppxq P SnpAq is realized in M).

Notation 1.22.15. We write tpM pa{Bq :“ tppa{Bq :“ tφpxq P
LB |M |ù φrasu, the type of a over B.

Here B ĎM , a PMn or even a PM I , I infinite.

•• Let A ĎM,A1 ĎM 1 and f : AÑ A1 a bijection. Then f is called partial
elementary iff it preserves all formulae, i.e. for every πpx1, . . . , xnq and
all a1, . . . , an P A we have

M |ù φra1, . . . , ans ðñ M 1 |ù φrfpa1q, . . . , fpanqs

iff tpM paq “ tpM 1

pfpaqq for all a P An

iff tpM pAq “ tpM 1

pfpAqq (where A is enumerated).

• M is κ-strongly homogeneous iff every partial elementary selfmap f of
M with |dompfq| ă κ extends to some σ P AutpMq.

Fact 1.23. Given an L-structure M and an infinite cardinal κ, there
is N ľ M such that N is κ-saturated and κ-strongly homogeneous.
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Remark 1.23.16. Much later in the course, we will call monster
model of a complete theory T a κ-saturated, κ-strongly homoge-
neous model of T , where κ " 0. (Sometimes a class-sized model is
used.)

Recall: An L-theory T has quantifier elimination (QE) iff for any L-formula
φpx1, . . . , xnq, n ě 13, there is a quantifier-free L-formula ψpxq such that T |ù
@x.pφØ ψq.

Theorem 1.24 (Criterion for QE). For an L-theory T the following are
equivalent:

• T has QE.

• T is substructure complete, i.e. whenever M,N |ù T and A is a
common substructurea of M and N , then MA ” NA.

• Let κ :“ |T | “ maxp|L|,ℵ0q. Whenever M,N |ù T , |M | ď κ, N κ`-
saturated and f : A ãÑ N is an embedding of a substructure A ďM ,
there exists f̃ : M ãÑ N extending f .

astructures are non-empty!

Remark 1.24.17. There are several variants of (3), sometimes more adapted
to a concrete situation.

Corollary 1.25. Let ∆ be a set of L-formulas and T and L-theory. Sup-
pose that every partial map between models of T that respects the formulas
in ∆ , i.e.

M |ù φra1, . . . , ans ðñ M 1 |ù φrfpa1q, . . . , fpanqs

for all φ P ∆, is already elementary.

Then there is a boolean combination of formulas in ∆ such that T |ù

@xpφØ ψq.

Proof. Name toe formulas in ∆ by new relation symbols, i.e. if δpx1, . . . , xnq P ∆,

introduce new Rδpx1, . . . , xnq and add an axiom @x.pδ8xq Ø Rδpxq. Quantifier-
free formulas in the expansion are boolean combinations of formulas in ∆. Now
apply Theorem 1.24.

3see [Poi00, section 5.3] for a discussion on the necessity of n ‰ 0
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1.3.1 Some Model Theory of ACF

We work in Lring “ t0, 1,`,´, ¨u. ACF is the Lring-theory of the algebraically
closed fields.

Theorem 1.26. (1) ACF has QE.

(2) The completions are given by ACFp, where p P PY t0u.

(3) Any ACFp is strongly minimal, i.e. if K |ù ACF, every definable
subset of K is finite or cofinite.

(4) If A Ď K |ù ACF, then aclpAq “ pQpxAyqalg, where xAy denotes the
ring generated by A, Q the field of fractions and ¨alg the algebraic
closure from algebra.

Proof. (1) We use Theorem 1.24 (3). Let K,L |ù ACF, K countable, L ℵ1-
saturated. Let A ď K be a substructure (i.e. a subring), f : A ãÑ L an
embedding. We need to show that f extends to f̃ : K ãÑ L.

Step 1: f (uniquely) extends to f1 : QpAq ãÑ L. So wlog. A is a subfield.

Step 2: f extends (not necessarily uniquely) to f1 : Aalg ãÑ L, so wlog. A
is algebraically closed.

Step 3: If Aalg Ĺ K, let b P KzA. Then b is transcendental over A, so
Kpbq – KpXq.

Choose b1 P LzfpAq (this is non-empty, as L is ℵ1-saturated). Then b1 is
transcendental over f rAs, so b ÞÑ b1 extends f .

Iterate these steps to get f̃ : K ãÑ L.

(2) Follows from (1) by substructure completeness, as Fp and Z are prime
substructures for ACFp resp. ACF0.

(3) Let φpxq be a quantifier free Lring-formula. Let K |ù ACF. We need to
show that φrKs is finite or cofinite.

φ is a boolean combination of atomic formulas and atomic formulas are
equivalent to ppXq “ 0, ppXq P KrXs.

If degpP q ě 1, P pXq “ 0 defines a finite set of at most degpP q many
elements. If P is constant and non zero, the set defined is empty. If
P ” 0, the set defined is K.

The set of sets which are finite or cofinite is stable under boolean combi-
nations.

(4) “Ě” is clear.

For the other direction note that pQpxAyqqalg ĺ K, as pQpxAyqqalg |ù ACF,
so it is acl-closed.
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Corollary 1.27. a

Let K |ù ACFp.

(1) If a P Kn, k Ď K, then MRpa{kq :“ MRptppa{kqq “ acl-dimpa{kq
(1.26)p3q
“

trdegpkpaq{kq,

(2) Additivity for MR: MRpab{cq “ MRpb{cq `MRpa{cbq.

(3) If U ľ K is |K|`-saturated, then for an Lring-formula φpxq we get

MRpφq “ maxttrdegpKpaq{Kq|a P φrUsu.

(4) ACFp eliminates D8: For every Lring-formula φpx, yq, there is nφ P
N such that in any K |ù ACFp for all b P K |y| :

φpK, bq is infinite ðñ |φpK, bq| ě nφ

Thus D8x. φpx, yq : ðñ Děnφx. φpx, yqb is first order expressible, as
a formula in y.

(5) MR is definable in families: Given an Lring-formula φpx, yq for
every h P N there is a formula χφ,hpyq such that for all b P K |y|,
K |ù ACFp,

MRpφpx, bqq “ h ðñ K |ù χφ,hpbq.

avalid in all strongly minimal theories
bDěnx.φpxq is a shorthand for

Dx1, . . . , xn.
ľ

xi ‰ xj ^
ľ

φpxiq.

Proof. (5) MRpφpx, bqq ě k iff
ł

IĎt1,...,nu

D8xi1 . . . D
8xikDxIcφpx, bq.

Remark 1.28. Morley degree is also definable in ACFp (we will do this
later, it is more complicated). However this is not true in any strongly
minimal theory!

Recall: SpecpkrX1, . . . , Xnsq “ tφ ď krXs prime idealu.

QE in ACF yields:
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Fact 1.29. The map Snpkq Ñ SpecpkrX1, . . . , Xnsq, tppa{kq ÞÑ tfpxq P
krxs|fpaq “ 0u is a bijection with inverse given by

p ÞÑ tppX1 mod p, . . . , Xn mod p{kq,

where krXs p Ď L |ù ACF.

1.4 Some Commutative Algebra and Elementary Alge-
braic Geometry

[Lecture 05, 2024-10-22]

Tensor product of commutative k-algebras Let kbe a field. A commu-
tative k-algebra is a commutative ring R with a ring homomorphism i : k Ñ R.

Remark 1.29.18. The commutative k-algebras form a category, where a
morphisms are ring homomorphisms compatible with the maps ij : k Ñ Rj .

Fact 1.30. The category of commutative k-algebras has coproducts: Given
two k-algebras R1,R2 there is a k-algebra R and morphisms fi : Ri Ñ R
for i “ 1, 2 satisfying the following universal property:

R1

R S

R2

f1

g1

D! g

f2

g2

For any k-algebra homomorphism gi : Ri Ñ S, i “ 1, 2, there is a unique
homomorphism g : RÑ S such that g ˝ fi “ gi, i “ 1, 2.

R is determined by the universal property up to unique isomorphism. It is
denoted by R1 bk R2.

Proof. Rj is a k-vector space via ij , j “ 1, 2. Let R :“ R1 bk R2 be the tensor
product as k-vector spaces.

Recall that if Bj is a k-basis of Rj , then a k-basis of R is given by pb1bb2qb1PB1

b2PB2

.

Now assume 1 P Bj (if Rj “ p0q, set R :“ p0q).

The multiplication on R is defined as follows:
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Given b1, c1 P B1, b2, c2inB2 let

b1c1 “
ÿ

b1i PB1

αib
1
i

b2c2 “
ÿ

b2jPB2

βjb
2
j

for some αi, βj P k. Set

pb1 b b2q ¨ pc1 b c2q :“
ÿ

i,j

αiβjpb
1
i b b

2
j q.

Extend this map bilinearly to ¨ : R ˆ R Ñ R. Define k Ñ R, 1 ÞÑ p1 b 1q. One
verifies:

(i) ¨ is commutative,

(ii) ¨ is distributive,

(iii) ¨ is associative,

(iv) together with fj : Rj Ñ R, f1pb
1
i q :“ b1i b 1, f2pb

2
i q :“ 1b b2i (extended k-

linearly)R is a commutative k-algebra, the fj are morphisms and pR, f1, f2q
has the universal property of the coproduct.

(Exercise)

Corollary 1.31. If R1, R2 are k-algebras and σj P AutkpRjq, j “ 1, 2,
then there exists a unique σ P Autp R1 bk R2q such that fj ˝ σj “ σ ˝ fj .

Proof. Use the universal property.

Example* 1.31.19. In the notes,
this is exam-
ple 1.32, but
there also ex-
ists lemma
1.32

(1) LetR1 “ krX1, . . . , Xns, R2 arbitrary. ThenR1bkR2 –k R2rX1, . . . , Xns.

(2) C bR C – CrXs
pX2 ` 1q –

CrXs
X ´ i ˆ

CrXs
X ` i – C ˆ C,

so the tensor product of integral domains need not be an integral
domain.

Linear disjointness in fields Consider field extensions

Ω

K L

k

Ď Ď

Ď Ď
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Definition 1.31.20. K is linearly disjoint (l.d.) from L over k iff
any k-linearly independent family px1, . . . , xnq from K is L-linearly inde-
pendent.

Notation 1.31.21. K
l.d.

|
!

k
L improve type-

setting

Lemma 1.32. (1) Let B be a k-basis of K. Then K
l.d.

|
!

k
L iff B is linearly

independent over L.

(2) Let R Ď K and S Ď L be subrings such that QpRq “ K, QpSq “ L.

Then K
l.d.

|
!

k
L iff for any k-linearly independent family pr1, . . . , rnq from

R there are no ps1, . . . , snq P S
nzt0u such that

řn
i“1 siri “ 0.

Proof. Easy exercise.

Fact 1.33. For K Ě k Ď L ĎM all contained in Ω, one has

(1) K
l.d.

|
!

k
M iff K

l.d.

|
!

k
L and KL

l.d.

|
!

L
M , where KL denotes the field composi-

tum.a

(2) K
l.d.

|
!

k
L iff L

l.d.

|
!

k
K.

aKL :“ KpLq “ LpKq

Proof. (1) K
l.d.

|
!

k
M ùñ K

l.d.

|
!

k
L is clear and K

l.d.

|
!

k
M ùñ KL

l.d.

|
!

L
M follows from

Lemma 1.32 as KL “ QpLrKsq and LrKs has an L-basis of elements from
K.

“ ðù ” is clear from the definitions.

(2) Assume L
l.d.

∤
!

k
K. Let y1, . . . , yn P L be k-linearly independent and x1, . . . , xn P

K not all 0 such that
ř

xiyi “ 0 (˚). We may assume that x1, . . . , xr are
K-linearly independent and

xi “
r

ÿ

µ“1

αi,µxµ
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for i “ r ` 1, . . . , n, αi,µ P k. In particular r ě 1. From (˚) we obtain

r
ÿ

µ“1

xµyµ `
n

ÿ

i“r`1

˜

r
ÿ

µ“1

αi,µxµ

¸

yi “ 0

ùñ

r
ÿ

µ“1

˜

yµ `
n

ÿ

i“r`1

αi,µyi

¸

loooooooooooomoooooooooooon

‰0

xµ “ 0,

so K
l.d.

∤
!

k
L.

Fact 1.34. The following are equivalent:

(1) K
l.d.

|
!

k
L,

(2) KrLs –k K bk L,

(3) KL –k QpK bk Lq.

Proof (sketch). (1) ùñ (2) From the universal property, we get a morphism
of k-algebras K bk L

π
ÝÑ KrLs which is surjective. If

ř

αij pxi b yjq P kerpπq,
then in KrLs we get

ÿ

j

˜

ÿ

i

αijxi

¸

yj “ 0,

so by K
l.d.

|
!

k
L we get

ÿ

αijxi “ 0

for all j, so αij “ 0 for all i, j. (Here pxiq and pyjq are k-bases.)

The other directions are easy.

Fact 1.35. (1) Let k Ď K, L Ď kalg with K{k and L{k finite. Then

K
l.d.

|
!

k
L ðñ rKL : ks “ rL : ks ¨ rK : ks.

If K{k is Galois, this is equivalent to K X L “ k.

(2) Let K{k be algebraic and L “ kpX1, . . . , Xnq. Then in any common

overfield Ω Ě K,L Ě k one has K
l.d.

|
!

k
L.

(3) Assume K{k is such that kalg X K “ k, i.e. k is relatively al-
gebraically closed in K, and let L{k be separable algebraic. Then
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K
l.d.

|
!

k
L.

Proof. We leave (1) and (2) as exercises.

(3) We may assume that L{k is finite, so by the primitive element theorem there
is α P L such that L “ kpαq – krXs{P pXq where P pXq :“ MiPopα{kq. Then
P pXq is irreducible over K, so

rKL : Ks “ rKpαq : Ks “ rkpαq : ks “ rL : ks.

Indeed, let QpXq :“ MiPopα{Kq P KrXs. Then the coefficients of Q lie in
K X kalg “ k, so Q “ P .

Notation 1.35.22. For k Ď K, L Ď Ω we write K
alg

|
!

k
L if K and L are

algebraically independent over k, i.e. iff for any K0 Ď K finitely generated
over k on has trdegpK0{kq “ trdegpK0L{Lq.

As algebraic closure defines a pregeometry (matroid) add definitionin every field (by Steinitz
exchange), we easily obtain:

Fact 1.36. For k Ď K Ď Ω, k Ď L ĎM Ď Ω we have

(1) K
alg

|
!

k
L ðñ L

alg

|
!

k
K,

(2) K
alg

|
!

k
M ðñ K

alg

|
!

k
L^KL

alg

|
!

L
M ,

(3) K
alg

|
!

k
M ď Kalg

alg

|
!

kalg
Malg.

Fact 1.37. For k Ď K,L Ď Ω we have

(1) K
l.d.

|
!

k
L ùñ K

alg

|
!

k
L.

(2) The converse does not always hold, e.g. C
l.d.

∤
!

R
C but C

alg

|
!

R
C.

Proof. (1) Suppose K
alg

∤
!

k
L. Choose x1, . . . , xn P k algebraically independent

over k such that xn P Lpx1, . . . , xn´1q
alg. Then kpx1, . . . , xnq

l.d.

∤
!

kpx1,...,xn´1q
Lpx1, . . . , xn´1q

as 1, xn, x
2
n, . . . are linearly independent over kpx1, . . . , xn´1q but not over

Lpx1, . . . , xn´1q. This contradicts Fact 1.33.
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Remark 1.38. k is relatively algebraically closed in kpX1, . . . , Xnq (induc-
tion on n).

Regular field extensions A context whose things behave very nicely in al-
gebra and algebraic geometry:

Definition 1.38.23. A field extension K{k is called regular if K
l.d.

|
!

k
kalg

(in Ω “ Kalg).

Remark 1.38.24. K{k is regular iff for every k Ď K0 Ď K with K0{k
finitely generated one has that K0{k is regular.

Proposition 1.39. LetK{k be regular. Then the restriction map res : GalpKq↠
Galpkq is surjective.

Proof. We have Kalg Ě Kkalg “ Krkalgs
(1.34)
– K bk k

alg. By Corollary 1.31
σ P Galpkq comes from σ̃ P AutkpKrk

algsq such that σ̃|K “ idK . So σ̃ lifts to
˜̃σ P GalpKq with res

`

˜̃σ
˘

“ σ.

Definition 1.39.25. A field extensionK{k is called separable if charpKq “

0 or charpKq “ p ą 0 and K
l.d.

|
!

k
k

1
p , where

k
1
p “ tx P kalg|xp P ku “ Frob´1

p pkq Ď kalg.

(Note that K
l.d.

|
!

k
k

1
p ðñ K

l.d.

|
!

k
k

1
p8 , where k

1
p8 :“

Ť

k
1

pn .)

Proposition 1.40. For a field extension K{k the following are equivalent:

(1) K{k is regular,

(2) K bk k
alg is an integral domain (thus a field),

(3) k is relatively algebraically closed in K and K{k is separable.

Proof. Later (or [Lan73])

Proposition 1.41 (Mac Lane). For a field extension K{k the following
are equivalent
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(1) K{k is separable,

(2) every finitely generated subextension k Ď K0 Ď K is separable
(i.e. K0{k is separable),

(3) every finitely generated subextension K0{k is separably generated
over k, i.e. there is a transcendence basis x1, . . . , xn of K0{k such that
K0{kpx1, . . . , xnq is separable algebraic.

Proposition 1.42. (1) If L{k is regular and L Ě K Ě k, then K{k is
regular.

(2) If L{K is regular and K{k is regular, then L{k is regular.

(3) If k “ kalg, then every K{k is regular.

Proof. Clear from the definitions and elementary reasoning.

Corollary 1.43. If k is perfect, then K{k is regular iff K X kalg “ k.

[Lecture 06, 2024-10-25]

Theorem 1.44. Let K{k be regular and L{k arbitrary such that K
alg

|
!

k
L.

Then

(1) K
l.d.

|
!

k
L and

(2) KL{L is regular.

Proof. (1) later (or see [Lan73] or do it as an exercise).

(2)

K
alg

|
!

k
L ùñ K

alg

|
!

k
Lalg

(1)
ùñ K

l.d.

|
!

k
Lalg

(1.33)
ùñ KL{L regular

Corollary 1.45. Let K{k be regular and L{k regular such that K
alg

|
!

k
L.

Then KL{k is regular.

Proof. By Theorem 1.44 (2) and Proposition 1.42 (2).
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Algebraic sets and varieties Fix K Ď Ω |ù ACF with trdegpΩ{Kq infinite.
By QE in ACF all types over A “ Kpaq for a P Ω finite are realized in Ω.
Consider affine n-space Ω “ AnpΩq

Definition 1.45.26. • For S Ď KrX1, . . . , Xns let

V pSq :“ VΩpSq :“ ta P Ωn|@f P S. fpaq “ 0u,

called the algebraic set defined by S.

• For Y Ď Ωn set

IpY q :“ IKpY q :“ tf P KrXs|@a P Y. fpaq “ 0u,

called the ideal (over K) associated to Y .

Remark 1.45.27. If I “ xSy “ xf1, . . . , fly ď KrX1, . . . , Xns is the ideal
generated by S, then V pSq “ V pIq “ V ptf1, . . . , fluq.

Proposition 1.46. (1) Let I ď KrXs be an ideal. Then IpV pIqq Ě I
and IpV pIqq is a radical ideal, i.e. it coincides with

a

IpV pIqq, where
?
J :“ tf P K|Dn P N`. f

n P Ju. Furthermore V pIpV pIqqq “ V pIq

(2) Let Y Ď Ωn. Then V pIpY qq Ě Y and IpV pIpY qqq “ IpY q.

(3) If V,W Ď Ω are K-algebraic sets and I “ IpV q, J “ IpW q, then
V ĚW iff I Ď J , in particular I “ J iff V “W .

Proof. Easy.

For k Ď Ω and an algebraic subsets W Ď Ωn, a k-rational point is some a PW
such that a1, . . . , an P k. Let W pkq denote the set of k-rational points of W .

Theorem 1.47 (Hilbert’s Nullstellensatz). Let I ď KrX1, . . . , Xns be an
ideal and V :“ V pIq.

(1) Weak form: Assume that K |ù ACF.

(a) If I is proper, there is a P V pKq.

(b) If I “ m is maximal, then m “ pX1 ´ a1, . . . , Xn ´ anq for some
a1, . . . , an P K.

(2) Strong form: If f P KrXs is 0 on V pKalgq, then there exists n ě 1
such that fn P I. In particular

IpV pIqq “
?
I.
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Proof. (1) pbq ùñ paq is clear, as every ideal is contained in a maximal one.

(b): Consider KrXs{m ãÑ Ω. The image of X pmod mq is a solution in Ω.
As K ĺ Ω and m “ xf1, . . . , fly for finitely many fi P Krxs (since KrXs is
Noetherian by Hilbert’s basis theorem), K |ù Dx.

Ź

fipxq “ 0. Thus there
is a P Kn as claimed.

(2) Let f be as in the statement, i.e. f |V pKalgq “ 0 and let Y be a new variable.
Consider

J :“ xI, 1´ Y ¨ fy Ď KrX,Y s

and W :“ V pJq. By assumption W pKalgq “ H, so by (1) we have J “
KrX,Y s. Thus there are g1, . . . , gl, g P KrX,Y s such that

1 “
l

ÿ

i“1

gifi ` g ¨ p1´ Y fq

Work in KpXq via the map

KrX,Y s ÝÑ KpXq

Xi ÞÝÑ Xi

Y ÞÝÑ
1

f
.

We get 1 “
řl

i“1
hi

fni
fi for ni ě 0 and some hi P KrXs. Setting n :“

maxi ni we obtain fn “
řl

i“1phif
n´niqfi P I.

Corollary 1.48. Ip¨q defines a Ď-reversing bijection

tK-algebraic subsets of Ωnu Ø tradical ideals of KrXsu

with inverse V p¨q

Corollary 1.49. Two K-algebraic subsets of Ω are equal iff they have the
same Kalg-rational points. In particular, we get a bijection between the
set of radical ideals of KrXs and K-algebraic subsets of pKalgqn.

Corollary 1.50. There is no infinite strictly descending chain of algebraic
subsets of Ωn.

Proof. KrXs is Noetherian.
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Theorem 1.51. TheK-algebraic subsets are the closed subsets of a Noethe-
rian topology on Ωn. Similarly, the sets V pKq for a V a K-algebraic subset
of Ωn form the closed subsets of a Noetherian topology on Kn

It is called the Zariski topology (over K).

Proof. Let I, J ď KrXs be radical ideals, V :“ V pIq, W :“ V pJq. Clearly
V XW “ V pxI, Jyq. More generally

č

iPA

V pIiq “ V pxIi|i P Ayq

which moreover is equal to a finite subintersection
Ş

iPA0
V pIiq by Noetherian-

ness.

Claim 1. V YW “ V pI ¨ Jq.

Subproof. “Ď ” is trivial. “Ě”: if a P V pI ¨ JqzV , then there exists f P IpV q
such that fpaq ‰ 0. Let g P IpW q be arbitrary. Then f ¨ g P I ¨ J , so

0 “ pf ¨ gqpaq “ fpaq
loomoon

‰0

¨gpaq

ùñ gpaq “ 0 ùñ a PW.

■

Definition 1.51.28. A K-algebraic set V is an (affine) K-variety if it
is irreducible in the Zariski topology (over K), i.e. iff there are no proper
K-algebraic subsets W,Z Ĺ V such that W Y Z “ V .

Fact 1.52. For a K-algebraic subset V Ď Ωn the following are equivalent

(1) V is a K-variety,

(2) V pKalgq is irreducible in the Zariski topology over K,

(3) IpV q ď KrXs is a prime ideal.

Proof. (1) ùñ (2) is clear.

(2) ùñ (3): Let f, g P IpV q with f, g R IpV q. Then V pxIpV q, fyq :“V1,
V pxIpV q, gyq :“V2 satisfy Vi Ĺ V and V1 Y V2 “ V , similarly on Kalg-rational
points, so V pKalgq is not irreducible.

(3) ùñ (1):
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Suppose (1) fails. Let V “ V1 Y V2 and take f P IpV1qzIpV q, g P IpV2qzIpV q.
Then fg P IpV q  .

Theorem 1.53. If V Ď Ωn is a K-algebraic set, then there are K-varieties
V1, . . . , Vr such that V “

Ťr
i“1 Vi. Moreover if Vi Ę Vj for any i ‰ j, then

this decomposition is unique up to permutation and the Vi are called the
K-irreducible components.

Proof. This holds in all Noetherian topological spaces.

Remark 1.54. If V “ V pIq “
Ťr

i“1 Vi is the irreducible decomposition of
the K-algebraic set V into K-varieties, then pi :“ IpViq ď KrXs are the
minimal prime ideals over I (and thus

?
I “

Şr
i“1 pi).

Definition 1.54.29. Let K “ Kalg Ď Ω and let V Ď Ωn be a K-algebraic
set. For a subfield k Ď K we say V is defined over k if there are
f1, . . . , fr P krXs generating IpV q.

Note. V is defined over k iff IpV q has a basis as a K-vector space from IpV qX
krXs.

Theorem 1.55 (Weil). Let K be algebraically closed and let V be a K-
algebraic subset of Ωn,. Then there is a smallest field of definition k0 Ď K
for V , i.e.

(i) V is defined over k0

(ii) whenever V is defined over k for some k Ď K, then k0 Ď k.

Proof. For µ P Nn set Xµ :“
śn

i“1X
µi

i . Then pXµqµPN forms a K-basis of
KrXs.

Let B :“ pbµ “ Xµ pmod IpV qqqµPB be a K-basis of KrXs IpV q. For ν P Nn

we may write
Xν “

ÿ

µPB

aµν,µ mod IpV q

for unique aν,µ P K.

Claim 1. k0 :“ Fpaν,µqν,µPN works, where F is the prime subfield of K.

Subproof. (i) The fν :“ Xν ´
ř

µPB aν,µX
µ for ν P Nn generate IpV q by

construction.
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(ii) Exercise in linear algebra, see [Lan73, Chapter II].

■

Remark 1.56. k0{F is finitely generated, as if f1, . . . , fl P krXs with
IpV q “ xf1, . . . , fly, then k0 Ď Fpcoefficients of f1, . . . , flq :“k and k{k0{F
with k{F finitely generated.

(Exercise: A subextension of a finitely generated extension is finitely gen-
erated.)

Coordinate rings, rational function field, generic points

Notation 1.56.30. For k Ď Ω and a P Ωn we set

• Ipa{kq :“ tfpxq P krXs : fpaq “ 0u (a prime ideal by Fact 1.29).

• locpa{kq :“ V pIpa{kqq is a k-variety, the locus of a over k.

• If V is a k-algebraic set, krV s :“ krXs
IpV q is called the coordinate

ring of V .

• If V is a k-variety, kpV q :“ QpkrV sq is called the field of rational
functions on V .

• If V is a k-variety, dimpV q :“ trdegpkpV q{kq.

• If V is a k-algebraic set with decomposition V “
Ťr

i“1 Vi into irre-
ducible k-varieties, dimpV q :“ maxpdimpViqq.

Fact 1.57. Let p Ď brXs be a prime ideal. Then all maximal chains
p “ p0 Ĺ p1 Ĺ . . . Ĺ pl ď krXs with pi prime ideals have the same length
l, which is equal to trdegpQpkrXs{pq{kq.

In particular, a proper k-algebraic subset of a k-algebraic variety V has
strictly smaller dimension than V .

Theorem 1.58. Let V Ď Ωn be a k-variety. Then

dimpV q “ max
aPV pΩq

ttrdegpkpaq{kqu

and for every a P V pΩq one has trdegpkpaq{kq “ dimpV q iff the map Xi ÞÑ

ai, i “ 1, . . . , n, induces a k-isomorphism kpV q – kpaq.

Proof. Recall that trdegpΩ{kq “ 8. A morphism kpV q
ι

ãÝÑ Ω exists by the
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assumption on transcendence degree, as Ω is algebraically closed.

Let a1 P V . Then locpa1{kq Ď V , as Ipa1{kq Ě IpV q.

The easy proof is left as an exercise.

Terminology 1.58.31. a P V with locpa{kq “ V is called generic in V
over k or a generic point of V over k.

Question 1.58.32. Let p Ď krXs be a prime ideal. When does I :“ pKrXs
for k Ď K “ Kalg Ď Ω, define a prime ideal?

Let V :“ V ppq, so krV s “ krXs{p, kpV q “ QpkrV sq.

Proposition 1.59. I “ pKrXs for k Ď K “ Kalg is a prime ideal iff
kpV q{k is regular. In particular if V is a K-algebraic set which is defined
over k and k-irreducible, then V is K-irreducible iff kpV q{k is regular.

[Lecture 07, 2024-10-29]

Definition 1.59.33. Let V be a k-variety, i.e. a k-irreducible algebraic set.
Then V is called absolutely irreducible iff it is kalg irreducible.

Remark 1.60. By Proposition 1.59, a k-variety is absolutely irreducible
iff for every K Ě k, V is K-irreducible. This explains the terminology.

2 The Theory Psf 1

Definition 2.0.34. A field F is called pseudofinite iff it satisfies the
following conditions:

(P1) F is perfect.

(P2) For every n ě 1, F has a unique algebraic extension Fn of degree n
(inside a fixed algebraic closure).a

(P3) Every absolutely irreducible variety defined over F has an F -rational
point.

aEquivalenty - under (P1) - GalpF q – Ẑ, by Proposition 1.20

Definition 2.0.35. A field satisfying (P3) is called pseudo algebraically
closed (PAC).
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Theorem 2.1. There is an Lring-theory, called Psf 1, which axiomatizes the
class of all pseudofinite fields.

Proof. (See Comment 0.4)

(P1) is first order expressible: For every p P P we add an axiom of the form

χp :” : 1` 1` . . .` 1
looooooooomooooooooon

p times

“ 0 Ñ @x. Dy. yp “ x

Modulo (P1), (P2) is equivalent to a field F having exactly one extension Fn of
degree n, in some fixed algebraic closure, and Fn{F is separable, so Fn “ F pαq
for some α. For every n ě 1 we add an Lring-sentence ψ expressing the following:

There are y0, . . . , yn´1 P k such that

(i) P pXq “ Xn ` yn´1X
n´1 ` . . .` y1X ` y0 is irreducible in krXs.

(ii) Whenever QpXq “ Xn`zn´1X
n´1` . . .`z1X`z0 is irreducible in krXs,

there are q1, . . . , qn P L :“ krXs{P pXq such that QpXq “ pX ´ q1q ¨ . . . ¨
pX ´ qnq.

To see this, one uses an Lring-formula IrrnpY0, . . . , Yn´1q such that k |ù Irrnpb0, . . . , bn´1q

iff Xn` bn´1X
n´1` . . .` b0 is irreducible in krXs and the fact that, uniformly

in the coefficients of an irreducible polynomial P pXq P krXs of degree n, the
field L :“ krXs{P is interpretable in k. The interpretation uses the base set Kn,
OL :“ p0, . . . , 0q, 1L :“ p0, . . . , 0, 1q, componentwise addition and multiplication
given by a K-bilinear map using the coefficients of P pXq as parameters. The
details are left as an exercise.

By the primitive element theorem, in perfect fields every finite extension is
generated by a single element.

So modulo (P1) we axiomatize (P2).

The fact that (P3) is axiomatizable follows from the following fact and corollary.

Fact 2.2 (Grete Hermann 1926; non-standard proof by van-den-Dries &
Schmidt 1984). Let n, d ě 1 and X “ pX1, . . . , Xnq.

(A) There is a constant A “ Apn, dq such that for every field K, poly-
nomials f1, . . . , fm, g P KrXsďd if g P xf1, . . . , fmy, then there are
h1, . . . , hm P KrXsďA such that g “

řm
i“1 hifi.

Here KrXsďd denotes the finite-dimensional K-linear subspace of
KrXs given by the polynomials of total degree ď d.

(B) There is B “ Bpn, dq such that for every field K and f1, . . . , fm, g P
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Kďd if there exists k P N such that gk P xf1, . . . , fmy then gB P

xf1, . . . , fmy.

(C) There is a constant C “ Cpn, dq such that for all ideals I, J ď KrXs
generated by elements from KrXsďd, the ideals I X J and J : I :“
tf P KrXs|fI Ď Ju are generated by elements from KrXsďC .

(D) There is a constant D “ Dpn, dq such that for every field K and ideal
I ď KrXs generated by elements from KrXsďd which is no prime,
there are g, h P KrXsďD, g, h R I such that g ¨ h P I.

(E) There is a constant E “ Epn, dq such that for every field K and
I ď KrXs generated by elements from KrXsďd there are at most E
minimal prime ideals over I, and they are all generated by elements
from KrXsďE .

For n, d P N there are Nnpdq monomials in X “ pX1, . . . , Xnq of total degree
ď d. Choosing these monomials as a basis of the K-vector space KrXsďd, every
f P KrXsďd corresponds to an Nnpdq-tuple b P KNnpdq via

f “

Nnpdq
ÿ

i“1

bimi,

where pmiqi is an enumeration of these monomials. Every ideal I ď KrXs
generated by elements of KrXsďd may be generated by Nnpdq many elements
from KrXsďd, so we get the following:

Corollary 2.3. (1) Given n, d ě 1, there is a quantifier-free Lring-formula

φn,dpX1, . . . , Xn, pyijq1ďi,jďNpdqq

expressing
Nnpdq
ľ

i“1

fipXq “ 0,

where fi :“
řNnpdq

j“1 yijmj .

So for every K-algebraic set V “ V pIq with I ď KrXs gener-
ated by elements of KrXsďd there is b P kNnpdqˆNnpdq such that
I “ xf1, . . . , fNnpdqy, where pf1, . . . , fNnpdqq correspond to b, and so

V pLq “ φn,drL, bs for any L Ě K.

(2) For φn,d as in (1) there is a quantifier free Lring-formula χn,dpyq such
that for every field K and

b P KNnpdqˆNnpdq
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the ideal xf1, . . . , fNnpdqyK
algrXs is primea iff K |ù χn,dpbq.

aso in particular φn,dpX, bq defines an absolutely irreducible variety

Proof. (1) is clear.

ad (2): By Fact 2.2 (A) and (D) there is an Lring-formula ˜χn,dpyq such that
in any field K for b P KNnpdqˆNnpdq the corresponding ideal xf1, . . . , fNnpdqy ď

KrXs is prime iff K |ù ˜χn,dpbq.

Since ACF eliminates quantifiers, there is χn,dpyq quantifier free such that

ACF |ù @y pχn,dpyq Ø χn,dpyqq .

Then χn,dpyq is as desired, as for b P KNnpdqˆNnpdq one has

K |ù χn,dpbq

iff Kalg |ù χn,dpbq

iff xf1, . . . , fNnpdqyK
algrXs ď KalgrXs is prime.

From Corollary 2.3 it follows that being PAC is Lring-axiomatizable (by infinitely
many Lring-sentences) finishing the proof of Theorem 2.1.

Remark 2.3.36. We will not give a proof for Fact 2.2 but we will later
give and alternative (effective) approach to show that being an absolutely
irreducible variety is definable in parameters which his the only thing we
used in the proof of Theorem 2.1.

Recall that if M Ď N are L-structures, then M is existentially closed (e.c.)in
N iff for every quantifier free LpMq-formula φpxq we have

N |ù Dx. φpxq ùñ M |ù Dx. φpxq.

M |ù T is existentially closed, iff it is existentially closed in every superstructure
N |ù T .

Proposition 2.4. For a field K the following are equivalent:

(1) K is PAC.

(2) For every absolutely irreducible K-variety V , V pKq is Zariski dense
in V , i.e. not contained in any proper algebraic subset W Ĺ V .

(3) Let L K be regular. Then K is e.c. in L.
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Proof. (1) ùñ (2): Let V be an absolutely irreducible K-variety. Towards
a contradiction assume that V pKq is not Zariski dense in V . Then, working
in Kalg, there is fpXq P KalgrXs vanishing on V pKq but not on V pKalgq.
Multiplying f by all its conjugates and raising it to to some power pN in case
charpKq “ p ą 0, we may assume fpXq P KrXs, where X “ pX1, . . . , Xnq and
V Ď An. Define a K-variety U Ď An`1 by the ideal xIpV q, 1´Xn`1fy Ď B. U
is absolutely irreducible and has the same function field as V . By construction
UpKq “ H, contradicting (1).

(2) ùñ (3): Let L K be regular. We want to show that K is e.c. in L. For

this we may assume that L K is finitely generated, say L “ Kpa1, . . . , anq. Let
φpxq be a quantifier-free LringpKq-formula such that L |ù Dx. φpxq.

We may assume that

φpxq ”
m

ľ

i“1

fipxq “ 0^ jpxq ‰ 0

for polynomials f1, . . . , fm, g P KrXs. Indeed, if φ ” φ1 _ . . . _ φn, then
L |ù Dx. φi for some i.

Using the same trick as before, adding a new variable, we see that Dx. φpxq is
equivalent to

DX,Xn`1.
m

ľ

i“1

fipXq “ 0^Xn`1gpXq “ 1.

Thus we may assume φpxq ”
Źm

i“1 fipxq “ 0.

Let b P Ln such that L |ù φrbs. Set V :“ locpb{Kq. Then Kpbq “ KpV q is a
regular extension of K (as K Ď Kpbq Ď L) and so V is an absolutely irreducible
variety. By construction V Ď V pxf1, . . . , fnyq. By (2) V pKq ‰ H and any
c P V pKq satisfies φpxq.

(3) ùñ (1): Let V be an absolutely irreducible K-variety, V Ď An. Then
KpV q

K is regular, so by (3) K is e.c. in KpV q. Let a be a generic point of

V over K, so KpV q “ Kpaq, and let f1, . . . , fm P KrXs be such that IpV q “
xf1, . . . , fny. Then

KpV q “ Kpaq |ù Dx.
m

ľ

i“1

fipxq “ 0,

so K |ù Dx.
Źm

i“1 fipxq “ 0, i.e. V pKq ‰ H.

[Lecture 08, 2024-11-05]

Corollary 2.5. Let L K be regular and F Ě K a PAC field which is
|L|`-saturated.
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Then there exists f : L ãÝÑ
K
F respecting K, i.e. f |K “ idK .

Proof. By saturation of F it suffices to show that any finitely generated L0
K

such that L0 Ď L K-embeds into F .

Let L0 “ Kpaq. Set V :“ locpa{Kq. This is absolutely irreducible as L0{K is
regular.

By Proposition 2.4 V pF q is Zariski dense in V .

qftpLring
pa{Kq is finitely satisfiable in F as

qftppa{Kq “ tx P V, x RW for all K-algebraic sets W Ĺ V u.

So by |K|`-saturation of F , we find b P F such that locpb{Kq “ V , i.e. qftppa{Kq “
qftppb{Kq, so Kpaq “ L0 ãÑ F, a ÞÑ b.

To prove a quantifier reduction in Psf 1, we need a strengthening of Corollary 2.5

in certain cases, namely that F fpLq is regular (in specific cases).

Proposition 2.6 (Embedding Lemma). Let Lalg Ě Kalg Ď F alg with

L Ě K Ď F such that L K and F
K are regular and K,F,L are perfect

(equivalently, these fields are perfect, KalgXL “ K and KalgXF “ K, see
Corollary 1.43). Now assume that F |ù Psf 1 and that F is |L|`-saturated.
Let Φ :“ GalpF q ↠ GalpLq be a continuous epimorphism wich respects
K, i.e. @σ P GalpF q. σ|Kalg “ Φpσq|Kalg .a Then there is a Kalg-embedding
f : Lalg ãÑ F alg (with fpLq Ď F ) such that

(i) f induces Φ, i.e. @σ P GalpF q, a P Lalg. σpfpaqq “ f pΦpσqpaqq and

(ii) F
fpLq is regular.
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Lalg F alg

Kalg

L F

K

Φpσq

f

regular regular

aIt suffices to have this for topological generators.

Proof. Note: By regularity of L K and F
K the restriction maps GalpLq ↠

GalpKq, GalpF q↠ GalpKq are surjective (see Proposition 1.39).

Let Ω :“ QpLbK F qalg “ QpLalg bKalg F algqalg.

Working in Ω we thus have L
l.d.

|
!

K
F . Thus GalpLalgF alg{LF q “ GalpLq ˆGalpKq

GalpF q 4 by the properties of b (Exercise).

Let H ď GalpLalgF alg{LF q be the closed subgroup given by the graph of Φ,

i.e. H “ tpΦpσq, σq|σ P GalpF qu. If σ0 is a topological generator of GalpF q – Ẑ,
then τ0 “ pΦpσ0q, σ0q is a topological generator of H, σ0 ÞÑ τ0 gives an isomor-
phism, and Φpσ0q is a topological generator of the (procyclic) group GalpLq.

Let τ P GalpLF q be such that τ |LalgF alg “ τ0 and set M :“ ppLF qalgqτ be the

fixed field of τ , so also the fixed field under xτy – Ẑ.

By construction τ |Lalg “ Φpσ0q and τ |F alg “ σ0. So M X Lalg “ L and M X

F alg “ F , so M L and M F are regular. Let Fn
F be the unique extension of

degree n. Then as M
l.d.

|
!

F
F alg (by regularity), Mn :“MFn is the unique extension

of M of degree n (note that M is quasifinite) and GalpMq – GalpF q, since

GalpMq GalpF q

Ẑ Ẑ

res

– –

is surjective, hence an isomorphism.5

Indeed Malg “MF alg “M rF algs. Choose M0 ĺ M satisfying

4This denotes the fiber product, tpσ, τq P GalpLq ˆ GalpF q|σ|Kalg “ τ |Kalgu.
5see Proposition 1.19 (2)
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(a) |M0| ď |L| ` ℵ0,

(b) L ĎM0 and there is F0 ĺ F such that F0 ĎM0 and K Ď F0.

(c) F algrM0s Ě Lalg.

As F Ď F pM0q Ď M and M
F is regular, Arguing as in the proof of Corol-

lary 2.5 we find an F0-embedding f : M0 ãÑ F . As M0

l.d.

|
!

F0
F alg
0 (exercise; follows

in various ways), f extends to an F alg
0 -embedding

f̃ : M0rF
alg
0 s ãÑ F alg.

Note that M0rF
alg
0 s is algebraically closed, as M0,n “M0F0,n for all n, M0rF

alg
0 s

contains L, so it contains Lalg.

Claim 1. f̃ |Lalg : Lalg ãÑ F alg is as desired.

Subproof. Indeed let a P Lalg, so a “
ř

imibi for some mi PM0, bi P F
alg
0 .

We compute

Φpσ0qpaq “ τpaq

“
ÿ

τpmiqτpbiq

τ |M“idM

τ |
Falg“σ0
“

ÿ

miσ0pbiq.

Since f̃ |F alg
0
“ idF alg

0
, we get f̃pΦpσ0qpaqq “ σf̃pmiqσ0pbiq.

Also

σ0pf̃paqq “ σ0pσif̃pmiqbiq

f̃pmiqPF
“

ÿ

f̃pmiqσpbiq.

So (i) holds for all σ P GalpF q (since we have shown it for the topological
generator σ0).

ad (ii): f̃pLq is perfect. So we need to show f̃pLqalg X F “ f̃pLq. Let a P Lalg

such that f̃paq P F . Then

σ0pf̃paqq “ f̃paq

ðñ f̃pΦpσqpaqq “ f̃paq

f̃ injective
ðñ Φpσ0qpaq “ a

ðñ a P L.

■
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Lemma 2.7. Let L1, L2 Ě K be arbitrary field extensions such that L1 ”K

L2. Then l1 XK
alg ”K L2 XK

alg.

Proof. Note that if L˚
2 ľ L2, then Lalg X L˚

2 “ Kalg X L2 as Lalg
2 X L˚

2 “ L2.

So we may assume that L2 is |L1|
`-saturated. Then there is an elementary K-

embedding of L1 into L2 by universality of saturated models. Then f restricts
to an isomorphism as claimed, since fpL1q ĺ L2

Proposition 2.8. Let K be a (perfect)a field, K Ď F1, F2, Fi |ù Psf 1,
Fi

K regular. Then F1 ”K F2.

aThis also follows from the other assumptions.

Proof. We may assume that F2 is |F1|
`-saturated. It is enough to find a K-

embedding f : F1 ãÑ F2 such that F2
fpF1q

is regular. Then idK sits in a back-

and-forth system given by partial isomorphisms between relatively algebraically
closed subfields.

Let σ1 P GalpF1q be a topological generator of GalpF1q and σ0 :“ σ1|Kalg a
topological generator of GalpKq.

Claim 1. There exists a topological generator σ2 of GalpF2q – Ẑ such that
σ2|Kalg “ σ0.

Subproof. Assume that φ : Ẑ ↠ H is a continuous epimorphism and h P H is a
topological generator.

We need to show that there exists a topological generator σ2 of Ẑ in φ´1phq.

As H is procyclic, we have H “ lim
ÐÝiPNHi such that Hi –

Z
niZ and Hi`1 ↠ Hi

so ni|ni`1.

Let φi :“ πi ˝ φ : ẐÑ Hi –
Z
niZ “ xhiy, where hi “ πphq.

φi factors through ψi : Ẑ niẐ “
Z
niZ

–
ÝÑ Z

niZ, so ψi is the multiplication

by some ki P
´

Z
niZ

¯˚

Let k P Ẑˆ :“ lim
ÐÝ

´

Z
nZ

¯ˆ

such that πnipkq “ hi for all i and k P Ẑ˚ Ď Ẑ is a

topological generator.
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Then φpkq “ h.

Φ: GalpF1q
–
ÝÑ GalpF2q, σ1 ÞÑ σ2 respects Kalg. By the Embedding Lemma

(2.6) we find f as claimed. ■

Setting K “ F in Proposition 2.8 yields:

Corollary 2.9. Let F Ď F 1 be pseudofinite fields. Then F ĺ F 1 ðñ

F alg X F 1 “ F .

Theorem 2.10. Let F1, F2 |ù Psf 1 with a common subfield K. Then the
following are equivalent:

(1) F1 ”K F2,

(2) F1 XK
alg –K F2 XK

alg.

Proof. (1) ùñ (2) by Lemma 2.7.

(2) ùñ (1): By Proposition 2.8 f : F1 XK
alg – F2 XK

alg is elementary, so in
particular idK is elementary, so F1 ”K F2.

[Lecture 09, 2024-11-08]

Theorem 2.11. The completions of Psf 1 are given by adding sentences of
the form

Dt. fptq “ 0

and
@t. fptq ‰ 0

for fpT q P ZrT s.

Proof. These sentences determine the characteristic, as for p P P the constant
polynomial p P ZrT s is contained.

Thus applying the Lemma 2.12 to K “ Fp or K “ Q will yield the result.

Lemma 2.12. Let K be a perfect field and L1, L2 Ě K. Suppose that for
every fpT q P KrT s we have L1 |ù Dt. fptq “ 0 ðñ L2 |ù Dt. fptq.

Then Kalg X L1 –K Kalg X L2.

Proof. By compactness of the Krull topology on GalpKq, it suffices to show the
following:
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Claim 1. Let N Ě K be a finite normal ( ðñ Galois) extension. Then
L1 XN –K L2 XN .

Subproof. Let L1XN “ Kpαq and fpT q :“ MiPopα{Kq. Then L1 |ù Dt. fptq “ 0,
hence L2 |ù Dt. fptq “ 0.

So L1 XN
φ

ãÝÑ
K
L2 XN .

In particular rL1 X N : Ks ď rL2 X N : Ks. By symmetry we have equality,
i.e. φ is an automorphism. ■

Theorem 2.13 (Quantifier reduction in Psf 1). Let φpxq be an Lring-formula.
Then there is an Lring-formula ψpxq, a boolean combination of formulas of
the form

Dt. fpt, xq “ 0,

where fpT,Xq P ZrT,Xs, such that Psf 1
|ù @x. pφpxq ðñ ψpxqq.

Proof. By Corollary 1.25 it suffices to show that all partial maps between models
of Psf 1 that preserves all formulas of the type xDt. fpt, xq “ 0y are actually partial
elementary maps.

So we need to show: If F, F 1 |ù Psf 1, a P Fn, b P pF 1qn such that for all
fpT,X1, . . . , Xnq P ZrT,Xs

F |ù Dt. fpt, aq “ 0 ðñ F 1 |ù Dt. fpt, bq, (1)

then tppaq “ tppbq.

By Theorem 2.10 this is equivalent to the map a ÞÑ b extending to an isomor-
phism

Qpxayqalg X F Ø Qpxbyqalg X F 1.

Let F Ď F, F 1 be the prime subfield. (It coincides, as the constant polynomials
are included, hence the characteristic is determined.)

Applying (1) to polynomials not depending on T yields that Ipa{Fq “ Ipb{Fq,

so Fpaq
h : aÞÑb
– Fpbq.

By the proof of Quantifier Reduction in Psf (2.13) applied to fpT, aq separable
over Fpaq we see that h extends to hsep : Fpaqsep X F – Fpbqsep X F 1.

Since F and F 1 are perfect, F paqalg X F “ pF paqsep X F qperf.

So we get halg extending h.
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Remark 2.13.37. We will later see that Psf 1 is not model-complete.

Notation 2.13.38. Let Lc :“ Lring \ tci,n|n ě 2, 0 ď i ă nu.

Let Psf 1
c be the Lc-theory Psf 1 to which we add for n ě 2 the sentence

ψn :” “Xn ` cn´1,nX
n´1 ` . . .` c0,n is irreducible”.

Remark 2.13.39. As any F |ù Psf 1 is quasifinite, it admits an expansion
to a model of Psf 1

c.

Theorem 2.14. Psf 1
c is model-complete.

Proof. Let F1, F2 |ù Psf 1
c, F1 Ď F2.

Let Kn
F1

be the unique extension of F1 of degree n, n ě 2. As F1 |ù ψn, we get

Kn –
F1rXs ´

Xn ` cF1
n´1,nX

n´1 ` . . .` cF1
0,n

¯

F1rXs
and as Xn `

řn
i“0 ci,nX

i

is irreducible in F2rXs, as F2 |ù ψn, we get Kn X F2 “ F1, so F alg
1 X F2 “ F1.

By Corollary 2.9 we obtain F1 ĺ F2 (in Lring, so also in Lc).

Theorem 2.15. Let F |ù Psf 1, and let D Ď Fn be F -definable. Then
there is an algebraic set W Ď Fn`m for some m ě 0 such that

(i) πpW q “ D,

(ii) @d P D. π´1pdq XW is finite.

Example 2.16. Let D be the set of squares. Set W :“ tpx, yq|y2 “ xu.

Proof. Observe: Assume that D Ď F k`l, k ` l “ n and W Ď F k`l`m is an
algebraic set as in the statement. Let e P F k, De :“ td P F l|pe, dq P Du
and We Ď F l`m defined similarly. Then We is an algebraic set satisfying the
statement for De.

Hence we may assume that D is H-definable.

By Remark 2.13.39, F expands to a model of Psf 1
c.

Theorem 2.14 implies that if D “ φrF s, we may assume that φpxq is an exis-
tential Lc-formula and as fpxq ‰ 0 ðñ Dy. fpxq ´ y “ 0 we may assume
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φpxq ” Dyθpx, yq

with θpx, yq positive quantifier-free, i.e. defining an algebraic set W Ď Fm`n

such that πpW q “ D.

Claim 1. W may be chosen so that π : W ↠ D has finite fibers. ((ii) from the
theorem)

Subproof. By Quantifier Reduction in Psf (2.13) D may be defined by an Lring-
formula, which is a Boolean combination of the form

Dt. fpt, xq “ 0,

fpT,Xq P ZrT,Xs, i.e. by a positive Boolean combination of formulas of the
form Dt. fpt, xq “ 0 or @t. fpt, xq ‰ 0.

Call a definable set S Ď Fn special iff it is as in the statement of the theorem,
i.e. iff there is an algebraic set W Ď Fn`m such that πpW q “ S and all fibers
are finite.

Equivalently, there is φpxq ” Dyθpx, yq, where θ is a conjunction of polynomial
equations and there is N P N such that F |ù @x. DďNy. θpx, yq with φpF q “ D.

(1) The collection of special sets is closed under positive boolean combinations,
i.e. if D1, D2 P S then D1 XD2, D1 YD2 P S.

Indeed: Let D :“ D1 XD2. Let φipxq ” Dyi. θpx, yi) witnessing Di P S.

Set φpxq :” Dy1Dy2. pθ1px, y1q ^ θpx, y2q. This witnesses D P S.

On the other hand let D :“ D1 XD2. Take φi as before. We may assume
|y1| “ m “ |y2|. Set

φpxq :” Dy.
ľ

1ďjďN1
1ďkďN2

fj,1px, yq ¨ fk,2px, yq “ 0.

(2) For fpT,Xq P ZrT,Xs, the set defined by

Dt. fpt, xq “ 0

is a positive Boolean combination of special sets (so special by (1)).

Indeed let fpT,Xq “
řN

i“1 cipXqT
i, dipXq P ZrXs. Then Dt. fpt, xq “ 0

is equivalent to

N
ľ

i“1

dipXq “ 0

looooooomooooooon

special

_

”

DyDt.
ź

pdipxq ¨ y ´ 1q “ 0^ fpt, xq “ 0
ı

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

special

.
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(3) @t. fpt, xq ‰ 0 is equivalent to a positive boolean combination of special
sets.

Indeed, @t. fpt, xq ‰ 0 is equivalent to (working in Psf 1
c) the disjunction

of Dy. pd0px ¨ yq ´ 1 “ 0^N
i“1 dipxq “ 0 (special, saying fpT, xq is constant

nonzero).

Dy.
N

ź

i“1

pdipxq¨y´1q “ 0^“the unique extension FN ! does not contain a zero of fpT, xq ”

where FN ! denotes the unique extension of F of degree N !.

Note: FN ! “ F rαs for some α a root of TN !`
řN !´1

i“0 ci,N !T
i “ MiPopα{F q.

Work in the F basis 1, α, . . . , αN !´1 of FN !.

Assume for simplicity degpfpT,Xqq “ N , so fpT, xq “ dN pxq
loomoon

‰H

śN
i“1pT ´

aiq, ai P FN !.

ai “
řN !´1

j“0 bijα
j , bij P F . We quantify existentially over zi, i “ 1, . . . , N

saying

Dzi.
N !´1
ź

j“1

pbijz´1q “ 0,

the formula quantifying also over bij is special.

■

3 The Relationship between Psf 1 and Tf / Psf,
Decidability

[Lecture 10, 2024-11-15]

The connection to finite fields relies on the following fundamental result:

Theorem 3.1 (Lang-Weil Estimates). Given n, r, d, there is a constant
C “ Cpn, r, dq such that for every finite field Fq and every absolutely
irreducible variety V Ď An defined over Fq of dimension r and degree ď d
one has

|#V pFqq ´ q
r| ď Cqr´ 1

2 .

Remark 3.1.40. Here if V is defined by f1pxq “ . . . “ fmpxq “ 0, we may
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work with the naive definition

degpV q :“
m

ź

i“1

degpfiq,

so the Lang-Weil Estimates (3.1) really hold in a definable family of abso-
lutely irreducible algebraic varieties.

We will later mainly need the following special case (see for example [FJ23]), a
consequence of the Riemann hypothesis for function fields:

Theorem 3.2 (Lang-Weil for plane curves). Let fpX,Y q P FqrX,Y s be an
absolutely irreducible polynomial of degree d and let Γ be the plane curve
defined by fpX,Y q “ 0.

Then

q ` 1´ pd´ 1qpd´ 2q
?
q ´ d ď #ΓpFqq ď q ` 1` pd´ 1qpd´ 2q

?
q,

so in particular

|#ΓpFqq ´ q| ď pd´ 1qpd´ 2q
?
q ` pd´ 1q.

Corollary 3.3. Let V Ď An be an absolutely irreducible variety of dimen-
sion r and degpV q ď d defined over Fq. Assume that q ą Cpn, d, rq2. Then
V pFqq ‰ H.

Proof. Indeed, if q ą C2, then qr ą c ¨ qr´ 1
2 , so the result follows from the

Lang-Weil Estimates (3.1).

Corollary 3.4. Let U be a non-principal ultrafilter on the set Q of prime
powers. Then

ś

U Fq is pseudofinite.

Proof. We know already that
ś

U Fq :“K is quasifinite. Every absolutely ir-
reducible variety V Ď An is in a definable family of constant dimension and
bounded degree, and for this family pVbqb, there is C such that whenever q ą C2,
then VbpFqq ‰ H (see Corollary 3.3). Thus

K |ù @z. Dx. x P Vz

for the corresponding family Vz showing that K is PAC, thus K is pseudofinite.
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Corollary 3.5. Every infinite subfield K of Falg
p is PAC. In particular if

GalpKq – Ẑ, then K is pseudofinite.

Proof. Every absolutely irreducible variety V defined over K is defined using
finitely many parameters, so it is defined over Fq Ď K. By Corollary 3.3 for any
N " 0 with FqN Ď K we get V pFqN q ‰ H, so in particular V pKq ‰ H.

Example 3.6. Let n “
ś

pPP p
νp be an infinite supernatural number with

all exponents νp ă 8 and let p0 P P. Then

Fpn
0

:“
ď

n1
|n

n1
PN

Fpn1

0
“

`

Falg
p0

˘H
,

where H “
ś

pPP p
νpZp – Ẑ, is an infinite field with absolute Galois group

H – Ẑ, so it is pseudofinite by Corollary 3.5.

Notation 3.6.41. For a field K with prime subfield F, we denote by
AbspKq the field K X Falg, the subfield of absolute numbers.

Lemma 3.7. If K is pseudofinite, then AbspKq is perfect with procyclic
absolute Galois group.

Proof. As K AbspKqis regular, GalpKq ↠ GalpAbspKq is surjective (Proposi-

tion 1.39), so GalpAbspKqq is procyclic.

Goal. We want to show that whenever K0 Ď Falg has a procyclic Galois group,
there is a non-principal ultrafilter on Q, U , such that Absp

ś

U Fqq – K0.

In characteristic 0, this requires a deep ingredient from number theory (the
Čebotarev density theorem, Theorem 3.20 in Lecture 11). In positive charac-
teristic, this is elementary:

Proposition 3.8. Let p be prime and K0 Ď Falg
p an arbitrary subfield.

Then there are a sequence pFnqn of finite fields of characteristic p and an
ultrafilter U on N such thatK :“

ś

U Fn is pseudofinite with AbspKq “ K0.

Proof. 1st case K0 is infinite:

Let pknqnPN be a strictly increasing sequence of integers such that K0 “
Ť

Fpkn

and kn|kn`1 for all n, i.e. K0 is the increasing union of the Fpkn
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For Fn :“ Fpkn and a non-principal ultrafilter U on N, one gets Absp
ś

U Fnq “

K0.

Indeed, a polynomial fpT q P FprT s has a root in K0 iff it has a root in all but
finitely many Fn iff it has a root in

ś

U Fn. We get Abs p
ś

U Fnq – K0 by
Lemma 2.12.

2nd case K0 “ Fpm is finite:

Let plnqně0 be an enumeration of P and let Fn :“ Fpm¨ln .

As before let U be a non-principal ultrafilter on N. As in the first case, one
verifies Abs p

ś

U Fnq – K0, again using Lemma 2.12.

Theorem 3.9. For any K0 Ď Qalg with GalpK0q procyclic there exists a
non-principal ultrafilter U on P such that Absp

ś

U Fpq – K0.

We will prove this in Lecture 12. This will be more work.

Recall that

Tf :“ tφ Lring-sentence | @q P Q. Fq |ù φu,

Psf :“ tφ Lring-sentence | @q " 0. Fq |ù φu.

Note that Psf is the theory of all infinite models of Tf .

Let Tprime :“ tφ|@p P P. Fp |ù φu.

Corollary 3.10. (1) Psf “ Psf 1. Moreover the completions of Psf are
determined by the isomorphism type of AbspF q and any K0 Ď Falg

(for F “ Fp or F “ Q) with GalpK0q procyclic occurs as AbspF q for
some F |ù Psf.

(2) We have the following strict inclusions of theories:

Psf

Tp Psf0

Tprime

Ĺ
Ĺ

Ĺ
Ĺ

Proof. (1) One direction follows from Proposition 3.8 and Theorem 3.9, the
other direction from Corollary 3.4. The characterization of the comple-
tions is Theorem 2.11.
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(2) We have Tprime

(3.9)
Ď Psf0. The other inclusions are clear by the above. As

for Tf Ĺ Tprime note that for every p P P, Tprime contains a sentence of the
form

φp ” 1` . . .` 1
looooomooooon

p times

“ 0 Ñ ␣Dx1, . . . , xp`1.
ľ

1ďiăjďp`1

xi ‰ xj ,

which is not in Tf .

We now want to reduce questions about higher-dimensional (absolutely irre-
ducible) varieties to curves.

First some terminology: A K-hyperplane in An is a subset determined by an
equation a1X1 ` . . .` anXn “ b, ai, b P K, ai ‰ 0 for some i. For the purpose
of this course, we will restrict to hyperplanes not containing 0 P Kn and may
thus normalize the equation to

Ha :
n

ÿ

i“1

aiXi “ 1

All hyperplanes (over K) not containing 0 are of this form and Ha “ Ha1 iff
a “ a1, so they are parameterized by An as well.

A geometric hyperplane over K0 Ď K is an Ha such that trdegpa{K0q “ n,
i.e. a is generic in An over K0.

Theorem 3.11 (Bertini’s Theorem). Let V Ď An be an irreducible K-
variety, K “ Kalg and dimpV q ě 2.

Then there exists a proper K-subvariety W Ď An such that for all a P
KnzW pKq the algebraic set HaXV is irreducible of dimension dimpV q´1.

In Lecture 11, we will give a model-theoretic proof of Bertini’s Theorem (3.11)
due to Poizat, showing that the intersection with a generic hyperplane H yields
V XH irreducible of dimpV XHq “ dimpV q´1. As being irreducible is definable
in ACF, this will suffice.

Corollary 3.12. Let K be an infinite field and V an absolutely irreducible
K-variety of dimension dimpV q “ r ě 2. Then V contains an absolutely
irreducible K-curve.

Proof. Let K Ď L and fpX1, . . . , Xnq P LrX1, . . . , Xnszt0u.

It suffices to show that there is a P Kn such that fpaq ‰ 0 as the special set W
in Bertini’s Theorem (3.11) is contained in a hypersurface (given by fpXq “ 0).

We prove this by induction on n. The case n “ 0, 1 is clear.
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n ; n ` 1: Let fpX1, . . . , Xn, Y q “
řN

i“1 cipXqY
i with cN pXq ‰ 0. By the

induction hypothesis there is a P Kn such that cN paq ‰ 0, so 0 ‰ fpa, Y q P LrY s.
By the case n “ 1 we find b P K such that fpa, bq ‰ 0.

Corollary 3.13. A field K is PAC iff for every absolutely irreducible
fpX,Y q P KrX,Y s the curve Γ Ď A2 defined by f contains infinitely
many K-rational points.

Remark 3.13.42. One may even prove that it suffices to ask for one K-
rational point for every absolutely irreducible plane curve (Frey-Geyer, see
e.g. [FJ23])

Proof of Corollary 3.13. Any field K satisfying the assumption is infinite, so by
Corollary 3.12 in an absolutely irreducible K-variety V of dimension ě 2 we
find an absolutely irreducible K-curve Γ Ď V . To prove V pKq ‰ H it thus
suffices to prove ΓpKq ‰ H.

Let KpΓq be the function field of Γ, a finitely generated regular extension of K of

transcendence degree 1. In particular, KpΓq K is separable and thus separably
generated (see Proposition 1.40, Proposition 1.41) and we find a transcendence

basis t of KpΓq K such that KpΓq Kptq is separable. By the primitive element

theorem, there is s separable algebraic over Kptq such that KpΓq “ Kpt, sq.

Let F pXq :“ MiPops Kptqq. Let fpX,Y q P KrX,Y s be irreducible such that

F pXq “ fpX,tq
gptq for some gptq P Krts.

By construction, if Γ1 denotes the plane curve defined by fpX,Y q “ 0, we get

KpΓq –K KpΓ1q, so in particular fpX,Y q is absolutely irreducible (as KpΓ
1q
K

is regular) and Γ and Γ1 are birational, so they admit isomophic non-empty

Zariski open subsets Ω
o
Ď Γ and Ω1

o
Ď Γ1. But then ΓzΩ and Γ1zΩ1 are 0-

dimensional (so only have finitely many Kalg-points), then if Γ1pKq is infinite,
ΓpKq ‰ H.

Remark 3.14. This shows that we only need the special case of the Lang-
Weil Estimates (3.1) given in Theorem 3.2 to prove that Psf “ Psf 1, as Psf 1

may be axiomatized using absolutely irreducible polynomials in 2 vari-
ables. These obviously form a quantifier free family, when restricted to
polynomials of degree ď d.

[Lecture 11, 2024-11-19]

Proof of Theorem 3.11. Let K ĺ U |ù ACF and let V Ď An be an absolutely
irreducible K-variety of dimension r ě 2.
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Since irreducibility is definable in families (by Corollary 2.3), it suffices to show

that for β P Un with trdegpβ Kq “ n, i.e. β generic in An over K, the variety
V XHβ is absolutely irreducible of dimension r ´ 1, where

Hβ :
n

ÿ

i“1

βiXi “ 1.

Let α “ pα1, . . . , αnq be generic in V overK, i.e. α P V pUq such that MR
´

α
K

¯

“

r.

Let β P Un be generic in Hα over Kpαq, i.e.
řn

i“1 βiαi “ 1 and MRpβ Kαq “
n´ 1.

Thus
MRpαβ{Kq “ r ` pn´ 1q.

Claim 3.11.1. MRpβ{Kq “ n.

Subproof. Otherwise MRpβ Kq “ n´ 1 and thus MRpα Kβq “ r, so V Ď Hβ

since α P Hβ and α is generic in V over Kpβq.

As dimV “ r ě 2, we find α1 P V pKq such that α1 is not of the form λ ¨ α for
some λ P U . Thus

α ¨ y “ 1

α1 ¨ y “ 1

defines an affine linear subvariety of AN of dimension n´ 2, defined over Kpαq,

which contains β. So MRpβ Kαq ď n´ 2  . ■

Let V XHβ “ Z1Y . . .YZm be the decomposition into (absolutely) irreducible

components over Kpβqalg. By Krull’s Hauptidealsatz, Hβ beging given by one
equation, and as V Ę Hβ by what we have just seen, dimZi “ r ´ 1 for
i “ 1, . . . ,m.

Claim 3.11.2. We have m “ 1, i.e. V XHβ is absolutely irreducible.

Subproof. Let α, α1 P V XHβpUq be independent generic over Kpβq, i.e.

MR
´

α
Kβ

¯

“ MR
´

α1

Kβ

¯

“ r ´ 1

and MRpαα1{Kβq “ 2r ´ 2. By Claim 3.11.1, we get

MRpαα1β{Kq “ n` 2r ´ 2. (`)
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It suffices to show that tppαα1β{Kq is uniquely determined by this construction,
i.e. by the conditions

(i) MRpβ{Kq “ n,

(ii) α, α1 P V XHβ independent generic over Kpβq.

Indeed the equivalence relation on V XHβ given by

x „ x1 : ðñ
m

ľ

i“1

`

x P Zi Ø x1 P Zi

˘

is Kβ-definable (as it is Kpβqalg-definable and Aut
`

Kpβqalg{Kpβq
˘

-invariant).

If m ě 2, we would find α1, α2, α
1
1, α

1
2 such that α1 „ α1

1 but α2 ȷ α1
2, thus

tppα1α
1
1β{Kq ‰ tppα2α

1
2β{Kq.

We have

MRpβ{Kαα1q ď n´ 2 (as β P Hα XHα1)

MRpαα1{Kq ď 2r (as α, α1 P V )

MRpαα1{Kq `MRpβ{Kαα1q “ 2r ` n´ 2 (`)

It follows that MRpβ{Kαα1q “ n ´ 2 and MRpαα1{Kq “ 2r. So tppαα1{Kq is
uniquely determined (it is the generic of the irreducible variety of V ˆ V over
K) and tppβ{Kαα1q is uniquely determined (it is the generic of the absolutely
irreducible affine-linear variety Hα XHα1). ■

Before we give the proof of Theorem 3.9, we will settle the decidability of the
various theories at work:

Theorem 3.15. The theories Psf, Psf0, Psfp (p P P), Tf and Tprime are all
decidable.

Proof. Decidability of Psf yields decidability of

Psfp “ Psf Y t1` . . .` 1
looooomooooon

p many

“ 0u.

We will first show decidability of Psf0. Note that Psf is recursively axiomatizable
by the axioms for quasifinite fields together with axioms φn,d for d, n P N stipu-
lating the existence of at least n rartional points for every absolutely irreducible
plane curve of degree ď d Let Γ denote this set of axioms.
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Then

Γ0 :“ ΓY t␣

p many
hkkkkkikkkkkj

1` . . .` 1 “ 0
looooooooomooooooooon

”:χp

|p P Pu

is a recursive axiomatization of Psf0.

Decision Procedure for Psf0

Input The input is an Lring-sentence φ.

Step 1 Systematically enumerate all proofs using Γ as axioms until a sentence
of the form φ Ø ψ is proved, where ψ is a boolean combination of formulas of
the form Dt. fptq “ 0, fpXq P ZrXszt0u. By Theorem 2.11 this step terminates.

Step 2 Let pfiqi“1,...,N be the polynomials that appear in the atomic subfor-

mulas of ψ and set F :“
śN

i“1 fi. Effectively construct the splitting field L
Q

of F , a finite Galois extension of Q (using Euclid’s algorithm, the fact that Q
is a computable field, etc).

Compute G :“ GalpL{Qq and list all cyclic subgroups Hi ď G, i “ 1, . . . , k.

Step 3 For i “ 1, ..., k, compute Li :“ LHi and decide whether Li |ù ψ. (Note
that an atomic sentence of the form Dt. fptq “ 0 may be effectively decided in
Li.)

Output φ P Psf0 iff Li |ù ψ for i “ 1, . . . , k.

Indeed for K |ù Psf0 one has K |ù φ iff K |ù ψ iff K X L |ù ψ. Any K X L is
among the pLiqi“1,...,k, since KXL “ AbspKqXL and GalpAbspKqq is procyclic.
Moreover given Hi ď G cyclic, choose a generator σi P G with xσiy “ Hi, then

lift σi to σ̃i P GalpQq. Then Ki :“
`

Qalg
˘σ̃i

has procyclic absolute Galois group,
thus is of the form AbspFiq for Fi |ù Psf0 by Theorem 3.9. This shows that
Li |ù ψ is necessary for all i “ 1, . . . , k so that ψ P Psf0.

Decision Procedure for Psf

Input An Lring-sentence φ.

Step 1 If φ R Psf0, then φ R Psf, stop.
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Step 2 Effectively compute ψ such that Psf $ φ Ø ψ, where ψ is a boolean
combination of formulas of the form Dt. fptq “ 0, fpXq P ZrXszt0u as before.

Find a formal proof of ψ from Γ0 (which exists, since ψ P Psf0) and write down
the primes p1, . . . , pm for which the axioms χpi appears in the proof.

(For any p P P not in the list, Psfp $ φ.)

Step 3 Effectively construct a finite field Fni
pi

for any i “ 1, . . . ,m, such that
all fpXq pmod piq appearing in ψ completely split over Fp

ni
i

.

Then check whether Fp
mi
i
|ù ψ for any mi|ni, i.e. for any subfield of Fp

ni
i

.

If this is the case for all subfields and all p1, . . . , pm, then ψ P Psf and thus
φ P Psf. Otherwise φ R Psf.

Decision Procedure for Tf

Input An Lring-sentence φ.

Step 1 If φ R Psf, then φ R Tf (by Corollary 3.10).

Otherwise φ P Psf and we can effectively find a proof of φ from Γ.

Step 2 Let d, n P N be such that all axioms of the form φd1,n1 used in the
proof of Γ $ φ are such that d1 ď d and n1 ď n.

(Note that by the Lang-Weil Estimates for Plane Curves (3.2), there is a com-
putable function pd, nq ÞÑ Bpd, nq such that for all q ą Bpd, nq one has Fq |ù

φd1,n1 for all d1 ď d, n1 ď n.)

Step 3 For all q ď Bpd, nq, check whether Fq |ù φ. If this is the case for all
q ď Bpd, nq, then φ P Tf . Otherwise φ R Tf .

Decision Procedure for Tprime

Input An Lring-sentence φ.

Step 1 Decide whether φ P Psf0. If not, then φ R Tprime by Corollary 3.10.

Step 2 Find a proof of φ from Γ0. Let p1, . . . , pm be the primes such that χpi

is used in the proof. Find d, n P N such that d ě d1, n ě n1 for all the φd1,n1

used in the proof.
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Step 3 For all primes p ď max pBpd, nq, p1, . . . , pmq check whether Fq |ù φ. If
this is the case, φ P Tprime. Otherwise φ R Tprime.

Remark 3.15.43. a One may actually show that the decision procedures
from Theorem 3.15 may all be taken to be primitive recursive (see [FJ23]).
Our approach does not show this immediately.

aThis is 3.15 in the handwritten notes

[Lecture 12, 2024-11-22] We will be
back in M2
next week.

We will now prove Theorem 3.9, using a deep result from number theory.6

Notation 3.15.44. For a number field K, i.e., a field extension K{Q of
finite degree, we call OK :“ IntKpZq the ring of integers of K. (IntK
the integral closure in K),

Fact 3.16. OK is a Dedekind domain, i.e. every non-zero ideal I Ĳ OK

uniquely factors into primes I “ pe11 ¨ . . . ¨ p
em
m pi Ĳ Ok maximal, ei P N.

If L K are number fields, q P SpecpOLqzt0u, then qXOK :“p P SpecpOKqzt0u
pOL Ĳ OL decomposes as pOL “ qe ¨ qe22 ¨ . . . ¨ q

em
m , e ą 0.

One writes q|p and says “q divides p”.

Definition 3.16.45. q is unramified in L
K if e “ 1.

Fact 3.17. If L K is Galois with G “ Gal
´

L
K

¯

and if qi|p, i “ 1, . . . ,m

are the divisors of p P SpecpOKq in SpecpOLq, then tq1, . . . , qmu is a G-
orbit (σ ¨ q :“ σpqq) and e1 “ . . . “ em in q “

ś

qeii .

If L K is Galois and p P SpecpOKqzt0u, we say p is unramified in L
K if all

q|p are unramified (equivalently one qi|p is unramified) in L
K.

Fact 3.18. Let K Q be finite Galois. Then only finitely many prime num-

bers ramify in K
Q.

Let L K be finite Galois, p Ĳ OK :“k, q Ĳ OL :“l such that q|p. Let Dpqq :“

tσ P Gal
´

L
K

¯

|σpqq “ qu denote the decomposition group of q. Then

6I you don’t know number theory, today’s lecture won’t make much sense. Feel free to skip
it.
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OL q Ě
OK p is an extension of finite fields and every σ P Dpqq induces σ P

Galpl kq.

Fact 3.19. If L K is finite Galois, p Ĳ OK unramified in L
K. Then for

any prime divisor q P Spec pOLq of p, we get Dpqq – Spec
´

l
k

¯

, σ ÞÑ σ,

where l “ OL q Ě k “ OK p.

In this situation k “ Fpn Ď l “ Fpm¨n and then Frobpn generates Galpl kq.

Definition 3.19.46. In the setting of Fact 3.19, the Artin symbol,
´

L|K
q

¯

,

is the unique element σ in Dpqq ď Gal
´

L
K

¯

such that for any a P OL one

has σpaq ” appn
q pmod qq. In other words

´

L|K
q

¯

corresponds to Frobpn

under the isomorphism from Fact 3.19.

One writes
´

L|K
p

¯

(also called Artin symbol) for the conjugacy class of
´

L|K
q

¯

for q|p. Note that this is well-defined since

ˆ

L|K

σpqq

˙

“ σ

ˆ

L|K

q

˙

σ´1

and
Dpσpqqq “ σDpqqσ´1.

Definition 3.19.47. Let S Ď P. The natural density of S is defined as

dpSq :“ lim
xÑ8

#S X r0, xs

#PX r0, xs

(if this limit exists).

Theorem 3.20 (Čhebotarev Density Theorem). Let K Q be finite Galois

and G “ Gal
´

K
Q

¯

. Let C Ď G be a conjugacy class in G. Let SK :“

tp P P|p is unramified in K
Q and

´

K|Q
p

¯

“ Cu.

Then dpSKq “
#C
#G . In particular, SK is infinite.

Remark 3.20.48. If K Ď L and L
Q, K Q are Galois, then SL Ď SK .
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Theorem 3.21. Let σ0 P Gal pQq. Then there is a non-principal ultrafilter
U on P such that if pL, σ̃1q :“

ś

U
`

Falg
p ,Frobp

˘

(working in Lring Y tσu)
then σ1 :“ σ̃1|Qalg is conjugate to σ0.

Proof. For K Q finite Galois, let σ
pKq

0 :“ σ0|K P Gal
´

K
Q

¯

. Let CpKq be the

conjugacy class of σ
pKq

0 in Gal
´

K
Q

¯

. Let SK as in Theorem 3.20 (for CpKq).

By Theorem 3.20, SK is infinite. Write Qalg “
Ť

nPNKN , K0 “ Q Ď K1 Ď

K2 Ď . . . such that every Kn Q is finite Galois.

Clearly SKn`1 Ď SKn for all n (see Remark 3.20.48)

Let U be an ultrafilter containing all SKn
and all cofinite sets (in particular, U

is non-principal).

Claim 1. pL, σ̃1q :“
ś

U
`

Falg
p ,Frobq

˘

works!

Subproof. It suffices to show that σ
pKnq

0 and σ
pKnq

1 :“ σ̃1|Kn
are conjugate (in

Gal
´

Kn Q
¯

) for all n.

As SKn
P U by construction, we get pL, σ̃1q ↠

ś

pPSKn
pFalg

q ,Frobpq. For p P SKn

choose qp|p a prime in OKn .

We have

OKn

∆
ãÝÑ

ź

pPSKn

OKn
↠

ź

pPSKn

OKn qp ď
ź

pPSKn

Falg
p ↠ L

Fix diagramwhere the composition is injective.

Let tτ1, . . . , τmu be the conjugacy class of σ
pKnq

0 . SKn “ S1 \ . . . \ Sm, where

p P Si ðñ

´

Kn|Q
qp

¯

“ τi.

Since U is an ultrafilter, there exists i0 ď m, such that Si0 P U , so σ
pKnq

1 “ τi0
proving the claim. ■

Proof of Theorem 3.9. , Let K0 Ď Qalg with GalpK0q procyclic. Choose a topo-
logical generator σ0 of GalpK0q ď GalpQq. Fixpσ0q “

`

Qalg
˘σ0

“ K0.

If σ1 “ τσ0τ
´1, then Fixpσ1q “ τpK0q – K0.
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By Theorem 3.21, there is U on P such that if pL, σ̃1q “
ś

U pFalg
p ,Frobpq, then

σ1 :“ σ̃1|Qalg is conjugate to σ0.

K0 “ Fixpσ0q – Fixpσ1q

“ Fixpσ̃1q
loomoon

ś

U Fp

XQalg

“ Absp
ź

U
Fpq.

4 The Measure of Chatzidakis-van den Dries-
Macintyre and Applications

Recall the Lang-Weil Estimates (3.1):

For all n,N there exists Cpn,Nq such that for every finite field Fq and absolutely
irreducible Fq variety V Ď An defined with polynomials of degree ď N , we have

|#V pFqq ´ q
dimpV q| ď CqdimpV q´ 1

2 .

Theorem 4.1 (Main Theorem of [CDM92]). Let φpx, yq be a n Lring-
formula, |x| “ n, |y| “ m. Then there is a finite set D Ď t0, . . . , nuˆQą0 of
pairs pd, µq (“dimension” and “ multiplicity”) and a constant C “ Cpφq P N
such that for every finite field Fq and parameter b P Fm

q if φpFn
q , bq ‰ H,

then
|#φpFn

q , bq ´ µq
d| ď Cqd´ 1

2 . (˚)

for some pd, µq P D.

Moreover, for every pd, µq P D, there is a formula φd,µpyq such that for
every Fq and b P Fm

q such that Fq |ù φd,µpbq iff (˚) holds for pd, µq.

Remark 4.2. (1) If φpx, yq expresses that x P Vy for an absolutely ir-
reducible variety Vy of dimension d, then D “ tpd, 1qu and C comes
from the Lang-Weil Estimates (3.1).

(2) Let φpx, yq :” Dz. z2 “ x ` y (or φpxq :” Dz. z2 “ x). Then
D “ tp1, 12 q, p1, 1q

loomoon

for characteristic 2

u. C “ 1 works. Moreover φ1,1pyq ”

1` 1 “ 0_ Dď5x. x “ x. φ1, 12
” 1` 1 ‰ 0_ Dď4x. x “ x.

(3) For q " 0, the φd,µpFqq partition tb P Fm
q |φpFq, bq ‰ Hu. easy exercise

(4) Given φpx, yq, there exist B ą 0 and r ą 0 such that for all Fq and
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b P Fm
q ,

#φpFq, bq ď B _#φpFq, bq ą rq.

[Lecture 13, 2024-11-26]

Remark 4.3. Let φ, D, C, φd,µ as in Theorem 4.1.

Then for q " 0 and b P Fm
q with Fq |ù φ0,µpbq, one has

|φpFq, bq| “ µ.

Proposition 4.4 (Some Applications). (i) There is no Lring-formula φpxq
such that for infinitely many q P Q, φpFq2q “ Fq.a

(ii) There is no Lring-formula φpxq which defines the set of generators
of Fˆ

q (a cyclic group) for all q P Q (even for all powers of a fixed
prime).

aNote that individually they are definable. However, the proposition says that they
are not uniformly definable.

Proof. (i) Let B ą 0 and r ą 0 as in Remark 4.2 (iv). For q P Q such that
q ą B and q ą 1

r ( ðñ rq2 ą q) one has #Fq “ q ‰ #φpFq2q.

(ii) pFˆ
q , ¨q – Zq´1, so the set of generators has cardinality φpq ´ 1q7

Observe

(a) p P P ùñ φppn “ pp ´ 1qpn´1, as pa, pq “ 1 ðñ pa, pnq “ 1 for
n ě 1.

(b) φpmnq “ φpmqφpnq if pm,nq “ 1 by the Chinese remainder theorem.

As φpqnq ě
?
pn for all p and n ą 0 we get from (a) and (b) that φpnq ě

a

n
2 for all n P N.

In particular tq P Q|φpq ´ 1q ď Bu is finite.

Given r ą 0 we will show that there is pM “ q P Q such that φppM ´1q ă
rppM ´ 1q ď rpM . By (a) and (b) we have for any n ě 1

φpnq

n
“

ź

l prime
l|n

ˆ

1´
1

l

˙

. (`)

Choose distinct primes l1, . . . , lm and set M :“
śm

i“1pli ´ 1q.

For p P P by the little Fermat we get

pM “ kli´1 ” 1 pmod liq

7Euler’s totient function
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for i “ 1, . . . ,m, so li|
`

pM ´ 1
˘

for all i.

Thus by (`),

φppM ´ 1q

pM ´ 1
ď

m
ź

i“1

ˆ

1´
1

li

˙

.

The right hand side can be made ă r, use for example the prime number
theorem.

Corollary 4.5. Let φpx, yq, D, C “ Cpφq, φd,µpyq, pd, µq P D be as in
Theorem 4.1.

For every F |ù Psf, the set Fm is then partitioned by φd,µpF q, pd, µq P
D Y tHu, where φHpyq :” ␣Dx. φpx, yq.

Proof. Indeed Tf Y tD
8x. x “ xu |ù the φI , I P D Y tHu partition Fm (by

Remark 4.2 (3)).

Definition 4.5.49. Given an Lring-formula φpx, yq, F |ù Psf, b P Fm

we define the dimension of φpx, bq as the unique d P t0, . . . , nu and the
multiplicity of φpx, bq as the unique µ P Qą0 such that F |ù φd,µpbq,
pd, µq P D

(if φpF, bq ‰ H).

If φpF, bq “ H, set φpx, bq is said to be of dimension and multiplicity 0.

Lemma 4.6. If F |ù Psf, F |ù @x. pφpx, bq Ø ψpx, cqq, then dimpφpx, bqq “
dimpψpx, cqq and µpφpx, bqq “ µpψpx, cqq.

Thus for S Ď Fn definable with parameters, pdimpSq, µpSqq is well-defined.

Proof. This holds for q " 0 (depending on the data), so it holds in Psf.

Proposition 4.7. Let F |ù Psf and S Ď Fn1 , T Ď Fn2 be definable sets
(with parameters).

Then:

(1) If V is an absolutely irreducible variety defined over F of algebraic
dimension d, then dimpV pF qq “ d and µpV pF qq “ 1 (including
dimalgpV q “ 0, where V is just a point, which lies in F ).

4 THE MEASURE OF CHATZIDAKIS-VAN DEN DRIES-MACINTYRE
AND APPLICATIONS

62



(2) If S and T are disjoint and n “ n1 “ n2, then

(a) dimpS Y T q “ maxpdimpSq,dimpT qq.

(b) µpS Y T q “

#

µpSq ` µpT q if dimpSq “ dimpT q,

maxpµpSq, µpT qq otherwise.

(3) Assume that f : S ↠ T is a definable surjection such that for all
c P T , dimpf´1pcqq “ d for some fixed d.

(4) Assume that f : S ↠ T is as before assume that in addition µpf´1pcqq “
µ for all c P T and some fixed µ P Qą0.

Then µpSq “ µ ¨ µpT q.

Proof. Both S and T (and V or f in (1), (3)) are defined in some F0 ĺ F with
F0 countable.

So we may assume that F is countable.

By Corollary 3.10 we find an ultrafilter U on Q such that F ”
ś

U Fq.

Since Q is countable, U is ω-incomplete. Thus
ś

U Fq is ℵ1-saturated.

So by universality of saturated models, we get ι : F
ĺ
ÝÑ

ś

U Fq. Thus we may
assume F “

ś

U Fq.

(1) Follows from the corresponding result for large finite fields:

If V “ Vb and b “ bq „, then for almost all q P Q, Vbq is absolutely irre-
ducible of dimalgpVbqq “ dimpVbq, so we finish by the Lang-Weil Estimates
(3.1).

(2) As before, being disjoint is true almost everywhere. . . .

(3) Exercise.

Corollary 4.8. Let S be a non-empty definable set in some F |ù Psf.
Then the following defines a finitely additivea probability measure (with
values in r0, 1s XQ) on definable subsets of S:

For T Ď S definable, set

mSpT q :“

#

µpT q

µpSq
if dimpSq “ dimpT q,

0 otherwise.

anot σ-additive!

Proof. Proposition 4.7 (2).
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Corollary 4.9. Let F |ù Psf and S Ď Fn be definable. Consider S as a
subset of pF algqn. Let V be the F -algebraic set Ď An such that V pF algq “

S
Zar

, where
`

¨Zar
˘

is the closure wrt. the Zariski topology on
`

F alg
˘n

.

Then dimpSq “ dimpV pF qq “ dimalgpV q. In particular, if A Ď F , then
aclPsfpAq “ QpxAyqalg X F .

More generally we have

dimpSq “ maxttrdeg
´

F paq
F

¯

|a P SpF 1q, F 1 ľ F u (˚)

Proof. V is F -definable, since it is GalpF q-invariant.

By Theorem 2.15, there is an F -algebraic W pF q Ď Fn`l such that πpW pF qq “
S, with finite fibers, say bounded in cardinality by N P N.

Shrinking W if necessary, we may assume that W pF q is Zariski dense in W pF algq

(replace W by W˚ , where W pF q
Zar

loooomoooon

in F alg

“W˚pF algq, with W˚ ĎW ).

Then the absolutely irreducible components W1, . . . ,Wk are alle defined over F .

By Proposition 4.7 (3), we get dimpSq “ dimpW pF qq. By Proposition 4.7 and
induction on dimension we get

dimpW pF qq “ dimalgpW q

and
µpW pF qq “ # argmaxi µpWiq.

π : W pF q↠ S

is definable and surjective and S is Zarisiki-dense in V pF algq, so dimalgpV q ď
dimalgpW q

Claim 1. dimalgpW q “ dimalgpV q.

Subproof. By the above it suffices to show dimalgpWiq ď dimalgpV q for all i.

Let a P F 1n`l
, F 1 ľ F , such that loc

´

a
F

¯

“ Wi (this exists since WipF q is

Zariski dense in WipF
algq).

Let a “ a1a2, with a1 P F
1m, a2 P F

1l.

Then πpaq “ a1 and by assumption

F 1 |ù DďNx2. pa1, x2q PWi (˚˚)
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If d “ trdeg
´

a2
Fa1

¯

ą 0, then Z :“ locpa2{F pa1q
alg X F 1q is absolutely

irreducible, (because F pa1q
alg X F pa2q{F pa1q

alg X F 1 is regular) of dimalg ą 0.
So it contains infinitely many F 1-rational points (by PAC), contradicting (˚˚)
as Z Ď π´1 pa1q XWi. ■

[Lecture 14, 2024-11-29]

• Given any fieldK andX Ď Kn, three is a smallest algebraic setW pKalgq Ď
`

Kalg
˘n

such that X ĎW pKalgq, namely X
Zar

(the Zariski closure taken
in Kalg).

Clearly, as W is Aut
´

Kalg

K

¯

-invariant, it is definable over K.

• If V is a K-algebraic set, we will construct a K-algebraic set V ˚ Ď V with
the following two properties:

(i) Every absolutely irreducible K-variety Ṽ Ď V satisfies Ṽ Ď V ˚.

(ii) The absolutely irreducible components of V ˚ are all definable over
K.

We will see that in case X “ V pKq and K is PAC (e.g. if K |ù Psf), then

V ˚pKalgq “ X
Zar

, i.e. the two constructions coincide in this case.

4.1 The Decomposition-Intersection Procedure

To a K-algebraic set V Ď An one associates a K-algebraic set V 1 Ď V as
follows: Let V “ V1 Y . . .Y Vl be the decomposition into absolutely irreducible
components of V .

• Then Aut
´

Kalg

K

¯

loooooooomoooooooon

G

ñtV1, . . . , Vlu via σ ˝ VipK
algq “ pσViqpK

algq.

• For i “ 1, . . . , l let Wi :“
Ş

σPG σpViq, a K-algebraic set for all i.

Note that VipK
algq XKn “WipK

algq XKn “WipK
nq.

• Set V 1 :“
Ťl

i“1Wi, a K-algebraic set with V 1 Ď V by construction. More-
over

(i)’ Every absolutely irreducible K-variety Ṽ Ď V satisfies V 1.

(iii)’ V 1pKq “ V pKq.

• Iterating this, construct a decreasing sequence
`

V pmq
˘

mě0
of K-algebraic

sets V p0q :“ V , V pm`1q :“
`

V pmq
˘1

.

Since the topology is Noetherian, the sequence stabilizes at some r, i.e. V prq “

V pr`1q. V ˚ :“ V prq is called the K-absolute kernel of V .
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Lemma 4.10. Let V be a K-algebraic set and V ˚ be its K-absolute kernel.
Then V ˚ is a K-algebraic subset of V and one has that

(i) every absolutely irreducible K-variety Ṽ Ď V satisfies Ṽ Ď V ˚,

(ii) all absolutely irreducible components of V ˚ are definable over K and

(iii) V ˚pKq “ V pKq.

Proof. (i) and (iii) hold by induction (on m, it holds for V pmq).

ad (i): The construction of V 1 shows that if not all absolutely irreducible
components of V are definable over K, then V 1 Ĺ V .

Indeed, let V1, . . . , Vl be the absolute irreducible components of V with Vi not
definable over K. Then by construction,

Ş

σPG σVi “ Wi Ĺ Vi. Thus Vi Ę Wj

for any j, as pVi Ę Vj for all i ‰ i).

Proposition 4.11. Let K be PAC and let V Ď An be a K-algebraic set.
Let V ˚ be the K-absolute kernel of V .

Then V ˚pKalgq “ V pKq
Zar

in
`

Kalg
˘n

.

In other words, V ˚ is the smallest K-algebraic set containing V pKq.

Proof. By Lemma 4.10 (iii), V ˚pKalgq Ě ZpKq
Zar

.

By Lemma 4.10 (ii), the absolutely irreducible components V ˚
1 , . . . , V

˚
k are all

defined over K, so as K is PAC, V ˚
i pKq is Zariski dense in Vi for i “ 1, . . . , k.

Thus V pKq
Zar
Ě V ˚

i pK
algq for i “ 1, . . . , k, so V ˚pKalgq Ď V pKq

Zar
.

Definition 4.11.50. For a K-algebraic set V Ď An with absolutely ir-
reducible components V1, . . . , Vl we define αpV q P t´8, 0, . . . ., n ´ 1u as
follows:

• αpV q :“ ´8 iff all Vi are definable over K,

• otherwise αpV q :“ maxtdimpViq|Vi not definable over Ku P t0, . . . , n´
1u.

Lemma 4.12. If V Ď An is a K-algebraic set and r ě 0 is minimal such
that V pr`1q “ V prq (i.e. V prq “ V ˚ is the K-absolute kernel of V ), then
r ď n.

Proof. We have

(a) αpV q “ ´8 iff V “ V 1 iff V “ V ˚ iff r “ 0.
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(b) If αpV q ě d then αpV 1q ă αpV q:

Indeed, Let V1, . . . , Vl be the absolutely irreducible components of V . α “
αpV q ě 0. Reordering the sequence we may assume

• V1, . . . , Ve are definable over K with dimpViq ě α.

We have Wi “ Vi.

• Ve`1, . . . , Vf are not definable over K and satisfy dimpViq “ α for
i “ e` 1, . . . , f ,

in this case Wi Ď Vi, so dimpWiq ă α,

• Vf`1, . . . , Vl have dimension ă α.

The irreducible components of V 1 are V1, . . . , Ve and some U1, . . . , UN with
ŤN

i“1 Ui “
Ťl

i“e`1Wi so dimpUiq ă α for all i.

Lemma 4.13. Let f1, . . . , fr P KrX1, . . . , Xns and let V “ V ptf1, . . . , fruq
be the associated K-algebraic subset of An.

Let V1, . . . , Vl be the absolutely irreducible components of V .

Let K
1

K be finite Galois such that all Vi are definable over K 1. Let
b1, . . . , bN be a K-basis of K 1 and let gi1 , . . . , girpiq

P K 1rXs such that
Vi “ V ptgi1 , . . . , girpiq

uq.

Let gi,j,ν P KrXs, ν “ 1, . . . , N such that gi,j “
řN

ν“1 bνgi,j,ν . Then
Wi “ V ptgi,j,ν |1 ď j ď rpiq, 1 ď ν ď Nuq and thus

V 1 “ V

˜#

ź

1ďiďl

gi,jpiq,νpiq

ˇ

ˇ

ˇ

ˇ

ˇ

j : t1,...,luÑN,jpiqďrpiq,
ν : t1,...,luÑt1,...,Nu

+¸

Proof. Note that every σ P G “ Gal
´

K 1

K

¯

induces a (multiplicative) charac-

ter σ : K 1ˆ
Ñ K 1ˆ

.

By the linear independence of pairwise distinct characters, the matrix

pσipbjqq 1ďiďn
1ďjďN

P pK 1qnˆn

is regular, where the σi enumerate G. Indeed, any linear dependence of the row
vectors pσipb1q, . . . , σipbN qq would yield a linear dependence of the characters,
as the bi form a K-basis of K 1 and σi is K-linear for all i.

Applying this to the equation

gij “
N
ÿ

ν“1

bνgi,j,ν “ 0
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and its G-conjugates, we infer Wi “
ŞN

j“1 σjpViq “ V
´!

gi,j,ν |
1ďjďrpiq
1ďνďN

)¯

.

Remark 4.14. Instead of working with K 1

K finite Galois, we may use

any K
1

K finite separable such that each Vi is defined over K 1.

Proof. Exercise.

Goal. We want to understand how the complexity of V 1 depends on the com-
plexity of V , in a uniform way, thus also the complexity of V ˚ (by Lemma 4.12).

Definition 4.14.51.

• Lroot:“ Lring Y tρd|d ě 2u, where ρd is a d-ary function.

• A field with root functions is an Lroot-structure such that K is a
field and for every d ě 2 and the following universal axiom is satisfied:

@x1, . . . , xd, t. pt
d ` x1t

d´1 ` . . .` xd´1t` x0 “ 0

ùñ ρpxqd ` x1ρpxq
d´1 ` . . .` x0 “ 0q.

Observe.

• In any field with root functions, if a monic polynomial has a root, the root
function applied to its coefficients is a root.

• Every field can be expanded to a field with root functions (but this is of
course not unique).

Lemma 4.15. For every d ą 0, there is a quantifier-free Lroot-formula
Irrdpx1, . . . , xdq, such that for every field K with root functions

K |ù Irrdpxq iff td ` x1t
d´1 ` . . .` xd P Krts

is irreducible.

Proof. It suffices to show that for K,L fields with root functions A a common
Lroot-substructure, and a1, . . . , ad P A, we have that

td ` a1t
d´1 ` . . .` ad :“paptq

is irreducible in Krts iff it is irreducible in Lrts.

(This uses that Irrd is given by a first-order Lring-formula.)

Let F :“ QpAq. Then since A is closed under root functions, F is rela-
tively algebraically closed in K and L. Now use the following fact from al-
gebra:
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Fact* 4.15.52. If F is relatively algebraically closed in K, then any fptq P
F rts irreducible stays irreducibly in Krts.

Subproof. Otherwise fptq “ gptq ¨hptq, but then some coefficients of g and h are
in pKzF q X F alg. ■

[Lecture 15, 2024-12-03]

Lemma 4.16. Let K be a field with root functions and let A Ď K be a
subset. Then the Lroot-substructure generated by A is IntKpxAyLring

q, the
integral closure in K of the subring generated by A.

In particular, the field of fractions of xAyLroot
equals Q

`

xAyLring

˘alg
XK.

Proof. This follows from the definitions, once one notes that if α is integral over
R and β is integral over Rrαs, then β is integral over R (for an integral domain
R).

Notation 4.16.53. If K is a field with root functions an A Ď K, we write
xAy for xAyLring and xAyroot for xAyLroot “ IntKpxAyq

Situation 4.17. LetK be a field, X “ pX1, . . . , Xnq and Z “ pZ1, . . . , Zmq.
Fix f “ pf1, . . . , frq where fi P ZrX,Zs for i “ 1, . . . , r. We are interested
in the family of algebraic subsets of An given by

Va :“ V tpf1pX, aq, . . . , frpX, aqu

for a P Km.

We write VK,a to emphasize that we consider Va as a K-algebraic set.

By V 1
K,a and V ˚

K,a we denote theK-algebraic sets obtained by the intersection-
decomposition procedure, with K as the defining field.

Now let k be an arbitrary field, a P Km and K0 :“ Q pxayq
alg
X K. Let

K1 “ K0pαq be a finite separable extension such that all absolutely irreducible
components V1, . . . , Vk of Va are defined over K1. We may and will assume that

α P IntKalg
0
pxayq, i.e. MiPo

´

α
K0

¯

:“qpT q P xayrT s. Assume degpqq “ N . For

i “ 1, . . . , k choose gi,1, . . . , gi,rpiq P K1rXs such that

Vi “ V
`

tgi,1, . . . , gi,rpiqu
˘
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and let gi,j,ν P K0rXs such that

gi,j “
N
ÿ

ν“0

αν´1gi,j,ν . (˚)

This is possible as
`

bν :“ αν´1
˘N

ν“1
is a K0-basis of K1.

rKrαs : Ks “ N, (˚˚)

as K0 is relatively algebraically closed in K. Thus (˚) is also the unique decom-

position of gi,j in Kpαq
K.

Chasing denominators we may assume

gi,j P IntK0
pxayq rXs. (˚ ˚ ˚)

We now look at the decomposition of V into V1, . . . , Vk syntactically:

Definition 4.17.54. Let K be a field with root function and let f be as
in Situation 4.17.

(1) A potential decomposition for f is a tuple

D “ pqpZ, T q, g1pX,Zq, . . . , gkpX,Zqq,

such that

D1 qpZ, T q is an Lroot-term (over H) that is polynomial and monic
in T , i.e. it is of the form qpZ, T q “ TN ` c1pXqT

n´1 ` . . . `
cN´1pXqT ` cN pXq for some Lroot-terms cipZq in Z.

D2 Each gi is a tuple pgi,j,νpX,Zqq1ďjďrpiq
1ďνďN

of Lroot-terms that are

polynomial in X.

(2) Let D be a potential decomposition for f as in (1) and a P Km. Then
D is an actual decomposition of f at a over K if the following
conditions hold:

D3 qpa, T q P KrT s is separable and irreducible in KrT s (it is auto-
matically monic by D1).

D4 If α P Kalg is a zero of qpa, T q and

gi,jpXq :“
N
ÿ

ν“1

gi,j,νpX, aqα
ν´1 P KpαqrXs

and
VI :“ V ptgi,1, . . . , gi,rpiqu Ď

`

Kalg
˘n
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then V1, . . . , Vk are the absolutely irreducible components of Va
and pairwise distinct.

Lemma 4.18. (1) Let f be as in the Situation 4.17 and let D “ pq, g1, . . . , gkq
be a potential decomposition of f .

Then there is a quantifier free Lroot-formula DecD,f pZq such that for
every field K with root functions and every a P Km one has that D
is an actual decomposition for f at a over K iff

K |ù DecD,f paq.

(2) For every field K with root function and every a P Km there is an
actual decomposition of f at a over K.

(3) If D “ pq, g1, . . . , gkq is an actual decomposition of f at a over K
then

V 1
K,a “ V

˜#

k
ź

i“1

gi,jpiq,νpiq|
j : t1,...,kuÑN,jpiqďrpiq

ν : t1,...,ku
Ñ t1, . . . , Nu

+¸

(4) There are finitely many potential decompositions D1, . . . ,DJ of f ,
such that for every field with root function K and every a P Km,
there is j ď J such that Dj is an actual decomposition for f at a
over K.

Proof. (1) Note that by Corollary 2.3 in any definable family of algebraic
sets, the set of parameters giving rise to an absolutely irreducible variety
is quantifier free Lring-definable. Working in Lroot we get the result.

(2) By Lemma 4.16 and the discussion after Situation 4.17, in particular (˚˚)
and (˚ ˚ ˚), VK,a may be decomposed into absolutely irreducible compo-
nents over K1 “ K0pαq, where K0 “ QpxayLroot

q is relatively algebraically
closed in K (Lemma 4.16) and α is separable algebraic over K0 with

qpT q “ MiPo
´

α
K0

¯

P xayLroot
rT s

(so qpT q is also irreducible in KrT s).

(3) This holds by Lemma 4.13.

(4) This holds by compactness using (1) and (2).
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Theorem 4.19. In Situation 4.17 there are finitely many quantifier free
Lroot-formulas, χ1pzq, . . . , χIpzq, a function M : t1, . . . , Iu Ñ N and for
every 1 ď i ď I and 1 ď j ď Mpiq a finite tuple hi,j of Lroot-terms of in
pX,Zq that are polynomial in X such that in every field with root functions
K the following hold:

(a) The sets Ci :“ χipKq, i “ 1, . . . , I, define a partition of Km (where
Ci “ H is not excluded).

(b) For any a P Ci, the absolutely irreducible components V ˚
K,a are ex-

actly the Mpiq distinct K-algebraic setsa

V phi,jpX, aqq, j “ 1, . . . ,Mpiq.

Here, Mpiq “ 0 means that V ˚
K,a “ H.

aThis is a slight abuse of notation, as the hij are tuples.

Proof. By Lemma 4.12 if r ě 0 is minimal such that V
prq

K,a “ V ˚
K,a, then r ď n.

We thus conclude by iterating Lemma 4.18 (4), (1) and (2) at most n times.

Note that the different potential decompositions just cover but not necessar-
ily partition Kn, but it s easy to make the cases disjoint (in a quantifier-free

manner) setting χxi`1 :” χ1
i`1 ^

´

Źi
j“1␣χ

1
j

¯

.

Corollary 4.20 (Existence of Bounds for the Decomposition-Intersection
Procedure). For any n, e P N, there exist D “ Dpn, eq and M “ Mpn, eq
such that for every field K and f1, . . . , fr P KrX1, . . . , Xns, of degree ď e
the following hold for the algebraic set V :“ V ptf1, . . . , fruq Ď

`

Kalg
˘n

:

(i) V ˚
K has at most M absolutely irreducible components.

(ii) Each absolutely irreducible component of V ˚
K is of the form

V pth1, . . . , hkuq,

for hR P KrXsďD.

Proof. Every field may be expanded to a field with root functions, so we can
apply Theorem 4.19.

Note that the dimK pKrX1, . . . , Xnsďeq P N is independent of K, so that in the
above, r and R are automatically bounded in terms of pn, eq resp. pn, dq.

Proposition 4.21. There are constants C “ Cpn, eq ą 0 andM “Mpn, eq
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such that for every finite field Fq and Fq-algebraic subset V Ď pFalg
q qn,

defined by polynomials from FqrX1, . . . , Xnsďe such that V pFqq ‰ H, we
get

|#V pFqq ´ µq
d| ď Cqd´ 1

2

for some d P t0, . . . ,dimalgpV qu, µ P t1, . . . ,Mu.

Proof. We prove this by induction on the algebraic dimension of V . Assume
V pFqq ‰ H and let V ˚ :“ V ˚

Fq
with absolutely irreducible components V1, . . . , Vs

of V ˚ (all defined over Fq).

By Existence of Bounds for the Decomposition-Intersection Procedure (4.20) (i)
s ďM “Mpn, eq (and s ě 1 as V ˚pFqq ‰ H).

Permuting the Vi, we may assume that d :“ dimalgpV
˚q “ dimalgpV1q “ . . . “

dimalgpVµq and dimalgpViq ă d for i ą µ.

For this pd, µq there is c ą 0 such that

|#V pFqq ´ µq
d| ď c ¨ qd´ 1

2 .

Indeed by the Existence of Bounds for the Decomposition-Intersection Proce-
dure (4.20) (ii) each Vi is defined by polynomials in FqrXsďD and we have

V pFqq “ V ˚pFqq “

s
ď

i“1

VipFqq

By the Lang-Weil Estimates (3.1), there is C1 “ C1pn,Dq ą 0, thus C1pn, eq,
such that

|#VjpFqq ´ q
d| ď C1q

d´ 1
2 for 1 ď j ď µ (`)

and a constant C2pn, eqsuch that

|#VjpFqq| ď C2q
d´1 for j “ µ` 1, . . . , s. (``)

Moreover, for any 1 ď j ă j1 ď s we get

dimalgpVj X Vj1q ă d ď dimalgpV q (```)

as Vj ‰ Vj1 and both are absolutely irreducible of dimension d.

As Vj X Vj1 is defined by polynomials of degree ď D2, by induction there is
C3 “ C3pn, eq ą 0 such that

|#VjpFqq X Vj1pFqq| ď C3q
d´1.

The estimate follows from (`), (``) and (```).

[Lecture 16, 2024-12-04]
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Proposition 4.22. Let f1, . . . , fr P ZrX1, . . . , Xn, Z1, . . . , Zms be polyno-
mials of degree ď e in X (i.e. considered as a polynomial in ZrZs) and let
C “ Cpn, eq ą 0 an M “Mpn, eq P Ną0 be as in Proposition 4.21.

For Fq and a P Fm
q we consider

Va “ V
`

tf1pX, aq, . . . , frpX, aqu
˘

.

Set f “ pf1 . . . , frq. Let pd, µq P t0, . . . , nu ˆ t1, . . . ,Mu. Then there is an
Lring-formula χf,d,µpZq (also depending on C, but this is suppressed in the
notation) such that for every Fq and a P Fm

q , we have

|#VapFqq ´ µq
d| ď Cqd´ 1

2 iff Fq |ù χf,d,µpaq.

Proof.

Claim 1. For any d P t0, . . . , nu and µ P t1, . . . ,Mu, there is an Lring-formula
χ̃f,d,µpZq such that for every field K and parameter a P Km the following are
equivalent:

(i) dimalgpV
˚
K,aq “ d and V ˚

K,a has precisely µ absolute irreducible components
of dimension d.

(ii) K |ù χ̃f,d,µpaq.

Subproof. By the bounds in the decomposition-intersection procedure and the
definability of absolute irreducibility and of dimension in families. ■

Depending on the choice of C, we there is a constant H P N such that for
all q ě H, q P Q, all a P Fm

q with VapFqq ‰ H there is exactly one pd, µq P
t0, . . . , nu ˆ t1, . . . ,Mu sucht that

|#VapFqq ´ µq
d| ď C ¨ qd´ 1

2 . (˚)

By the proof of Proposition 4.21, (˚) holds for such q ě H precisely when
Fq |ù χ̃paq.

Note that we may choose H such that for all q ě H if VapFqq “ H for some
a P Fm

q , then (˚) holds for no pd, µq.

Let χf,d,µpZq :”
“

DěHx. x “ x^ χ̃f,d,µpZq
‰

_ r list all the cases for the finitely
many q ă H counting in Fn

q which is of cardinality ď Hn s

Lemma 4.23. Let φpX,Zq be a quantifier free Lring-formula, |X| “ n,
|Z| “ m. Then there are Cpφq ą 0 and Mpφq P Ną0 such that for every
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finite Fq and a P Fm
q such that H ‰ φpFq, aq Ď Fn

q , there is pd, µq P
t0, . . . , nu ˆ t1, . . . ,Mu such that

|#φpFq, aq ´ µq
d| ď Cqd´ 1

2 . (‹)

Moreover for every pd, µq P t0, . . . , nuˆt1, . . . ,Mu, there is an Lring-formula
χφ,d,µpZq such that for all Fq and a P Fm

q (‹) holds for φpFq, aq and pd, µq
iff Fq |ù χφ,d,µpaq.

Proof. Using elementary equivalences, one sees that there are polynomials g1, . . . , gn P
ZrX,Zs and polynomials fi,j P ZrX,Zs, i “ 1, . . . , N , J “ 1, . . . , rpiq such that
in the theory of fields, φpX,Zq is equivalent to

N
ł

i“1

¨

˝

rpiq
ľ

j“1

fi,jpX,Zq “ 0^ gipX,Zq ‰ H

˛

‚

loooooooooooooooooooooooomoooooooooooooooooooooooon

φipX,Zq

such that the φipX,Zq define pairwise disjoint sets in every field. Exercise

Let X 1 “ pX 1
1, . . . , X

1
N q be a tuple of new variables and let

φ1pX,X 1, Zq :”
N

ľ

i“1

¨

˝

rpiq
ł

j“1

fi,jpX,Zq “ 0^ gipX,Zq ¨X
1
i ´ 1 “ 0^

ľ

i1‰i

X 1
i1 “ 0

˛

‚.

Then φ1pX,X
1
, aq defines an algebraic set for every a P Km for every field, which

is an algebraic subset of An`N of bounded degree ď pe` 1qN . By construction,
it is of dimension ď n, so by Proposition 4.21 we find, whenever φ1pFq, aq ‰ H
for a P Fm

q , some pd, µq P t0, . . . , nu ˆ t1, . . . ,Mu, where M “ Mpφq “ MpN `

n, pe` 1qN q with

|#φ1pFq, aq ´ µq
d| ď Cqd´ 1

2 , (˚)

where Cpφq :“ Cpn` n, pe` 1qN q.

By construction ( and as the φipX,Zq were pairwise inconsistent), the projection
FN`n
q Ñ Fn

q defines a bijection between φ1pFq, aq and φpFq, aq, so (˚) holds for
φ in place of φ1.

In the same way, applying Proposition 4.22 to φ1, we find χφ,d,µpZq :” χφ1,d,µpZq.

Remark 4.23.55. The main theorem, Theorem 4.1, is thus established for
quantifier-free φ.
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For the proof of Theorem 4.1, in the general case we need to refine the argument
in the proof of Theorem 2.15, showing that every definable set D Ď Fn is of the
form πpW pF qq, where W Ď An`l is an F -algebraic set and π : W pF q ↠ D has
finite fibers.

In particular, we need the following lemma:

Lemma 4.24. In the theory Psfc
a every Lc-formula φpXq is equivalent to

a conjunction of formulas of the form

DT. gpX, c, T q “ 0

where g P ZrX,C, T s, and C “ pCi,jq iě2
1ďjďi

.

aPsf with constant symbols pcijq iě2
1ďjďi

:“c

Remark 4.25. The equivalence in Lemma 4.24 holds for q " 0 in pFq, ci,jq,
where for every i ě 2, T i ` ci,1T

i´1 ` . . . ` ci,i´1T ` ci,i is irreducible in
FrT s.

Proof. Indeed Psfc is axiomatized by TfYtD
ěnx. x “ x|n P NuYtT i`ci,1T

i´1`

. . .` ci,i is irreducible|i ě 2u. We conclude by compactness.

Proof of Lemma 4.24. By Quantifier Reduction in Psf (2.13) we know that every
Lring-formula φpXq is equivalent to a boolean combination of formulas of the
form

Dt. fpt,Xq “ 0, fpT,Xq P ZrT,Xs.

It thus suffices to show that in Psfc every formula of the for ␣Dt. fpt,Xq “ 0,
i.e. @t. ␣fpt,Xq “ 0 is a conjunction of formulas of the form

Dt. gpt, c,Xq “ 0.

Subproof. Let fpT,Xq “
řN

i“0 dipXqT
i, where dipXq P ZrXs. Working in Psfc

(see the proof of Theorem 2.15, @t. ␣fpt,Xq “ 0 is equivalent to the disjunction
of the following two formulas:

• Dy. pd0pXq ¨ y ´ 1 “ 0q ^
ŹN

i“1 dipXq “ 0,

• Dy.
śN

i“1pdipXq ¨ y´ 1q “ 0 ^ “In the unique extension FN ! of F |ù Psfc
of degree N !, no root of fpT,Xq lies in F”.

Using the constants cN !,j for j “ 1, . . . , N !, the latter formula may indeed
be expressed as a conjunction of formulas of the required form using the
constants. The details

are left as an
exercise.
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Work in the basis 1, α :“ X,α2, . . . , αN !´1 of FN ! :“ F rT s
FN ! and look

at the coefficients of the roots.

■

Note that Dt1. g1pX, c, t1q “ 0_ Dt2. g2pX, c, t2q “ 0 is equivalent to

Dt. g1pX, c, tq ¨ g2pX, c, tq “ 0,

so we are indeed left with a conjunction of such conditions.

Lemma 4.26. Let F |ù Psf and let D Ď Fn be definable in LringpF q.
Then there are pm, eq P N2 such that D is a finite union of sets of the form
πpW pF qq with W an F -algebraic subset of pF algqn`m such that for every
d P pF algqn, π´1pdq XW pF algq is of cardinality ď e.

Proof. By Lemma 4.24 we have D “ φpF, aq, where

φpX,Zq ”
ľ

i

Dt. gipX, c, Zq “ 0,

working in Psfc. In particular, D is defined by a conjunction of conditions

Dt. gpX, tq “ 0, g P F rX,T s.

Maybe for certain a P Fn, gpa, T q “ 0. We write fpX,T q “
řN

i“0 dipXqT
i as

before.

Then

Dt. fpt,Xq “ 0 ðñ

˜

N
ľ

i“0

dipXq “ 0

¸

_

˜

Dt. Du.
`

fpt,X
˘

“ 0^
N

ź

i“0

`

dipXq ¨ u´ 1
˘

“ 0

¸

.

(Note that there are at most N options for t and at most N ` 1 options for u.)

Put the conjunction of the right-hand sides in disjunctive normal form and get
the result with e computable from the data.

[Lecture 17, 2024-12-06]

Lemma 4.27. Let φpX,Zq be an Lring-formula of the form

DY ψpX,Z, Y q,

where |X| “ n, |Y | “ k, |Z| “ m and ψpX,Z, Y q is of the form

ľ

j

hjpX,Z, Y q “ 0
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for hi P ZrX,Z, Y s and such that there is e P N so that for every field K
and a ⌢ b P Kn`m the set ψpa, b,Kq is finite of cardinality ď e.

Then the statement of Theorem 4.1 holds for φpX,Zq.

Proof. By Proposition 4.22, there is a constant Apψqp“ Apφqq “ A ą 0 and
M “Mpφq P Ną0 such that for every Fq and a P Fm

q with Fq |ù Dx, y. ψpx, a, yq
one has

|#tpx, yq P Fn`k
q : Fq |ù ψpx, a, yqu ´ µqd| ď Aqd´ 1

2 (2)

for some d P t0, . . . , n` ku, µ P t1, . . . ,Mu.

Assume q " 0 and assume that (2) holds for Fq, a P Fm
q , d, µ. We define

D :“ φpFq, aq Ď Fn
q

Dj :“ tx P Fn
q |D

“jy. Fq |ù ψpx, a, yqu, j “ 1, . . . , e

E :“ tpx, yq P Fn`k
q |Fq |ù ψpx, a, yqu.

In other words, D “ πpEq “ D1 Ÿ . . . ŸDe, where

Dj “ td P D|#
`

π´1pdq X E
˘

“ ju.

In terms of counting solutions, we get

(i) #D “ #D1 ` . . . ` #De, #E “ #D1 ` 2#D2 ` . . . ` e#De. By (2),

|#E ´ µqd| ď Aqd´ 1
2 . Note that since q " 0, necessarily d ď n.

Problem. Dj is not quantifier-free definable.

We may however employ a little trick: For j “ 1, . . . , e, let Y
j

:“ pY j
1 , . . . ., Y

j
k q

be new variables. For jp1q ‰ jp2q we write Y
jp1q

‰ Y
jp2q

if they differ in at
least one coordinate.

For 1 ď j ď e we consider the following quantifier-free auxiliary formulas:

ψjpX,Z, Y
1
, . . . , Y

j
q :”

j
ľ

i“1

ψpX,Z, Y
i
q ^

ľ

1ďip1qăip2qďj

Y
ip1q

‰ Y
ip2q

.

Set Hj :“ tpx, y1, . . . , yju P Fn`jk
q : Fq |ù ψjpx, a, y

1, . . . , yjqu.

Note that every d P D gives rise to j! elements in Hj . More generally 0 ď t ď

e´ j every d P Dj`t gives rise to pj`tq!
t! many points in Hj .

Summing up, we get for 1 ď j ď e:

#Hj “ j!#Dj ` pj ` 1q!#Dj`1 ` . . .`
e!

pe´ jq!
#De.

This is a system of e Q-linear equations in the #Dj , which has full rank. Mul-
tiplying with the inverse, we may compute p#Djqj in terms of p#Hiqi and get
using (i):
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(ii) #D “ r1#H1 ` . . .` re#He for r1, . . . , re P Q depending only e.

As #Hj ď constant ¨#E using Lemma 4.23 8 we find Ajpφq ą 0 and Mjpφq P N
such that

(iii) |#Hj ´ µjq
d| ď Ajq

d´ 1
2 for some µj P t0, . . . ,Mju.

9

(ii) and (iii) yield:

(iv) |#D´pr1µ1` . . .` reµeqq
d| ď Cqd´ 1

2 , where C :“ Cpφq :“ |r1|A1` . . .`
|re|Ae.

As #D ě
#E
e and as q " 0, we get #D ě

µ
e q

d ´ A
e q

d´ 1
2 (using (2)) so r1µ1 `

. . .` reµe ě
µ
e ą 0.

There are only finitely many pd, νq P t0, . . . , nu ˆQą0 we obtain this way.

Definability of the cases follows for q " 0 follows from definability of the cases
in Lemma 4.23, as the cases are disjoint for q " 0. For the remaining finitely
many small Fq, we do it by hand.

We can now proof the the general case:

Proof of Theorem 4.1. We reduce the statement to the special case of Lemma 4.27.

Let φpX,Zq be an arbitrary Lring-formula.

By Lemma 4.24 and Remark 4.25 there is an Lc-formula φ1pX,Zq, which is a
conjunction of Lc-formulas of the form

DT. gpX, c, Z, T q “ 0,

where gpX,Z,C, T q P ZrX,Z,C, T s, C “ pCi,jq iě2
1ďjďi

such that for every q " 0

in every enriched finite field pF, cq φ and φ1 are equivalent.

We may assume that the variables ci,j appearing in the different polynomials g

are all the same. Let Z
1

be a tuple of new variables of the appropriate length.

For the 1st part of Theorem 4.1, it suffices to show the result for ψ1 ”
Źl

i“1 DT. GipX,Z,Z
1
, T q “

0. Here, Z,Z
1
are the parameter variables. We’ll write ψ1pX,Zq and incorporate

Z
1

in Z in our notation.

Given GipX,Z, T q “
řNi

j“0 gi,jpX,ZqT
j , we disjointly decompose the condition

DT. GipX,Z, T q “ 0 into

˜

Ni
ľ

j“0

gi,jpX,Zq “ 0

¸

_

˜

DT. GipX,Z, T q “ 0^ DU.
Ni
ź

j“0

`

gi,jpX,Zq ¨ U ´ 1
˘

“ 0

¸

.

8The statement for quantifier-free formulas, note that the ψj are quantifier free.
9We might need to neglect some Hj , so µj “ 0 is allowed here.
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Using these decompositions and bringing the their conjunction into DNF, we
get a finite disjoint disjunction of formulas as in Lemma 4.27.

Indeed, they look like

ľ

fIpX,Zq “ 0^ DT1, . . . , Tn

˜

N
ľ

j“1

hjpX,Z, Tiq “ 0

¸

.

Setting

ψ̃pX,Z, T1, . . . , TN q :”
ľ

fIpX,Zq “ 0^
N

ľ

j“1

hjpX,Z, Tjq “ 0,

there is e P N such that ψ̃pX,Z, F q has ď e elements for any field F and
px, zq P Fn`m.

The first part of Theorem 4.1 now follows from Lemma 4.27, as the set of formu-
las for which the statement holds is obviously stable under disjoint disjunctions.

Definablilty of the cases The initial replacement of c by Z
1

might prose a
problem. However, the equivalent of φ and ψ1 holds for q " 0 and all finite
tuples b satisfying a definable Lring-condition.

Indeed, whenever Tn ` bn,1T
n´1 ` . . .` bn,n´1T ` bn,n P FqrT s is irreducible it

is fine.

5 Simplicity and the Independence Theorem in
Psf

We will see that (in char ‰ 210) in every F |ù Psf, the formula φpX,Y q :”
Dz. z2 “ x` y has the independence property, IP, i.e. for every n P N there
are a0, . . . , an´1 and pbIqIĎn in F such that for all i, I

F |ù φpai, bIq iff i P I.

In particular, φ is unstable, so every completion of Psf is unstable.

Notation 5.0.56. Recall that for field K Ď L,L1 Ď U we set L |
!

K

alg
L1 iff

L and L1 are algebraically independent over K, i.e. for every finite tuple a

from L, trdeg
´

Kpaq
K

¯

“ trdeg
´

L1paq
L1

¯

.

10In char “ 2 there is another formula.
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Definition 5.0.57. Let T be an arbitrary complete theory of fields and U a
monster model of T . For A,B,C Ď U we write A |

!

B

alg
C if QpxAByq |

!

QpxByq

alg

QpxBCyq.

Lemma 5.1. Let T be a complete theory of fields. Let U |ù T be a monster
model of T and let A,B,C,D, . . . be small subsets of U . Then we have:

(1) Aut-invariance: if ABC ” A1B1C 1 then A |
!

B

alg
C ðñ A1 |

!

B1

alg
C 1.

(2) Symmetry: A |
!

B

alg
C ðñ C |

!

B

alg
A.

(3) Full Transitivity: A |
!

B

alg
CD ðñ rA |

!

B

alg
C and A |

!

BC

alg
D.

(4) Finite Character:

A |
!

B

alg
C ðñ r@A0

finite
Ď A : A0 |!

B

alg
Cs.

(5) Local Character: If A0 is finite, then for every C, there is C0 Ď

C with |C0| ď |T | (actually, we even have C0 finite a) such that

A0 |!
C0

alg
C.

(6) Extension: Given A, B, C, there is A1 ”B A such that A1 |
!

B

C.

aBut this is not part of the definition of local character.

Remark 5.2. Usually for an independence notion |
!
, local character

means that there is C0 Ď C of cardinality ď |T | such that

A0 |!
C0

C

Proof of Lemma 5.1. This holds for every Aut-invariant pregeometry. The fact
that alg defines a pregeometry is Steinitz’ Exchange Lemma, which yields sym-
metry.

Next week we will use the theorem of Kim-Pillay and the Indepencence Theorem
to characterize non-forking in Psf and prove its simplicity.

[Lecture 18, 2024-12-10]

Definition 5.2.58. Let T be a complete L-theory with monster model U .
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• An L-formula φpx, yq has the tree property, TP, with respect to k,
where k ě 2 is an integer, iff there is a tree of parameters pbηqηPωăω ,
with bη P U

|y|, such that

(i) For every η P ωăω, the set of formulas

tφpx, b
η⌢ i

|i P ωu

is k-inconsistent, i.e. every k-element subset is inconsistent.

(ii) For every branch β P ωω, the set of formulas

tφpx, bβ|n |n P ωu

is consistent.

• φpx, yq has TP iff it has TP with respect to some k ě 2.

• T is simple iff no formula φpx, yq has TP, i.e. iff T is NTP.

• φpx, yq has the strict order property, SOP, iff there is a sequence
pbiqiPω in U |y| such that

φpU, b0q Ĺ φpU, b1q Ĺ φpU, b2q Ĺ . . .

• T has SOP iff there is a formula that has SOP. Otherwise T has
NSOP.

• φpx, yq has the order property, OP, iff there are paiqiPω in U |x|

and pbiqiPω in U |y| such that for all i, j P ω one has

U |ù φpai, bjq iff i ă j.

• T is stable iff no formula has OP.

• φpx, yq has the independence property IP iff there are paiqiPω
from U |x| and pbJqJĎω from U |y| such that for all i P ω and J Ď ω
one has

U |ù φpai, bJq iff i P J.

• T is NIP (dependent) iff no formula has IP.

Remark 5.3 (Shelah). T is unstable iff it has IP or SOP. In particular
(see below), T is stable iff T is NIP and NTP.

Proposition 5.4. Let T be a complete L-theory with monster model U
and let φpx, yq be an L-formula. We have:
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(i) φ has SOP ùñ φ has OP.

(ii) φ has IP ùñ φ has OP.

In particular, every stable theory is NIP.

(iii) φ has TP ùñ φ has OP.

In particular, every stable theory is NTP.

(iv) T is NTP ùñ T NSOP.

Proof of Proposition 5.4. (i) clear.

(ii) If paiqiPω, pbJqJĎω witness that φ has IP, then paiqiPω, pb̃jqjPω with b̃j :“
bt0,...,j´1u witness that φ has OP.

(iv) Assume that φpx, yq has SOP. By compactness we find pbqqqPQ in U |y|

such that for q, q1 P Q we have

φpU, bqq Ľ φpU, bq1q ðñ q ą q1.

It is easy to see that the L-formula

ψpx, yy1q :” φpx, yq ^ ␣φpx, y1q

has TP with respect to 2.11

For a formula φpx, yq and A Ď U , we set

SφpAq :“

"

maximal consistent sets of formulas

of the form φpx, aq or ␣φpx, aq for a P A|y|

*

,

the set of complete φ-types over A.

For the proof of (iii), we need the following:

Fact 5.5. The following are equivalent:

• φpx, yq has OP.

• For every infinite cardinal κ there is A Ď U with |A| “ κ such that
|SφpAq| ą κ.

• There is A Ď U such that |SφpAq| ą |A| ě ℵ0.

11Use that every open interval in Q contains countably many pairwise disjoint open intervals
to construct a tree of parameters as required by TP.
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Continuation of proof of Proposition 5.4. (iii) By Fact 5.5, it suffices to show
that if φpx, yq has TP, then |SφpAq| ą |A| for some infinite A Ď U .

Let κ be an infinite cardinal such that κℵ0 ą maxt2ℵ0 , κu.

Such a cardinal exists. Indeed any κ ą 2ℵ0 of cofinality ℵ0 will do, as then
cofpκℵ0q ą ℵ0 by Kőnig’s Theorem, so κℵ0 ą κ.

Using that φpx, yq has TP with respect to k ě 2, by compactness we find
pbηqηPκăω in U |y| such that

(1) tφpx, b
η⌢ i

|i P κu is k-inconsistent for every η P κăω.

(2) πβ :“ tφpx, bβ|iq|iPωu is consistent for every β P κω.

Given β P κω by Zorn’s Lemma we find Fβ Ď κăω such that the following
hold:

(a) β P Fβ

(b)
Ť

γPFβ
πγ is consistent.

(c) Whenever δ
loomoon

PKω

R Fβ , then the set of formulas

πδ Y
ď

γPFβ

πγ

is inconsistent.

Let Tβ :“ tγ|n|n P ω, γ P Fβu. Then Tβ is a tree. Suppose there is η P Tβ
and pairwise distinct i1, . . . , ik P κ such that η ⌢ ij P Tβ for j “ 1, . . . , k.
Then there are γ1, . . . , γk P Fβ such that η ⌢ ij is an initial segment of γj
for j “ 1, . . . , k.

So the consistency statement (b) contradicts the inconsistency of tφpx, b
η⌢ ij

|j “

1, . . . , ku (which is a consequence of (1)).

It follows that Tβ may be embedded into the three kăω and so its set of
branches embeds into the set κω.

In particular, |Fβ | ď |k
ω| “ 2ℵ0 . As κℵ0 ą 2ℵ0 by assumption, there is

F Ď κω with |F | “ κℵ0 and such that Fβ ‰ Fβ1 for all β ‰ β1 from F .

Let A :“ tpbηqi|η P κ
ăω, 1 ď i ď |y|u be the set of elements appearing as

a coordinate of some bη.

For β P F let ρβ P SφpAq such that ρβ Ě
Ť

γPFβ
πγ . If β ‰ β1 are from F ,

wlog. there is δ P FβzFβ1 . Then πδ Ď ρβ and ρβ1 Y πδ is inconsistent. In
particular ρβ ‰ ρβ1 . So |SφpAq| ě κℵ0 ą κ “ |A|.
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Proposition 5.6. Any completion of Psf has NSOP. More precisely, given
any Lring-formula φpx, yq, there is a bound Nφ P N such that in no F |ù Tf
there are tuples b0, . . . , bNφ P F

|y| such that

φpF, b0q Ľ φpF, b1q,Ľ . . . Ľ φpF, bNφ
q.

Proof. If no such bound exists, by compactness we find F |ù Tf and pbiqiPN such
that

φpF, biq Ľ φpF, bi`1q

for all i. In particular, F is necessarily infinite, i.e. F |ù Psf. It thus suffices to
show the first statement.

Assume F |ù Psf and pbiqiPN and φpx, yq witness SOP. Let Q Ď t0, . . . , |x|u ˆ
Qą0 be the finite set associated to φpx, yq in Theorem 4.1. In particular
pdimpφpx, biqq, µpφpx, biqqq P Q for all i P N. We may thus assume that there is
pd, µq such that pdimpφpx, biqq, µpφpx, biqqq “ pd, µq for all i P N.

We argue by induction on d ě 0.

Case d “ 0 Then µpφpx, biqq “ #φpF, biq “ µ for all i (by Remark 4.3)
contradicting φpF, b0q Ľ φpF, b1q.

Case d ą 0 Let Si :“ φpF, biq, so S0 Ľ S1 Ľ S2 Ľ . . .. Set Ti :“ S0zSi, so
S0 “ Si ŸTi.

Since pdimpSiq, µpSiqq “ pd, µq “ pdimpS0q, µpS0qq,

Proposition 4.7 (2) yields dimpTiq ă d.

As T1 Ĺ T2 Ĺ T3 Ĺ . . . we are done by induction and compactness.

We will use the following:

Fact 5.7. Assume that T is a complete theory such that every formula
φpx, yq is NTP with respect to 2.a Then T is NTP.

a|x| “ 1

Theorem 5.8. Any completion of Psf is NTP.

Proof. Using Fact 5.7, Theorem 5.8 follows from Proposition 5.9.

Proposition 5.9. For every Lring-formula φpx, yq, there exists a bound
Nφ P N such that for every F |ù Psf, every definable set S Ď F |x| every set
of indices I if
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• Si “ φpF, biq is a subset of S,

• dimpSiq “ d “ dimpSq for all i and

• if i ‰ j are from I, then dimpSi X Sjq ă d,

then |I| ď Nφ.

Proof. Suppose no such Nφ exists. Using compactness, it follows that there is
F |ù Psf, S Ď F |x| definable and bi P F

|y| for i P I “ N, such that F, S, Si :“
φpF, biq adhere to the assumptions.

Let D be the finite subset of t0, . . . , |x|u ˆ Qą0 associated with φ and µ0 :“
mintµ|pd, µq P Du. We have mSpSi X Sjq “ 0 for all i ‰ j and

mSpSiq “
µpSiq

µpSq
ě

µ0

µpSq
,

so for every I0
finite
Ď N we get mS

`
Ť

iPI0
Si

˘

“
ř

iPI0
mSpSiq ě

|I0|µ0

µpSq
, so |I0| ď

µpSq

µ0
. But I0

finite
Ď N was arbitrary  

[Lecture 19, 2024-12-16]

Definition 5.9.59. Let T be a complete L-theory with monster model U .
Let A Ď U be small, φpx, yq and L-formula and b P U |y|.

• For k ě 2 one says that φpx, bq k-divides over A if there is a se-

quence pbiqiPN in U |y| of realizations of tppb Aq such that tφpx, biq|i P
Nu is k-inconsistent.

• φpx, bq divides over A iff it k-divides over A for some k ě 2.

• A partial type πpxq divides over A iff it implies a formula which
divides over A.a

• A partial type πpxq forks over A iff it implies a disjunction

ł

1ďjďn

φjpx, bjq

such that each φpx, bjq divides over A.

aObserve that φpx, bq divides over A iff tφpx, bqu divides over A.

Notation 5.9.60. We write
A |

!

B

f
C

if for every finite tuple a from A tppa BCq does not fork over B.
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The following theorems will not be proved in this lecture:

Theorem 5.10 (Kim). If T is simple, |
!

f
satisfies the following proper-

ties: Aut-invariance, Symmetry, Full Transitivity, Finite Character, Local
Character, Extension.a.

acf. Lemma 5.1

Theorem 5.11 (Kim-Pillay). If T is simple, |
!

f
satisfies the Indepen-

dence Theorem over a Model: For every M |ù T and M Ď A,B Ď U

with A |
!

M

f
B if ppxq P SpAq and qpxq P SpBq are types that do not fork

over M such that p|M “ q|M , there is rpxq P SpABq with r|A “ p and
r|B “ q such that r does not fork over M .

Theorem 5.12 (“Theorem of Kim-Pillay”). Let T be complete and let
|

!
be a ternary relation on small subsets of the monster model U |ù T

satisfying Aut-invariance, Symmetry, Full Transitivity, Finite Character,
Local Character, Extension and the Independence Theorem over a Model.

Then T is simple and |
!
“ |

!

f
.

Proposition 5.13. In any completion T of Psf, |
!

alg
satisfies the Indepen-

dence Theorem over a Model.

Corollary 5.14. Any completion of Psf is simple, with non-forking equal
to |

!

alg
.

Proof of Proposition 5.13. We will convert the problem into an amalgamation
problem for algebraically closed fields with automorphisms.

Let F |ù Psf and F Ď A,B Ď U with U ľ F , A |
!

F

alg
B. Assume that ppxq P SpAq

and qpxq P SpBq are types such that p|F “ q|F and for any c |ù p and d |ù q
one has

c |
!

F

alg
A and d |

!

F

alg
B.

Replacing A (and B) by its relative algebraic closure in U , we may assume
that A and B are relatively algebraically closed in U . Moreover, replacing c by
F pcqalg X U –F F pdqalg X U , we may assume that p|F “ q|F is the type of an
enumeration of a relatively algebraically closed subset C of U .
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Let XAB :“ pABqalgXU . For C |ù p in U , let XAC :“ pACqalgXU . For C 1 |ù q,
let XBC1 :“ pBC 1qalg X U

Note that C –F C 1, C |
!

F

alg
A and C 1 |

!

F

alg
A.

GalpXABq, GalpXACq, GalpXBC1q, GalpAq, GalpBq, GalpCq – GalpC 1q and
GalpF q are all procyclic, with surjective restriction maps whenever this makes

sense. As GalpF q – Ẑ, it follows that all restriction maps are isomorphisms and

all Galois groups are – Ẑ.

Identifying C with C 1, we find inclusions between various relatively algebraically
closed subsets of U , such that all maps commute:

XAB

B A

F

XBC C XAC

Ď

Ď

Ď

Figure 1

Note that the whole diagram is not a subdiagram of the subsets of U (yet).

We find generators of the various Galois groups

σAB P GalpXABq,

σAC P GalpXACq,

σBC P GalpXBCq,

σA “ respσABq “ respσACq P GalpAq,

σB “ respσABq “ respσBCq P GalpBq,

σC “ respσACq “ respσBCq

σF “ respσABq “ respσACq “ respσBCq P GalpF q.

Now let F alg Ď Aalg, Balg, Calg etc. together with compatible coherent restric-
tions of the automorphisms, yielding
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pXalg
AB , σABq

pBalg, σBq pAalg, σAq

pF alg, σF q

pXalg
BC , σBCq pCalg, σCq pXalg

AC , σAC

Figure 2

We need to do a little detour now.

Definition 5.14.61. Let T be an arbitrary complete theory and U |ù T a
monster model.

• Let A Ď B Ď U . A partial type πpxq over B is called finitely
satisfiable in A if for any φ1, . . . , φn P π, there is a P A|x| such that

U |ù
n

ľ

i“1

φipaq.

• If M ĺ U and M Ď B Ď U and ppxq P SpMq, then an extension
qpxq P SpBq of ppxq is called a coheir of p if q is finitely satisfiable
in M .

Lemma 5.15. (1) Let πpxq be a partial type over B which is finitely
satisfiable in A Ď B. Then there is qpxq P SpBq extending π such
that q is finitely satisfiable in A.

(2) If M ĺ U and M Ď B Ď U , then any ppxq P SpMq admits a coheir
in SpBq.

Proof. (2) follows from (1) by setting πpxq :“ ppxq, A “ M ad ppxq is finitely
satisfiable in M .

ad (1): By Zorn’s Lemma, we may assume that πpxq may not be properly
extended to a partial type over B which is finitely satisfiable in A. If π was
not complete over B, there would exist an LB-formula φpxq such that both
πpxq Y tφpxqu and πpxq Y t␣φpxqu are consistent. One of these partial types is
then finitely satisfiable in A, contradicting maximality of π.
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Indeed if πpxq Y tφpxqu is not finitely satisfiable in A, there are φ1, . . . , φn P

π such that
Źn

i“1 φipxq ^ φpxq has no solution in A. Similarly, there are
φ1
1, . . . , φ

1
n1 P π such that

Ź

φ1
ipxq ^ ␣φpxq has no solution in A.

But then
Ź

φipxq^
Ź

φ1
ipxq has no solution in π, contradicting that π is finitely

satisfiable in A.

Recall that for K |ù ACF and a field extension L K a type ppxq P SnpKq admits
a unique extension to qpxq P SnpLq such that for a |ù q one has

a |
!

K

alg
L

`

ðñ trdeg
`a
L

˘

“ trdeg
`a
K

˘

ðñ loc
`a
L

˘

“ loc
`a
K

˘

ðñ Lpaq – QpKpaq bK Lq
˘

.

Proposition 5.16. Let K ĺ U |ù F , K Ď L Ď U and let ppxq “ tp
`a
K

˘

.
Then p admits a unique coheir qpxq P SpLq given by the unique extension
to L of the same transcendence degree.

Proof. A coheir exists by Lemma 5.15. Suppose for a contradiction that tp
´

a1

L

¯

is finitely satisfiable in K and trdeg
´

a1

L

¯

ă trdeg
´

a1

K

¯

. Then there is

b P Ln which is algebraically independent over K but algebraically dependent
over Kpa1q.

There is an Lring-formula φpx, yq such that φpx, bq P tp
´

a1

L

¯

and whenever

U |ù φpc, dq, then trdeg
´

d
c

¯

ă n.

By finite satisfiablilty, there is e fromK such that U |ù φpe, bq, so trdeg
´

b
K

¯

ď

trdeg
´

b
e

¯

ă n  .

Definition 5.16.62. Let Pp3q´ :“ Pp3qzt3u be the set of proper subsets
of 3.

• A 3-amalgamation problem (3-AP) in ACFσ is given by a system
of quantifier free LringYtσu-types tpwpxwquwPPp3q´ over H such that
the following conditions hold:

(i) For any w, Kw |ù pw enumerates an algebraically closed set such
that σ is an automorphism.

(ii) If w Ď w1, then xw subtuple of xw1 and pw1 |xw “ pw.

(iii) For any w “ ti, ju with i ‰ j and any Kw |ù pw one has

Kw “ pKiKjq
alg and Ki |

!

KH

alg
Kj , where Ki, Kj , KH denote

the subtuples of Kw corresponding to the subsets of variables
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Xtiu, Xtju and XH.

• A solution of tpwpxwquwPPp3q´ is given by a type p3px3q such that (i)
and (ii) hold for tpwpxwquwPPp3q and in addition the following holds:

(iii)’ If Kt0,1,2u |ù p3, then Kt0,1,2u “ pK0K1K2q
alg and K0 |

!

K0

alg

K1K2.a

aNote: It follows that K1 |
!

KH

alg K0K2 and K2 |
!

KH

alg K0K1.

[Lecture 20, 2024-12-17]

Proposition 5.17. Every 3-AP in ACFσ admits a solution.

Proof. Let tPwuwPPp3q´ be a 3-AP in ACFσ. Let pKw, σwq |ù pw (w P Pp3q´).
These realizations all live in some U |ù ACF (sufficiently saturated).

We mas assume that Kt0u Ď Kt0,1u and Kt0u Ď Kt0,2u such that Kt0,1u |
!

KH

alg

Kt0,2u.

Then for the compositum, we have Kt0,1uKt0,2u “ FracpKt0,1u b Kt0,2uq and
σt0,1uYσt0,2u induces an automorphism σ̃ of the compositum Kt0,1uKt0,2u. Note

that, as fields, we may assume Kt1,2u Ď pKt0,1uKt0,2uq
alg :“Kt0,1,2u. In order to

find σt0,1,2u P AutpKt0,1,2u extending both σ̃ and σ1,2, it suffices to show

If a P Kt1,2u, then tpACF

´

a
Kt1uKt2u

¯

$ tp
´

a
Kt0,1uKt0,2u

¯

. (3)

or equivalently, using elimination of imaginaries in ACF (or just Galois theory),

dclACFpKt0,1uKt0,2u
q X pKt1uKt2uq

alg “ dclACFpKt1uKt2uq. (4)

To settle (4), assume that

a P Kt1,2u X dclACF

¨

˚

˝

pKt0uKt1uq
alg

looooooomooooooon

Kt0,1u

q
`

Kt0uKt1u

˘alg

looooooomooooooon

Kt0,2u

˛

‹

‚

There is a H-definable function F and tuples dt0,iu from Kt0,iu for i “ 1, 2 such
that

F pdt0,1u, dt0,2uq “ a.

We may choose tuples ci P Ktiu for i “ 0, 1, 2 and Lring-formulas φipX0, Xi, Z0,iq

with
U |ù φipc0, ci, dt0,iuq

for i “ 1, 2 such that whenever |ù φipc
1
0, c

1
i, d

1
t0,iu, then d1

t0,iu P aclACFpc
1
0, c

1
iq.
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By construction, we get that the following Lring-formula

Dz0,1, z0,2. rφ1pX0, c1, z0,1q ^ φ2pX0, c2, z0,2q ^ F pz0,1, z0,2q “ as

lies in tpACFp
c0
Kt1,2u

q Ď tpACFp
K0

Kt1,2u
q.. By (i) and transitivity of |

!

alg
, we

get
Kt0u |

!

KH

alg
Kt1,2u.

By Proposition 5.16 we get that tpACF

´

Kt0u
Kt1,2u

¯

is finitely satisfiable in

KH. So there are d1
i P pKHKtiuq

alg “ Ktiu such that F pd1
1, d

1
2q “ a. Hence

a P dclACFpKt1uKt2uq.

Continuation of proof of Proposition 5.13. The Figure 2 represents a 3-AP in
ACFσ, so it admits a solution pL̃, σ̃q by Proposition 5.17 with compatible Lσ-

embeddings of pXalg
AB , σABq etc. into pL̃, σ̃q such that Aalg, Balg, Calg are inde-

pendent.

Note that the fields in Figure 1 are the fixed fields of Figure 2.

L :“ FixpL̃q allows for compatible embeddings of XAB etc. into L as relatively
algebraically closed subsets. A, B, C are algebraically independent over F in
L and L is perfect with Galois group Ẑ.12 By the Lemma 5.18, L regularly
embeds into some F 1 |ù Psf, so F 1 ľ F . Identifying A, B, C with their images

in F 1, tp
´

C
AB

¯

is the desired solution.

Lemma 5.18. Let L be perfect with procyclic Galois group. Then L
regularly embeds into a model of Psf.

Proof. Homework

Theorem 5.19. Any completion T of Psf has IP. In particular, T is un-
stable. In char ‰ 2, more precisely, the formula φ2px, yq :” Dz. z2 “ x` y
has IP.

Remark 5.20. In char “ 2, one may work in the field F rζ3s (interpretable
in F ) and show that φ3px, yq :” Dz. z2 ´ x` y as IP in F 1, so F is IP.

Proof of Theorem 5.19. Let F |ù Psf, charpF q ‰ 2. Let σ P GalpF q be a
topological generator, so pF alg, σq |ù ACFσ and Fixpσq “ F .

12Procyclic is clear, as GalpLq is topologically generated by σ̃; as it surjects onto GalpF q “ Ẑ
we conclude.
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Claim 5.19.1. For every n P N, there is pK,σq Ě pF alg, σq with pK,σq |ù ACFσ

and a1, . . . , an P FixpKq, bI P FixpKq, I Ď t1, . . . , nu such that

a

ai ` bI P FixpKq iff i P I. (5)

Note that (5) is well-defined since the other square root is ´
?
ai ` bI and ´1 P

FixpKq.

Subproof. Let a1, . . . , an, bI , I Ď t1, . . . , nu be algebraically independent over
F alg. Let e “ pa, bq, L :“ F algpeq. Let σ be the extension of σ|F alg given by

σpaiq “ ai, σpbIq “ bI for all i, I. pL, σq Ě pF alg, σq. Let M L be given by
adjoining

ci,I :“
a

ai ` bI

for all i, I. Let R :“ F algra1, . . . , an, bI , I Ď t1, . . . , nus. ai ` bI are irreducible

in R and pairwise non associate. So aI ` bI pmod qpLˆq
2

are F2-linearly inde-

pendent in Lˆ

pLˆq
2 (an F2-vector space written multiplicatively).

By Kummer theory, Gal
´

M
L

¯

–

´

Z
2Z

¯n¨2n

. On M , let σ̃ be the extension

of σ|L given by

σ̃pci,Iq :“

#

ci,I if i P I

´ci,I if i R I

Let K :“Malg, and σ the extension of σ̃ to Kalg. ■

By Lemma 5.18, there is a regular extension F 1

FixpKq, such that F 1 |ù Psf.

F 1 ľ F (since regular), showing that φ2 has IP in ThpF q.

6 Some results around dcl in Psf
[Lecture 21, ]

A description of dcl in Psf

Definition 6.0.63. • For K |ù Psf and P pX,Y q, QpX,Y q P ZrX,Y s,
|Y | “ d we define a function

κP,Q : Kd ÝÑ K

a ÞÝÑ

#

b if tQpx, aq|x P K,P px, aq “ 0u “ tbu,

0 otherwise.

• We set Lκ :“ Lring\tκP,Q|P,Q as aboveu and PsfK :“ PsfYt definition of κP,Q as aboveu.
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Remark 6.0.64. Note that Psfκ Ě Psf is an expansion by definitions,
i.e. every model of Psf uniquely extends to a model of Psfκ, as the κP,Q

are Lring-definable functions. In particular, there are no new definable sets.

Proposition 6.1 (Hrushovski). Psfκ eliminates quantifiers and Lκ-substructures
of models are definably closed.

Proof. We first show

Claim 1. If A “ xAyLκ ď κ |ù Psfκ,

then A “ dclpAq.

Subproof. Assume A “ xAyLκ .

(a) A is a subfield:

Indeed, let a P Azt0u. Let P pX,Y q :“ X ¨ Y ´ 1 and QpX,Y q :“ X, we
get κP,Qpaq “

1
a .

(b) A is perfect:

Indeed, assume charpKq “ p ą 0. Let a P A. Let P pX,Y q :“ Xp ´ Y ,

QpX,Y q :“ X. Then κP,Qpaq “ a
1
p P A.

Now, observe that A Ď dclpAq Ď aclpAq “ Aalg XK.

Towards a contradiction suppose that there is b P dclpAqzA. By Quantifier
Reduction in Psf (2.13) every field automorphism of σ P Autfield paclpAq{Aq is
elementary, so as b P dclpAq, we have σpbq “ b for every σ P AutfieldpaclpAq{Aq.

By compactness of the Krull topology of AutfieldpaclpAq{Aq, there is a finite

normal (hence Galois by (b)) extension B̃
A such that b P B and b is fixed

under every σfield

´

B
A

¯

, where B :“ B̃ XK “ aclpAq X B̃ Ď aclpAq.

As B A is finite separable, by the primitive element theorem there is c P B

such that B “ Apcq. Moreover if P̃ pXq :“ MiPopc{Aq, then there is a bijec-
tive correspondence between the set of roots of P̃ in B (and thus in K) with
AutfieldpB{Aq given by σ ÞÑ σpcq.

Let a P Ad and P pX,Y q, QpX,Y q P ZrX,Y s such that P̃ pXq “ P pX, aq P ArXs
and Qpc, aq “ b P Apcq “ Arcs.

Let Q̃pXq :“ QpX, aq.

By definition, κP,Qpaq “ b. Indeed, let σ P AutfieldpB{Aq. Then Q̃pσpcqq “

σpQ̃pcqq “ σpbq “ b. ■
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Remark 6.1.65. We proved that dclpAq “ Q pxAyq
perf

looooomooooon

A1

Y
Ť

P,Q κP,QpA
1q,

i.e. it suffices to apply a κP,Q once.

Claim 2. Psfκ eliminates quantifiers.

Subproof. By Quantifier Reduction in Psf (2.13) it suffices to show that if

f : A – B is an Lκ-isomorphism, A ď K |ù Psfκ, B ď L |ù Psfκ then f extends
to an Lring-isomorphism

f̃ : Aalg XK – Balg X L.

We know that this holds iff for every P̃ pXq P ArXs one has K |ù Dt. P̃ ptq “ 0
iff L |ù Dt. fpP̃ qptq “ 0. (˚)

Let a P Ad and P pX,Y q P ZrX,Y s such that P̃ pXq “ P pX, aq and QpX,Y q :“ 1.
By definition,

κP,Qpaq “

#

1 if K |ù Dt. P̃ ptq “ 0,

otherwise.

As κP,Qpfpaqq has the same result, since f preserves Lκ, we get (˚). ■

Corollary 6.2. Let A Ď K |ù Psf. Then dclpAq “ xAyLκ

Geometric Representability of Profinite Groups over Pseud-
ofinite Fields

Definition 6.2.66. Let T be a complete theory of fields and let G be a
profinite group.

We say that G is geometrically represented over K0 |ù T iff there is
K ľ K0 and K0 Ď A Ď B Ď K such that AutelpB{Aq – G.

Here, AutelpB{Aq is the group of elementary permutations of B fixing A
pointwise.

Notation 6.2.67. Let k be a prime fielda and let p be a prime.

• If charpkq ‰ p and n P N, we denote by µpn the group of pn-th roots
of unity in kalg.

We set Ωp:“µp8 :“
Ť

nPN µpn .
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• If charpkq “ p, i.e. k “ Fp, we let ℘ be the Artin-Schreier map
x ÞÑ xp ´ x on kalg “ Falg

p and we set Ωp :“
Ť

nPN kerp℘nq.

ai.e. k “ Fp or k “ Q

Remark 6.3. If K is a field and p a prime, then either Ω Ď K or K XΩp

is a finite subgroup of Ωp.

Proposition 6.4 (Beyarslan-Hrushovski). Let q be a prime and K |ù Psf

of char ‰ p such that µp8 Ď K. Then Ẑp :“ lim
ÐÝn

Z
pn is geometrically

represented over K. In particular, Z pn is geometrically representable over

K for all n P N.

We will prove a generalization of this:

Proposition 6.5. Let K |ù Psf and ν ď Kˆ be a divisible group of roots

of unity. Then the Pontryagin dual, ν_ :“ Hom????pν, S
nq –

ś

pP¶
ζpPν

Ẑp

is geometrically represented over K.

Proof. For a prime p such that ζp P ν we choose a coherent system pωpnqnPN of
of (primitive) pn-th roots of unity with ωp “ ζp and

`

ωpn`1

˘p
“ ωpn

for all n P N.

Then ν is the direct sum of the µp8 with ζp P ν and µp8 “
Ť

nPN µpn “
Ť

nx

omegaegapny.

We let KpptQqq be the field of Hahn series with coefficients from K and expo-
nents from Q.13

The following is well known:

If vtpaq :“

#

8 if a “ 0,

minpsupppaqq if a ‰ 0,
then pKpptQqq, vtq is a valued field with

residue field K and the value group is Q, which is maximal, i.e. does not admit
any proper immediate extension. Thus by valuation theory one gets

p˚qKpptQqqis a quasifinite field (6)

More precisely

˚˚For every n P N, KpptQqq has a unique extension of degree n given by Knppt
Qqq “ KnKppt

Qqq where Kn{K is the unique extension of degree n.
(7)

13i.e. KpptQqq “ ta “
ř

qPQ aqt
q |aq P K, supppaq is a well-ordered subset of Qu.
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In particular, KpptQqq

K is a regular extension and res : GalpKpptQqqq Ñ GalpKq –

Ẑ is an isomorphism.

By there is K̃ |ù Psf into which KpptQqq regularly embeds and so K ĺ K̃.

Given p P ¶ such that ζp P ν (so µp8 Ď ν), we define the following field
automorphism τp on KpptQqq: For q P Qzt0u, q “ pz ¨ ab , a, b, z P Z, p ffl a, q ffl b,

τp pt
qq :“

#

tq if z ě 0,

ωp´z if z ă 0.

Set τpp
ř

γ aγt
γq :“

ř

γ aγτppt
γq. As KpptQqq is relatively algebraically closed in

K̃,

Each τp restricts to a field automorphism of K
´

t
1
n |n ě 1

¯

Ě Kptq fixing Kptq,

so by construction τp P AutelpKpt
1
n |n ě 1q

Kptqq for all p such that ζp P ν.

It is easy to check that the τp topologically generate a subgroupH of AutpKpt
1
n |n ě 1q

Kptqq

isomorphic to
ś

pP¶
ζpPν

Ẑp.

Set B :“ Kpt
1
n |n ě 1q and A :“ BH Ě Kptq.

Then H “ Autel

´

B
A

¯

, essentially by Galois theory.

[Lecture 22, 2025-01-10]

We’ll now discuss some negative results.

Lemma 6.6. Let K be a field and L ľ K (so Kalg
l.d.

|
!

K
L). Let K

1

K be a

normal (algebraic) extension and L1 :“ K 1L (“ K 1 bK L).

Then any τ P AutpL Kq admits an extension τ 1 to L1 which commutes
with any σ P AutpL1{Lq. If AutpL1{Lq is abelian, any extension τ 1 will do.

Proof. As L1 “ K 1 bK L, let τ 1 :“ idK1 bτ which commutes with all σ P

AutpL1{Lq
looooomooooon

σbidL

– AutpK 1{Kq.

Everything follows.

The following technical lemma just wraps some computation for later use:

Lemma 6.7. Let pD,`q be an abelian group and let P, T, S1, . . . , Sm be
endomorphisms of pD,`q, Σ :“ tS1, . . . , Smu. Assume PT “ TP , PSi “
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SiP , TSi “ SiT for all i.

Set kerpΣq :“
Şm

i“1 kerpSiq and Ω :“
Ť

nPN kerpPnq.

Assume in addition:

(i) P is surjective,

(ii) T |Ω “ 0 and

(iii) ΩX kerpΣq Ď kerpP rq for some r P N.

Then if a P kerpΣq and P paq P kerpT q, then a P kerpT q.

Proof. Let a P kerpΣq such that P paq P kerpT q. Let P paq :“b and let C :“
tx P D|Dn,m ą 0. Pnpxq “ Pmpbqu Q a. As T pbq “ 0 and Sipbq “ SipP paqq “
P pSipaqq “ P p0q “ 0 for all i, we get

SipCq Ď Ω for i “ 1, . . . ,m. (8)

Indeed if Pnpcq “ Pmpbq for n ą 0, then PnpSipcqq “ SipP
npcqq “ SipP

mpbqq “
PmpSipbqq “ Pmp0q “ 0, so Sipcq P kerpPnq Ď Ω.

By the same argument:
T pCq Ď Ω. (9)

By (ii) we have TSi|C “ 0 for all i, so SipT pCqq “ 0, i.e. T pCq Ď kerpΣq.

By (iii) T pCq Ď kerpP rq for some r. Moreover, by (i) and the definition of C,
we get P pCq “ C.

Thus PT pCq “ TP pCq “ T pCq. By induction we get P rT pCq “ T pCq. So
T pCq “ 0, i.e. a P kerpT q.

Lemma 6.8. Let K be a field such that GalpKq is topologically finitely
generated. Then the following holds:

(1) For every n P N, K has only finitely many separable extensions of
degree ď n.

(2) If L ľ K, then res : GalpLq Ñ GalpKq is an isomorphism.

Proof. Let GalpKq “ xσ1, . . . , σny.

(1) It suffices to show that K admits only finitely many Galois extensions of
degree ď n.14 This follows as

• there are only finitely many groups of cardinality ď n up to isomor-
phism and

14n1 :“ n!
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• for each of these there are at most nm many continuous group ho-
momorphisms GalpKq Ñ G.

We finish by Galois theory.

(2) If L ľ K, L K is regular, so res : GalpLq↠ GalpKq by Proposition 1.39.

But the finite number of separable extension of degree n of L and K are
the same, so they all come from K, so res is injective.

In other words Lsep “ KsepL “ Ksep bK L.

Theorem 6.9. Let Kbe a field such that GalpKq is topologically finitely
generated.

If p ‰ charpKq assume that K contains a primitive p-th root of unity.

If a finite group G with p|#G is geometrically represented over K, then
Ωp Ď K.

Proof. By assumption, there are K ĺ L and intermediate fields K Ď A Ď B Ď L
such that G “ AutelpB{Aq is finite with p|#G. Let τ P G be of order p.
Replacing A by Bτ , then B by Apα0, . . . , ap´1q, where τ ipα0q “ αi for i “
0, . . . , p ´ 1 such that τpα0q ‰ α0, we may assume AutelpB{Aq “ GalpB{Aq “

xτy – Z
p and B

A is Galois.

We may take L |B|`-saturated and strongly |B|`-homogeneous. Let τL be
an extension of τ to an element of AutpL{Aq. Combining Lemma 6.6 and

Lemma 6.8, τL extends to some τLsep P Aut
´

Lsep

A

¯

such that τLsep commutes

with every σ P GalpLq, in particular with topological generators σ1, . . . , σn of
GalpLq.

• If charpKq “ p, let pD,`q “ pLsep,`q. By construction we may assume
that τLsep fixes Ksep.

• If charpKq ‰ p, pD,`q “ pLsepˆ, ¨q (written additively). We also write
EndpDq additively.

We consider the following endomorphisms of D :

• Si “ σi ´ id ( i.e. Sipxq “
σipxq

x in the case of charpKq ‰ p)

• T :“ TLsep ´ id.

• If charpKq “ p, P pxq :“ xp ´ x “ ℘pxq.

• If charpKq ‰ p, P pxq :“ p ¨ x (x ÞÑ xp mulitplicatively)

By Artin-Schreier / Kummer theory, we get B “ Apbq for some b with P pbq “
a P A.
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Define Ω as in Lemma 6.7 , i.e. Ω “ Ωp (so Ω “ µp8 or
Ť

nPN kerp℘nq).

Clearly P commutes with T and the Si. Let us check the other hypotheses in
Lemma 6.7:

(i) P is surjective (✓ as Lsep is separably closed),

(ii) T |Ωp
“ 0 ( ✓ since τLsep , fixes Ksep Ě Ωp),

(iii) Suppose that Ωp Ę K.

Then by Remark 6.3 K X Ωp is a finite subgroup of Ωp. Thus for some
r P N, P r vanishes on K X Ωpq.

As L ľ K, we have LX Ωp “ K X Ωp and by Galois theory L “ kerpΣq.

Thus P r vanishes on kerpΣq X Ωp “ K X Ωp.

By Lemma 6.7 we get T pbq “ 0, i.e. τpbq “ b, so τ |B “ idB  .

Recall that in a fixed char p P ¶ Y t0u, the completions of Psfp are in bijective
correspondence with the conjugacy classes in GalpFpq, where F0 :“ Q.

Indeed, the isomorphism type of AbspKq determines (and is determined by) the
completion ThpKq of Psf (cf. ??).

GalpFpq is a compact topological group, so it has a unique left-invariant15 prob-
ability measure called the Haar measure µG.

Let Π be the set of conjugacy classes of GalpFpq and π : GalpFpq ↠ Π the
canonical projection. µ :“ π˚µG is the induced measure on Π, i.e. µpUq :“
µGpπ

´1pUqq.

Identifying Π with the set of completions Cp of Psfp, we get a measure µ on Cp.

We will use the following as a black box:

Fact 6.10 (Jarden). For almost all T P Cp, if K |ù T , then AbspKq ĺ K.
(Equivalently, for almost all σ P G pFalg

p qσ |ù Psf.)

Corollary 6.11. Let K be field such that GalpKq is topologically finitely
generated and let p be a prime number, p ‰ charpKq. Assume that Krζps
does not contain µp8 . Then no finite group G with p|#G is geometrically
represented in ThpKq.

Proof. Let K 1 :“ Krζps. Then rK 1 : Ks ď p ´ 1 . If there is G geometrically
represented in ThpKq such that p|#G, then there is H finitely generated, geo-
metrically represented in ThpK 1q with p|#H. Indeed, K 1 is interpretable in K.
The result follows from Theorem 6.9.

15i.e. µpgSq “ µpSq for all g P G and Borel sets S
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Corollary 6.12 (Beyarslan-Hrushovski). For almost all T P Cp, the fol-
lowing holds:

If K |ù T and AbspKq Ď A Ď K, then dclpAq “ aclpAq.

Proof. For each p1 prime with p1 ‰ charpKq “ p, the set tσ P GalpFpq|σ
p1

´1 fixes µp18u

has measure 0. Exercise.

Thus
Ť

p1
‰p

p1
P¶
tσ P GalpFpq|σ

p1
´1 fixes µp18u has measure 0. Moreover, if p, the

set
tσ P GalpFpq|σ fixes Ωpu

has measure 0.

By Fact 6.10, we may assume that AbspKq ĺ K, so by Corollary 6.11 and
Theorem 6.9 any finite (and thus any profinite) group geometrically represented
in T is trivial for a set of T P Cp of measure 1. For these T the statement
holds.

[Lecture 23, 2025-01-14]

Remark 6.13. While dcl “ acl over AbspKq is a restricted form of Skolem-
ization, the completions of Psf are never Skolemized.

Indeed ifK |ù Psf, we have seen that there is K̃ ľ K andK Ď KpptQqq
rel. alg. closed

Ď

K̃. We know that dclPsfpKppt
Qqq “ aclpKpptQqq “ KpptQqq. KpptQqq is a

Henselian valued field, which is separably closed, thus it is not PAC by a
result of Freyer-Prestel (see [FJ23]).

6.1 Further Results on Geometric Model Theory in Psf

6.1.1 Global Definable Types in Psf0

Recall that if T is a complete L-theory and M |ù T a type p P SnpMq is
definable iff for every L-formula φpx, yq, |x| “ n, there is an LpMq-formula
dpφpyq, such that for all b PM |y|, φpx, bq P p iff M |ù dppbq.

Remark 6.14. If p P SnpMq is definable and M Ď C Ď U with U ľ M a
monster model, then for b P C|y| and φpx, yq L-formula, we let φpx, bq P p|C
iff U |ù dpφpbq.

This defines a complete type over C and p|U is called a global definable
type.

Example 6.15. (1) If a P Mn, tppa{Mq is definable. (“realized types
are definable”): This is trivial, take dpφpyq “ φpa, yq.
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(2) Let T “ DLO , M |ù T , then p8pxq given by tm ă x|m P Mu is a
definable type.

The same holds for any o-minimal theory, e.g. RCF.

(3) Let T be the theory of the random grapha. M |ù T . p P S1pMq
determined by tRpx,mq|m PMu Y tx ‰ m|m PMu is definable.

(4) Let T be strongly minimal M |ù T , then pgenpxq P S1pMq deter-
mined by tx ‰ m|m PMu is a non-realized, definable type.

Note that (2) and (3) are unstable, whereas (4) is stable.

aFraisse limit of all finite graphs

Fact 6.16 (Shelah). Let T be a complete L-theory. The following are
equivalent:

(1) T is stable, i.e. κ-stable for some κ ě |L|, i.e. @A Ď U . |A| ď κ ùñ

|S1pAq| ď κ.

(2) No L-formula φpx, yq has OP.

(3) Every type over a model is definable.

Question 6.16.68. Do there exist non-realized global definable types in
Psf?

Theorem 6.17 (Hils - Hrushovski). If K |ù Psf0, there exist non-realized
definable types in SnpKq for all n, even of transcendence degree n over K.

To prove this, we need some input from the model theory of valued fields. Those
will only be stated here.

In the proof of Proposition 6.5, we have seen the following:

Lemma 6.18. If K |ù Psf and pKpptQqq, vtq the Hahn series field, there is
K̃ ľ K such that K Ď KpptQqq Ď K̃ with KpptQqq relatively algebraically
closed in K̃.

Notation and Classical Facts from the Model Theory of Valued Fields
Recall that a valuation on a field L is a (surjective) map v : L ↠ ΓL Ÿt8u,
where pΓL,`,ďqis an ordered abelian group such that

(i) vpxq “ 8 iff x “ 0,

(ii) vpx ¨ yq “ vpxq ` vpyq

(iii) vpx` yq ě minpvpxq, vpyqq,
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where we use the convention 8 ą ΓL, and γ `8 “ 8` γ “ 8`8 “ 8 for all
γ P ΓL.

• OL :“ tx P L|vpxq ě 0u is called the valuation ring of L. Its unique
maximal ideal is given by mL:“ tx P L|vpxq ą 0u.

• kL :“ OL

mL
is called the residue field and res : OL ↠ kL is the canonical

map, called the residue map.

• ΓL is called the value group.

• pL, vq is called henselian iff for every P pXq P OLrXs and every a P OL

with vpP paqq ą 0 “ vpP 1paqq, then there is b P OL such that P pbq “ 0 and
respbq “ respaq.

• A section (or cross section) of the valuation is a group homomorphism
s : pΓL,`q Ñ pLˆ, ¨q such that v ˝ s “ idΓL

.

• Assume charpLq “ charpkLq. A lift of the residue field is a field embedding
i : kL Ñ L, (ipkLq Ď OL) such that res ˝i “ idkL

.

If pL,ΓL, kL, v, s, iq is a valued field (of equal characteristic) with lift and section,
we treat it as a first order structure in a 3-sorted language with

• a sort VF for the valued field, endowed with Lring,

• a sort RF for the residue field, endowed with (another copy of) L1
ring,

• a sort Γ for the value group (with 8), endowed with Loag Y t8u “ t0,ď
,`,8u,

• connecting functions v : VF Ñ Γ, π : VF Ñ RF (residue map on O, ex-
tended by 0), i : RF Ñ VF, s : Γ Ñ VFp8 ÞÑ 0q.

Fact 6.19. Let L :“ pL,ΓL, kL, v, s, i, πq be a henselian valued field of
equal characteristic 0 with lift and section. Then ThpLq eliminates VF-
quantifiers.

A proof may be found in [van14].

Syntactically (with a little bit of algebra) we get:

Corollary 6.20. With the notation from Fact 6.19 we have

(a) The residue field kL is stably embedded with induced structure of a
prime field.

(b) ΓL is stabily embedded with induced structure of an OAG.

(c) kL K ΓL, i.e. every definable subset D Ď knL ˆ Γm
L is a finite union of

rectangles D1 ˆD2, where D1

definable
Ď knL, D2

definable
Ď Γm

L .
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Proof of Theorem 6.17. We will show the following more precise version, where
KpptQqq is considered as a (henselian, equchar 0) valued field with lift (a ÞÑ at0)
and section (q ÞÑ tq):

Proposition 6.21. Let K |ù Psf0, let a be a tuple from KpptQqq. Where

K Ď KpptQqq
rel. alg. closed

Ď K̃, where K̃ ľ K. This exists by ??. Then
tpThpKq

`

a
K

˘

is definable.

Subproof. By Quantifier Reduction in Psf (2.13), every Lring-formula φpx, yq
is equivalent modulo Psf to a boolean combination of formulas of the form
Dt. fpX,Y , tq “ 0, where f P ZrX,Y , T s.

For ψpX,Y q :” Dt. fpX,Y , tq “ 0 and b P K |y| one has KpptQqq |ù ψpa, bq iff
K̃ |ù ψpa, bq, since KpptQqq is relatively algebraically closed in K̃.

By Corollary 6.20 (a) and since K is in H-definable bijection via i with the
residue field, for any ψpx, yq as above, the set tb P K |y||KpptQqq |ù ψpa, bqu is
LringpKq-definable by χpyq.

Setting p :“ tpThpKqpa{Kq, we see that dpψpyq :” χpyq works.

By quantifier reduction this suffices to show that p is definable. ■

Remark 6.22. The same proof shows that tpLring
pa{Kq is definable for

every a P KpptQqq
rel. alg. closed

Ď K̃, K̃ ľ K, where K satisfies

(i) charpKq “ 0,

(ii) in ThpKq, the quantifier free type of a relatively algebraically closed
subfield determines its type (“quantifier reduction”)

(iii) KpptQqq embeds in a relatively algebraically closed way in K̃ ľ K
over K.

E.g. this holds for K PAC of char 0, with GalpKq topologically finitely
generated.

(Actually, it suffices that K has only finitely many Galois extension of
every degree n for all n P N.) Exercise, gen-

eralize the
homework to
achieve (iii)7 ACFA, the theory of e.c. difference fields

[Lecture 24, 2025-01-17]
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Definition 7.0.69. • A difference field is a structure pK,σq, where
K is a field and σ P AutpKq.

• For a difference field pK,σq and n P N, the difference polynomial
ring in n variables over K is defined as

KxX1, . . . , Xny :“ KrX1, . . . , Xn, σpX1q, . . . , σpXnq, σ
2pX1q, . . . , σ

2pXnq, . . .s

“ KrσjpXiq|j P N, i “ 1, . . . , ns,

where the σjpXiq are ordinary variables.

KxX1, . . . , Xny is endowed with the natural extension σ̃ of σ given
by σ̃pσjpXiqq :“ σj`1pXiq. In a slight abuse of notation we will write
σ instead of σ̃.

Remark 7.1. • We will treat difference fields as first order structures
in the language Lσ:“ Lring Y tσu.

The class of difference fields is elementary, i.e. it may be axiomatized
in Lσ.

• If I “ pf1, . . . , fmq ď KrX1, . . . , Xns, then Iσ :“ pfσ1 , . . . , f
σ
mq ď

KrX1, . . . , Xns is an ideal, where
`
ř

aiX
i
˘σ

:“
ř

σpaiqX
i. I is

prime iff Iσ is prime.

• If V “ V pf1, . . . , fmq “ V pIq, then σpV pKqq “ tσpaq|a P V pKqu “
V σpKq, where V σ:“ V pIσq.

Definition 7.1.70. The theory ACFA in Lσ is given by the following con-
ditions on an Lσ-structure pK,σq:

(i) K is an algebraically closed field.

(ii) σ P AutpKq.

(iii) For every d, n P N and (absolutely) irreducible variety V Ď An de-
fined over K with polynomials of degree ď d and every absolutely
irreducible W Ď V ˆ V σ defined over K with polynomials of degree
ď d such that in

W Ď V ˆ V σ

V V σ
π1 π2

π1pW q Ď V and π2pW q Ď V σ are Zariski dense, there is a P Kn such
that pa, σpaqq PW pKq.

Note. By Fact 2.2 and the definability of Morley rank in ACF, (iii) is indeed a
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first order axiom scheme.

Theorem 7.2. ACFA is the model companion of the theory of difference
fields, i.e. every difference field embeds into a model of ACFA and ACFA is
model-complete.

Equivalently, the models of ACFA are precisely the e.c. difference fields.

Proof.

Claim 1. If pK,σq is an e.c. difference field, then it is a model of ACFA.

Subproof. Assume that pK,σq is an e.c. difference field. Then σ extends to an
automorphism σ1 of Kalg, so pK,σq Ď pKalg, σ1q as difference fields. As pK,σq
is e.c., it follows that K “ Kalg, so (i) and (ii) hold for pK,σq.

We now show (iii). Assume that V Ď An is an irreducible variety over K,.
W Ď V ˆ V σ an irreducible subvariety such that π1pW q Ď V and π2pW q Ď V σ

are Zariski dense.

Let L ľ K be an |K|`-saturated elementary extension of K and let pα, βq P L2n

be a generic of W over K. As π1pW q is Zariski dense in V (and thus the generic
type pW of W over K projects to the generic type pV of V over K), α |ù pV ,
i.e. α is generic in V over K. Similarly, β is generic in V σ over K.

Thus σ̃ : Kpαq Ñ σpKqpβq with σ̃|K “ σ, σ̃pαiq :“ βi is a partial auto-
morphism of L. It extends to σ1 P AutpLq and thus pK,σq Ď pL, σ1q. If
W “ Varpf1, . . . , fmq, we thus get

pL, σq |ù Dx1, . . . , xn

m
ľ

i“1

fipx, σpxqq “ 0,

so, as pK,σq is e.c. in pL, σq, we get

pK,σq |ù Dx
m

ľ

i“1

fipx, σpxqq “ 0,

showing that (iii) is satisfied. ■

Claim 2. If pK,σq |ù ACFA, then pK,σq is an e.c. difference field.

Subproof. Assume pK,σq |ù ACFA. Let pL, σq be a difference field extension
of pK,σq and let φpxq be a quantifier-free LσpKq-formula such that pL, σq |ù
Dx. φpxq. We need to show that pK,σq |ù Dx. φpxq.

φpxq is a finite disjunction of formulas of the form

m
ľ

i“1

fipxq “ 0^
k

ľ

j“1

gjpxq ‰ 0,
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where fi, gj P KxXy.

We may assume that these are disjunct and, setting gpXq :“
śk

j“1 gjpXq, we

may further assume that φpXq is of the form

gpXq ‰ 0^
m

ľ

i“1

fipXq “ 0.

Since Dx. φpxq is equivalent to

Dx, y. gpxq ¨ y ´ 1 “ 0^
m

ľ

i“1

fipxq “ 0,

we may assume that

φpxq ”
m

ľ

i“1

fipxq “ 0.

Let r be such that f1, . . . , fm P KrX,σpXq, . . . , σ
rpXqs. Then

K |ù fipa, σpaq, . . . , σ
rpaqq “ 0

ðñ K |ù Dt1, . . . , tr. fipx, t1, . . . , trq “ 0

^

r´1
ľ

i“1

σptiq “ ti`1 ^ σpxq “ t1.

Thus we may assume r “ 1, i.e. fi P KrX,σpXqs and

φpXq ”
m

ľ

i“1

fipX,σpXqq “ 0.

Let W̃ Ď A2n be the K-variety defined by

W̃ :“ Varpf1pX,Y q, . . . , fmpX,Y qq.

Choose α P Ln such that pL, σq |ù φrαs. Set

β :“ σpαq,

W :“ locpα, β{Kq Ď A2n,

V :“ locpα{Kq Ď An,

V 1 :“ locpβ{Kq Ď An.

Then V 1 “ V σ and W ,V and V σ are irreducible with generics over K given by
pα, βq, α resp. β. Thus π1 : W Ñ V and π2 : W Ñ V σ have Zariski dense image.
By (iii) there is a P Kn such that pa, σpaqq P W pKq Ď W̃ pKq, so in particular
pK,σq |ù φras. ■
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Notation 7.2.71. ForA Ď K |ù ACFA we set aclσpAq :“ Frac px
Ť

zPZ σ
zpAqyq

alg
.

Theorem 7.3 (Quantifier reduction). Quantifier Reductionthm:acfa-quantifier-
reduction Let pE, σq Ď pKi, σiq |ù ACFA for i “ 1, 2 with E “ aclσpEq.
Then

pK1, σ1q ”E pK2, σ2q.

Corollary 7.4. (1) Let K |ù ACFA, A Ď K. Then qftpLσ
paclσpAqq

determines tpKpaq, i.e. if Ai Ď Ki for i “ 1, 2, Ki |ù ACFA, then
tppA1q “ tppA2q iff there exists an Lσ isomorphism f : aclσpA1q »

aclσpA2q sending A1 to A2.

(2) The completions of ACFA are determined by p :“ charpKq and the
conjugacy class of σ|Falg

p
inside GalpFpq (where F0 :“ Q).

Proof of ??.

pK1, σ1q pK2, σ2q

pE, σq “ aclσpEq

Ď

Ď

Working in some large K |ù ACFA containing K1 and K2, we may assume

K1

l.d.

|
!

E
K2, and thus K1K2 » Frac pK1 bE K2q. Then σ1 b σ2 extends to an au-

tomorphism of K1K2, which extends to σ̃ P AutpK̃q, for some K̃ Ď K with
pK̃, σ̃q |ù ACFA, as models of ACFA are e.c. difference fields. By model com-
pleteness, pKi, σiq ĺ pK̃, σ̃q, so K1 ”E K2 in Lσ.

Theorem 7.5. If pK,σq |ù ACFA, then F :“ Fixpσq |ù Psf. Moreover, for
every F̃ |ù Psf there is pK,σq |ù ACFA such that F̃ “ Fixpσq.

Proof of Theorem 7.5. The second part follows from the first, as AbspF̃ q “
Fixpσq for some σ of the Galois group of the prime subfield Fp of F̃ and
pFalg

p , σq Ď pK,σq |ù ACFA.

We need to show that if pK,σq |ù ACFA, then for F :“ Fixpσq:

Claim 7.5.1. F is perfect.

Claim 7.5.2. GalpF q “ Ẑ.

Claim 7.5.3. F is PAC.
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Proof of Claim 7.5.1. Clear.

Proof of Claim 7.5.2. As GalpF q “ xσy, it suffices to show that F admits an
extension of degree n for all n ě 1.

Claim 7.5.2.1. For n ě 1 there exists an P K such that σnpanq “ an and
σipanq ‰ an for i ă n.

Subproof. Let y1, . . . , yn be algebraically independent over K and extend σ to

σ1 : Kpyq Ñ Kpyq via σ1pyiq :“ yi`1 for i ă n and σ1pynq :“ y1. As pK,σq
e.c.
Ď

pKpyq, σ1q, an exists in K. ■

Let ppXq :“
śn´1

i“0 pX ´ σipanqq P KrXs. Then pσ “ p, so ppXq P F rXs.

Fn :“ F rσipanq|i “ 0, . . . , n´ 1s
F is a Galois extension of degree n: Indeed

GalpFn{F q is generated by σ, so σ is a topological generator of GalpF q and
id, σ, . . . , σn´1 are pairwise distinct in GalpFn{F q, so GalpFn{F q »

Z
nZ

Proof of Claim 7.5.3. Let V Ď An be an absolutely irreducible variety which is
definable over F . Set W :“ ∆ X V ˆ V , i.e. W “ Varpf1pXq, . . . , fmpXq, X1 ´

Y1, . . . , Xn ´ Ynq, where V “ Varpf1, . . . , fmq.

As V “ V σ and V , V σ and W are absolutely irreducible with π1pW q “ V ,
π2pW q “ V σ, axiom (iii) of ACFA yields a P Kn such that pa, σpaqq P W , so
a “ σpaq P V pKq. In other words a P V pF q.

aclmth new
notation for
model theo-
retic acl?

Proposition 7.6. In models of ACFA, aclmthpAq “ aclσpAq.

Proof. aclσpAq Ď aclmthpAq is clear.

Conversely, let b P Kz aclσpAq, where A Ď K |ù ACFA. For n P N we
find pKi, σiq »aclσpAq pK,σq such that K0,K1, . . . are algebraically indepen-
dent (so linearly disjoint) over aclσpAq and pK0, σ0q “ pK,σq. Let pL, σq :“
aclσ p

Ť

Ki, σq. Then there exists pU , σq Ě pL, σq with U |ù ACFA. Let bi be
the copy of b in Ki. The bi are pairwise distinct and have the same type over
aclσpAq by Corollary 7.4. So b R aclmthpAq.

Definition 7.6.72. Let pK,σq |ù ACFA and A,B,C Ď K. We set A |
!

B

σ
C

iff
aclσpABq |

!

aclσpBq

alg
aclσpBCq.
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Theorem 7.7 (Hrushovski, Shuddhodan-Varshavsky; w/o proof). (1) ACFA “
tφ Lσ-sentence : @q " 0. pFalg

q ,Frobqq |ù φu. In particular if
U is a non-principal ultrafilter on the set of prime powers, then
ś

U pFalg
q ,Frobqq |ù ACFA.

(2) ACFA0 “ tφ Lσ-sentence : @p " 0, p P P. pFalg
p ,Frobpq |ù φu.

[Lecture 25, 2025-01-21]

Theorem 7.8 (Independence Theorem in ACFA). ACFA satisfies the inde-
pendence theorem wrt. |

!

σ
over aclσ-closed sets.

Proof. This is just Proposition 5.17 namely that every 3-AP in ACFσ admits a
solution, together with the following two results:

(i) quantifier reduction, i.e. the quantifier-free Lσ of an aclσ-closed set deter-
mines its complete type (Corollary 7.4).

(ii) model-theoretic algebraic closure equals aclσ (Proposition 7.6).

Corollary 7.9. Every completion of ACFA is simple (actually supersim-

plea) and |
!

f 1

“ |
!

σ

ai.e. every tppaq, a finite, does not fork over some finite A0 Ď A

Proof. This holds by the Independence Theorem in ACFA (7.8) and the Theo-
rem of Kim-Pillay (5.12).

Corollary 7.10. Every completion of ACFA has IP, so in particular is
unstable.

Proof. We have seen that if pK,σq |ù ACFA, then Fixpσq |ù Psf (Theorem 7.5).

By Theorem 5.19 we have that every completion of Psf has IP.

Recall the following definitions:

Definition 7.10.73. • A complete L-theory eliminates imaginar-
ies, EI iff for every M |ù T and a PMeq (Shelah’s Meq construction

adding to M sorts for M
n

E “ SE (M eq), where E is H-definable

evuialence relation on Mn ), there is a real tuple b P Mn, such that
a and b are interdefinable.
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• T uniformly eliminates imaginaries, UEI, iff for everyH-definable
equivalence relation E onMn, there is anH-definable function f : Mn Ñ

Mm, such that Epa, a1q iff fpaq “ fpa1q, a, a1 P Mn, i.e. f induces

f : M
n

E ãÑMm.

Fact 7.11. For a complete L-theory such that all models have at least 2
elements, the following are equivalent:

(1) T has UEI

(2) T has EI and |dclpHq| ě 2.

Proof. Easy exercise

Definition 7.11.74. • T weakly eliminates imaginaries, WEI iff
for every M |ù T , a P M eq, there is b P Mn such that a P dcleqpbq
and b P acleqpaq.

• T eliminates finite imaginaries, FEI,iff for every M |ù T and
finite set F “ ta1, . . . , amu ĎMn, there is b PMk such that b “ xF y,
i.e. assuming M is ω-strongly homogeneous (e.g. a monster model)
that for all σ P AutpMq, we have σpF q “ F iff σpbq “ b.

Fact 7.12. For a complete L-theory T , the following are equivalent:

(1) T has EI,

(2) T has WEI and FEI.

Proof. Left as an exercise.

Corollary 7.13. Let L Ě Lring and T a complete L-theory extending the
theory of fields. Assume that T has WEI. Then T has UEI.

Proof. As 0 ‰ 1are H-definable, by Fact 7.12 and Fact 7.11 it suffices to show
that T has FEI.

Let F “ ta1, . . . , amu Ď Mn for M |ù T (assumed strongly ω-homogeneous).
We consider the following polynomial

P pZ, Y1, . . . , Ynq :“
m

ź

i“1

pZ ´
n

ÿ

j“1

aijYjq PM rZ, Y s.

7 ACFA, THE THEORY OF E.C. DIFFERENCE FIELDS 111



Claim 1. A field automorphism of M (in particular, any σ P AutpMq) fixes P
iff it permutes the ai iff σpF q “ F .

Subproof. “ ðù ” is by the definition of P .

“ ùñ ” Assume Pσ “ P . Then σ necessarily maps irreducible factors of P
to irreducible factors of P (in the UFD M rZ, Y s). These are given by Z ´
řn

i“1 aijYj and uniquely determined if normalized in Z.

Thus σpF q “ F . ■

So the coefficients of P pZ, Y q are b as desired.

Definition 7.13.75. Let L K be a difference field extension and b P L.
Then b is transformally algebraic over K iff there is P pXq P KxXyzt0u
such that P pbq “ 0.

Equivalently, trdegpKxby{Kq ă 8 .

The transformal algebraic closure is defined as trfclLpKq :“ tb P
L|b transformally algebraic over Ku.

It is easy to see that trfclLp´q defines a pregeometry, Exerciseas it satisfies Steinitz-
exchange. We get notions of transformal algebraic independence,
transformal transcendence basis, transformal transcendence de-
gree etc.

Lemma 7.14 (Neumann’s Lemma). Let G be a group, Gñ Ω an action

on a set without finite orbits. Then if X,Y
finite
Ď Ω, there is g P G such

that gX X Y “ H.

We will prove this next time.

Theorem 7.15. Every completion of ACFA has UEI.

Proof of Theorem 7.15. By Corollary 7.13 it suffices to show that if pK,σq |ù
ACFA, then T :“ ThpK,σq has WEI.

Equivalently, by compactness, it suffices to show that if e P Keq and E :“
acleqpeq XK, then e P dcleqpEq.

We may assume that pK,σq is a monster model of T . Let f be an H-definable
function and a P KN such that fpaq “ e. Let P be the set of realizations of
tp pa{Eq in K.

Claim 7.15.1. There is a tuple c P P such that fpcq “ e and a |
!

σ

E

c.
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Subproof. There exists b P KN such that tppa{Eeq “ tppb{Eeq (in particular
b P P ) such that

E “ aclσpEaq X aclσpEbq. (10)

Indeed, set G :“ AutpK{Eeq. Let Ω :“ KzE. Then Gñ Ω has only infinite
orbits by definition of E. Using compactness to achieve (10), it suffices to show
(10) for finite subsets X “ Y of aclσpEaqzE

By Neumann’s Lemma (7.14), we find σ P G such that σpXq XX “ H.

Choose such a b ”Ee a with (10) of maximal transformal transcendence de-
gree m over Ea and then such that for some transformal transcendence basis
pbi1 , . . . , bimq of b over Ea, trdegpExa, by{Exa, bi1 , . . . , bimyq :“n is as large as
possible. (This maximum exists as otherwise m were not maximal by compact-
ness)

Now let c be such that tppc{Eaq “ tppb{Eaq and

c |
!

σ

Ea

b. (11)

Then as e “ fpaq and tppb{Eeq “ tppa{Eeq, we get fpcq “ fpbq “ fpaq “ e and

aclσpEcq X aclσpEbq
(11)
Ď aclσpEaq X aclσpEbq

(10)
“ E.

By maximality of m, we get trftrdegpc{Ebq ď m. On the other hand, by (11)
we get

trftrdegpc{Ebq ě trftrdegpc{Ebaq
(11)
“ trftrdegpc{Eaq “ trftrdegpb{Eaq “ m.

Thus trftrdegpc{Ebq “ m.

Similarly, if ci1 , . . . , cim is the transformal transcendence basis of c over Eb
copied from bi1 , . . . , bim , then trdegpExb, cy{Exb, ci1 , . . . , cimyq ď n and thus by
a similar argument as before, using (11) it is equal to n.

Thus c |
!

σ

Eb

a. (ci1 , . . . , cim |!
σ

Eb

a, then c |
!

σ

Ebci1 ,...,cin

a). Moreover, by our choice

(11), we get that (!)
c |

!

E

σ
a, b.

Hence c |
!

E

σ
a, proving the claim.

Ad (!): Let F “ aclσpF q and c P KN . Then there is a smallest F0 “ aclσpF0q

such that c |
!

F0

σ
F . (This uses that ACF eliminates imaginaries). Set F :“

aclσpEabq. F0 Ď aclσpEaq X aclσpEbq
(10)
“ E. ■
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We will finish the proof next time.
[Lecture 26, 2025-01-24]

In memory of

Zoé Chatzidakis
03. 04. 1955 - 22. 01. 2025

Continuation of proof of Theorem 7.15.

Claim 7.15.1. f is constant on P .

Subproof. Suppose not, so there is d P P such that e “ fpaq ‰ fpdq :“e1. We
may assume d |

!

E

σ
a: Indeed, let c P P be such that c |

!

E

σ
ad. If fpcq ‰ e, choose

c add the new d. If fpcq “ e, then fpcq ‰ e1. Let τ P AutpK{F q such that
τpdq “ a. Let τpcq be the new d.

Using the Independence Theorem in ACFA (7.8) over aclσ-closed sets (we use
it over E),

Claim 7.15.1 and the avoe lead to a contradiction: Let a, d P P with a |
!

E

σ
d and

fpaq ‰ fpdq.

Set A :“ aclσpEaq, D :“ aclpEd, so A |
!

E

σ
D. Let c P P such that fpcq “ fpaq

and c |
!

E

σ
a. (This exists by Claim 7.15.1.)

Let ppxq :“ tppc{Aq, so p does not fork over E. Similarly , let qpxq :“ tppc1{Dq,
where c1 |

!

E

σ
d, c1 P P and fpc1q “ fpdq. (This exists by using τ P AutpK{Eq,

τpaq “ d and setting c1 :“ τpc.) q does not fork over E.

By the Independence Theorem in ACFA (7.8) there exists rpxq P SpADq, r Ě
p Y q (and r does not fork over E, but we don’t need that). Let c̃ |ù r. Then

fpaq
c̃|ùb
“ fpc̃q

c̃|ùq
“ fpdq, but fpaq ‰ fpdq  ■

We obtain that e P dcleqpEq, as AutpK{Eq fixes e.

Corollary 7.16. If pK,σq |ù ACFA, the fixed field F :“ Fixpσq is stably
embedded in K.a

In fact every LσpKq-definable subset X of Fm is LringpF q-definable.

aRecall that a predicate P is stably embedded in a model M iff for all n P N every
subset of Pn which is definable in N is definable in N with parameters from P .
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Proof. Let X Ď Fm be LσpKq-definable. As ThpK,σq has EI (there is c P Kn

such that c “ xXy. (τpXq “ X ðñ τpcq “ c for all τ P AutpK,σq).

As σpXq “ X fixes its element pointwise and σinnAutpK,σq, we get σpcq “ c,
so c P FN , so X is LσpF q-definable.

The fact that X is even LringpF q-definable follows from the following more
precise result.

Proposition 7.17. Let pK,σq |ù ACFA and F :“ Fixpσq (F |ù Psf by
Theorem 7.5). Then the induced structure on F is given by Lσ-ind, obtained
by expanding Lring by a 2n-ary relation Cn for each n ě 2 defined as
follows:

pa1, . . . , an, b1, . . . , bnq P Cn

ðñ papXq :“ Xn ` a1X
n´1 ` . . .` an P F rXs is irreducible

^ifpapαq “ 0 then σpαq “ b1 ` b2α` . . .` bn´1α
n´1.

Exercise: Cn

is LringpF q-
definable,
proving the
corollary

Proof. Note that if Xn` a1X
n´1` . . .` an :“papxq is irreducible in F rXs and

if papαq “ 0, then Fn :“ F rαs is the unique (Galois) extension of F of degree n,

and Gal
´

Fn
F

¯

“ xσ|Fny –
Z
nZ.

In particular, the n roots of pa in Fn are given by α, σpαq, . . . , σn´1pαq.

If σpαq “ b1 ` b2α ` . . . ` bnα
n´1 for b P Fn, then σpσkpαqq “ σkpσpaqq “

b1 ` b2σ
kpαq ` . . .` bnσ

kpαqn´1.

In other words, b is independent of the root α̃ of PapXq.

Cleary, the Cn are H-definable in pK,σq.

Conversely, we need to show that every finite domain partial elementary selfmap
τ of F with respect to Lσ-ind is partial elementary in pK,σq. Any such τ extends
to τ̃ P AutLσ-ind

pF q.

If Fn “ F rαs and MiPopα{F q “ papXq, then by the definition of Cn, if b P Fn

is the unique n-tuple from F such that pa, bq P Cn, we get |ù Cnpτ̃paq, τ̃pbqq. In

other words if α1 is a root of pτ̃paqpXq, then σpα1q “ τ̃pb1q ` . . . ` τ̃pbnqα
1n´1

.
Thus α ÞÑ α1 defines an extension of τ̃ to τ̃n : Fn – Fn commuting with σ|Fn

.

So τ̃ extends to τ̃8 P AutpF alg, σ|F algq. By ??, τ̃8 is partial elementary in
pK,σq. In particular, τ is partial elementary.

Corollary 7.18. Let T be a completion of ACFA and T 1 :“ ThL-indpF q,
F :“ Fixpσq for pK,σq |ù T .

Then T 1 has UEI.
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Corollary 7.19. Let F |ù Psf, let pcn,iq ně2
1ďiďn

be from F such that Pcnpxq

is irreducible of degree n for every n ě 2, where cn :“ pcn,1, . . . , cn,n. Then
ThpF, pcn,iqně2

iďn
has EI in Lring Y tcn,iu.

Proof. We first how that if we choose a topological generator σ of GalpF q and
then for evey n ě 2 2n-tuples pan, b

n
q P F 2n lying in Cn, then pF, an, b

n
, n ě 2q

has EI. Indeed this follows from Corollary 7.18 since the Lσ-ind-structure of F
(lying inside pF alg, σq Ď pK,σq |ù ACFA) is definable in Lring Y ta

n, b
n
|n ě 2u.

Now observe that if an “ pcn,1, . . . , cn,nq “ cn, there is b
n
P xanyalg X F “

aclPsfpaq such that pan, b
n
q lie in Cn (for the choice of σ|Fn

).

If follows that very e P F eq has a weak code in pF, pcn,iq ně2
1ďiďn

q, so the theory

has WEI, so UEI by Corollary 7.13.

Remark 7.20.

Proof of Lemma 7.14. We use nested induction. Outer induction on |X|. If
|X| “ 0 this is not very difficult. Assume that for X 1 with |X 1| ă |X| the
statement holds. Assume for contradiction that it fails for X. So there is Y
finite such that gX X Y ‰ H for all g P G.

Claim 7.14.1. For any finite set C Ď Ω |C| ď |X| only finitely many translates
of X by elements of g contain C. (We count translated versions of X, not the
number of elements of G).

Subproof. By induction on |X| ´ |C|: If |X| “ |C|, gX Ě C ùñ gX “ C.

Now assume |C| ă |X| and the claim holds for all C 1 with |C| ă |C 1| ď |X|.

By the outer induction assumption translating C if necessary, we may assume

C X Y “ H. (12)

By the inner induction assumption for each of the (finitely many) elements y P Y
only finitely many translates of X contain C Y tyu, as by (12) |C Y tyu| ą |C|.

Only finitely many translates of X contain C and intersect Y non-trivially.

On the other hand, by the assumption that X,Y is a counter example, every
translate of X meets Y , proving the induction step, thus proving the claim. ■

Now let C :“ H in the claim. It follows that X has only finitely many translates.
But there is no finite orbit  .
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Subfield of absolute numbers, 49
Substructure complete, 19
Supernatural numbers, 15
Supersimple, 110
Symmetry, 81

INDEX 118



Topological generator, 13
Topological group, 8
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