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These are my notes on the lecture Logic VI: Model Theory of Pseudo-Finite
Fields, taught by PROF. DR. MARTIN HILS in Winter 2024 at the University
Miinster.

Warning. This is not an official script. The official lecture notes can be found
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If you find errors or want to improve something, please send me a message:
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[Lecture 01, 2024-10-08]

0.1 Prerequisites

e General material from model theory: Logic 2 is more then enough. Can
be found in [TZ12]): Compactness, saturation, type spaces, quantifier
elimination, decidability.

Some model theory of ACF.
e Solid knowledge of field theory, (infinite) Galois theory

e Basic algebraic geometry concerning algebraic varieties over a field and the
corresponding commutative algebra (see [Lan73] or, for a more advanced
treatment, [FJ23]).

Main bibliographical sources for the course:

e Original paper by JAMES Ax: The elementary theory of finite fields
[Ax68].

e Lecture notes by ZoE CHATZIDAKIS: “Notes on the model theory of finite

and pseudofinite fields”. [Chal§]

e CHATZIDAKIS, VAN DEN DRIES and MACINTYRE: Definable sets over finite
fields [CDM92]

Introduction, Motivation and Overview

The model theory of finite and pseudofinite fields is central toe model theory
and applications. AX’s paper is seminal and extremely influential.

We work in the language of rings, Lying = {0,1,+, —,-}. We consider fields as
first order structures in L;ing.

Fact 0.1 (Some Tame Theories of Fields). (a) The theory ACF of alge-
braically closed fields has QE, is decidable and its completions are
given by ACF, where p is prime or 0 specifying the characteristic.

It also follows that ACF, is strongly minimal with algebraic closure
acl given by field theoretic closure.

(b) RCF, the theory of real closed fields Th(R), is complete and de-
cidable (TARSKI). F is real closed iff

e —1 is not a sum of squares (formally real)®
eVae F.IbeF. (a="bv—a=0b).
e Every polynomial p(X) € F[X] of odd degree has a root in F.
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If F = RCF then o < y := 32. y — 2 = 22 defines a field ordering and
RCF has QE in the definitional expansion to LoRring = Lring U {<}.

(c) AX-KOCHEN, MACINTYRE: Similarly Th(Q,) admits an explicit (re-
cursive) axiomatization (p-adically closed fields) and quantifier elim-
ination in a definitional expansion.

(d) Using Ax-Kochen / Ershov (AKE) one may also give axiomatizations
to theories like Th(C((t))), Th(R((¢))).

%clearly this implies characteristic 0

Fact 0.2 (Julia Robinson). In the field Q, the ring of integers Z is Lying-
definable, hence also N (by Legendre’s four squares theorem), so Q is un-
decidable by Godel.

Question 0.2.1. What about other theories of field?

Especially field important in number theory.

Clearly Th(FF,) is decidable (F, is finite, just check). But what about uniform
decidability?

Notation 0.2.2. We set Ty := () 4—p» Th(F,) (finite fields)

p prime

We set Psf := {¢ | Vg » 0. F; | ¢} = limsup,_,,, Th(F,) (pseudo finite
fields), i.e. the theory of the infinite models of T7.

In order to understand T, we need to study Psf. This was done by AX.

Theorem 0.3 (AX, 1968 - main theorem of his paper). A field F is pseudo-
finite iff the following hold:

1 F is perfect.

2 Gal(F) = Gal(F*2/F) = 7, i.e. the absolute Galois group of F is
isomorphic to @Z/nZ'

3 F is PAC (pseudo algebraically closed), i.e. every absolutely
irreducible algebraic variety V' defined over F' has an F-rational point.

We will call this theory Psf’ until we have proven the theorem.

Comment 0.4. (a) (1), (2) and (3) are first order expressible.

(b) Modulo (1), (2) is equivalent to ¥n > 1. F has a unique algebraic
extension of degree n.
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| (c) In (3) it is enough to talk about algebraic curves, i.e. dim(V) = 1.

The notions appearing in the theorem will be explained in the course of the
lecture.

Remark 0.5. Theorem 0.3 need two essential ingredients from algebraic
geometry and number theory:

1 The Lang-Weil estimates (a consequence of the “Rieman hypoth-
esis for curves over finite fields” %),

2 Chebotarev’s density theorem.

We will not prove these two in the lecture and treat them as black boxes.

%this is a theorem

1 Preliminaries

1.1 Field theory and infinite Galois theory
Notation 1.0.3. Let P := {p : p prime} and @ := {p" : pe P,n € No¢}.

Fact 1.1. (1) If F is a finite field, then ¢ := |F| € @ and F is perfect.”

(2) For every g € @ there is (up to isomorphism) a unique field of cardi-
nality ¢, denoted by F,.

(3) f g=p" and ¢ = '™ then F, < Fy iff p=p’ and n|n'.

(4) If F is a finite field, then for every n > 1 there is a unique field
extension F,,/F with [F,, : F] = n. By uniqueness it follows that this
is a Galois extension.

(5) The multiplicative group (F*,-) of a finite field F is cyclic, i.e. =~
A
(IF[ =1z

(6) If F is a finite field and F"/F as in (4) then Gal (Fn/F) ~ Z/nZ'

Moreover if F = F, then Frob, € Gal(F,/F) is a generator of it,
where Frob,(x) = z9.

%Recall that a field is perfect iff either it has characteristic 0 or it has characteristic
p and the Frobenius endomorphism, x — zP, is an automorphism. Equivalently, every
algebraic extension is separable.

Proof (sketch). (1) char(F) = p € P, so F' is a finite-dimensional [F,-vector
space, so |F| = p™. Frob,: F — F is injective, hence surjective.

(2) Let g =p" € Q. In F;lg take the set of zeros of X7 — X (the fixed points
under Frob,). This is a subfield with ¢ elements, every root of X9 — X
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being simple (—1 is the derrivative).
3) Follows from (2).
4) By (3) and (2)
5) A polynomial of degree m has at most m roots.
)

6) If F = F,, then F,, = Fyn. Then |F,| = {x € Fyn|Frob,(z) = x}. So
Gal(Fgn /F,) is generated Frobq by Galois correspondence.

(
(
(
(

O

Fact 1.2. For every p € IP, we have Fglg =
union of finite fields.

=0 Xpn , SO F;lg is an increasing

[Lecture 02, 2024-10-11]

1.2 Infinite Galois Theory

Recall: If L/K is a field extension, consider Aut(L/K) = {0 € Aut(L)|o|x =
idg}. If L/K is Galois' we write Gal(L/K) or G(L/K) for Aut(L/K) and call
it the Galois group of L over K.

Definition 1.2.4. The absolute Galois group of K, denoted by Gal(K)
is defined as Gal(K*°P/K) = Aut(K*%#/K), where K*°P is a separable
closure of K.

Fact 1.3 (Main Theorem of Finite Galois Theory). Let L/K be a finite
field extension, i.e. n = [L: K| = dimg (L) < .

Then
(1) |Aut(L/K)| < n with equality iff L/K is Galois.
Assume now that L/K is Galois. Then

(2) the maps

{subgroups of Gal(L/K)} ‘%—» {K € M < L intermediate fields}

H— "
Auwt(L/M) — M

are inverses of each other and define inclusion reversing bijections.

(3) If H is a subgroup of Gal(L/K), then it is a normal subgroup iff the

i.e. algebraic, normal and separable

1 PRELIMINARIES 7
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corresponding field extension F(H)/K is normal (thus Galois).

(4) If K € M < L with M/K Galois, then the respective map G(L/K) —
G(M/K) is a surjective group homomorphism inducing an isomor-
phism

Infinite Galois theory is an extension of this. Here L/K is Galois, but [L : K]
not necessarily finite.

In order to obtain a Galois correspondence as in (2) we need to endow the Galois
group with a topology, the so-called Krull topology.

Definition 1.3.5. A topological group is a group G endowed with a
Hausdorff* topology, such that

G— G

g— g
and

GxG—G
(g,h) — gh

are continuous.

%Some authors don’t require that. However in this course topological groups will
always be Hausdorff.

Remark 1.3.6. In a topological group G, for any g € G, the maps

pth—>G

T — xg
and

)\CﬁG—>G

T —> gx
are homeomorphisms.

In particular, the topology on G is determined the neighborhoods of 1 € G.

Fact 1.4 (Elementary Facts about Topological Groups). Let G be a group.
(1) If H < G then H is also a subgroup of G, where H is the closure of
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H.
If H is normal (resp. abelian), so is H.

(2) Every open subgroup of G is also closed (i.e. clopen), as all the cosets
are open.

(3) Any closed subgroup of finite index in G is open (i.e. clopen).
(4) If G is compact, a closed subgroup H is open iff (G : H) < 0.

(5) Let U < G be a dense subset. Let ¢ # V " G. Then U-V =

{fw|ueUveV}=G.

Proof. (1) Exercise.
(2) If H < G is open, so are all cosets of H, thus also G\H (as a union of
cosets).
(3) Similar as (2).
(4) clear

(5) Let g€ G. If V is open, so is V! and also g - V1. Since U is dense, we
findueU ng-V~! and v as desired.

O

Definition’ 1.4.7 (Projective limits). Consider a category C. Let & # I
be a partially ordered set which is directed, i.e. Vi,je I. 3k e l. k <1i,j.

For any i € I let G; € Ob(C). For any i < j let f;;: G; — Gj be a
morphism, such that these are compatible, i.e. fir = fjn o fi;.

(Gi)iers (fij)i; is a projective system in C (the f;; are part of the datum
but often omitted in notation).

The projective limit of (G.)er, denoted by lim G, is the terminal object
in the category of cones over (G;)ier, i.e. an object G € Ob(C) together
with morphisms m;: G — G; compatible with the f;; such that for every
H € Ob(C) and «;: H — G; compatible with the f;;, there exists a unique
morphism «: H — G making the diagram commute:
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fij

This is of course unique up to unique isomorphism (if it exists).

Proposition 1.5. In the category of topological groups, the projective
limit is the closed subgroup of [ [, ; G; given by {(a;)sier|Vi < j. fij(a;) =
a;}.

The structural maps f;: liﬂlje P G; — G, are the restrictions of the projec-
tive map m;: Hje[ G; — G;.

In particular, if all G; are compact then so is lim. ~ G;.
«—iel

Proof. We need to show:

(1) The group constructed above is indeed a topological group and the struc-
tural maps are continuous.

(2) It is indeed the projective limit.

This is left as an easy exercise. O

Definition 1.5.8. A profinite group is a topological group, which is
isomorphic to some projective limit lim,_ with all G; finite (i.e. discrete).

Proposition 1.6. For a topological group G, the following are equivalent:
(a) G is profinite,
(b) G is compact and totally disconnected®.

1

clopen
We#AyeX.3Z < X zxeZnrny¢Z

Proof. (a) = (b): Compactness follows from Proposition 1.5. Totally discon-
nected follows from the definition of the product topology: Let  # y € lim G;.
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Then there exists a coordinate, where they differ, i.e. z; # y;. Consider fi_l(mi),
this is clopen.

(b) = (a): This is the harder direction. We’ll only sketch the proof. One
shows that for every 1 # g € G, there is an open subgroup N < GG such that

g¢ H.

Then there is a normal such subgroup as (G : H) < o, s0 [ cq HY = ﬂi\;l H,,
is open.

Then G/N is finite and discrete and G — lim open normal G'/ v is injective by

the above, continuous with dense image, so an isomorphism, so a homeomor-
phism. U

Lemma 1.7. Let (G;)ier,(fij)i,; be a projective system. Suppose that the
projective limit of this exists. Let Iy < I be coinitial, i.e. Vi € . Jig €

e . R ‘ . . o
Iy. ig < i, then hrniE Io G; = hmie I G; are canonically isomorphic

Proof. Clear. O

Proposition 1.8. Let L/K be Galois and let {K < L; < L|i € I} be the
set of all finite Galois subextensions ordered by reversed inclusions.

Then Gal(L/K) =lim,_, G(L;/K) as groups.

Proof. Tt is injective as any a € L is in some finite Galois subextension L'/K.
Surjectivity is clear, as we can glue field automorphisms (being a field automor-
phism can be checked locally). O

Definition 1.8.9. For L/K Galois the Galois group, G(L/K), is the
profinite topological group given by lim _ G (L;/K).

The topology is called the Krull topology.

Remark 1.8.10. By construction, a basis of clopen sets of G(L/K) is given
by
{o-G(L/L")|o e G(L/K),L'/K finite Galois}.

Lemma 1.9. Let L/M/K be a tower of field extensions with L/K and
M/K Galois.
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Then

res: G(L/K) — G(M/K)

is surjective. More generally, for any intermediate field K € M’ < L, any
K-embedding of M’ into L extends to an automorphism o € G(L/K).

Proof. Easy application of Zorn’s lemma. O

Proposition 1.10. Let L/K be Galois.
(1) If K € M < L then L/M is Galois and G(L/M) is a closed subgroup
of G(L/K) and LEE/M) = M.

(2) If H is a subgroup of G(L/K), then G(L/L*) = H.

clopen
f——/p\—\
Proof. (1) One has G(L/M) = (\gcmrenm G(L/M'). So G(L/M) is closed.
M’ finite
Clearly M < LE(E/M)_ For the other inclusion let a € L\M. Since L/M
is algebraic, there is a finite Galois extension M;/M containing a. By the

finite Galois correspondence, there is o1 € G(M; /M) such that o1(a) # a.

By Lemma 1.9 there exists o € G(L/M) such that o]y, = 01, so o(a) # a,
ie. a¢ LEWL/M)

(2) Clearly H < H := G(L/L™). As H is closed by (1), we get H < H.

Suppose there is o € ﬁ\ﬁ Then there is some finite Galois exten-
sion L'/K with K <€ L' € L, such that o - Gal(L/L') n H = . Let
res: G(L/K)™! - G(L'/K). (This is surjective by Lemma 1.9.) Then
res(o) ¢ res(H). So by finite Galois theory, res(c) moves some element of
(L/)res(H) c LH é

O

Corollary 1.11 (Infinite Galois Correspondence). Let L/K be Galois and
G = G(L/K). Then the maps

{closed subgroups of G} %{K cMclL}
H+— L%
Fix(M) «— M

are inverse to each other and define inclusion reversing bijections.
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Moreover
(a) a closed subgroup H < G is open iff L¥ /K is finite and then (G :
H) = [L7 : K],
(b) foro € Gand H = G(L/M), cHo~! corresponds to oM, i.e. LOH " =
o(L?) and G(L/o(M)) = cG(L/M)o~1,
(c) for K € M < L, then M/K is Galois ( i.e. normal) iff G(L/M)< G
and then G(M/K) =~ G(L/K)/G(L/M) as topological groups.

[Lecture 03, 2024-10-15]

Example 1.12. Let F, be a finite field. Then, by Fact 1.1 one has
Gal(Fy) =X lim, Z/nZ =: Z, where the index set is | := N; ordered by
can:z (mod n)—z (mod m) Z/mZ

n<m:<= m|nand fpm: Z/nZ

As (Fglg)<Fr°bq>=F7, so (Froby) = Gal(F,) by Proposition 1.10 (2). So

Frob,, which under x corresponds to (1,1,...) € @Z/nz, is a topological
generator of Gal(F,).

The finite extensions of F, are of the form Fy», n > 1. By the Galois
Correspondence (1.11) the open subgroups of Gal(F,) are given by H,, :=
(Froby) as (Fale)Frebe — ..

Under x, H, corresponds to <7>, where n = (n,n,...).

Lemma 1.13. Let m,: 7 — Z,/nZ be the structural map. Then ker(r,,) =
{(ny = nZ.

Proof. One could to this by hand. For fun we use the Galois correspondence
(see Example 1.12). The open subgroups of Z admits for every n > 1 a unique
open subgroup of index n.

This is equal to ker(m,) and by Example 1.12 to (ny (we have (W) = nZ <

closed

ker(m,)).

Lemma 1.14. (1) Z = {(¢n)nz1 € [Lpo1 Z/pzlm | 0 = am = an
mod m}.

(2) ForpePlet Z, = im Z/an. Then Z =~ [ L,ep Zp as topological
groups.

Proof. (1) by definition.
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(2) For m € Nog, m = [[p, we have Z/m = [[Z/p}* (Chinese remainder
theorem). Now go to the limit.

O
Corollary 1.15. \Z| = 2% in particular Z < Z.

Proof. 7.< [lnen., Z/nZ, ie. |Z) < 2%. By Lemma 1.14 (2) we get an epimor-
phism Z —» HpelP Z,/pZ, thus |Z\ > 2o, O

Definition 1.15.11. (1) Let G be a topological group. A subset S € G
is topologically generating iff (S) = G.

(2) A profinite group is called procyclic iff it is topologically generated
by a single element. (For example Z = (1), Gal(F,) = (F,).

Lemma 1.16. Z is free procyclic with topological generator 1, i.e. (it is
procyclic and) it is the initial object in the category of pointed profinite

groups.® In partucular (Z, 1) is uniquely determined up to unique isomor-
phism by this property.

%.e. for every pointed topological group (G, g) there exists a unique isomorphism
(Z,1) — (G, 9).

Proof. Let G = lim G; with G; finite and let g = (g;)icr € G < [[ G
Let n; := ord(g;) € N. We get a group homomorphism Z/niZ — G, 1 g;, s0
a continuous group homomorpism

These commute with f;;: G; — G, so by the universal property we get a unique
isomorphism ¢: Z — G as claimed. O

Remark 1.17.If H is a closed subgroup of the profinite group G, then
H= mH_sfisc H.

H open

Proof. Let H; denote the right hand side. Suppose H & H;. Choose h; € H{\H.
Then there is an open neighborhood Q 3 hq, such that Q n H = . We may
assume that Q@ = hy N, where N is an open normal subgroup (since these form
a neighborhood basis of 1).

Let H := H - N. This contains 1 and hy ¢ H, as WMN nH = & 4. O
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Definition 1.17.12. The set N, of supernatural numbers is defined as
the set of formal products [ [ cp p™®) where n(p) € N u {o0}.

Lemma 1.18. There is a one-to-one correspondence between Ny and the
set of closed subgroups of Z given by

[17® — [ Ho(n(p))

peP
where

Hoo e p"(p)Zp if n(p) eN
2 (0) if n(p) = oo

)

ie. Hpnw) = (Ngn(p) P"Zp-

Proof. This follows from Remark 1.17 together with the fact that the open

subgroups of Z are of the form nZ = Hpepo p”(p)Zp X quJP’\Po Zg4, where n =
HpEPO pn(;n)_

Proposition 1.19. (1) For a profinite group G the following are equiv-
alent:

(a) G is procyclic.
(b) There exists a continuous epimorphism ¢: Z — G.

(c) For ex;ery open and normal subgroup N < G, the quotient G/ N
is cyclic.

(2) Assume that G is procyclic and moreover that for every n > 1 there
is a (necessarily unique) open normal subgroup N, of index n. Then
every continous epimorphism ¢: Z — G is an isomorphism.

Proof. (1) (a) <= (b) is clear from the above. Also (b)) = (c) is clear:
Indeed let N < G be open, and ¢: Z — G. Then ¢~ *(N) < Z is open, so
of the form nZ for some n > 1. Hence

G, ~1L _Z/ . A1

Nzl oy =L =
Let us now assume that G satisfies (c). In particular G = lim G; with G;
finite cyclic (so abelain), so G is abelian.

For every open subgroup H < G (automatically normal) denote by Sy <
G the set
Sy = {g € G|gH generates G/H}
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Since G/H is cyclic, we have Sy # . Moreover if H < H', then Sy <

Sy If H, H' are both open, so is H n H' and thus Sg~g S Sy n Sy-.

Note that Sy is a finite union of cosets of H, so Sy is clopen, in particular

closed.

So {Sg|H < G open} has the finite intersection property. By compact-

ness of G, we have (\g<g Sy # . By construction any g € (| Sy is a
open

topological generator.

(2) Note that such a G has a unique open subgroup H,, of index n, since 7
has. Let ¢ : Z — G be a continuous epimorphism.

Claim 1. ¢ is injective.
This of course suffices by the usual argument for compact Hausdorff space.

Subproof. For all n > 1 the map

(pn=7Tn030:Z—»‘PG—»7lr G/HngZ/TLZ'

factors through Z/ ng, S Yn: Z/ Az = Z/nZ — Z/nZ, S0 1y, is an iso-
morphism for all n > 1. It follows easily that ¢ is injective. |

O

Definition 1.19.13. Let F be a perfect field. Fix an algebraic closure F21&
of F.

Then F is called quasifinite iff it has a unique extension F;, of degree n
in F2& for every n > 1.

Proposition 1.20. For a perfect field F' the following are equivalent:
(1) Gal(F) = Z,
(2) F is quasifinite.

Proof. (1) == (2) is clear by infinite Galois theory.
2) = (1):
Assume that F' is quasifinite. Let G := Gal(F).

For ever n € N> 1, G has a unique open subgroup N, of index n, wich in addition
is normal and F,, = (F*8)"N» is a Galois extension of F.

Let Gy := Gal(F,/F) =%/ y .

Claim 1. G, is cyclic.
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One the claim is proved, we are done by Proposition 1.19.

Subproof. We use inductoin on n > 1. n =1 is clear. n = p € P is clear as well.

Now let n > 2 be non-prime and assume that the statement holds for all n’ < n.
Pet p € P be such that p | n. Let g € GG, be an element of order p. Then

F' = Fég> is a finite extension of F of degree n’ = %. So F' = F,:,. By the

induction hypothesis, we have G, =~ Gn/< = Z/n’Z' Thus there is h € G,

such that (g, h) = G,,. The subgroup {(g) n {(h) has p elements or 1 element. If
it has p elements it is equal to {g), so g € (h), i.e. G, = (g, h) = (h) is cyclic.
Otherwise {g) n{(h) = {1}. Both (g) and (h) are normal, so [g, h] € (g) n{(h) is
trivial. So G,, = <{g) x <(h) . Note that p / n’ as otherwise there would be
—_—— =
Z/pZ ~7/n'Z
two different subgroups of order p, i.e. there would be two different extensions
of I of degree 7 = n'. [ |

O

1.3 Model Theory (of ACF)

[Lecture 04, 2024-10-18]
We'll use freely fundamental results from model theory (see [TZ12]%)

Theorem 1.21. Let T be a theory such that all finite Ty < T have a
model. Then T has a model.

Proof. Use Godel’s completeness and the fact that proofs are finite. O

Theorem 1.22 (Lo§’s Theorem). Let (M;);er be a family of L-sentences
and U an ultrafilter on I.

Let M =[],y M; = [ier Mi/Nu.
Let (21, ...,2,) be an L-formula, aj,...,a" € M, say o’ = (a)icr/ ~v-

Then we have

M = pla] < {iel|M; E olai]} €U.

This gives rise to an alternative, semantic proof of the Compactness Theorem
(1.21), see [Poi00, Theorem 4.5].

Recall:

2A good reference, but somewhat too compact for learning the material for the first time.
[Poi00] is a better introduction.
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e If £ is a first order language, M an L-structure, A € M a subset, L4 =
Lu{cilae A}, My = (M, = a).

A set w(x1,...,2zy) of La-formulae in x4, ...,x, is a partial n-type over
A iff for all p1,...,on €T

My =37 )\ ¢i(T)
(m is finitely satisfiable).

Note: By compactness, we find N > M and b e N™ a realization of m,
written N |=m(b) or b =7, i.e. N = ¢[b] for all p € 7.

e 7 is called complete if it is maximal finitely satisfiable ( <= for every
L a-formula ¢(T) either ¥ € m or —p € 7.)

e S, (A) = SM(A) := the space of all complete n-types over A endowed with
the Stone topology, with basic open (in fact clopen) sets of the form

(@)= {p e Sn(A)|p € p}

where ¢ is an £ 4-formula. This is compact (by the Compactness Theorem
(1.21)) and totally disconnected.

e Let x> |L£| be an infinite cardinal.
Definition 1.22.14. An L-structure M is k-saturated if for every

A< M, |A| < k every p(x) € S1(A) is realized in M ( = every
p(Z) € Sp(A) is realized in M).

Notation 1.22.15. We write tp™(a/B) = tp(a/B) = {¢(T) €
Lp|M = p[al}, the type of @ over B.

Here B< M, ae M" or even @ € M, I infinite.

e Let Ac M,A’ < M’ and f: A — A’ abijection. Then f is called partial
elementary iff it preserves all formulae, i.e. for every w(x1,...,x,) and
all ai,...,a, € A we have

M k= plai,...,an] = M' E=o[f(ar),..., f(a,)]

iff tpM (@) = tp™'(f(a)) for alla e A™
iff tpM(A) = tpM'(f(A)) (where A is enumerated).

e M is k-strongly homogeneous iff every partial elementary selfmap f of
M with |dom(f)| < k extends to some o € Aut(M).

Fact 1.23. Given an L-structure M and an infinite cardinal s, there
is N > M such that N is k-saturated and k-strongly homogeneous.
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Remark 1.23.16. Much later in the course, we will call monster
model of a complete theory T a k-saturated, k-strongly homoge-
neous model of T, where k » 0. (Sometimes a class-sized model is
used.)

Recall: An L-theory T has quantifier elimination (QE) iff for any £-formula
o(z1,...,2,), n = 13, there is a quantifier-free £-formula 1 (Z) such that T =

VI.(p < ).

Theorem 1.24 (Criterion for QE). For an L-theory T the following are
equivalent:

e T has QE.

e T is substructure complete, i.e. whenever M, N =T and A is a
common substructure® of M and N, then My = Ny.

e Let k= |T| = max(|£],Ro). Whenever M, N =T, |M| <k, N x-

saturated and f: A < N is an embedding of a substructure A < M,
there exists f: M — N extending f.

%structures are non-empty!

Remark 1.24.17. There are several variants of (3), sometimes more adapted
to a concrete situation.

Corollary 1.25. Let A be a set of L-formulas and T" and L-theory. Sup-
pose that every partial map between models of T" that respects the formulas
in A, ie.

M= plar, ... an] <= M o[f(a),..., flan)]

for all p € A, is already elementary.

Then there is a boolean combination of formulas in A such that T =
Vf(gp > w)

Proof. Name toe formulas in A by new relation symbols, i.e. if §(x1,...,2,) € A,
introduce new Rs(x1,...,2,) and add an axiom Vz.(6sT) < Rs(x). Quantifier-
free formulas in the expansion are boolean combinations of formulas in A. Now
apply Theorem 1.24. O

3see [Poi00, section 5.3] for a discussion on the necessity of n # 0
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1.3.1 Some Model Theory of ACF

We work in Lying = {0,1,+, —,-}. ACF is the Lying-theory of the algebraically
closed fields.

Theorem 1.26. (1) ACF has QE.
(2) The completions are given by ACF,, where p € P u {0}.
(3) Any ACF, is strongly minimal, i.e. if K = ACF, every definable
subset of K is finite or cofinite.

(4) If A € K |= ACF, then acl(A) = (Q({A))*8, where (A) denotes the
ring generated by A, @ the field of fractions and -2!& the algebraic
closure from algebra.

Proof. (1) We use Theorem 1.24 (3). Let K,L = ACF, K countable, L N;-
saturated. Let A < K be a substructure (i.e. a subring), f: A — L an
embedding. We need to show that f extends to f: K — L.

Step 1: f (uniquely) extends to f1: Q(A) — L. So wlog. A is a subfield.

Step 2: f extends (not necessarily uniquely) to fi: A8 < L, so wlog. A
is algebraically closed.

Step 3: If A% < K, let b € K\A. Then b is transcendental over A, so
K(b) ~ K(X).

Choose b € L\ f(A) (this is non-empty, as L is Ri-saturated). Then ¥’ is
transcendental over f[A], so b+— b extends f.

Iterate these steps to get f: K — L.

(2) Follows from (1) by substructure completeness, as F, and Z are prime
substructures for ACF, resp. ACFy.

(3) Let ¢(x) be a quantifier free Lying-formula. Let K = ACF. We need to
show that ¢[K] is finite or cofinite.

© is a boolean combination of atomic formulas and atomic formulas are
equivalent to p(X) =0, p(X) € K[X].

If deg(P) = 1, P(X) = 0 defines a finite set of at most deg(P) many
elements. If P is constant and non zero, the set defined is empty. If
P =0, the set defined is K.

The set of sets which are finite or cofinite is stable under boolean combi-
nations.

(4) “2” is clear.

For the other direction note that (Q((A)))*& < K, as (Q({A)))*# = ACF,
so it is acl-closed.
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Corollary 1.27. ¢
Let K = ACF,,.

(1) Ifae K™, k € K, then MR(a/k) := MR(tp(a/k)) = acl-dim(a/k) 2@
trdeg(k(@)/k),
(2) Additivity for MR: MR(ab/c) = MR(b/c) + MR(a/ch).

(3) If U > K is |K|*-saturated, then for an Li,g-formula ¢(Z) we get

MR(p) = max{trdeg(K (a)/K)|a € p[U]}.

(4) ACF, eliminates 3: For every L;ig-formula ¢(z,y), there is n,, €
N such that in any K = ACF, for all be K/9! :

(K, b) is infinite <= |p(K,b)| = N

Thus 3%x. (z,7) : <= IZ"ex. p(x,7)" is first order expressible, as
a formula in 7.

(5) MR is definable in families: Given an L;ig-formula ¢(7,7) for
every h € N there is a formula X, (%) such that for all b € K7,
K |= ACF,,

MR(¢(7,b)) = h <= K |= xpn(b).

%valid in all strongly minimal theories
b3=79 () is a shorthand for

Az1,...,Tn. /\mZ # Tj A /\Lp(xz)

Proof. (5) MR(p(Z,b)) > k iff

\ 3w, 3%, 3we0(@, ).
I<{1,...,n}

Remark 1.28. Morley degree is also definable in ACF, (we will do this
later, it is more complicated). However this is not true in any strongly
minimal theory!

Recall: Spec(k[Xq,...,X,]) = {¢ < k[X] prime ideal}.
QE in ACF yields:
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Fact 1.29. The map S, (k) — Spec(k[X1,...,Xn]), tp(@/k) — {f(T) €
k[Z]|f(@) = 0} is a bijection with inverse given by

p—tp(X; modp,..., X, modp/k),

where k[X]/p < L = ACF.

1.4 Some Commutative Algebra and Elementary Alge-
braic Geometry

[Lecture 05, 2024-10-22]

Tensor product of commutative k-algebras Let kbe a field. A commu-
tative k-algebra is a commutative ring R with a ring homomorphism i: £k — R.

Remark 1.29.18. The commutative k-algebras form a category, where a
morphisms are ring homomorphisms compatible with the maps i;: k — R;.

Fact 1.30. The category of commutative k-algebras has coproducts: Given
two k-algebras Rp,Rs there is a k-algebra R and morphisms f;: R; — R
for ¢ = 1, 2 satisfying the following universal property:

Ry

For any k-algebra homomorphism g;: R, — S, ¢ = 1,2, there is a unique
homomorphism g: R — S such that go f; = ¢;, i = 1,2.

R is determined by the universal property up to unique isomorphism. It is
denoted by R ®j Ras.

Proof. R; is a k-vector space via i;, j = 1,2. Let R := R ®; Rz be the tensor
product as k-vector spaces.

Recall that if 9B, is a k-basis of R;, then a k-basis of R is given by (b! ®b?)p, e, -
b2€%2

Now assume 1 € B, (if R; = (0), set R := (0)).

The multiplication on R is defined as follows:
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Given b',c! € B1, b2, 2inB, let

btet = Z a;b}
b,}e%l

2.2 _ 32

Vet = > Bt
b?e%z

for some oy, B; € k. Set
'@V - (' ®c?) =) aiB;(bf ®b3).
¥

Extend this map bilinearly to -: R x R — R. Define k > R,1 — (1®1). One
verifies:

(i) - is commutative,
(i)
(iii) - is associative,

(iv) together with f;: R; — R, f1(b}) =0} ®1, f2(b?) == 1@ b? (extended k-

linearly) R is a commutative k-algebra, the f; are morphisms and (R, f1, f2)
has the universal property of the coproduct.

(Exercise) O

- is distributive,

Corollary 1.31.If Ry, Ry are k-algebras and o; € Autg(R;), j = 1,2,
then there exists a unique o € Aut( Ry ®; R») such that f;oo; = oo f;.

Proof. Use the universal property. O

Example* 1.31.19.
(1) Let R1 = k[Xl, e 7Xn]7 RQ arbitrary. Then R1®kR2 =k RQ[Xl, e aX'n. .
(2) C@RC = (C[X]/(X2+1) = (C[X]/X—i X (C[X]/X—l-l ~ Cx (C,

so the tensor product of integral domains need not be an integral
domain.

Linear disjointness in fields Consider field extensions

Q
Z N

S Z
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Definition 1.31.20. K is linearly disjoint (1.d.) from L over k iff
any k-linearly independent family (z1,...,2,) from K is L-linearly inde-
pendent.

Notation 1.31.21. K | I, -

Lemma 1.32. (1) Let B be a k-basis of K. Then KIQL iff B is linearly
independent over L.
(2) Let R < K and S < L be subrings such that Q(R) = K, Q(S) = L
Then K LE'L iff for any k-linearly independent family (ry,...,r,) from
R there are no (si,...,s,) € S"\{0} such that " | s;r; = 0.

Proof. Easy exercise. O

Fact 1.33. For K 2 k< L € M all contained in 2, one has
(1) KL;M iff KIE'L and KLIQM, where KL denotes the field composi-

tum.?

(2 KILif LTK.

“K[:= K(L) = L(K)

Proof. (1) KlM = KiLlS clear andKiM = KLleollows from

Lemma 1. 32 as KL = Q( [K]) and L[ K] has an L-basis of elements from
K.

“ R

<= " is clear from the definitions.

(2) Assume LIEIK. Let y1,...,Yn € L be k-linearly independent and x1, ..., z, €

K not all 0 such that > z;y; = 0 (¥). We may assume that z1,...,x, are
K-linearly independent and

T
x; = Z Q4 Ty
p=1
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fori=r+1,...,n, a;, € k. In particular » > 1. From (*) we obtain

T n r
Z TpYp + Z (Z awxu> y; =0
p=1

i=r+1 \pu=1
T n
— Z Yu + Z ;Y | Ty =0,
p=1 i=r+1
#0

1.d.
so K % L.

Fact 1.34. The following are equivalent:
(1) K 1L,
(2) K[L] = K ® L,
(3) KL ~;, Q(K ® L).

Proof (sketch). (1) = (2) From the universal property, we get a morphism
of k-algebras K ®; L - K[L] which is surjective. If 3 a; (z; ®y;) € ker(r),

then in K[L] we get

J

so by KIQL we get

ZECiji:=O

for all j, so a;; = 0 for all 4, j. (Here (z;) and (y,) are k-bases.)

The other directions are easy.

Fact 1.35. (1) Let k € K, L < k*# with K/k and L/k finite. Then

KL « [KL:k|=[L:k][K: k]

If K/k is Galois, this is equivalent to K n L = k.
(2) Let K/k be algebraic and L = k(X7,...,X,). Then in any common
overfield 2 © K, L 2 k one has KIEIL.

(3) Assume K /k is such that k8 n K = k, i.e. k is relatively al-
gebraically closed in K, and let L/k be separable algebraic. Then
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1.d

K|L.
k

Proof. We leave (1) and (2) as exercises.

(3) We may assume that L/k is finite, so by the primitive element theorem there
is a € L such that L = k(a) = k[X]/P(X) where P(X) := MiPo(«a/k). Then
P(X) is irreducible over K, so

[KL: K] =[K(a): K] =[k(a) : k] =[L:k].

Indeed, let Q(X) = MiPo(a/K) € K[X]. Then the coefficients of @Q lie in
KnkM=Fk soQ=P. O

al
Notation 1.35.22. For £k € K, L < Q we write KL if K and L are
k

algebraically independent over k, i.e. iff for any Ky € K finitely generated
over k on has trdeg(Ko/k) = trdeg(KoL/L).

As algebraic closure defines a pregeometry (matroid) in every field (by Steinitz
exchange), we easily obtain:

Fact 1.36. For kc K< Q, k< L < M < Q we have
1) KL — LUK,
k k
alg alg alg
(2) KIM < K|LAKL|M,
k k L

a alg
3) K'I'M < K| poe,
k

ralg

Fact 1.37. For k < K, L < Q) we have
(1) K7L = KTL

(2) The converse does not always hold, e.g. <cl'£<c but (CaigC.
R

al
Proof. (1) Suppose K £ L. Choose Z1,...,T, € k algebraically independent
k
1.d.
over k such that z,, € L(w1,...,7,_1)*8. Then k(z,...,7,)
2, ... are linearly independent over k(z1,...,z,—1) but not over
L(z1,...,2,—1). This contradicts Fact 1.33.

as 1, z,, 22

O
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Remark 1.38. k is relatively algebraically closed in k(X7, ..., X,) (induc-
tion on n).

Regular field extensions A context whose things behave very nicely in al-
gebra and algebraic geometry:

Definition 1.38.23. A field extension K /k is called regular if Klg'kalg
(in Q = K#8).

Remark 1.38.24. K /k is regular iff for every k € Ko € K with Ky/k
finitely generated one has that Ky/k is regular.

Proposition 1.39. Let K /k be regular. Then the restriction map res: Gal(K
Gal(k) is surjective.

1.34
Proof. We have K& 2 Kks = K[k2] ( ~ : K ® k*8. By Corollary 1.31

o € Gal(k) comes from & € Auty(K[k*¢]) such that 6| = idx. So & lifts to
¢ € Gal(K) with res (5) = o. O

Definition 1.39.25. A field extension K /k is called separable if char(K) =
1.d.
0 or char(K) =p >0 and K L kv, where

kv = {z € k¢|z? € k} = Frob, ! (k) € k™.
1d. 1 Ld. 1 1 1
(Note that K Lkr < K Lk»7, where k™ := k™)
Proposition 1.40. For a field extension K /k the following are equivalent:
(1) K/k is regular,

(2) K ®j, k¥# is an integral domain (thus a field),

(3) k is relatively algebraically closed in K and K/k is separable.

Proof. Later (or [Lan73]) O

Proposition 1.41 (Mac Lane). For a field extension K /k the following
are equivalent
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(1) K/k is separable,

(2) every finitely generated subextension k& € Ky < K is separable
(i.e. Ko/k is separable),

(3) every finitely generated subextension Ky/k is separably generated
over k, i.e. there is a transcendence basis z1, . . ., z,, of Ky/k such that
Ko/k(z1,...,z,) is separable algebraic.

Proposition 1.42. (1) If L/k is regular and L 2 K 2 k, then K/k is
regular.

(2) If L/K is regular and K /k is regular, then L/k is regular.
(3) If k = k¥, then every K /k is regular.

Proof. Clear from the definitions and elementary reasoning. O

Corollary 1.43. If k is perfect, then K /k is regular iff K n k28 = k.

[Lecture 06, 2024-10-25]

al
Theorem 1.44. Let K/k be regular and L/k arbitrary such that KL

k
Then

(1) K'IL and

(2) KL/L is regular.

Proof. (1) later (or see [Lan73] or do it as an exercise).
(2)
KTL . KafLalg
O g
K

(L3 KL/L regular

O
alg
Corollary 1.45. Let K/k be regular and L/k regular such that K%L.
Then K L/k is regular.
Proof. By Theorem 1.44 (2) and Proposition 1.42 (2). O
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Algebraic sets and varieties Fix K < Q = ACF with trdeg(©2/K) infinite.
By QE in ACF all types over A = K(a) for @ € Q finite are realized in .
Consider affine n-space 2 = A™(2)

Definition 1.45.26. e For S < K[X;,...,X,] let
V(S) =Vo(S) ={ac Q"|VfeS. f(a) =0},

called the algebraic set defined by S.
e For Y € Q" set

I(Y) = Ig(Y) = {f e K[X]|Vae Y. f(@) = 0},

called the ideal (over K) associated to Y.

Remark 1.45.27. If T ={S) = {f1,..., fiy < K[X1,...,Xy] is the ideal
generated by S, then V(S) =V (I) =V ({f1,..., fi}).

Proposition 1.46. (1) Let I < K[X] be an ideal. Then I(V(I)) 2 I
and I(V(I)) is aradical ideal, i.e. it coincides with /I (V' (I)), where
VJ = {feK|3neN,. f* e J}. Furthermore V(I(V(I))) = V(I)
(2) Let Y € Q™. Then V(I(Y)) 2Y and I(V(I(Y))) = I(Y).

(3) If V,W < Q are K-algebraic sets and I = I(V), J = I(W), then
VoWiff I € J,in particular I = J iff V = W.

Proof. Easy. O

For k < 2 and an algebraic subsets W < ", a k-rational point is some a € W
such that aq,...,a, € k. Let W(k) denote the set of k-rational points of W.

Theorem 1.47 (Hilbert’s Nullstellensatz). Let I < K[Xy,...,X,] be an
ideal and V =V (I).

(1) Weak form: Assume that K = ACF.
(a) If I is proper, there is a € V(K).

(b) If I = m is maximal, then m = (X; —ay,..., X, — ay) for some
a,...,an € K.

(2) Strong form: If f € K[X]is 0 on V(K?#), then there exists n > 1
such that f™ e I. In particular

I(V(I)) = VI
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Proof. (1) (b) = (a) is clear, as every ideal is contained in a maximal one.

(b): Consider K[X]/m < Q. The image of X (mod m) is a solution in Q.
As K < Qand m = {fy,..., fi) for finitely many f; € K[Z] (since K[X] is
Noetherian by Hilbert’s basis theorem), K = 3z. A f;(Z) = 0. Thus there

isa e K™ as claimed.

Let f be as in the statement, i.e. flV(Kalg) = 0 and let Y be a new variable.
Consider

J=(,1-Y f)c K[X,Y]
and W := V(J). By assumption W (K®8) = &, so by (1) we have J =

K[X,Y]. Thus there are gi,...,q,9 € K[X,Y] such that

l
1= gifi+g-(1-YF)

i=1

Work in K (X) via the map

K[X,Y] — K(X)
Xi— X,
1
Y — —.
f
We get 1 = Zi=1 f}ifi fi for n; > 0 and some h; € K[X]. Setting n =

max; n; we obtain f" = Zli=1(hif"_"f‘)fi el.

Corollary 1.48. I(-) defines a S-reversing bijection

{ K-algebraic subsets of Q"} < {radical ideals of K[X]}

with inverse V(+)

Corollary 1.49. Two K-algebraic subsets of €2 are equal iff they have the
same K _rational points. In particular, we get a bijection between the
set of radical ideals of K[X] and K-algebraic subsets of (K?8)".

Corollary 1.50. There is no infinite strictly descending chain of algebraic
subsets of Q™.

Proof. K[X] is Noetherian. O
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Theorem 1.51. The K-algebraic subsets are the closed subsets of a Noethe-
rian topology on Q". Similarly, the sets V(K) for a V' a K-algebraic subset
of Q™ form the closed subsets of a Noetherian topology on K™

It is called the Zariski topology (over K).

Proof. Let I,J < K[X] be radical ideals, V = V(I), W = V(J). Clearly
VW =V({I,J)). More generally

(VL) = V(i€ A))

i€A
which moreover is equal to a finite subintersection (), 4, V(i) by Noetherian-
ness.

Claim 1. VoW =V -J).

Subproof. “< 7 is trivial. “27: if @ € V(I - J)\V, then there exists f € I(V)
such that f(a) # 0. Let g € I(W) be arbitrary. Then f-ge I-J, so
0=(f 9= f@ -9@)
~—
#0
=g(@a)=0 = aeW.

Definition 1.51.28. A K-algebraic set V is an (affine) K-variety if it
is irreducible in the Zariski topology (over K), i.e. iff there are no proper
K-algebraic subsets W, Z < V such that W v Z =V.

Fact 1.52. For a K-algebraic subset V € Q" the following are equivalent
(1) V is a K-variety,
(2) V(K*®8) is irreducible in the Zariski topology over K,
(3) I(V) < K[X] is a prime ideal.

Proof. (1) = (2) is clear.

(2) = (3): Let f,g € I(V) with f,g ¢ I(V). Then V({I(V), ) = V1,
V({I(V),g)) = Vo satisfy V; € V and Vi U Vo = V| similarly on K?®-rational
points, so V(K®#) is not irreducible.

(3) = (1):
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Suppose (1) fails. Let V = V; u V5 and take f € I(Vi)\I(V), g € I(Vo\I(V).
Then fgeI(V) 4. O

Theorem 1.53. If V € Q" is a K-algebraic set, then there are K-varieties
Vi,...,V; such that V = |J._, Vi. Moreover if V; & V; for any i # j, then
this decomposition is unique up to permutation and the V; are called the
K-irreducible components.

Proof. This holds in all Noetherian topological spaces. O

Remark 1.54. If V = V(I) = |J;_, V; is the irreducible decomposition of

the K-algebraic set V into K-varieties, then p; := I(V;) < K[X] are the
minimal prime ideals over I (and thus v/T = ()_, p;).

Definition 1.54.29. Let K = K& < Q and let V < Q" be a K-algebraic
set. For a subfield k € K we say V is defined over k if there are

fis---, fr € K[ X] generating I(V).

Note. V is defined over k iff (V') has a basis as a K-vector space from I(V)n

Theorem 1.55 (Weil). Let K be algebraically closed and let V' be a K-
algebraic subset of 27,. Then there is a smallest field of definition ky € K
for V, i.e.

(i) V is defined over kg

(ii) whenever V is defined over k for some k € K, then ko C k.
Proof. For p € N™ set X* := [, X!, Then (X*),en forms a K-basis of
K[X].

Let B := (b, = X* (mod I(V)))ue be a K-basis of K[Y]/I(V)_ For v € N
we may write
XV = Z ay, , mod I(V)
neB

for unique a,,, € K.
Claim 1. ko := F(ay,u)v,uen works, where F is the prime subfield of K.

Subproof. (1) The f, = X" =3}  pa,, X" for v € N generate I(V) by

construction.
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(ii) Exercise in linear algebra, see [Lan73, Chapter II].

Remark 1.56. ko/F is finitely generated, as if fi,...,f; € k[X] with
I(V) ={f1,..., fi), then kg < F(coefficients of fi,..., f;) =k and k/kq/F
with k/F finitely generated.

(Exercise: A subextension of a finitely generated extension is finitely gen-
erated.)

Coordinate rings, rational function field, generic points

Notation 1.56.30. For £ < {2 and @ € Q" we set
o I(a/k) = {f(T) € k[X]: f(@) = 0} (a prime ideal by Fact 1.29).
e loc(a/k) =V (I(a/k)) is a k-variety, the locus of @ over k.

o If V is a k-algebraic set, k[V] := k[Y]/I(V) is called the coordinate
ring of V.

o If Vis a k-variety, k(V) = Q(k[V]) is called the field of rational
functions on V.

e If V is a k-variety, dim(V') := trdeg(k(V)/k).

e If V is a k-algebraic set with decomposition V = | JI_, V; into irre-
ducible k-varieties, dim(V') := max(dim(V;)).

Fact 1.57.Let p < b[X] be a prime ideal. Then all maximal chains

Pp=poSp1 ... < p < k[X] with p; prime ideals have the same length

I, which is equal to trdeg(Q(k[X]/p)/k).

In particular, a proper k-algebraic subset of a k-algebraic variety V has
strictly smaller dimension than V.

Theorem 1.58. Let V € Q" be a k-variety. Then

dim(V) = agl/gﬂu()g{l){trdeg(k(ﬁ)/k)}

and for every a € V(Q) one has trdeg(k(a)/k) = dim(V) iff the map X; —
a;, © =1,...,n, induces a k-isomorphism k(V') = k(a).

Proof. Recall that trdeg(Q/k) = 0. A morphism k(V) <% Q exists by the
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assumption on transcendence degree, as € is algebraically closed.
Let @’ € V. Then loc(@ /k) € V, as I(a'/k) 2 I(V).

The easy proof is left as an exercise. O

Terminology 1.58.31. @ € V with loc(a/k) = V is called generic in V
over k or a generic point of V' over k.

Question 1.58.32. Let p < k[X] be a prime ideal. When does I := pK[X]
for k € K = K& c Q, define a prime ideal?

Let V == V(p), so k[V] = k[X]/p, k(V) = Q(K[V]).

Proposition 1.59.1 = pK[X] for k € K = K2 is a prime ideal iff
k(V)/k is regular. In particular if V is a K-algebraic set which is defined
over k and k-irreducible, then V is K-irreducible iff k£(V')/k is regular.

[Lecture 07, 2024-10-29]

Definition 1.59.33. Let V be a k-variety, i.e. a k-irreducible algebraic set.
Then V is called absolutely irreducible iff it is k2!¢ irreducible.

Remark 1.60. By Proposition 1.59, a k-variety is absolutely irreducible
iff for every K 2 k, V is K-irreducible. This explains the terminology.

2 The Theory Psf’

Definition 2.0.34. A field F' is called pseudofinite iff it satisfies the
following conditions:

(P1) F is perfect.

(P2) For every n > 1, F has a unique algebraic extension F), of degree n
(inside a fixed algebraic closure).®

(P3) Every absolutely irreducible variety defined over F has an F-rational
point.

“Equivalenty - under (P1) - Gal(F) = Z, by Proposition 1.20

Definition 2.0.35. A field satisfying (P3) is called pseudo algebraically
closed (PAC).
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Theorem 2.1. There is an L,i,,-theory, called Psf’, which axiomatizes the
class of all pseudofinite fields.

Proof. (See Comment 0.4)
(P1) is first order expressible: For every p € P we add an axiom of the form

Xp=:1+1+...+1=0->Ve. Jy. ¢y =2z
R

p times

Modulo (P1), (P2) is equivalent to a field F" having exactly one extension F;, of
degree n, in some fixed algebraic closure, and F,,/F is separable, so F,, = F(«)
for some . For every n > 1 we add an L,ine-sentence 1) expressing the following:

There are yo,...,Yyn—1 € k such that
(i) P(X)=X"+yn1 X" 1+ ... +y1 X +yp is irreducible in k[X].

(ii) Whenever Q(X) = X" + 2, 1 X" 1 +... 421X + 20 is irreducible in k[ X],
there are q1,...,¢, € L :== k[X]/P(X) such that Q(X) = (X —q1) - ...-
(X - Qn)-

To see this, one uses an L,ing-formula Irr, (Y, ..., Y,_1) such that k = Irr,(bo, . ..

iff X" +b,_1 X" 1 +...+bg is irreducible in k[X] and the fact that, uniformly
in the coefficients of an irreducible polynomial P(X) € k[X] of degree n, the
field L := k[ X]/P is interpretable in k. The interpretation uses the base set K",
Op = (0,...,0), 11 == (0,...,0,1), componentwise addition and multiplication
given by a K-bilinear map using the coefficients of P(X) as parameters. The
details are left as an exercise.

By the primitive element theorem, in perfect fields every finite extension is
generated by a single element.

So modulo (P1) we axiomatize (P2).

The fact that (P3) is axiomatizable follows from the following fact and corollary.
O

Fact 2.2 (Grete Hermann 1926; _non-standard proof by van-den-Dries &
Schmidt 1984). Let n,d > 1 and X = (X1,...,X,).

(A) There is a constant A = A(n,d) such that for every field K, poly-

nomials f1,..., fm,9 € K[X]<q if g € {f1,..., fm), then there are
hl, .. -7hm S K[X]sA such that g = Z:il hzfz

Here K[X]<q denotes the finite-dimensional K-linear subspace of

K|[X] given by the polynomials of total degree < d.
(B) There is B = B(n,d) such that for every field K and f1,..., fim,g €
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K4 if there exists k € N such that ¢* € (f1,..., fr) then ¢g® €
<f1,"'afm>-

(C) There is a constant C = C(n, d) such that for all ideals I, J < K|

generated by elements from K[X]<4, the ideals I nJ and J : I :

ks

{f € K[X]|fI < J} are generated by elements from K[X]<c.
(D) There is a constant D = D(n, d) such that for every field K and ideal

I < K[X] generated by elements from K[X]<q which is no prime,

there are g,h € K[X]|<p, g,h ¢ I such that g-h e I.
(E) There is a constant F = FE(n,d) such that for every field K and

I < K[X] generated by elements from K[X]<q there are at most F
minimal prime ideals over I, and they are all generated by elements

from K[X]<g.

For n,d € N there are N,(d) monomials in X = (Xi,...,X,,) of total degree

< d. Choosing these monomials as a basis of the K-vector space K [X]<ad, every
f € K[X]<q corresponds to an N,,(d)-tuple b e KNn(?) via

Nn(d)

f=>) bimi,
i=1

where (m;); is an enumeration of these monomials. Every ideal I < K[X]

generated by elements of K[X]<4 may be generated by N, (d) many elements

from K[X]<a, so we get the following:

Corollary 2.3. (1) Givenn,d > 1, thereis a quantifier-free £,ing-formula

On,d( X1,y Xn, (Uig)1<i,j<N @)

expressing
Ny (d)
N\ £Hi(X) =0,
i=1

n d
where f; == Zjvzl( )yijmj.

So for every K-algebraic set V' = V(I) with I < K[X] gener-
ated by elements of K[X]<q there is b € kNn(@>Na(d) such that
I ={f1,.., fn, (), where (fi,..., fn,()) correspond to b, and so

V(L) = ¢n,a[L,b] for any L D K.

(2) For ¢, 4 as in (1) there is a quantifier free L,ing-formula x,, ¢(7) such
that for every field K and

7 e KNn(@xNo(d)
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the ideal {f1,..., fn, @ K™8[X] is prime® iff K |= xn,a(b).

%50 in particular gomd(Y, b) defines an absolutely irreducible variety

Proof. (1) is clear.

ad (2): By Fact 2.2 (A) and (D) there is an Lying-formula x,, ¢(7) such that
in any field K for b € KNn(D>*Nn(d) the corresponding ideal {fi,..., N @) <

K[X] is prime iff K |= x7.q(b).

Since ACF eliminates quantifiers, there is x, ¢(y) quantifier free such that
ACF ): Vy (Xn,d(y) - Xn,d(y)) .

Then X,,.4(7) is as desired, as for b e KNn(@*Nn(d) one has

K ): Xn,d(g)
iff K% = xn,a(D)
iff {f1,..., an(d)>Kalg[Y] < K¥8[X] is prime.

O

From Corollary 2.3 it follows that being PAC is L,inz-axiomatizable (by infinitely
many Lying-sentences) finishing the proof of Theorem 2.1.

Remark 2.3.36. We will not give a proof for Fact 2.2 but we will later
give and alternative (effective) approach to show that being an absolutely
irreducible variety is definable in parameters which his the only thing we
used in the proof of Theorem 2.1.

Recall that if M < N are L-structures, then M is existentially closed (e.c.)in
N iff for every quantifier free L(M)-formula ¢(T) we have

N E=3T. o(T) = M =37. (7).
M = T is existentially closed, iff it is existentially closed in every superstructure

NET.

Proposition 2.4. For a field K the following are equivalent:
(1) K is PAC.

(2) For every absolutely irreducible K-variety V, V(K) is Zariski dense
in V, i.e. not contained in any proper algebraic subset W < V.

(3) Let L/K be regular. Then K is e.c. in L.
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Proof. (1) = (2): Let V be an absolutely irreducible K-variety. Towards
a contradiction assume that V(K) is not Zariski dense in V. Then, working
in K22 there is f(X) € K*2[X] vanishing on V(K) but not on V(K?28).
Multiplying f by all its conjugates and raising it to to some power pV in case
char(K) = p > 0, we may assume f(X) € K[X], where X = (X1,...,X,) and
V € A", Define a K-variety U € A" by the ideal (I(V),1 — X,,,1f) < B. U
is absolutely irreducible and has the same function field as V. By construction
U(K) = &, contradicting (1).

(2) = (3): Let L/K be regular. We want to show that K is e.c. in L. For
this we may assume that L/K is finitely generated, say L = K(aq,...,a,). Let
©(T) be a quantifier-free L,ing (K)-formula such that L |= 3Z. ¢(T).

We may assume that

m

(@) = \ i@ =0 j(@) #0

for polynomials fi,..., fm,g € K[X]. Indeed, if ¢ = 1 v ... Vv @, then
L = 3z. ¢; for some i.

Using the same trick as before, adding a new variable, we see that 3T. o(T) is
equivalent to

X, Xog1. N\ Fi(X) =04 Xpp19(X) = 1.

i=1

Thus we may assume ¢(7) = A", f;(T) = 0.
Let b € L™ such that L |= ¢[b]. Set V := loc(b/K). Then K(b) = K(V) is a

regular extension of K (as K € K(b) € L) and so V is an absolutely irreducible
variety. By construction V. € V({f1,..., fa)). By (2) V(K) # ¢ and any

¢ e V(K) satisfies ¢(T).
(3) = (1): Let V be an absolutely irreducible K-variety, V< A™. Then
K(V)/K is regular, so by (3) K is e.c. in K(V). Let @ be a generic point of

V over K, so K(V) = K(a), and let fi,..., f, € K[X] be such that I(V) =
{f1y.++s fay. Then

K(V) = K(@ k37 A fi@) =0,
i=1

so K E=3T. A\“, fi(T) =0, ie V(K) # &. O

[Lecture 08, 2024-11-05]

Corollary 2.5. Let L/K be regular and FF 2 K a PAC field which is
|L|*-saturated.
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Then there exists f: L 2 F respecting K, i.e. f|x = idg.

Proof. By saturation of F' it suffices to show that any finitely generated L(VK
such that Ly € L K-embeds into F.

Let Ly = K(a@). Set V := loc(a/K). This is absolutely irreducible as Lo/K is
regular.

By Proposition 2.4 V(F) is Zariski dense in V.
aftp, . (a/K) is finitely satisfiable in F as

ring

aftp(a/K) = {T € V,x ¢ W for all K-algebraic sets W < V'}.

So by | K |*-saturation of F, we find b € F such that loc(b/K) =V, i.e. qftp(a/K) =
qftp(b/K), so K(a) = Lo — F,a— b. O

To prove a quantifier reduction in Psf’, we need a strengthening of Corollary 2.5
in certain cases, namely that F / F(L) is regular (in specific cases).

Proposition 2.6 (Embedding Lemma). Let L*& > K28 < Fal8 with
L o K € F such that L/K and F/K are regular and K, F, L are perfect
(equivalently, these fields are perfect, K8 L = K and K8 nF = K, see
Corollary 1.43). Now assume that F |= Psf’ and that F is |L|-saturated.
Let ® := Gal(F) — Gal(L) be a continuous epimorphism wich respects
K, ie. Yo € Gal(F). o|gus = ®(0)|gee.® Then there is a K*!8-embedding
f: L¥8 — F?l8 (with f(L) € F) such that

(i) f induces @, i.e. Yo € Gal(F),a € L*8. o(f(a)) = f (®(c)(a)) and

(ii) F/f(L) is regular.
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P (o)

~

Kalg

L F
regh Alar
K

%It suffices to have this for topological generators.

Falg

Proof. Note: By regularity of L/ 7 and r /I the restriction maps Gal(L) —
Gal(K), Gal(F) — Gal(K) are surjective (see Proposition 1.39).

Let Q= Q(L ®xk F)alg - Q(Lalg ® ol Falg)alg.
Working in 2 we thus have LIIIEF. Thus Gal(L¥&F¥8/LF) = Gal(L) X Gal (K)
Gal(F) * by the properties of ® (Exercise).

Let H < Gal(L¥8F?/LF) be the closed subgroup given by the graph of ®,
i.e. H={(®(0),0)|o € Gal(F)}. If o is a topological generator of Gal(F) =~ Z,
then 79 = (®(09), 00) is a topological generator of H, oy — 7p gives an isomor-
phism, and ®(0y) is a topological generator of the (procyclic) group Gal(L).

Let 7 € Gal(LF) be such that 7|paspas = 7o and set M := ((LF)*2)™ be the
fixed field of 7, so also the fixed field under {7) = Z.

By construction 7|p.s = ®(00) and 7|pas = 09. So M n L& = [ and M n
Fale = F 50 M/L and M/F are regular. Let Fn/F be the unique extension of
degree n. Then as M IQFalg (by regularity), M,, := MF,, is the unique extension
of M of degree n (note that M is quasifinite) and Gal(M) =~ Gal(F), since

Gal(M) W Gal(F)
12 12
Z— s 7
is surjective, hence an isomorphism.’

Indeed M?'& = M F?& = M[F*8]. Choose My < M satisfying

4This denotes the fiber product, {(o,7) € Gal(L) x Gal(F)|o|alg = T|ale}-
5see Proposition 1.19 (2)
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(a) [Mo| < |L| + Ro,

(b) L € My and there is Fy < F such that Fy € My and K < Fy.

(c) Fal8[My] = L.
As F € F(My) € M and M/F is regular, Arguing as in the proof of Corol-
lary 2.5 we find an Fy-embedding f: My — F. As MolgFglg (exercise; follows

in various ways), f extends to an Fi'%-embedding

fi My[F'e] — F?e,
Note that M, [Foalg] is algebraically closed, as My, = MyEp , for all n, M [Fglg]
contains L, so it contains L.

Claim 1. f|pu: L% — F% js as desired.

Subproof. Indeed let a € L*8, so a = Y}, m;b; for some m; € My, b; € File,
We compute
®(oo)(a) = 7(a)
= D or(mi)r(by)

7| pm=id s

Tlrag =00 Z m;oo(b;).

Since f|F§1g = id e, we get f(®(00)(a)) = o f(mi)oo(bs).
Also
o0(f(a)) = oo(oi f(mi)bi)
TS fma)o(by).

So (i) holds for all o € Gal(F) (since we have shown it for the topological
generator o).

ad (ii): f(@) is perfect. So we need to show f(L)»% A F = f(L). Let a € L*®
such that f(a) € F. Then

o0(f(@)) = f(a)
= (®0)@) = fla)
O(og)(a) =a

f injective
< acl.
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Lemma 2.7. Let Ly, Lo 2 K be arbitrary field extensions such that Ly =g
Lg. Then ll N Kalg =K L2 N Kalg.

Proof. Note that if L¥ > Lo, then L*2 n L¥ = K*'2 ~ Ly as L5 A L¥ = Lo.

So we may assume that Lo is |L1|T-saturated. Then there is an elementary K-
embedding of L; into Ly by universality of saturated models. Then f restricts
to an isomorphism as claimed, since f(L1) < Lo

O

Proposition 2.8. Let K be a (perfect)® field, K < Fy, Fy, F; | Psf’,
FVK regular. Then F} =g F>.

%This also follows from the other assumptions.

Proof. We may assume that Fy is |F;|*-saturated. It is enough to find a K-
embedding f: F} — F5 such that F2/f(F1) is regular. Then idg sits in a back-

and-forth system given by partial isomorphisms between relatively algebraically
closed subfields.

Let 01 € Gal(F}) be a topological generator of Gal(Fy) and og = 01|gaic a
topological generator of Gal(K).

Claim 1. There exists a topological generator oo of Gal(Fy) =~ 7 such that
UZ‘Kuly = 0y0.

Subproof. Assume that ¢: 7 — H is a continuous epimorphism and h € H is a
topological generator.

We need to show that there exists a topological generator o of Z in ¢~ 1 (h).

As H is procyclic, we have H = LiLnieN H; such that H; >~ Z/niZ and H;,1 — H;
SO Ni|Njgq.

Let @; i=m;0p: Z — H; = Z/niZ = (hi), where h; = m(h).

p; factors through ; : Z = Z/niZ = Z/niZ’ so 1; is the multiplication
* 3
by some k; € (Z/niZ>

. x . .
Let k € Z* := lim (Z/nZ) such that m,,(k) = h; for all i and ke Z* C Z is a

topological generator.
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Then ¢(k) = h.

®: Gal(Fy) = Gal(Fy),0, — o9 respects K2, By the Embedding Lemma
(2.6) we find f as claimed. |

O
Setting K = F in Proposition 2.8 yields:

Corollary 2.9. Let F' € F’ be pseudofinite fields. Then F < F/ <«
FenF' = F.

Theorem 2.10. Let I, Fy |= Psf’ with a common subfield K. Then the
following are equivalent:

(1) Fi =k F>,
(2) Fi n K*8 =, F, ~ K&,

Proof. (1) = (2) by Lemma 2.7.

2) = (1): By Proposition 2.8 f: F| n K*8 >~ F, n K8 is elementary, so in
y y
particular idg is elementary, so F} = Fb. O

[Lecture 09, 2024-11-08]

Theorem 2.11. The completions of Psf’ are given by adding sentences of
the form

3. f(t) =0

and
V. f(t) # 0

for f(T) € Z[T].

Proof. These sentences determine the characteristic, as for p € P the constant
polynomial p € Z[T] is contained.

Thus applying the Lemma 2.12 to K =, or K = Q will yield the result. O

Lemma 2.12. Let K be a perfect field and Ly, Ly 2 K. Suppose that for
every f(T) € K[T] we have Ly = 3t. f(t) =0 < Lo = 3t. f(¥).

Then K28 A L, >~ K& A Ly.

Proof. By compactness of the Krull topology on Gal(K), it suffices to show the
following:

2 THE THEORY Psf’ 43



Claim 1. Let N 2 K be a finite normal ( < Galois) extension. Then
LinN=x~g LynN.

Subproof. Let LinN = K(«) and f(T) := MiPo(«/K). Then Ly = 3t. f(t) =0,
hence Lo = 3t. f(t) = 0.
SoLinN<>LynN.

In particular [L1 n N : K] < [La n N : K]. By symmetry we have equality,
i.e. ¢ is an automorphism. |

O

Theorem 2.13 (Quantifier reduction in Psf’). Let ¢ () be an Ling-formula.
Then there is an Lying-formula ¢(Z), a boolean combination of formulas of
the form

3t. f(t,x) =0,

where f(T,X) € Z[T, X], such that Psf’ = VZ. (p(T) <= ¥(T)).

Proof. By Corollary 1.25 it suffices to show that all partial maps between models
of Psf’ that preserves all formulas of the type 3t. f(t,Z) = 0" are actually partial
elementary maps.

So we need to show: If F,F’' |= Psf’, @ € F", b € (F')" such that for all

f(T,Xq,...,X,) € Z[T, X]

FE3t f(t,a)=0 < F' | 3. f(t,b), (1)

then tp(@) = tp(b).

By Theorem 2.10 this is equivalent to the map @ — b extending to an isomor-
phism B
Q@)™ N F < Q((B))™8 n F.
Let F < F, F’ be the prime subfield. (It coincides, as the constant polynomials
are included, hence the characteristic is determined.)
Applying (1) to polynomials not depending on T yields that I(a@/F) = I(b/F),
h: @a—b

soF(@ "= F(b).
By the proof of Quantifier Reduction in Psf (2.13) applied to f(T,a) separable

over F(a) we see that h extends to h*P : F(@)*P n F > F(b)*P n F".
Since F and F' are perfect, F(a)*¢ n F = (F(@)*P n F)Pe,
So we get h*!8 extending h. O
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Remark 2.13.37. We will later see that Psf’ is not model-complete.

Notation 2.13.38. Let L. := Lying U {¢inn = 2,0 < i <n}.
Let Psf, be the L.-theory Psf’ to which we add for n > 2 the sentence

Uy = “X" 4+ cn,l,nX"_1 + ...+ co,pn is irreducible”.

Remark 2.13.39. As any F |= Psf’ is quasifinite, it admits an expansion
to a model of Psf’.

| Theorem 2.14. Psf/, is model-complete.

PTOOf. Let Fl,Fg 'Z Psfi, F1 c FQ.

Let Kn/Fl be the unique extension of Fy of degree n, n > 2. As Fy = 1), we get

Kn = /(Xn + Cfl_lan_l + .+ ngln) Fl [X] and as X" + Zi=0 Cz,nX

is irreducible in F5[X], as Fs = 1, we get K, n Fy = F, so Flalg N Fy, = Fj.
By Corollary 2.9 we obtain Fy < Fy (in Lying, so also in £.). O

Theorem 2.15. Let F' = Psf’, and let D < F" be F-definable. Then
there is an algebraic set W < F*™ for some m > 0 such that

(i) #(W) = D,
(ii) Vd e D. 7=1(d) n W is finite.

Example 2.16. Let D be the set of squares. Set W := {(z,y)|y? = z}.

Proof. Observe: Assume that D € FF* k4] =n and W < FFH+m i5 an
algebraic set as in the statement. Let e € F* D, = {d € F'|(e,d) € D}
and W, < F*™ defined similarly. Then W, is an algebraic set satisfying the
statement for D..

Hence we may assume that D is (J-definable.
By Remark 2.13.39, F expands to a model of Psf.,.

Theorem 2.14 implies that if D = ¢[F], we may assume that ¢(T) is an exis-
tential L.-formula and as f(T) # 0 <= 3Jy. f(T) —y = 0 we may assume
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¢(T) = Iyo(z,7)
with 0(T,y) positive quantifier-free, i.e. defining an algebraic set W < F™+"
such that #(W) = D.

Claim 1. W may be chosen so that w: W — D has finite fibers. ((ii) from the
theorem,)

Subproof. By Quantifier Reduction in Psf (2.13) D may be defined by an L,ing-
formula, which is a Boolean combination of the form

3t. f(t,x) =0,
f(T,X) € Z|T, X], i.e. by a positive Boolean combination of formulas of the
form 3t. f(¢t,7) =0 or Vt. f(¢t,T) # 0.

Call a definable set S € F™ special iff it is as in the statement of the theorem,
i.e. iff there is an algebraic set W < F™t™ guch that 7#(W) = S and all fibers
are finite.

Equivalently, there is (%) = 370(T,7), where 6 is a conjunction of polynomial
equations and there is N € N such that F = Vz. 3sVg. 0(7,7) with p(F) = D.

(1) The collection of special sets is closed under positive boolean combinations,
ie. if Dl,DQ € S then D1 N D27D1 U D2 es.

Indeed: Let D := Dy n Dy. Let ¢;(Z) = 3y;. 6(T, 7;) witnessing D; € S.
Set ¢(Z) := Iy13y2. (01(Z,7,) A O(T,Y). This witnesses D € S.

On the other hand let D := Dy n D5. Take ¢; as before. We may assume
Y1l = m = [2]. Set

@ =37 /\ fia@7) fua(77) =0.
1<j<N:
1<k<No

(2) For f(T,X) € Z[T, X], the set defined by
3t f(6,7) = 0

is a positive Boolean combination of special sets (so special by (1)).

Indeed let f(T,X) = 3V, ¢;(X)T?, di(X) € Z[X]. Then 3t. f(£,7) = 0
is equivalent to

di(X)=0v [ayat. [Td@ - y-1)=0n ft.7) = 0] .
_— ) special

special

P>
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(3) Vt. f(t,T) # 0 is equivalent to a positive boolean combination of special
sets.

Indeed, Vt. f(t,7) # 0 is equivalent to (working in Psf’) the disjunction
of 3y. (do(T-y) —1 =0 AN, di(T) = 0 (special, saying f(T,7) is constant
NONZero).

Jy. | |(di(Z)-y—1) = OA “the unique extension Fxi does not contain a zero of f(T,7)”

—.

1=1

where Fy denotes the unique extension of F' of degree N!.

Note: Fni = F[a] for some « a root of TV —|—Zf-v=!0_1 ¢, T = MiPo(a/F).

Work in the F basis 1,a,...,aN'"! of Fy.
Assume for simplicity deg(f(T,X)) = N, so f(T,Z) = dy(T) Hfil(T —
——

al-), a; € FN!-

a; = Z;\:gl bijal, b € F. We quantify existentially over z;, i = 1,..., N

saying
NI-1

E|Zi. n (bijz,l) = O,

j=1

the formula quantifying also over b;; is special.

3 The Relationship between Psf’ and T / Psf,
Decidability

[Lecture 10, 2024-11-15]

The connection to finite fields relies on the following fundamental result:

Theorem 3.1 (Lang-Weil Estimates). Given n,r,d, there is a constant
C = C(n,r,d) such that for every finite field F, and every absolutely
irreducible variety V' < A" defined over IF; of dimension  and degree < d
one has .

[#V (Fq) —q"| < Cq" 2.

Remark 3.1.40. Here if V is defined by f1(Z) = ... = fn(T) = 0, we may
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work with the naive definition
deg(V) = | [ deg(£2).
i=1
so the Lang-Weil Estimates (3.1) really hold in a definable family of abso-

lutely irreducible algebraic varieties.

We will later mainly need the following special case (see for example [FJ23]), a
consequence of the Riemann hypothesis for function fields:

Theorem 3.2 (Lang-Weil for plane curves). Let f(X,Y) € F,[X,Y] be an
absolutely irreducible polynomial of degree d and let I" be the plane curve
defined by f(X,Y) = 0.

Then
g+1—(d-1)(d—-2)\/g—d<#I'(F,) <g+1+(d—1)(d—2)/q,
so in particular

|#L(Fy) —q| < (d—1)(d—2)\/g+ (d —1).

Corollary 3.3. Let V € A™ be an absolutely irreducible variety of dimen-
sion 7 and deg(V) < d defined over F,. Assume that ¢ > C(n,d,r)?. Then
V(F,) # &.

Proof. Indeed, if ¢ > C?, then ¢" > c - q“i so the result follows from the
Lang-Weil Estimates (3.1). O

Corollary 3.4. Let U be a non-principal ultrafilter on the set @) of prime
powers. Then [ [,, F, is pseudofinite.

Proof. We know already that | [, F, = K is quasifinite. Every absolutely ir-
reducible variety V' € A" is in a definable family of constant dimension and
bounded degree, and for this family (V3), there is C' such that whenever ¢ > C?,
then V4(Fy) # & (see Corollary 3.3). Thus

KEVYz dz.xeV,

for the corresponding family V, showing that K is PAC, thus K is pseudofinite.
O
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Corollary 3.5. Every infinite subfield K of Fglg is PAC. In particular if
Gal(K) ~ Z, then K is pseudofinite.

Proof. Every absolutely irreducible variety V' defined over K is defined using
finitely many parameters, so it is defined over F, < K. By Corollary 3.3 for any
N » 0 with F,v € K we get V(F,~) # &, so in particular V(K) # . O

Example 3.6. Let n = Hpep p“? be an infinite supernatural number with
all exponents v, < o0 and let pg € P. Then

ale\ H
Fpg = U FPBL/ = (Fp})g> )

n'|n
n’eN

where H = HPE]P, PP Ly = Z, is an infinite field with absolute Galois group
H =~ 7, so it is pseudofinite by Corollary 3.5.

Notation 3.6.41. For a field K with prime subfield F, we denote by
Abs(K) the field K n F2!8, the subfield of absolute numbers.

Lemma 3.7. If K is pseudofinite, then Abs(K) is perfect with procyclic
absolute Galois group.

Proof. As K/Abs(K)iS regular, Gal(K) — Gal(Abs(K) is surjective (Proposi-
tion 1.39), so Gal(Abs(K)) is procyclic. O

Goal. We want to show that whenever Ko < F% has a procyclic Galois group,
there is a non-principal ultrafilter on Q, U, such that Abs(] [, Fq) = K.

In characteristic 0, this requires a deep ingredient from number theory (the
Cebotarev density theorem, Theorem 3.20 in Lecture 11). In positive charac-
teristic, this is elementary:

Proposition 3.8. Let p be prime and Ky < Fglg an arbitrary subfield.
Then there are a sequence (F),), of finite fields of characteristic p and an
ultrafilter ¢ on N such that K := [ [,, F;, is pseudofinite with Abs(K) = K.

Proof. 15t case K| is infinite:

Let (K )nen be a strictly increasing sequence of integers such that Ky = U]Fpk"
and ky |k,41 for all n, i.e. Ko is the increasing union of the F,x,
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For F,, := Fpk, and a non-principal ultrafilter & on N, one gets Abs(] [, F) =
K.

Indeed, a polynomial f(7T') € F,[T] has a root in K iff it has a root in all but
finitely many F), iff it has a root in [[,, F,. We get Abs([[, Fn) = Ko by
Lemma 2.12.

2nd case K = Fpm is finite:
Let (In)n>0 be an enumeration of P’ and let F;, == Fpm.1,, .

As before let U be a non-principal ultrafilter on N. As in the first case, one
verifies Abs ([ [, Fn) = Ko, again using Lemma 2.12. O

Theorem 3.9. For any Ky € Q& with Gal(Kj) procyclic there exists a
non-principal ultrafilter & on P such that Abs([ [, F,) = Ko.

We will prove this in Lecture 12. This will be more work.

Recall that

Ty := {¢ Lring-sentence | Vg € Q. Fy = ¢},
Psf := {¢ Lying-sentence | Vg » 0. F, = ¢}
Note that Psf is the theory of all infinite models of T7.
Let Tprime = {¢|Vp e P. F, E ¢}.
Corollary 3.10. (1) Psf = Psf’. Moreover the completions of Psf are
determined by the isomorphism type of Abs(F) and any K, < F2l#

(for F =F, or F = Q) with Gal(Ky) procyclic occurs as Abs(F') for
some F = Psf.

(2) We have the following strict inclusions of theories:

Psf

Proof. (1) One direction follows from Proposition 3.8 and Theorem 3.9, the
other direction from Corollary 3.4. The characterization of the comple-
tions is Theorem 2.11.
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(3.9)
(2) We have Tprime < Psfg. The other inclusions are clear by the above. As
for Ty & Thrime note that for every p € P, T},1ime contains a sentence of the

form
Yp=1+...+1=0——Jz1,...,Tp41. /\ T; #F X,
%/_/ . .
p times I<i<j<p+1

which is not in T%.

O

We now want to reduce questions about higher-dimensional (absolutely irre-
ducible) varieties to curves.

First some terminology: A K-hyperplane in A" is a subset determined by an
equation a1 X1 + ...+ a, X, = b, a;,b € K, a; # 0 for some ¢. For the purpose
of this course, we will restrict to hyperplanes not containing 0 € K™ and may
thus normalize the equation to

All hyperplanes (over K) not containing 0 are of this form and Hg = Hy iff
a = @, so they are parameterized by A" as well.

A geometric hyperplane over Ky € K is an Hy such that trdeg(a/Kyp) = n,
i.e. @ is generic in A" over K.
Theorem 3.11 (Bertini’s Theorem). Let V' € A™ be an irreducible K-
variety, K = K* and dim(V) > 2.

Then there exists a proper K-subvariety W < A™ such that for all @ €
K™\ W (K) the algebraic set Hz NV is irreducible of dimension dim(V') —1.

In Lecture 11, we will give a model-theoretic proof of Bertini’s Theorem (3.11)
due to Poizat, showing that the intersection with a generic hyperplane H yields
V n H irreducible of dim(V n H) = dim(V) —1. As being irreducible is definable
in ACF, this will suffice.

Corollary 3.12. Let K be an infinite field and V' an absolutely irreducible
K-variety of dimension dim(V) = r > 2. Then V contains an absolutely
irreducible K-curve.

Proof. Let K € L and f(X4,...,X,) € L[Xy,..., X,]\{0}.

It suffices to show that there is @ € K™ such that f(a@) # 0 as the special set W
in Bertini’s Theorem (3.11) is contained in a hypersurface (given by f(X) = 0).

We prove this by induction on n. The case n = 0,1 is clear.
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no~n+ 1 Let f(X1,...,X,,Y) = 3 ci(X)Y? with ex(X) # 0. By the
induction hypothesis there is @ € K™ such that cy (@) # 0,500 # f(@,Y) € L[Y].
By the case n = 1 we find b € K such that f(a,b) # 0. O

Corollary 3.13. A field K is PAC iff for every absolutely irreducible
f(X,Y) € K[X,Y] the curve I' < A? defined by f contains infinitely
many K-rational points.

Remark 3.13.42. One may even prove that it suffices to ask for one K-
rational point for every absolutely irreducible plane curve (Frey-Geyer, see
e.g. [FJ23])

Proof of Corollary 3.13. Any field K satisfying the assumption is infinite, so by
Corollary 3.12 in an absolutely irreducible K-variety V of dimension > 2 we
find an absolutely irreducible K-curve I' € V. To prove V(K) # & it thus
suffices to prove I'(K) # .

Let K(T') be the function field of T', a finitely generated regular extension of K of

transcendence degree 1. In particular, K (F)/K is separable and thus separably
generated (see Proposition 1.40, Proposition 1.41) and we find a transcendence

basis ¢ of & (F)/K such that & (F)/K(t) is separable. By the primitive element
theorem, there is s separable algebraic over K (t) such that K(I') = K(¢,s).

Let F(X) = MiPo(S/K(t)). Let f(X,Y) € K[X,Y] be irreducible such that
f

FOX) = £

By construction, if IV denotes the plane curve defined by f(X,Y) = 0, we get
K(T') >k K(I), so in particular f(X,Y") is absolutely irreducible (as K(F/>/K
is regular) and T" and T are birational, so they admit isomophic non-empty

Zariski open subsets © < T and € € I'. But then NQ and I"\Q are 0-
dimensional (so only have finitely many K®*8-points), then if I"(K) is infinite,
T(K) £ &.

for some g(t) € K[t].

O

Remark 3.14. This shows that we only need the special case of the Lang-
Weil Estimates (3.1) given in Theorem 3.2 to prove that Psf = Psf’, as Psf’
may be axiomatized using absolutely irreducible polynomials in 2 vari-
ables. These obviously form a quantifier free family, when restricted to
polynomials of degree < d.

[Lecture 11, 2024-11-19]

Proof of Theorem 3.11. Let K < U |= ACF and let V. < A™ be an absolutely
irreducible K-variety of dimension r > 2.
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Since irreducibility is definable in families (by Corollary 2.3), it suffices to show

that for § e U™ with trdeg(ﬁ/K) = n, i.e. B generic in A" over K, the variety
Vn Hﬁ is absolutely irreducible of dimension r — 1, where

i=1

Let@ = (aq,...,a,) be genericin V over K, i.e. @ € V(U) such that MR (a/K) =
T

Let B € U™ be generic in Hz over K (@), i.e. >, fic; = 1 and MR(B/FO) =
n— 1.
Thus B

MR(aB/K) =r+ (n—1).

Claim 3.11.1. MR(B/K) = n.

Subproof. Otherwise MR(B/K) =n — 1 and thus MR(a/KE) =r,s0V < Hy

since @ € Hy and @ is generic in V' over K(§3).

As dimV =r > 2, we find @ € V(K) such that @ is not of the form A - @ for
some A € U. Thus

o
I
_ =

QL
<

defines an affine linear subvariety of AN of dimension n — 2, defined over K (@),
which contains 8. So MR(ﬁ/Ka) <n—24. |
Let VaHz=Z10...0 2y be the decomposition into (absolutely) irreducible
components over K (8)*¢. By Krull’s Hauptidealsatz, Hz beging given by one
equation, and as V & HE by what we have just seen, dimZ; = r — 1 for
1=1,....,m.

Claim 3.11.2. We have m =1, i.e. V n Hz is absolutely irreducible.

Subproof. Let a,a’ € V HE(U) be independent generic over K (), i.e.
e (5) -0 () <

and MR(aa’ /K B) = 2r — 2. By Claim 3.11.1, we get

MR(aa'f/K) = n + 2r — 2. (+)

3 THE RELATIONSHIP BETWEEN Psf’ AND T} / Psf, DECIDABILITY3



It suffices to show that tp(aa’3/K) is uniquely determined by this construction,
i.e. by the conditions
(i) MR(B/K) = n,

(ii) @,@ € V n Hz independent generic over K ().
Indeed the equivalence relation on V' n HB given by
r~a = /\(erZw—»x’eZi)
i=1
is K5-definable (as it is K (B)*e-definable and Aut (K (3)#/K(f))-invariant).

If m > 2, we would find @y, @, @, @, such that @; ~ @) but @y » @y, thus
tp(a1@) B/K) # tp(axty8/K).

We have
MR(B/Kaa') <n —2 (as B € Hy N Hy)
MR(aa//K) < 2r (as @, @ € V)
MR(a@'/K) + MR(B/Kaa') = 2r +n — 2 (+)

It follows that MR(B/Kaa’') = n — 2 and MR(aa'/K) = 2r. So tp(ad’/K) is
uniquely determined (it is the generic of the irreducible variety of V' x V over
K) and tp(3/Kaa’) is uniquely determined (it is the generic of the absolutely
irreducible affine-linear variety Hg N Hg). [ ]

O

Before we give the proof of Theorem 3.9, we will settle the decidability of the
various theories at work:

Theorem 3.15. The theories Psf, Psfy, Psf, (p € P), Ty and Tprime are all
decidable.

Proof. Decidability of Psf yields decidability of

Psf, =Psfu{l+...+1=0}.
(R

p many

We will first show decidability of Psfy. Note that Psf is recursively axiomatizable
by the axioms for quasifinite fields together with axioms ¢y, 4 for d,n € N stipu-
lating the existence of at least n rartional points for every absolutely irreducible
plane curve of degree < d Let I" denote this set of axioms.
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Then

p many
Ip:=Tu{—-1+...+1=0peP}
—_—
= Xp

is a recursive axiomatization of Psf.
Decision Procedure for Psf,
Input The input is an L,ing-sentence .

Step 1 Systematically enumerate all proofs using I" as axioms until a sentence
of the form ¢ <> 1 is proved, where v is a boolean combination of formulas of
the form 3t. f(t) =0, f(X) € Z[X]\{0}. By Theorem 2.11 this step terminates.

Step 2 Let (f;)i=1,...,n be the polynomials that appear in the atomic subfor-
mulas of ¢ and set F' := Hf\il fi- Effectively construct the splitting field L/Q

of F, a finite Galois extension of Q (using Euclid’s algorithm, the fact that Q
is a computable field, etc).

Compute G := Gal(L/Q) and list all cyclic subgroups H; < G, i=1,...,k.

Step 3 Fori = 1,...,k, compute L; := L and decide whether L; = 1. (Note
that an atomic sentence of the form 3¢. f(¢) = 0 may be effectively decided in
L;.)

Output pePsfyiff L =y fori=1,... k.

Indeed for K = Psfg one has K o it K =y if KnL 1. Any KnLis
among the (L;)i=1,.. k., since K nL = Abs(K)n L and Gal(Abs(K)) is procyclic.
Moreover given H; < G cyclic, choose a generator o; € G with {(o;) = H;, then
lift o; to g; € Gal(Q). Then K; := (Qalg)ai has procyclic absolute Galois group,
thus is of the form Abs(F;) for F; |= Psfg by Theorem 3.9. This shows that
L; =1 is necessary for all ¢ = 1,...,k so that i) € Psfy.

Decision Procedure for Psf
Input An L,y.-sentence .

Step 1 If ¢ ¢ Psfy, then ¢ ¢ Psf, stop.
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Step 2 Effectively compute ¢ such that Psf - ¢ < 1, where 9 is a boolean
combination of formulas of the form 3¢. f(t) = 0, f(X) € Z[X]\{0} as before.

Find a formal proof of ¢ from T'g (which exists, since ¢ € Psfy) and write down
the primes pi, ..., pn, for which the axioms x,, appears in the proof.

(For any p € P not in the list, Psf, - ¢.)

Step 3 Effectively construct a finite field F? for any 7 = 1,...,m, such that
all f(X) (mod p;) appearing in v completely spht over FF i

Then check whether F m: |= 1 for any m;|n;, i.e. for any subfield of F»..

If this is the case for all subfields and all py,...,py,, then ¥ € Psf and thus
@ € Psf. Otherwise ¢ ¢ Psf.

Decision Procedure for 7'

Input An L,n.-sentence .

Step 1 1If ¢ ¢ Psf, then ¢ ¢ T¢ (by Corollary 3.10).

Otherwise ¢ € Psf and we can effectively find a proof of ¢ from I'.

Step 2 Let d,n € N be such that all axioms of the form ¢4,/ used in the
proof of T' I ¢ are such that d’ < d and n’ < n.

(Note that by the Lang-Weil Estimates for Plane Curves (3.2), there is a com-
putable function (d,n) — B(d,n) such that for all ¢ > B(d,n) one has F, =
e o forall d <d,n’ <n.)

Step 3 For all ¢ < B(d,n), check whether Fy = ¢. If this is the case for all
B(d,n), then ¢ € Ty. Otherwise ¢ ¢ T}.

Decision Procedure for Tprime
Input An L,n.-sentence .
Step 1 Decide whether ¢ € Psfy. If not, then ¢ ¢ Tp,iime by Corollary 3.10.

Step 2 Find a proof of ¢ from I'g. Let p1,...,pm be the primes such that x,,
is used in the proof. Find d,n € N such that d > d’,n = n’ for all the pg .
used in the proof.

3 THE RELATIONSHIP BETWEEN Psf’ AND T} / Psf, DECIDABILIT}6



Step 3 For all primes p < max (B(d,n),p1,...,Pm) check whether F, &= ¢. If
this is the case, ¢ € Thrime. Otherwise ¢ ¢ Thrime- O

Remark 3.15.43. “ One may actually show that the decision procedures
from Theorem 3.15 may all be taken to be primitive recursive (see [FJ23]).
Our approach does not show this immediately.

%This is 3.15 in the handwritten notes

[Lecture 12, 2024-11-22] We will be

We will now prove Theorem 3.9, using a deep result from number theory.® R RS

next week.

Notation 3.15.44. For a number field K, i.e., a field extension K/Q of
finite degree, we call Ok = Intx(Z) the ring of integers of K. (Intg
the integral closure in K),

Fact 3.16. Ok is a Dedekind domain, i.e. every non-zero ideal I << Ok
uniquely factors into primes I = p{* - ... pSm p; < Of maximal, e; € N.

If L/K are number fields, q € Spec(OL)\{0}, then g n O =:p € Spec(Ok)\{0}
pOr < Of decomposes as pOp =q°-q52 - ... g5, e > 0.

One writes q|p and says “q divides p”.

Definition 3.16.45. q is unramified in L/K ife=1.

Fact 3.17. If L/K is Galois with G = Gal (L/K) and if g;|p,i=1,...,m

are the divisors of p € Spec(Ok) in Spec(Op), then {q1,...,qm} is a G-
orbit (¢-q:=o0(q)) ande; =... =€, inq=[[q7.

If L/K is Galois and p € Spec(Ok)\{0}, we say p is unramified in L/K if all
q|p are unramified (equivalently one q;|p is unramified) in L/ K-

Fact 3.18. Let K/Q be finite Galois. Then only finitely many prime num-
bers ramify in K/Q.

Let L/K be finite Galois, p < Og =1k, q < Op, =: 1 such that q|p. Let D(q) :==
{c € Gal <L/K) lo(q) = q} denote the decomposition group of q. Then

61 you don’t know number theory, today’s lecture won’t make much sense. Feel free to skip
it.
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OL/q 2 OK/p is an extension of finite fields and every o € D(q) induces 7 €

Gal(L).

Fact 3.19. If L/K is finite Galois, p < Ok unramified in L/K. Then for
any prime divisor q € Spec (Or) of p, we get D(q) = Spec (l/k>7 o~ o,
where | = OL/q ok = OK/p.

In this situation k = Fyn € 1 = Fpmn and then Frob,» generates Gal(l/k).

Definition 3.19.46. In the setting of Fact 3.19, the Artin symbol, (L‘TK),

is the unique element o in D(q) < Gal (L/K> such that for any a € Or, one

has o(a) = a®") (mod q). In other words (L‘TK) corresponds to Frobyn

under the isomorphism from Fact 3.19.
LK

P
for g|p. Note that this is well-defined since

()~ ()

D(o(a)) = oD(q)o".

LIK

One writes ( ) (also called Artin symbol) for the conjugacy class of (T)

and

Definition 3.19.47. Let S < P. The natural density of S is defined as

. #Sn [0, z]
d(S) = i S0, 2]

(if this limit exists).

Theorem 3.20 (Chebotarev Density Theorem). Let K/@ be finite Galois
and G = Gal (K/Q). Let C' € G be a conjugacy class in G. Let Sk =

{p € P|p is unramified in K/@ and (KT‘Q) =C}.

Then d(Sk) = i% In particular, Sk is infinite.

Remark 3.20.48. If K < L and L/Q, K/Q are Galois, then Sy, < Sk.
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Theorem 3.21. Let op € Gal (Q). Then there is a non-principal ultrafilter
U on P such that if (L,01) == [],, (F3'8,Frob,) (working in Lying U {c})
then oy := 01|ga1 is conjugate to oy.

Proof. For K/Q finite Galois, let CT(()K) = og|k € Gal (K/Q) Let C%) be the
conjugacy class of J(()K) in Gal (K/Q>. Let Sk as in Theorem 3.20 (for C5)).

By Theorem 3.20, Sy is infinite. Write Q& = [
Ky < ... such that every Kﬂ/@ is finite Galois.

Ky, Ko = Qc Ky

neN

Clearly Sk, ., € Sk, for all n (see Remark 3.20.48)

n+1

Let U be an ultrafilter containing all Sk, and all cofinite sets (in particular, U
is non-principal).

Claim 1. (L,q1) =[], (F3, Frob,) works!

Subproof. It suffices to show that J(()K") and agK”) = 01|k, are conjugate (in

Gal (KVQ)) for all n.

As Sk, € U by construction, we get (L,01) « [ ] Fal8, Frob,). For p € Sk,

pESKn (
choose q,|p a prime in Ok, .

We have

O, & T O~ [] Oy = [] EBF =1

PESK,, PESK,, PESK,,

where the composition is injective.

Let {11,...,7m} be the conjugacy class of a(()K"). Sk, = S1u...u Sy, where
peS; — KalQ) _ T

qp
Since U is an ultrafilter, there exists ig < m, such that S;, € U, so J§K”) = T,
proving the claim. |

O

Proof of Theorem 3.9. , Let Ky € Q8 with Gal(Ky) procyclic. Choose a topo-
logical generator og of Gal(Kj) < Gal(Q). Fix(op) = (@alg)ao = Kp.

If 01 = 70971, then Fix(o7) = 7(Kp) = Kp.
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By Theorem 3.21, there is U on P such that if (L,d1) = [, (F2'8, Frob,), then
01 = 01]gme is conjugate to oy.
Ky = Fix(og) = Fix(01)
= Fix(d;) nQ™#
;_v__/

I, F»
= Abs([ [F,).
u

O

4 The Measure of Chatzidakis-van den Dries-
Macintyre and Applications

Recall the Lang-Weil Estimates (3.1):

For all n, N there exists C'(n, N) such that for every finite field F, and absolutely
irreducible I, variety V' < A™ defined with polynomials of degree < N, we have

|#V(]Fq) _ qdlm(V)| < quim(v)—%'

Theorem 4.1 (Main Theorem of [CDM92)). Let ©(Z,7) be a n Lying-
formula, |Z| = n, |y| = m. Then there is a finite set D < {0,...,n} xQsq of
pairs (d, 1) (“dimension” and “ multiplicity”) and a constant C' = C'(¢) € N
such that for every finite field F, and parameter b € Fyt if @(F?,E) # I,
then

[#e(Fy,B) — pg’| < Cq*~z. (*)
for some (d, u) € D.

Moreover, for every (d,p) € D, there is a formula ¢g4,(7) such that for

every Fy and b € F7* such that Fq = ©4,,(b) iff (*) holds for (d, ).

Remark 4.2. (1) If o(Z,7) expresses that T € V5 for an absolutely ir-
reducible variety Vi of dimension d, then D = {(d,1)} and C' comes
from the Lang-Weil Estimates (3.1).

(2) Let p(z,y) = 32. 22 = 2 +y (or p(z) := Jz. 22 = z). Then
D = {(1,3), (1,1) }. C =1 works. Moreover ¢11(y) =
—_——

for characteristic 2

1+1=0v3Ihz. 2z = @1’%51+1¢0v3<4x.m:m.

(3) For ¢ » 0, the ¢4, (F,) partition {be qu|g0(]Fq,5) # ).

(4) Given ¢(z,y), there exist B > 0 and r > 0 such that for all F, and
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beFr,
#@(anb) < B Vv #@(qub) > Tq.

[Lecture 13, 2024-11-26]

Remark 4.3. Let ¢, D, C, ¢4, as in Theorem 4.1.
Then for ¢ » 0 and b € F" with Fq = ©0,,,(b), one has

lo(Fg,b)| = p.

Proposition 4.4 (Some Applications). (i) There is no L,i,g-formula ¢(z)
such that for infinitely many g € Q, ¢(Fp2) = Fg.*

(ii) There is no Lying-formula ¢(z) which defines the set of generators
of FX (a cyclic group) for all ¢ € Q (even for all powers of a fixed
prime).

%Note that individually they are definable. However, the proposition says that they
are not uniformly definable.

Proof. (i) Let B > 0 and r > 0 as in Remark 4.2 (iv). For g € @ such that
qg>Band ¢>1 (< r¢®> > q) one has #F, = q # #¢(F,2).

(i) (FY,-) = Zg_1, so the set of generators has cardinality (g —1)7
Observe

(a) peP — o =(p—-1p" ' as (a,p) =1 < (a,p") =1 for
n=1.

(b) w(mn) = p(m)p(n) if (m,n) = 1 by the Chinese remainder theorem.

As p(g™) = /p™ for all p and n > 0 we get from (a) and (b) that p(n) >
\/% for all ne N.

In particular {q € Q|p(q¢ — 1) < B} is finite.

Given r > 0 we will show that there is p™ = g € Q such that (p™ —1) <
r(p™ — 1) < rp™. By (a) and (b) we have for any n > 1

AT (1_}). (+)

! prime
ln

Choose distinct primes 1, ..., Ly, and set M = [[",(l; — 1).
For p € P by the little Fermat we get

pM =kliTt =1 (mod 1)

"Euler’s totient function
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fori=1,...,m, so li|(pM—1) for all 7.

Thus by (+),
o™ -1) _ 1 1
- 227 < - .
pM -1 E ! li

The right hand side can be made < r, use for example the prime number
theorem.

O

Corollary 4.5. Let ¢(z,y), D, C = C(¢), ¢au(y), (d, 1) € D be as in
Theorem 4.1.

For every F' |= Psf, the set F™ is then partitioned by ¢q ,(F), (d,p) €
D v {}, where g (y) = —3z. o(x,y).

Proof. Indeed Ty v {3%z. © = z} | the ¢;, I € D v {J} partition F™ (by
Remark 4.2 (3)). O

Definition 4.5.49. Given an Lyng-formula ¢(z,y), F |= Psf, b € F™
we define the dimension of ¢(z,b) as the unique d € {0,...,n} and the
multiplicity of ¢(z,b) as the unique u € Q= such that F = ¢4, (b),
(d,p) e D

(if ¢(F,b) # ).
If p(F,b) = &, set ¢(z,b) is said to be of dimension and multiplicity 0.

Lemma 4.6. If F |= Psf, F' = Vx. (o(x,b) < ¢(z,c)), then dim(p(x,b)) =
dlm(dj(.’b, C)) and ,U(QD((L b)) = :U'('I/J(xa C))
Thus for S € F" definable with parameters, (dim(S), x(S)) is well-defined.

Proof. This holds for ¢ » 0 (depending on the data), so it holds in Psf. O

Proposition 4.7. Let F |= Psf and S € F™, T € F™ be definable sets
(with parameters).

Then:

(1) If V is an absolutely irreducible variety defined over F of algebraic
dimension d, then dim(V(F)) = d and p(V(F)) = 1 (including
dim,e (V) = 0, where V is just a point, which lies in F').
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(2) If S and T are disjoint and n = n; = ng, then
(a) dim(S u T) = max(dim(S), dim(7T)).
S) + w(T if dim(S) = dim(7T),
(5) (S o 1) — {H05)+ D) (5) = dim(7)
max(p(S), u(T))  otherwise.
(3) Assume that f: S — T is a definable surjection such that for all
ce T, dim(f~(c)) = d for some fixed d.

(4) Assume that f: S — T is as before assume that in addition u(f~*(c)) =
w for all ¢ € T and some fixed p € Q=g.

Then pu(S) = p - u(T).

Proof. Both S and T (and V or f in (1), (3)) are defined in some Fy < F with
Fy countable.

So we may assume that F' is countable.
By Corollary 3.10 we find an ultrafilter &/ on @ such that F =[], F,.

Since @ is countable, U is w-incomplete. Thus [ [,,F, is N;-saturated.

So by universality of saturated models, we get ¢: F =, [ Fq. Thus we may
assume F' = [ [, F,.

(1) Follows from the corresponding result for large finite fields:
IfV =1V} and b= bfz/ ~, then for almost all g € @, ng is absolutely irre-

ducible of dimaig(V5,) = dim(Vj), so we finish by the Lang-Weil Estimates
(3.1).

(2) As before, being disjoint is true almost everywhere. ...

(3) Exercise.

Corollary 4.8. Let S be a non-empty definable set in some F |= Psf.
Then the following defines a finitely additive® probability measure (with
values in [0,1] n Q) on definable subsets of S:

For T' < S definable, set

W) e _
ms(T) i= { #O) if dim(S) = dim(7),
0 otherwise.

%not o-additive!

Proof. Proposition 4.7 (2). O
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Corollary 4.9. Let F |= Psf and S € F™ be definable. Consider S as a
subset of (F*8)". Let V be the F-algebraic set € A" such that V (F2l8) =

—Zar

S™, where (*#*%) is the closure wrt. the Zariski topology on (F®#)

Then dim(S) = dim(V(F')) = dima(V). In particular, if A < F, then
aclpst(A) = Q((A))28 n F.

n

More generally we have

dim(S) = max{trdeg (F <5)/F) e S(F'),F' > F} (+)

Proof. V' is F-definable, since it is Gal(F')-invariant.

By Theorem 2.15, there is an F-algebraic W(F) < F"*! such that 7(W(F)) =
S, with finite fibers, say bounded in cardinality by N € N.

Shrinking W if necessary, we may assume that W (F) is Zariski dense in W (F?218)

—Za

(replace W by W* | where W (F) F = W*(Fal8) with W* < W).
—_—
in F2l8
Then the absolutely irreducible components W7, ..., Wy are alle defined over F.

By Proposition 4.7 (3), we get dim(S) = dim(W (F')). By Proposition 4.7 and
induction on dimension we get

dim(W (F)) = dimg (W)

and
w(W(F)) = # argmax, u(W;).

m: W(F)—» S

is definable and surjective and S is Zarisiki-dense in V(F8), so dimag(V) <
dimalg(W)

Claim 1. dimalg(W) = dimalg(V).

Subproof. By the above it suffices to show dimaig(W;) < dimai (V') for all 4.

Let @ € F/"*' F/ > F, such that loc (d/F) = W, (this exists since W;(F) is
Zariski dense in W;(F12)).
Let @ = @1a2, with @, € F'™, @s € F"".

Then 7(a) = @; and by assumption

F' =35V, (a1,70) e W; (%)
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If d = trdeg (aQ/Fm) > 0, then Z := loc(a@a/F (@)% n F’) is absolutely

irreducible, (because F(a1)® n F(a2)/F(a1)® n F' is regular) of dimug > 0.
So it contains infinitely many F’-rational points (by PAC), contradicting (s:)
as Z € (@) n W, |

O

[Lecture 14, 2024-11-29]

e Given any field K and X < K", three is a smallest algebraic set W (K?8)
(K?2)" such that X < W (K®#), namely XA (the Zariski closure taken
in K28).

1
Clearly, as W is Aut (K * g/K) -invariant, it is definable over K.

e If V is a K-algebraic set, we will construct a K-algebraic set V* < V with
the following two properties:

(i) Every absolutely irreducible K-variety V < V satisfies V < V*.

(ii) The absolutely irreducible components of V* are all definable over
K.

We will see that in case X = V(K) and K is PAC (e.g. if K |= Psf), then
~Z

VH(K™8) = X ie. the two constructions coincide in this case.

4.1 The Decomposition-Intersection Procedure

To a K-algebraic set V' < A™ one associates a K-algebraic set V' < V as
follows: Let V =V; u... UV, be the decomposition into absolutely irreducible
components of V.

o Then Aut (K530 ) ~(Vi, .. Vi) via 0 0 Vi(K™%) = (oV7) (K5).

G
e Fori=1,...,01let W; :==(),cc0(Vi), a K-algebraic set for all i.

Note that V;(K#8) n K™ = W;(K*8) n K™ = W;(K™).

e Set V' := U2=1 W;, a K-algebraic set with V/ € V' by construction. More-
over

(i)’ Every absolutely irreducible K-variety V < V satisfies V'.
(iii)” V/(K) = V(K).
o Iterating this, construct a decreasing sequence (V™)) _ of K-algebraic

sets V(O .= v yimtl) .- (V(’”))I.

Since the topology is Noetherian, the sequence stabilizes at some r, i.e. V()
y D)y .— V() ig called the K-absolute kernel of V.
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Lemma 4.10. Let V be a K-algebraic set and V* be its K-absolute kernel.
Then V* is a K-algebraic subset of V' and one has that

(i) every absolutely irreducible K-variety V < V satisfies V < V*,

(ii) all absolutely irreducible components of V* are definable over K and

(iii) V*(K) = V(K).
Proof. (i) and (iii) hold by induction (on m, it holds for V(™).

ad (i): The construction of V' shows that if not all absolutely irreducible
components of V are definable over K, then V' ¢ V.

Indeed, let V7,...,V; be the absolute irreducible components of V' with V; not
definable over K. Then by construction, (), .o0Vi = W; & V;. Thus V; &£ W;
for any j, as (V; ¢ V; for all ¢ # ). O

Proposition 4.11. Let K be PAC and let V< A™ be a K-algebraic set.
Let V* be the K-absolute kernel of V.
Then V*(K?'%) = V(K) " in (K*5)".

In other words, V* is the smallest K-algebraic set containing V (K).

Proof. By Lemma 4.10 (iii), V*(K#8) 2 Z(K)Zm.
By Lemma 4.10 (ii), the absolutely irreducible components V;*,..., V;* are all
defined over K, so as K is PAC, V*(K) is Zariski dense in V; for i = 1,..., k.

Zar

Thus V(K) " 2 VF(K™8) for i = 1,..., k, so V*(K*&) € V(K) . O

Definition 4.11.50. For a K-algebraic set V' < A™ with absolutely ir-
reducible components Vi,...,V; we define a(V) € {—0,0,....,n — 1} as
follows:

o (V) := —ooiff all V; are definable over K,
e otherwise a(V) := max{dim(V;)|V; not definable over K} € {0,...,n—

1},

Lemma 4.12. If V € A" is a K-algebraic set and r > 0 is minimal such
that VD = V(") (i.e. V(") = V* is the K-absolute kernel of V), then
r<n.

Proof. We have
(a) (V)= -0 it V=V'if V=V*iff r = 0.
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(b) If a(V) = d then a(V’) < a(V):

Indeed, Let V4, ...,V be the absolutely irreducible components of V. o =
a(V) = 0. Reordering the sequence we may assume

o Vp,...,V, are definable over K with dim(V;) = a.
We have W; = V.

® Veiq,...,Vy are not definable over K and satisfy dim(V;) = a for
t=e+1,...,f,

in this case W; € V;, so dim(W;) < «,
e Vii1,...,V; have dimension < a.

The irreducible components of V' are V1, ..., V. and some Uy, ..., Uy with
UN Ui =U.i_..1 Wi so dim(U;) < a for all .

O

Lemma 4.13. Let f1,..., fr € K[X1,..., X,]and let V =V ({f1,..., fr})
be the associated K-algebraic subset of A”™.

Let Vi,...,V; be the absolutely irreducible components of V.

Let K//K be finite Galois such that all V; are definable over K’. Let
bi,...,by be a K-basis of K’ and let g;,,...,gi,, € K'[X] such that

Vi = V{gi,- - Giry))-

Let g; ;. € K[X], v = 1,...,N such that g;; = Zlyvzl b,9i . Then
W, = V({gi,j,uu <J< ’I“(Z')7]_ SV N}) and thus

_ i {1, N, () <),
V/_V({l L 8o SN })
SYAS

Proof. Note that every o € G = Gal (K //K) induces a (multiplicative) charac-
ter o: K'* — K'™.

By the linear independence of pairwise distinct characters, the matrix

(0i(bj)) 1<i<n € (K')™*™

1<j<N

is regular, where the o; enumerate G. Indeed, any linear dependence of the row
vectors (o;(b1),...,0:(bx)) would yield a linear dependence of the characters,
as the b; form a K-basis of K’ and o; is K-linear for all <.

Applying this to the equation

N
gij = . bwgiju =0
v=1
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and its G-conjugates, we infer W; = ﬂjvzl o;i(Vi) =V ({giyj,,,|1<jgr(i)}>. O

1<v<N

Remark 4.14. Instead of working with K//K finite Galois, we may use
any K //K finite separable such that each V; is defined over K’.

Proof. Exercise. O

Goal. We want to understand how the complexity of V' depends on the com-
plexity of V, in a uniform way, thus also the complexity of V* (by Lemma 4.12).
Definition 4.14.51.

® Lrooti= Lring U {pa|d = 2}, where pq is a d-ary function.

e A field with root functions is an L,,o¢-structure such that K is a
field and for every d > 2 and the following universal axiom is satisfied:

Vo1,...,Tq,t. (td + it 4 gt +x=0
— p@)+21p@) +... 420 =0).

Observe.

e In any field with root functions, if a monic polynomial has a root, the root
function applied to its coefficients is a root.

e Luery field can be expanded to a field with root functions (but this is of
course not unique).

Lemma 4.15. For every d > 0, there is a quantifier-free L,oot-formula
Trrg(zq, ..., 2z4), such that for every field K with root functions

K | Tirg(z) iff t* + 21t 4. 4+ g € K[t]
is irreducible.
Proof. Tt suffices to show that for K, L fields with root functions A a common
L oot-substructure, and aq, ...,aq € A, we have that
th+ art? 4 ag = pa(t)
is irreducible in K[t] iff it is irreducible in L[¢].
(This uses that Irrg is given by a first-order L,ing-formula.)

Let F = Q(A). Then since A is closed under root functions, F is rela-
tively algebraically closed in K and L. Now use the following fact from al-
gebra:
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Fact* 4.15.52. If F is relatively algebraically closed in K, then any f(¢) €
F[t] irreducible stays irreducibly in K[t].

Subproof. Otherwise f(t) = g(t) - h(t), but then some coefficients of g and h are
in (K\F) n Fa. n

O

[Lecture 15, 2024-12-03]

Lemma 4.16. Let K be a field with root functions and let A € K be a

subset. Then the L,q0-substructure generated by A is Intx ((A)c,;,, ), the
integral closure in K of the subring generated by A.
In particular, the field of fractions of (A),,. ., equals Q ((A) ﬁrmg)alg N K.

Proof. This follows from the definitions, once one notes that if « is integral over
R and g is integral over R[«], then § is integral over R (for an integral domain
R). O

Notation 4.16.53. If K is a field with root functions an A € K, we write
(A) for {A)r,;,, and (A)roor for (A)r,,., = Intx ((A))

Situation 4.17. Let K be afield, X = (X1,..., X)) and Z = (Z1,...,Zn).
Fix f = (f1,..., fr) where f; € Z[X, Z] for i = 1,...,r. We are interested
in the family of algebraic subsets of A™ given by

Va = V{(fl(X7a)v ) fr(Xaa)}
forae K™.
We write Vi 7 to emphasize that we consider V; as a K-algebraic set.

By VII(,E and Vf;a we denote the K-algebraic sets obtained by the intersection-
decomposition procedure, with K as the defining field.

Now let k be an arbitrary field, @ € K™ and Ko = Q (@)™ n K. Let
K, = Ko(«) be a finite separable extension such that all absolutely irreducible
components Vi, ..., Vy of Vg are defined over K;. We may and will assume that

o€ IntKglg ((@)), i.e. MiPo <04/K0) =:q(T) € {(a)[T]. Assume deg(q) = N. For
i=1,...,k choose gi1,...,9 ru € Ki[X] such that

Vi=V ({gi1s-- 9iri)})
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and let g; ;, € Ko[X] such that

N

Gig = 2, @ Gigu (%)

v=0

This is possible as (b, = a”_l)l]/v:l is a K(-basis of K.

[K[a]: K] =N, ()
as Ky is relatively algebraically closed in K. Thus (*) is also the unique decom-
position of g; ; in K(O‘)/K.

Chasing denominators we may assume

9i,j € Intre, (@) [X]. (s % )

We now look at the decomposition of V' into Vi, ..., V} syntactically:

Definition 4.17.54. Let K be a field with root function and let f be as
in Situation 4.17.

(1) A potential decomposition for f is a tuple
D=(q2T),0(X,2),....,9:(X,2Z)),

such that

D1 ¢(Z,T) is an Lyoot-term (over &) that is polynomial and monic
in T, i.e. it is of the form ¢(Z,T) = TN + 1 (X)T" 1 + ... +
en—1(X)T + ey (X) for some Lpot-terms ¢;(Z) in Z.

D2 Each g; is a tuple (g;,,, (X, Z))1<j<r(i) Of Lroot-terms that are

. . 1<v<N
polynomial in X.

(2) Let D be a potential decomposition for f asin (1) and @ € K™. Then
D is an actual decomposition of f at @ over K if the following
conditions hold:

D3 ¢(a,T) € K[T] is separable and irreducible in K[T] (it is auto-
matically monic by D1).

D4 If a € K?*# is a zero of ¢(a,T) and

N
9i5(X) = ) giju(X,@)a" " € K(a)[X]

and
Vi=V{gi1, - 9ir@)} S (K'#)
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then Vi, ..., V, are the absolutely irreducible components of V5
and pairwise distinct.

Lemma 4.18. (1) Let f be as in the Situation 4.17 and let D = (g, 91, .., gk)
be a potential decomposition of f.

Then there is a quantifier free L,,0¢-formula Decp ;(Z) such that for
every field K with root functions and every @ € K™ one has that D
is an actual decomposition for f at @ over K iff

K E DCCDJ(H).

(2) For every field K with root function and every @ € K™ there is an
actual decomposition of f at @ over K.

3) f D = (¢,91,---,9%) is an actual decomposition of f at @ over K
then

k
i {1,...,k}—>Nj(2)<r(z
VI%’EZV <{nglvj(1)v”(l)|J { 1/:}{1,...,]/6(}) ()_){17’N}}>

i=1

(4) There are finitely many potential decompositions Dy,..., Dy of f,
such that for every field with root function K and every @ € K™,
there is j < J such that D; is an actual decomposition for f at @
over K.

Proof. (1) Note that by Corollary 2.3 in any definable family of algebraic
sets, the set of parameters giving rise to an absolutely irreducible variety
is quantifier free L,ing-definable. Working in L;o0t we get the result.

(2) By Lemma 4.16 and the discussion after Situation 4.17, in particular (sx)
and (= %), Vk z may be decomposed into absolutely irreducible compo-
nents over K1 = Ky(a), where Ky = Q({(@).,..,) is relatively algebraically
closed in K (Lemma 4.16) and « is separable algebraic over Ky with

a(T) = MiPo (Y, ) € @z, (7]

(so ¢(T) is also irreducible in K[T1]).
(3) This holds by Lemma 4.13.
(4) This holds by compactness using (1) and (2).
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Theorem 4.19. In Situation 4.17 there are finitely many quantifier free
Lyoot-formulas, x1(z),...,xr(z), a function M: {1,...,I} — N and for
every 1 <4< 1 and 1 < j < M(i) a finite tuple h; ; of Lioot-terms of in
(X, Z) that are polynomial in X such that in every field with root functions
K the following hold:

(a) The sets C; := x;(K), ¢ = 1,...,I, define a partition of K™ (where
C; = & is not excluded).

(b) For any @ € C;, the absolutely irreducible components Vg - are ex-
actly the M (i) distinct K-algebraic sets®

V(hi,j(Xva)),j = 1, ce 7M(Z)

Here, M (i) = 0 means that V- = .

%This is a slight abuse of notation, as the h;; are tuples.

Proof. By Lemma 4.12 if r > 0 is minimal such that VI((T)a = Vi, then r < n.
We thus conclude by iterating Lemma 4.18 (4), (1) and (2) at most n times.

Note that the different potential decompositions just cover but not necessar-
ily partition K™, but it s easy to make the cases disjoint (in a quantifier-free

manner) setting Xu,,, = Xj4q1 A (/\;:1 ﬁX;). O

Corollary 4.20 (Existence of Bounds for the Decomposition-Intersection
Procedure). For any n,e € N, there exist D = D(n,e) and M = M(n,e)
such that for every field K and f1,..., fr € K[X1,...,X,], of degree < e
the following hold for the algebraic set V =V ({f1,..., f,}) € (K*#)":

(i) Vi has at most M absolutely irreducible components.

(ii) Each absolutely irreducible component of V is of the form
V({{hi,...,he}),

for hR € K[X]gD

Proof. Every field may be expanded to a field with root functions, so we can
apply Theorem 4.19.

Note that the dimg (K[X71,...,Xn]<e) € N is independent of K, so that in the
above, r and R are automatically bounded in terms of (n,e) resp. (n,d). O

Proposition 4.21. There are constants C = C(n,e) > 0and M = M (n,e)
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such that for every finite field F, and Fg-algebraic subset V < (F2l&)™,
defined by polynomials from Fy[X7,...,X,]<. such that V(F,) # &, we
get

#V (Fy) — pa’| < Cq*~2

for some d € {0, ..., dimug(V)}, pe {1,..., M}

Proof. We prove this by induction on the algebraic dimension of V. Assume
V(F,) # & and let V* := VF"; with absolutely irreducible components V1, ...,V

of V* (all defined over F,).

By Existence of Bounds for the Decomposition-Intersection Procedure (4.20) (i)
s< M =DM(n,e) (and s =1 as V*(F,) # &).

Permuting the V;, we may assume that d := dimaig(V*) = dima (V1) = ... =
dimaig(V,) and dimae(V;) < d for ¢ > p.

For this (d, i) there is ¢ > 0 such that
_1
[#V(Fy) — g’ <c- g2

Indeed by the Existence of Bounds for the Decomposition-Intersection Proce-
dure (4.20) (ii) each V; is defined by polynomials in F,[X]<p and we have

V(]Fq) = V*(]Fq) = U Vi(Fq)

By the Lang-Weil Estimates (3.1), there is C; = C1(n, D) > 0, thus Ci(n,e),
such that 1
[#V;(Fy) — qd\ < Cig? 2 for1 < < (+)

and a constant Cy(n, e)such that

|#V;(F,)| < Cpq® P for j=p+1,...,s. (++)

Moreover, for any 1 < 7 < j' < s we get
dimalg(‘/j N VJ/) <d< dimalg(v) (+++)

as V; # Vj» and both are absolutely irreducible of dimension d.

As Vj n Vj is defined by polynomials of degree < D?, by induction there is
C3 = C3(n,e) > 0 such that

[#V;(Fq) 0 Vi (Fo)| < C3q™ 1.

The estimate follows from (+), (++) and (+ + +). O

[Lecture 16, 2024-12-04]
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Proposition 4.22. Let fi1,..., f € Z[X1,...,Xn, Z1, ..., Zpn] be polyno-

mials of degree < e in X (i.e. considered as a polynomial in Z[Z]) and let
C =C(n,e)>0an M = M(n,e) € N5y be as in Proposition 4.21.

For I, and @ € ]FT we consider
Va=V ({fl(yaa)7 BN} f?“(y:E)}) :

Set f=(f1-..,fr). Let (d,u) €{0,...,n} x {1,..., M}. Then there is an
Lying-formula x¢,4.,,(Z) (also depending on C, but this is suppressed in the
notation) such that for every F, and @ € F*, we have

#Va(F,) — pg?| < Cq~% iff Fy = x1,4,4(@).

Proof.

Claim 1. For any d € {0,...,n} and pe {1,..., M}, there is an Ly ing-formula
Xt,d,u(Z) such that for every field K and parameter @ € K™ the following are
equivalent:

(i) dimag(VE ;) = d and Vi 5 has precisely p absolute irreducible components
of dimension d.

(i) K |=Xy.d.u(@).

Subproof. By the bounds in the decomposition-intersection procedure and the
definability of absolute irreducibility and of dimension in families. |

Depending on the choice of C, we there is a constant H € N such that for
all ¢ > H,q € Q, all @ € F" with Vz(F,;) # & there is exactly one (d,u) €
{0,...,n} x {1,..., M} sucht that

_1

|#Va(Fy) — pg’| < C-q* 2. (+)

By the proof of Proposition 4.21, (x) holds for such ¢ > H precisely when
Fq = X(@).

Note that we may choose H such that for all ¢ > H if V5(F,) = & for some
@ e ", then (x) holds for no (d, ).

Let xf,a.(Z2) =3z . =2 A Xf,a,(Z)] v [ list all the cases for the finitely
many ¢ < H counting in Fy which is of cardinality < H" ]

O

Lemma 4.23. Let ¢(X,Z) be a quantifier free Lying-formula, [X| = n,
|Z] = m. Then there are C(p) > 0 and M (p) € N5 such that for every
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finite F; and @ € Fy such that & # p(Fy, @) < Fy, there is (d,u) €
{0,...,n} x {1,..., M} such that

[#o(Fy,a) — pg?| < Cq?™3. (%)

Moreover for every (d, ) € {0,...,n}x{1,..., M}, thereis an L,ing-formula

Xe.d,u(Z) such that for all F; and @ € Fy* (%) holds for p(Fy, @) and (d, 1)
iff Fg b= Xop,a,u(@)-

Proof. Using elementary equivalences, one sees that there are polynomials g1, ..., g, €

Z[X, Z] and polynomials f; j € Z[X,Z],i=1,...,N, J =1,...,7(i) such that
in the theory of fields, (X, Z) is equivalent to

N r(1) o o
\ fij(X,Z) =0 g(X,2) # &

i=1 \j=1

|

vi(X,Z)

such that the ¢;(X, Z) define pairwise disjoint sets in every field,

Let X' = (X],..., X)) be a tuple of new variables and let

N [r()
O(X, X", 7) = /\ \/fm-(Y,Z) =0Agi(X,Z)- X/ —1=0n /\ng =
i=1 \j=1 i #i

Then ¢’ (X, X, @) defines an algebraic set for every @ € K™ for every field, which
is an algebraic subset of A"* of bounded degree < (e +1)V. By construction,
it is of dimension < n, so by Proposition 4.21 we find, whenever ¢'(F,, @) # &
for @ e F}", some (d, p1) € {0,...,n} x {1,..., M}, where M = M(p) = M(N +
n, (e + 1)N) with
_1

#¢ (Fg, @) — pg?| < Cq* 2, (+)
where C(¢) == C(n +n, (e + 1)V).
By construction ( and as the ¢;(X, Z) were pairwise inconsistent), the projection
FY*™ — F7 defines a bijection between ¢/ (Fy,a) and ¢(Fy, @), so (x) holds for
 in place of ¢'.

In the same way, applying Proposition 4.22 to ¢/, we find Xy 4,.(Z) = Xy ,a,u(Z)-
O

Remark 4.23.55. The main theorem, Theorem 4.1, is thus established for
quantifier-free .
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For the proof of Theorem 4.1, in the general case we need to refine the argument
in the proof of Theorem 2.15, showing that every definable set D < F™ is of the
form w(W (F)), where W < A"*! is an F-algebraic set and 7: W(F) — D has
finite fibers.

In particular, we need the following lemma:

Lemma 4.24. In the theory Psf.? every L.-formula ¢(X) is equivalent to
a conjunction of formulas of the form

IT. ¢(X,¢,T) =0

where geE Z[X,é, T], and 6 = (Ci,j) iz2 -

1<jy<t

?Psf with constant symbols (c;;) i>2 =:¢
1<j<i

Remark 4.25. The equivalence in Lemma 4.24 holds for ¢ » 0in (Fy, ¢; ;),
where for every i > 2, T% + ci,lTi’l + ...+ ¢ i—1T + ¢;; is irreducible in
F[T].

Proof. Indeed Psf. is axiomatized by Ty u{3®"x. x = z|n € N}U{T +¢; 1 T +
...+ ¢;; is irreducible|i > 2}. We conclude by compactness. O

Proof of Lemma 4.24. By Quantifier Reduction in Psf (2.13) we know that every
Lying-formula ¢(X) is equivalent to a boolean combination of formulas of the
form

3t f(t,X) =0, f(T,X)eZ[T,X].

It thus suffices to show that in Psf. every formula of the for —3t. f(t,X) =0,
ie. Vt. =f(t,X) = 0 is a conjunction of formulas of the form

3t. g(t,e, X) = 0.

Subproof. Let f(T,X) = YN di(X)T?, where d;(X) € Z[X]. Working in Psf,

(see the proof of Theorem 2.15, Vt. —f(t, X) = 0 is equivalent to the disjunction
of the following two formulas:

e Jy. (do(X) - y—1=0) A /\f\il d;(X) =0,
o Jy. Hij\il(di (X)-y—1) =0 A_“In the unique extension Fy; of F' |= Psf,
of degree N!, no root of f(T,X) lies in F”.

Using the constants cy1 ; for j = 1,..., N!, the latter formula may indeed
be expressed as a conjunction of formulas of the required form using the
constants.
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Work in the basis 1, o :== X, a2, ...,a™N'"1 of Fyy == F[T]/FN! and look
at the coefficients of the roots.

|
Note that Jt1. g1(X,¢ t1) = 0 v 3ta. g2(X, ¢, t2) = 0 is equivalent to
3t. g1(X,e,t) - g2(X, 6, 1) = 0,
so we are indeed left with a conjunction of such conditions.
O

Lemma 4.26. Let F' |= Psf and let D < F" be definable in Lying(F).
Then there are (m, e) € N? such that D is a finite union of sets of the form
7(W(F)) with W an F-algebraic subset of (F21&)"*+™ such that for every
de (F¥8)" 7=1(d) n W(F*#) is of cardinality < e.

Proof. By Lemma 4.24 we have D = ¢(F,a), where

o(X.Z)= N\ 3t gi(X,22) = 0,

working in Psf.. In particular, D is defined by a conjunction of conditions

It. g(X,t) =0,9€ F[X,T].
Maybe for certain @ € F", g(a,T) = 0. We write f(X,T) = Z?LO d;(X)T? as
before.

Then
N

I f(t,X)=0 = (/N\di(X) = O>v<5|t. Ju. (f(t,X)=0n H(di(Y)-u— 1) =0

i=0
(Note that there are at most N options for ¢ and at most N + 1 options for u.)

Put the conjunction of the right-hand sides in disjunctive normal form and get
the result with e computable from the data. O

[Lecture 17, 2024-12-06]

Lemma 4.27. Let (X, Z) be an Lying-formula of the form

where |X| =n, |Y| =k, |Z| = m and ¢(X, Z,Y) is of the form
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for h; € Z[X,Z,Y] and such that there is e € N so that for every field K
and @~ be K"t the set 1(a, b, K) is finite of cardinality < e.

Then the statement of Theorem 4.1 holds for p(X, Z).

Proof. By Proposition 4.22, there is a constant A(¢)(= A(y)) = A > 0 and
M = M(yp) € Nx such that for every F, and @ € F;* with Fy |= 3z, y. (=, @,y)
one has

#{(T.7) e FutF . F, (@, a@,9)} — pe?| < Aq*? (2)
for some d € {0,...,n+k}, pe{l,..., M}.

Assume ¢ » 0 and assume that (2) holds for F,, @€ Fy?, d, p. We define
D= @(tha) < ]F:]l
D :={TeF;|37y. F, = v(Z,a,y)} j=1,....¢
E = {(z,7) e Fy **|F, k= ¢(z,3.9)}.
In other words, D = n(F) = Dy v... v D,, where
Dj ={de D|# (r7(d) n E) = j}.
In terms of counting solutions, we get

(i) #D = #D; + ... + #D,, #E = #D; + 24Dy + ... + e#D,. By (2),
|#E — uq?| < Ag?=%. Note that since ¢ » 0, necessarily d < n.

Problem. D; is not quantifier-free definable.

We may however employ a little trick: For j =1,... e, let v = (Ylj7 ey ij)
be new variables. For j(1) # j(2) we write YJ( ) # YJ(Q) if they differ in at

least one coordinate.

For 1 < j < e we consider the following quantifier-free auxiliary formulas:

J . .
HEZY,. V) = Az A A 7027
i=1 1<i(1)<i(2)<y

Set H; :={(@,7',.... 7’} e Fg"* . Fy =407, ... )}

Note that every d € D gives rise to j! elements in H;. More generally 0 < ¢ <

(7+1)!
t!

e —jevery d € D;, gives rise to many points in H;.

Summing up, we get for 1 < j <e:
. . e!
#HJ = ]'#D] + (] + 1)'#D]+1 + ...+ W#De.
This is a system of e Q-linear equations in the #D;, which has full rank. Mul-
tiplying with the inverse, we may compute (#D;); in terms of (#H;); and get
using (i):
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(ii) #D = m#H1 + ...+ rc#H, for r1,...,7r. € Q depending only e.

As #H; < constant - #FE using Lemma 4.23 ® we find A;(¢) > 0 and M;(¢) € N
such that

(iii) |#H; — p;q?| < A;jq* 2 for some p; € {0,..., M;}. ?

(ii) and (iii) yield:

(iv) |#D — (ripin + ... +Tepie)q?| < Cq% 2, where C == C(p) i= |r1|A1 +... +
|7e| Ae.

As #D > # and as ¢ » 0, we get #D > £q? — %qd_% (using (2)) so ripug +
coFTepte = £ > 0.

There are only finitely many (d,v) € {0,...,n} x Qs we obtain this way.

Definability of the cases follows for ¢ » 0 follows from definability of the cases
in Lemma 4.23, as the cases are disjoint for ¢ » 0. For the remaining finitely
many small Fy, we do it by hand. O

We can now proof the the general case:

Proof of Theorem 4.1. We reduce the statement to the special case of Lemma 4.27.
Let ¢(X, Z) be an arbitrary Lying-formula.

By Lemma 4.24 and Remark 4.25 there is an L.-formula ¢'(X, Z), which is a
conjunction of L.-formulas of the form

T. 9(X,e,Z,T) =0,

where ¢(X,Z,C,T) € Z[X,Z,C,T|, C = (C; ;) i=2 such that for every ¢ » 0
1<j<i

in every enriched finite field (F,¢) ¢ and ¢’ are equivalent.

We may assume that the variables ¢; ; appearing in the different polynomials g

are all the same. Let Z be a tuple of new variables of the appropriate length.

For the 1% part of Theorem 4.1, it suffices to show the result for ¢/ = /\i,:1 T.Gi(X, Z, 7/,

0. Here, Z, Z are the parameter variables. We'll write Y (X, Z) and incorporate
Z' in Z in our notation.

Given G;(X,Z,T) = Z;V 09i,(X, Z)T7, we disjointly decompose the condition
IT. G(X,Z,T) = 0 into

(/\ngZ >v<3T.GZ—(X,Z =0 3U. ]_[g”YZ 1)=0).

8The statement for quantifier-free formulas, note that the 1, are quantifier free.
9We might need to neglect some Hj, so pj = 0 is allowed here.
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Using these decompositions and bringing the their conjunction into DNF, we
get a finite disjoint disjunction of formulas as in Lemma 4.27.

Indeed, they look like

Setting
~ —_— N —_—
VX, Z,Th,....Tn) = N\ (X, Z) =0 n N\ h;(X,Z,T;) =0,

there is e € N such that J)(Y, Z,F) has < e elements for any field F' and
(T,z) e F™.

The first part of Theorem 4.1 now follows from Lemma 4.27, as the set of formu-
las for which the statement holds is obviously stable under disjoint disjunctions.

Definablilty of the cases The initial replacement of ¢ by A might prose a
problem. However, the equivalent of ¢ and ¢’ holds for ¢ » 0 and all finite
tuples b satisfying a definable L,i,,-condition.

Indeed, whenever T™ + bn_rlTnf1 +. o+ b1 T+ by €Fy [T] is irreducible it
is fine. O

5 Simplicity and the Independence Theorem in
Psf

We will see that (in char # 2'°) in every F |= Psf, the formula p(X,Y) :=
3z. 22 = £ + y has the independence property, IP, i.e. for every n € N there
are ag, . ..,a,—1 and (by);cp in F such that for all 4, T

F|=<p(ai,b1) iff i e I.

In particular, ¢ is unstable, so every completion of Psf is unstable.

Notation 5.0.56. Recall that for field K < L, L’ < U we set L | &L/ iff
K
L and L’ are algebraically independent over K, i.e. for every finite tuple @

from L, trdeg (K(E)/K) = trdeg (L’(E)/L/)_

10In char = 2 there is another formula.

5 SIMPLICITY AND THE INDEPENDENCE THEOREM IN Psf 80



Definition 5.0.57. Let T be an arbitrary complete theory of fields and U a
monster model of T. For A, B,C < U we write A | 8C if QABY) | *#
B

Q(B))
QUBC)).

Lemma 5.1. Let T be a complete theory of fields. Let U = T be a monster
model of T" and let A, B,C, D, ... be small subsets of U. Then we have:

(1) Aut-invariance: if ABC = A'B'C’ then A |*¢$C «— A | ™8’
B B

(2) Symmetry: A lalg C = C lalg A.
B B

(3) Full Transitivity: 4 |*$CD < [A |*®Cand A | ¢ D.
B B BC

(4) Finite Character:

AlYEC s VA & A 4, |2 0.
B B

(5) Local Character: If A is finite, then for every C, there is Cy <
C with |Cy| < |T| (actually, we even have Cj finite *) such that
Ay [ M5 C.
Co

(6) Extension: Given A, B, C, there is A’ =g A such that A" | C.
B

%But this is not part of the definition of local character.

Remark 5.2. Usually for an independence notion |, local character

means that there is Cy € C of cardinality < |T'| such that

Ay | C
Co

Proof of Lemma 5.1. This holds for every Aut-invariant pregeometry. The fact
that alg defines a pregeometry is Steinitz’ Exchange Lemma, which yields sym-

metry.

Next week we will use the theorem of Kim-Pillay and the Indepencence Theorem

to characterize non-forking in Psf and prove its simplicity.

[Lecture 18, 2024-12-10]

Definition 5.2.58. Let T be a complete £L-theory with monster model U.
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e An L-formula ¢(Z,7) has the tree property, TP, with respect to k,
where k > 2 is an integer, iff there is a tree of parameters (b;)pew<w,
with b, € U, such that

(i) For every n € w=%, the set of formulas
{e@,b, ~,li € w}
is k-inconsistent, i.e. every k-element subset is inconsistent.

(ii) For every branch § € w®, the set of formulas

{o(Z, b, |n € w}
is consistent.
e ©(Z,7y) has TP iff it has TP with respect to some k > 2.
e T is simple iff no formula ¢(Z,y) has TP, i.e. iff T is NTP.

e ©(T,7) has the strict order property, SOP, iff there is a sequence
(b)icw in Ul such that

o(U,bo) S o(U,b1) S o(U,b2) < ...

e T has SOP iff there is a formula that has SOP. Otherwise T has
NSOP.

e ©(Z,7) has the order property, OP, iff there are (a;)ie, in U®l
and (b;)iew in U'¥l such that for all 7, j € w one has

e T is stable iff no formula has OP.

e ©(T,7y) has the independence property IP iff there are (a;)ic.
from U™l and (bs) e, from U such that for all i € w and J < w
one has

U )=<p(ai7bj) iff ieJ.

e T is NIP (dependent) iff no formula has IP.

Remark 5.3 (Shelah). T' is unstable iff it has IP or SOP. In particular
(see below), T is stable iff T is NIP and NTP.

Proposition 5.4. Let T be a complete L-theory with monster model U
and let ¢(Z,7) be an L-formula. We have:
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(i)  has SOP = ¢ has OP.
(ii) ¢ has IP = ¢ has OP.
In particular, every stable theory is NIP.
(ili) ¢ has TP — ¢ has OP.
In particular, every stable theory is NTP.
(iv) T is NTP = T NSOP.

Proof of Proposition 5.4. (i) clear.

(i) TIf (as)icw, (bs)scw Witness that ¢ has TP, then (a;)icw, (b)) ew With bj =
bo,....j—1) witness that ¢ has OP.

(iv) Assume that o(%,7) has SOP. By compactness we find (by)4eq in U
such that for ¢, ¢’ € Q we have

©(U,bg) 2 p(U,by) <= q>¢ .

It is easy to see that the L-formula
V(T 77) = (@, 9) A ~p(T,7)

has TP with respect to 2.1

For a formula ¢(Z,7) and A < U, we set

S,(A) = maximal consistent sets of formulas
@ " ) of the form ¢(%,a) or —(T,a) for a € ATl (>

the set of complete p-types over A.

For the proof of (iii), we need the following:

Fact 5.5. The following are equivalent:
e ©(Z,7y) has OP.

e For every infinite cardinal & there is A € U with |A| = & such that
1S5(4)| > &

e There is A € U such that |S,(A)| > |A| = Ro.

11Use that every open interval in Q contains countably many pairwise disjoint open intervals
to construct a tree of parameters as required by TP.
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Continuation of proof of Proposition 5.4. (iii) By Fact 5.5, it suffices to show
that if ¢(7,y) has TP, then |S,(A)| > |A] for some infinite A < U.

Let x be an infinite cardinal such that k™0 > max{2%0, x}.

Such a cardinal exists. Indeed any x > 280 of cofinality R, will do, as then
cof (k%0) > Ry by Kénig’s Theorem, so k™0 > &.

Using that ¢(Z,7) has TP with respect to k > 2, by compactness we find
(by)nen<w in UP such that

(1) {e(z, b, ~ ;|1 € K} is k-inconsistent for every n € £=%.
(2) w5 = {p(T, bg|,)jicw } is consistent for every 5 € k.

Given f € k¥ by Zorn’s Lemma we find Fg € k= such that the following
hold:

(a) BeFp
(b) U, e, ™y is consistent.

(c) Whenever = § ¢ Fp, then the set of formulas
——
eKw

T U U?TV

YeFg

is inconsistent.

Let T := {7y|n|n € w,7y € Fg}. Then Tp is a tree. Suppose there is 7 € T

and pairwise distinct ¢;,...,%; € k£ such that n"i; € Tg for j = 1,..., k.
Then there are 71,...,v, € Fg such that n” 7; is an initial segment of ;
forj=1,...,k.

So the consistency statement (b) contradicts the inconsistency of {¢ (T, by~ l7 =
J
1,...,k} (which is a consequence of (1)).

It follows that T may be embedded into the three k< and so its set of
branches embeds into the set x“.

In particular, |Fg| < [k¥] = 2%, As %0 > 2% by assumption, there is
F c k¥ with |F| = £® and such that Fg # Fp for all 3 # 8’ from F.

Let A := {(by)i|n € k=¥,1 < i < [g|} be the set of elements appearing as
a coordinate of some b,,.

For f € Flet pg € Sy(A) such that pg 2 J,ep, 7y If f # ' are from F,
wlog. there is § € Fg\Fp. Then w5 < pg and pg U 75 is inconsistent. In
particular pg # pgr. So [S,(A)] = kM0 > k = |A].

O
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Proposition 5.6. Any completion of Psf has NSOP. More precisely, given
any Lying-formula ¢(Z,7), there is a bound N, € N such that in no F' = T
there are tuples bo, ...,bn, € FIl such that

QO(F’ bO) 2 QO(F7 bl): =2...2 QO(Fv bN¢)'

Proof. If no such bound exists, by compactness we find F' = Ty and (b;);en such
that
o(F,bi) 2 o(F,bit1)

for all 4. In particular, F' is necessarily infinite, i.e. F' |= Psf. It thus suffices to
show the first statement.

Assume F = Psf and (b;):en and o(Z,7y) witness SOP. Let Q < {0,...,|Z|} x
Q>0 be the finite set associated to ¢(T,y) in Theorem 4.1. In particular
(dim(o(Z, b;)), u(p(T, b;))) € Q for all i € N. We may thus assume that there is
(d, 1) such that (dim(¢(Z,b;)), u(e (T, b;))) = (d, u) for all i € N.

We argue by induction on d = 0

Case d = 0 Then p(p(Z,b;)) = #o(F,b;) = p for all ¢ (by Remark 4.3)
contradicting ¢ (F,bg) 2 ¢(F, by).

Case d > 0 Let S; = (p(F, bz), SO Sy 25128 2.... Set T; = So\Si, SO
S() = Sz UTl

Since (dim(S;), (i) = (d, ) = (dim(So), 1(So)),

Proposition 4.7 (2) yields dim(7T;) < d.

AsT) € To € T3 < ... we are done by induction and compactness. O
We will use the following:

Fact 5.7. Assume that T is a complete theory such that every formula
o(z,y) is NTP with respect to 2. Then T' is NTP.

Gzl =1

Theorem 5.8. Any completion of Psf is NTP.

Proof. Using Fact 5.7, Theorem 5.8 follows from Proposition 5.9. O

Proposition 5.9. For every L,in,-formula ¢(Z,7), there exists a bound
N, € N such that for every F' |= Psf, every definable set S < F' 7| every set
of indices [ if
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e S; = ¢(F,b;) is a subset of S,

o dim(S;) = d = dim(S) for all ¢ and

e if i # j are from I, then dim(S; n S;) < d,
then |I| < N,,.

Proof. Suppose no such N, exists. Using compactness, it follows that there is
F |= Psf, S < FI*l definable and b; € FI¥l for i € I = N, such that F,S,S; =

o(

Let D be the finite subset of {0,...,|Z|} x Qs associated with ¢ and g :

F,b;) adhere to the assumptions.

min{p|(d, 1) € D}. We have mg(S; n S;) = 0 for all ¢ # j and

SO

m(
“w

1(Si) Ho
mg 51 = = 3
0= u(s) = ()
finite
for every Iy = N we get ms (U;ez, Si) = 2ies, ms(Si) = ‘io(‘g)o, so |1o|
finite
—f). But I Et N was arbitrary 4

<

O

[Lecture 19, 2024-12-16]

Definition 5.9.59. Let T be a complete L-theory with monster model U.
Let A € U be small, p(Z,7) and L-formula and b € U7,

e For k > 2 one says that ¢(z,b) k-divides over A if there is a se-
quence (b;)sen in U'Y! of realizations of tp(b/A) such that {¢(Z, b;)|i €
N} is k-inconsistent.

e ©(Z,b) divides over A iff it k-divides over A for some k > 2.

e A partial type 7(Z) divides over A iff it implies a formula which
divides over A.®

e A partial type 7 (%) forks over A iff it implies a disjunction

\/ Pj (Ea bj)

1<j<n

such that each ¢(Z, b;) divides over A.

?QObserve that ¢(Z, b) divides over A iff {p(Z,b)} divides over A.
Notation 5.9.60. We write
Alfc
B

if for every finite tuple a from A tp(%g) does not fork over B.
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The following theorems will not be proved in this lecture:

Theorem 5.10 (Kim). If 7' is simple, lf satisfies the following proper-

ties: Aut-invariance, Symmetry, Full Transitivity, Finite Character, Local
Character, Extension.®.

%cf. Lemma 5.1

Theorem 5.11 (Kim-Pillay). If T is simple, |/ satisfies the Indepen-

dence Theorem over a Model: For every M =T and M € A,Bc U
with A |7 B if p(z) € S(A) and q(z) € S(B) are types that do not fork
M

over M such that p|pr = q|as, there is r(z) € S(AB) with r|4 = p and
r|p = ¢ such that r does not fork over M.

Theorem 5.12 (“Theorem of Kim-Pillay”). Let T be complete and let
| be a ternary relation on small subsets of the monster model U = T

satisfying Aut-invariance, Symmetry, Full Transitivity, Finite Character,
Local Character, Extension and the Independence Theorem over a Model.

Then T is simple and | = |7

Proposition 5.13. In any completion T of Psf, lalg satisfies the Indepen-

dence Theorem over a Model.

Corollary 5.14. Any completion of Psf is simple, with non-forking equal
to |8,

Proof of Proposition 5.13. We will convert the problem into an amalgamation
problem for algebraically closed fields with automorphisms.

Let F = Psfand F < A,B < U with U > F, A|*®B. Assume that p(z) € S(A)

F
and ¢(Z) € S(B) are types such that p|r = ¢|r and for any ¢ = p and d = ¢
one has
¢ |™ Aandd|™ B.
F F

Replacing A (and B) by its relative algebraic closure in U, we may assume
that A and B are relatively algebraically closed in U. Moreover, replacing ¢ by
F(c)8 AU ~p F(d)*& n U, we may assume that p|r = g|r is the type of an
enumeration of a relatively algebraically closed subset C' of U.
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Let Xap = (AB)8nU. For C = pin U, let Xac = (AC)¥8NU. For C' |= q,
let XBC’ = (Bcl)alg NnU

Note that C' ~p C’, C' | ™8 A and ¢’ | ™ A.

F F
Gal(Xap), Gal(Xac), Gal(Xper), Gal(4), Gal(B), Gal(C) =~ Gal(C’) and
Gal(F) are all procyclic, with surjective restriction maps whenever this makes
sense. As Gal(F) = Z, it follows that all restriction maps are isomorphisms and
all Galois groups are =~ YA

Identifying C' with C’, we find inclusions between various relatively algebraically
closed subsets of U, such that all maps commute:

XasB
B A
S <
F
N
XBc C Xac
Figure 1

Note that the whole diagram is not a subdiagram of the subsets of U (yet).

We find generators of the various Galois groups

Now let Fale < A*e Bals C2l8 etc. together with compatible coherent restric-
tions of the automorphisms, yielding
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XAB>UAB

T

(Balg7 UB Aalg’ O.A>

\/

(F‘alg7 UF)

I

(X3, 0pc) +— (C*8,00) — (X3, 0ac
Figure 2

We need to do a little detour now.

Definition 5.14.61. Let T be an arbitrary complete theory and U =T a
monster model.

e Let A= B < U. A partial type n(Z) over B is called finitely
satisfiable in A if for any @1, ..., ¢, € 7, there is a € APl such that

UE _/\901‘(@)

o If M <U and M € B € U and p(z) € S(M), then an extension
q(Z) € S(B) of p(%) is called a coheir of p if ¢ is finitely satisfiable
in M.

Lemma 5.15. (1) Let «(Z) be a partial type over B which is finitely
satisfiable in A € B. Then there is ¢(Z) € S(B) extending 7 such
that ¢ is finitely satisfiable in A.

(2) f M <U and M < B € U, then any p(Z) € S(M) admits a coheir
in S(B).

Proof. (2) follows from (1) by setting 7 (%) := p(Z), A = M ad p(T) is finitely
satisfiable in M.

ad (1): By Zorn’s Lemma, we may assume that 7(Z) may not be properly
extended to a partial type over B which is finitely satisfiable in A. If © was
not complete over B, there would exist an Lp-formula ¢(Z) such that both
m(ZT) U {p(Z)} and 7(T) U {—¢(T)} are consistent. One of these partial types is
then finitely satisfiable in A, contradicting maximality of 7.
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Indeed if 7(Z) U {p(Z)} is not finitely satisfiable in A, there are ¢1,...,¢, €
7 such that A, ¢;(Z) A ¢(T) has no solution in A. Similarly, there are
Oy, € msuch that A ¢} (Z) A —¢(T) has no solution in A.

But then A ¢;(T) A A ¢;(T) has no solution in 7, contradicting that 7 is finitely
satisfiable in A. O

Recall that for K |= ACF and a field extension L/ i a type p(T) € S, (K) admits
a unique extension to ¢(T) € S, (L) such that for a = ¢ one has

a}l(algL (<= trdeg (%) = trdeg (V) < loc (%) =loc (%) < L(a) = Q(K(a)Qk L)).

Proposition 5.16. Let K < U = F, K < L < U and let p(Z) = tp (Y ).
Then p admits a unique coheir ¢(Z) € S(L) given by the unique extension
to L of the same transcendence degree.

Proof. A coheir exists by Lemma 5.15. Suppose for a contradiction that tp (a’/L)

is finitely satisfiable in K and trdeg (aI/L) < trdeg (a’/K). Then there is

b € L™ which is algebraically independent over K but algebraically dependent
over K(a').

There is an Lying-formula ¢(Z,7) such that ¢(Z,b) € tp (a’/L) and whenever
U = ¢(c,d), then trdeg <d/c) <n.

By finite satisfiablilty, there is e from K such that U = ¢(e, b), so trdeg (b/K) <
trdeg (b/6> <nj. O

Definition 5.16.62. Let P(3)~ := P(3)\{3} be the set of proper subsets
of 3.

e A 3-amalgamation problem (3-AP) in ACF, is given by a system
of quantifier free Lying U {o}-types {pu (Tw)}wep(3)- over & such that
the following conditions hold:

(i) For any w, K, |= p,, enumerates an algebraically closed set such
that ¢ is an automorphism.

(ii) If w € w', then x,, subtuple of z,, and py/|z, = Puw-

(iii) For any w = {i,j} with ¢ # j and any K, | p, one has
Ky = (K;K;)™8 and K; | *® K;, where K;, K;, K denote

Kg
the subtuples of K, corresponding to the subsets of variables
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X{i}7 X{j} and X@.

e A solution of {p, (%) }wep(3)- is given by a type ps(z3) such that (i)
and (ii) hold for {p, (2w )}wep(3) and in addition the following holds:

(ili)” If Ko,1,9) = ps, then K10y = (KoK1K2)™8 and Ko [
Ko
K K5.°

“Note: It follows that K1 | 8 KoK and K» | ®8 KoK .
Ky Ky

[Lecture 20, 2024-12-17]

Proposition 5.17. Every 3-AP in ACF, admits a solution.

Proof. Let {Py}uwep(3)- be a 3-AP in ACF,. Let (Ky,0w) [ pw (we P(3)7).

These realizations all live in some U = ACF (sufficiently saturated).

We mas assume that Koy S Koy and Koy S Koy such that K1y | alg
Ky

K{0,2}'

Then for the compositum, we have Ky 1y3K92; = Frac(K,1; ® Kyo,2)) and
(0,1} Y 00,2} induces an automorphism & of the compositum Kyg 1} K{g,2;. Note
that, as fields, we may assume Ky oy S (K{O’I}K{(),Q})alg =: K{o,1,2;- In order to
find 0g,1,9y € Aut(Kyg,1,2) extending both & and o o, it suffices to show

a a
Ifae K{Lg}, then tPacE (/K{l}K{2}> = tp </K{0,1}K{0,2}>. (3)
or equivalently, using elimination of imaginaries in ACF (or just Galois theory),

delacr (K013 K 0.0,) N (K(13K(2))™® = delacr (K1} K(2}). (4)

To settle (4), assume that

1
a € K gy ndelacr | (KoK 1y)™®) (KqoyK1y)**

<

Ko,13 Ko,23

There is a (J-definable function F' and tuples dyg ;, from Ky ; for i = 1,2 such
that
F(d{o,l}, d{0,2}) = a.

We may choose tuples ¢; € K; fori = 0,1,2 and Lying-formulas o;(Xo, X;, Zo ;)
with
U = ¢ilco, ¢iy dgo,3})

for ¢ = 1,2 such that whenever = ¢;(cg, ¢}, d{{07i}’ then d/{O,i} € aclacr (¢, ¢}).
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By construction, we get that the following L,ing-formula
320,15, 20,2- [p1(Xo, €1, 20,1) A p2(Xo, €2, 20,2) A F(20,1,20,2) = a]

- . e 1
lies in tPACF(CO/K{LQ}) = tpACF(K(VK{LQ}).. By (i) and transitivity of |, we

get

Koy | ™ K1y
Kg

By Proposition 5.16 we get that tpacr (K{O}/K{l 2}) is finitely satisfiable in

Kg. So there are d} € (KgK;,)"8 = Ky, such that F(d},d,) = a. Hence
a € dClACF(K{l}K{Q}). O

Continuation of proof of Proposition 5.13. The Figure 2 represents a 3-AP in
ACF,, so it admits a solution (ﬂ&) by Proposition 5.17 with compatible £,-
embeddings of (X%%, o4p) etc. into (L,5) such that A&, Ba& €918 are inde-
pendent.

Note that the fields in Figure 1 are the fixed fields of Figure 2.

L := Fix(L) allows for compatible embeddings of X 4p etc. into L as relatively
algebraically closed subsets. A, B, C' are algebraically independent over F' in
L and L is perfect with Galois group Z.'2 By the Lemma 5.18, L regularly
embeds into some F’ = Psf, so F’ > F. Identifying A, B, C' with their images

in F/, tp (C/ A B) is the desired solution. O

Lemma 5.18. Let L be perfect with procyclic Galois group. Then L
regularly embeds into a model of Psf.

Proof. O

Theorem 5.19. Any completion T of Psf has IP. In particular, T is un-
stable. In char # 2, more precisely, the formula @o(z,y) :==32. 22 =2z +y
has IP.

Remark 5.20. In char = 2, one may work in the field F[(3] (interpretable
in F) and show that p3(x,y) :=32. 22 —x + y as IP in F’, so F is IP.

Proof of Theorem 5.19. Let F = Psf, char(F) # 2. Let 0 € Gal(F) be a
topological generator, so (F8, o) = ACF, and Fix(c) = F.

2Procyclic is clear, as Gal(L) is topologically generated by ; as it surjects onto Gal(F) = V/
we conclude.
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Claim 5.19.1. For everyn € N, there is (K, o) 2 (F, o) with (K, o) |= ACF,
and ay,...,a, € Fix(K), by € Fix(K), I < {1,...,n} such that

Va; + by e Fix(K) iff i e 1. (5)

Note that (5) is well-defined since the other square root is —v/a; + by and —1 €
Fix(K).

Subproof. Let aq,...,a,,b;, I < {1,...,n} be algebraically independent over

F¥8 Let e = (@,b), L := F&(€). Let o be the extension of o|pas given by
o(a;) = a;, a(by) = by for all i,1. (L,0) 2 (F*8 o). Let M/L be given by

adjoining

Ci,J =N a; + br
for all 4, 1. Let R := F*®[ay,...,a,,br,I < {1,...,n}]. a; + b; are irreducible
in R and pairwise non associate. So ay + by (mod )(LX)2 are Fa-linearly inde-

pendent in L /( I )2 (an Fy-vector space written multiplicatively).
n-2"
By Kummer theory, Gal (M/L) ~ ( /22) . On M, let & be the extension

of o|r, given by
~ Ci I ifiel
o(cir) = e
—Ci,I if 4 ¢ I

Let K := M®#, and o the extension of & to K8, |

By Lemma 5.18, there is a regular extension F//FiX(K)’ such that F’ | Psf.
F' > F (since regular), showing that 2 has IP in Th(F). O

6 Some results around dcl in Psf

[Lecture 21, ]

A description of dcl in Psf

Definition 6.0.63. e For K |= Psf and P(X,Y), Q(X,Y) € Z[X,Y],
|Y| = d we define a function

Kp,Qt Kd — K
S {b if {Q(z,a)|z € K, P(x,a) = 0} = {b},

0 otherwise.

o Weset L. = LiingLi{kp,g|P,Q as above} and Psf i := Psfu{ definition of kp g as above}.
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Remark 6.0.64. Note that Psf, 2 Psf is an expansion by definitions,
i.e. every model of Psf uniquely extends to a model of Psf,, as the kpg
are L,ing-definable functions. In particular, there are no new definable sets.

Proposition 6.1 (Hrushovski). Psf,; eliminates quantifiers and £, -substructures
of models are definably closed.

Proof. We first show

Claim 1. If A ={A);, <k = Psf,,
then A = dcl(A).

Subproof. Assume A = {(A)., .
(a) A is a subfield:
Indeed, let a € A\{0}. Let P(X,Y) =X Y —1and Q(X,Y) == X, we
get kpola) = 1.
(b) A is perfect:
Indeed, assume char(K) = p > 0. Let a € A. Let P(X,Y) := XP - Y,
Q(X,Y) = X. Then kpg(a) = av € A.
Now, observe that A € dcl(A) € acl(4) = A8 n K.

Towards a contradiction suppose that there is b € dcl(4)\A. By Quantifier
Reduction in Psf (2.13) every field automorphism of o € Autgaq (acl(A)/A) is
elementary, so as b € dcl(A4), we have o(b) = b for every o € Autgeq(acl(A)/A).

By compactness of the Krull topology of Autgei(acl(A)/A), there is a finite
normal (hence Galois by (b)) extension B/ A such that b € B and b is fixed
under every ogeld (B/A), where B := B n K = acl(A) n B < acl(A).

As B/ 4 is finite separable, by the primitive element theorem there is ¢ € B
such that B = A(c). Moreover if P(X) := MiPo(¢/A), then there is a bijec-
tive correspondence between the set of roots of P in B (and thus in K) with
Autgea(B/A) given by o — o(c).

Let ae A% and P(X,Y), Q(X,Y) € Z[X,Y] such that P(X) = P(X,a) € A[X]
and Q(c,a) = be A(c) = Alc].

Let Q(X) = Q(X,a).

By definition, kpg(@) = b. Indeed, let o € Autgea(B/A). Then Qo(c)) =
a(Q(c)) = a(b) = b. |
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Remark 6.1.65. We proved that dcl(A) = Q ((A)P"Tu Upgrra(4),
—_—— ’

A/
i.e. it suffices to apply a kp,g once.

Claim 2. Psf, eliminates quantifiers.

Subproof. By Quantifier Reduction in Psf (2.13) it suffices to show that if

f: A=~ Bisan Lg-isomorphism, A < K |= Psf,;, B < L |= Psf,;, then f extends
to an Lying-isomorphism

f: A¥8 A K ~ B8~ L.
We know that this holds iff for every P(X) € A[X] one has K = 3t. P(t) = 0
ifft L =3t f(P)(t) =0. (%)

Letae A% and P(X,Y) € Z[X,Y] such that P(X) = P(X,a) and Q(X,Y) := 1.
By definition,

_ 1 if K =3t P(t) =0,
rp@(a) = {

otherwise.

As kp(f(@)) has the same result, since f preserves L, we get (x). |

Corollary 6.2. Let A € K |= Psf. Then dcl(4) = (A),,

Geometric Representability of Profinite Groups over Pseud-
ofinite Fields

Definition 6.2.66. Let T be a complete theory of fields and let G be a
profinite group.

We say that G is geometrically represented over K, = T iff there is
K > Ky and Ky € A € B € K such that Aute(B/A) = G.

Here, Aute)(B/A) is the group of elementary permutations of B fixing A
pointwise.

Notation 6.2.67. Let k be a prime field® and let p be a prime.

e If char(k) # p and n € N, we denote by p,» the group of p™-th roots
of unity in k®.

We set Qp:=pip0:= e tpn -
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o If char(k) = p, i.e. k = Fp, we let p be the Artin-Schreier map
x — 2P — x on k8 = Fal& and we set €, = oy ker(p™).

Ye k=Fpork=0Q

Remark 6.3. If K is a field and p a prime, then either 2 € K or K n (Q,
is a finite subgroup of €,,.

Proposition 6.4 (Beyarslan-Hrushovski). Let ¢ be a prime and K |= Psf
of char # p such that p,» < K. Then Zp = lim Z/pn is geometrically

represented over K. In particular, Z/pn is geometrically representable over
K for all n e N.

We will prove a generalization of this:

Proposition 6.5. Let K |= Psf and v < K* be a divisible group of roots
of unity. Then the Pontryagin dual, vV = Homq777(v, S™) = [ [ peq Zp

CpEV
is geometrically represented over K.

Proof. For a prime p such that ¢, € v we choose a coherent system (wpn)nen of
of (primitive) p™-th roots of unity with w, = ¢, and
P
(wanrl) = (.Upn
for all n € N.

Then v is the direct sum of the pp» with ¢, € v and ppe = ey tpr = U<
omegaegapn ).

We let K((t?)) be the field of Hahn series with coefficients from K and expo-
nents from Q.'3

The following is well known:

w0 ifa=0

If v(a) = " then (K ((t9)),v;) is a valued field with

min(supp(a)) if a # 0,
residue field K and the value group is Q, which is maximal, i.e. does not admit
any proper immediate extension. Thus by valuation theory one gets

(%) K ((t9))is a quasifinite field (6)

More precisely

##For every n € N, K((t?)) has a unique extension of degree n given by K, ((t%)) = K, K ((t®)) where K,,/K
(7)

Bie K((t?) = {a = 240 %qt?laq € K, supp(a) is a well-ordered subset of Q}.
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In particular, K(%@)) is a regular extension and res: Gal(K((t?))) — Gal(K) =

7 is an isomorphism.
By there is K = Psf into which K ((t2)) regularly embeds and so K < K.

Given p € q such that ¢, € v (so upo < v), we define the following field
automorphism 7, on K ((t9)): For ¢ € Q\{0}, ¢ = p* - ¢, a,b,z€Z,pfa,qfb,

4 if 2 >0,
Tp (1) = { ne

w if z < 0.

-2
Set (2, aytY) =3 ayTp(tY). As K((t9)) is relatively algebraically closed in
K

Each 7, restricts to a field automorphism of K (t% |n = 1) 2 K(t) fixing K(t),

1
so by construction 7, € Autel(K(t" In > 1)/K(t)> for all p such that ¢, € v.

1
It is easy to check that the 7, topologically generate a subgroup H of Aut(K(t wln = 1)/K(t)>
isomorphic to [ peq Zp-

CpEV

Set B:= K(tw|n>1) and A= B¥ 2 K(t).

Then H = Autg (B/ A), essentially by Galois theory. O

[Lecture 22, 2025-01-10]

We’ll now discuss some negative results.

Lemma 6.6. Let K be a field and L > K (so KalglgL). Let K,/K be a
normal (algebraic) extension and L' := K'L (= K' ®k L).

Then any 7 € Aut(L/K) admits an extension 7/ to L’ which commutes
with any o € Aut(L'/L). If Aut(L’/L) is abelian, any extension 7 will do.
Proof. As L' = K' Qg L, let 7 = idg' ®7 which commutes with all o €
Aut(L'/L) =~ Aut(K'/K).

—_—
o®idy,

Everything follows. O

The following technical lemma just wraps some computation for later use:

Lemma 6.7. Let (D, +) be an abelian group and let P,T,Sy,..., Sy be
endomorphisms of (D, +), ¥ = {S1,...,Sn}. Assume PT = TP, PS; =
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S;P, TS; = S,;T for all i.
Set ker(X) := (%, ker(S;) and Q :=

Assume in addition:

nen Ker(P™).
(i) P is surjective,
(ii) T)o = 0 and
(iii) Q nker(X) < ker(P") for some r € N.
Then if a € ker(X) and P(a) € ker(T), then a € ker(T)).

Proof. Let a € ker(X) such that P(a) € ker(T). Let P(a) =:b and let C :=
{z € D|3In,m > 0. P"(xz) = P™(b)} 3 a. As T(b) = 0 and S;(b) = ( (a)) =
P(S;(a)) = P(0) = 0 for all i, we get

Si(C)cQfori=1,...,m. (8)
Indeed if P*(c) = P™(b) for n > 0, then P"™(S;(c)) = S;(P™(c)) = S;(P™(b)) =
P™(S;(b)) = P™(0) = 0, 50 S;(c) € ker(P™) < Q.
By the same argument:
T(C)< Q. 9)
By (ii) we have T'S;|¢ = 0 for all 4, so S;(T(C)) = 0, i.e. T(C) < ker(X).

By (iii) T(C) < ker(PT) for some r. Moreover, by (i) and the definition of C,
we get P(C) = C.

Thus PT(C) = TP(C) = T(C). By induction we get P"T(C) = T(C). So
T(C) =0, ie. ac€ker(T). O

Lemma 6.8. Let K be a field such that Gal(K) is topologically finitely
generated. Then the following holds:

(1) For every n € N, K has only finitely many separable extensions of
degree < n.

(2) If L = K, then res: Gal(L) — Gal(K) is an isomorphism.

Proof. Let Gal(K) ={o1,...,0n).

(1) Tt suffices to show that K admits only finitely many Galois extensions of
degree < n.'* This follows as

e there are only finitely many groups of cardinality < n up to isomor-
phism and

4p! = nl
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e for each of these there are at most n” many continuous group ho-
momorphisms Gal(K) — G.

We finish by Galois theory.
(2) fL>K, L/K is regular, so res: Gal(L) — Gal(K) by Proposition 1.39.

But the finite number of separable extension of degree n of L and K are
the same, so they all come from K, so res is injective.

In other words L3P = K*°P[ = K5P Q@ L.

Theorem 6.9. Let Kbe a field such that Gal(K) is topologically finitely
generated.

If p # char(K) assume that K contains a primitive p-th root of unity.

If a finite group G with p|#G is geometrically represented over K, then
Q, c K.

Proof. By assumption, there are K < L and intermediate fields K € A< B< L
such that G = Aute(B/A) is finite with p|#G. Let 7 € G be of order p.
Replacing A by B", then B by A(ao,...,a,-1), where 7°(ag) = «; for i =
0,...,p — 1 such that 7(ag) # ag, we may assume Auteq(B/A) = Gal(B/A) =
(T) = Z/p and B/A is Galois.
We may take L |B|"-saturated and strongly |B|"-homogeneous. Let 71 be
an extension of 7 to an element of Aut(L/A). Combining Lemma 6.6 and
Lemma 6.8, 77, extends to some 7rser € Aut (LSEP/A) such that 77ser commutes
with every o € Gal(L), in particular with topological generators o1,...,0, of
Gal(L).
e If char(K) = p, let (D,+) = (L*P,+). By construction we may assume
that 7rsep fixes K5°P.
e If char(K) # p, (D,+) = (L%P*,.) (written additively). We also write
End(D) additively.
We consider the following endomorphisms of D :
o S;=0;,—1id (ie. S;i(z) = # in the case of char(K) # p)
o T = TLsep —id.
o If char(K) = p, P(x) == 2P —z = p(x).
o If char(K) # p, P(x) :=p-x (x — 2P mulitplicatively)

By Artin-Schreier / Kummer theory, we get B = A(b) for some b with P(b) =
a€ A
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Define  as in Lemma 6.7 , i.e. @ = Q, (so Q = ppo or [, ker(p™)).

Clearly P commutes with T and the S;. Let us check the other hypotheses in
Lemma 6.7:

(i) P is surjective (v' as L°P is separably closed),
(ii) T)a, =0 ( v since Tpsep, fixes K5P 2 Q,)),
(iii) Suppose that Q, ¢ K.

Then by Remark 6.3 K n €, is a finite subgroup of €2,. Thus for some
r € N, P” vanishes on K n ).

As L > K, we have L n Q, = K n Q, and by Galois theory L = ker(X).
Thus P" vanishes on ker(X) n Q, = K n Q.
By Lemma 6.7 we get T'(b) = 0, i.e. 7(b) = b, so 7|p =1idp 4. O
Recall that in a fixed charp € § u {0}, the completions of Psf, are in bijective
correspondence with the conjugacy classes in Gal(F,), where Fy := Q.

Indeed, the isomorphism type of Abs(K) determines (and is determined by) the
completion Th(K) of Psf (cf. 77).

Gal(FF,) is a compact topological group, so it has a unique left-invariant'® prob-
ability measure called the Haar measure pug.

Let II be the set of conjugacy classes of Gal(F,) and n: Gal(F,) — II the
canonical projection. g = myug is the induced measure on II, ie. pu(U) :=

pe(rH(U)).
Identifying IT with the set of completions C, of Psf,, we get a measure p on C,.

We will use the following as a black box:

Fact 6.10 (Jarden). For almost all T' € C,,, if K =T, then Abs(K) < K.
(Equivalently, for almost all o € G (F2'8)7 |= Psf.)

Corollary 6.11. Let K be field such that Gal(K) is topologically finitely
generated and let p be a prime number, p # char(K). Assume that K[(,]
does not contain pyo. Then no finite group G with p|#G is geometrically
represented in Th(K).

Proof. Let K' := K|[(p]. Then [K’': K| < p—1. If there is G geometrically
represented in Th(K) such that p|#G, then there is H finitely generated, geo-
metrically represented in Th(K”) with p|#H. Indeed, K’ is interpretable in K.
The result follows from Theorem 6.9. O

5ie. u(gS) = u(S) for all g € G and Borel sets S

6 SOME RESULTS AROUND dcl IN Psf 100



Corollary 6.12 (Beyarslan-Hrushovski). For almost all T' € C,, the fol-
lowing holds:

If K =T and Abs(K) € A C K, then dcl(A) = acl(A).

Proof. For each p prime with p’ # char(K) = p, the set {o € Gal(F,)|o?' ! fixes =}
has measure 0.

Thus (J,zpio € Gal(F,)|o®' ! fixes =} has measure 0. Moreover, if p, the
p'ey
set

{o € Gal(F))|o fixes Q,}
has measure 0.

By Fact 6.10, we may assume that Abs(K) < K, so by Corollary 6.11 and
Theorem 6.9 any finite (and thus any profinite) group geometrically represented

in T is trivial for a set of T' € C, of measure 1. For these 1" the statement
holds. O

[Lecture 23, 2025-01-14]

Remark 6.13. While dcl = acl over Abs(K) is a restricted form of Skolem-
ization, the completions of Psf are never Skolemized.

rel. alg. closed

Indeed if K |= Psf, we have seen that thereis K > K and K < K((t2)) e
K. We know that delpss(K((t9)) = acl(K((t?)) = K((t?)). K((t9)) is a
Henselian valued field, which is separably closed, thus it is not PAC by a
result of Freyer-Prestel (see [FJ23]).

6.1 Further Results on Geometric Model Theory in Psf
6.1.1 Global Definable Types in Psf

Recall that if T is a complete L-theory and M |= T a type p € S, (M) is
definable iff for every L-formula ¢(7,7), |Z| = n, there is an L(M)-formula
dpp(7), such that for all be M o(z,b) € p iff M |= d,(b).

Remark 6.14. If p € S,,(M) is definable and M = C U withid > M a
monster model, then for b € C!¥l and ¢(%,7) L-formula, we let ¢(Z,b) € p|c

iff U |= dyp(b).
This defines a complete type over C and p|y is called a global definable
type.

Example 6.15. (1) If a € M", tp(a/M) is definable. (“realized types
are definable”): This is trivial, take d,¢(7) = ¢(@, 7).

6 SOME RESULTS AROUND dcl IN Psf 101



(2) Let T =DLO , M =T, then py(z) given by {m < z|m € M} is a
definable type.

The same holds for any o-minimal theory, e.g. RCF.

(3) Let T be the theory of the random graph®. M = T. p € S1(M)
determined by {R(z,m)|m e M} u {x # m|m € M} is definable.

(4) Let T be strongly minimal M = T, then pgen(x) € S1(M) deter-
mined by {z # m|m € M} is a non-realized, definable type.

Note that (2) and (3) are unstable, whereas (4) is stable.

%Fraisse limit of all finite graphs

Fact 6.16 (Shelah). Let T' be a complete L-theory. The following are
equivalent:

(1) T is stable, i.e. s-stable for some k > |£], i.e. VAC U. |[A| < k =
[S1(A)] < &

(2) No L-formula ¢(Z,7) has OP.
(3) Every type over a model is definable.

Question 6.16.68. Do there exist non-realized global definable types in
Psf?

Theorem 6.17 (Hils - Hrushovski). If K |= Psf, there exist non-realized
definable types in S, (K) for all n, even of transcendence degree n over K.

To prove this, we need some input from the model theory of valued fields. Those
will only be stated here.

In the proof of Proposition 6.5, we have seen the following;:

Lemma 6.18. If K |= Psf and (K((t9)),v;) the Hahn series field, there is
K > K such that K = K((t%)) = K with K((t?)) relatively algebraically
closed in K.

Notation and Classical Facts from the Model Theory of Valued Fields
Recall that a valuation on a field L is a (surjective) map v: L — T'f w{co},
where (I'z, +, <)is an ordered abelian group such that

(i) v(z) =wiff x =0,
(i) v(z-y) = v(z) + v(y)
v(

(iif) v(z +y) = min(v(z),v(y)),
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where we use the convention oo > I'y,, and v+ 00 = 00+ = 0 + o0 = o for all
Y E FL-

e O = {x € Ljv(z) = 0} is called the valuation ring of L. Its unique
maximal ideal is given by my:= {x € L|v(x) > 0}.

o kr = % is called the residue field and res : O — kp, is the canonical
map, called the residue map.

e ['; is called the value group.

e (L,v) is called henselian iff for every P(X) € Or[X] and every a € Of,
with v(P(a)) > 0 = v(P’(a)), then there is b € O, such that P(b) = 0 and
res(b) = res(a).

e A section (or cross section) of the valuation is a group homomorphism

s: (Tp,+) — (L*,-) such that vos =idr,.

e Assume char(L) = char(kr). A lift of the residue field is a field embedding
itk — L, (i(kr) € Op) such that resoi = id, .

If (L,Tp, kL, v,s,1) is a valued field (of equal characteristic) with lift and section,
we treat it as a first order structure in a 3-sorted language with

e a sort VF for the valued field, endowed with L,ing,

l
ring’

e a sort RF for the residue field, endowed with (another copy of) £

e a sort I' for the value group (with o), endowed with Lyag U {00} = {0, <
) +7 w}7
e connecting functions v: VF — I', m: VF — RF (residue map on O, ex-

tended by 0), i: RF — VF, s: I' > VF(c0 — 0).

Fact 6.19. Let L := (L,I'z,kr,v,s,i,m) be a henselian valued field of
equal characteristic 0 with lift and section. Then Th(L) eliminates VF-
quantifiers.

A proof may be found in [vanl4].
Syntactically (with a little bit of algebra) we get:

Corollary 6.20. With the notation from Fact 6.19 we have

(a) The residue field &y, is stably embedded with induced structure of a
prime field.

(b) T'L is stabily embedded with induced structure of an OAG.
(¢) kr LT'p, ie. every definable subset D € k} x I'[" is a finite union of

definable definable
rectangles Dy x Dy, where D1y <k}, Dy < TI'7.
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Proof of Theorem 6.17. We will show the following more precise version, where
K ((t9)) is considered as a (henselian, equchar 0) valued field with lift (a +— at?)
and section (g — t9):

Proposition 6.21. Let K |= Psfg, let @ be a tuple from K ((t%)). Where

rel. alg. closed ~ -
K < K((9) "€ K, where K = K. This exists by ??. Then
tPrn(k) () is definable.

Subproof. By Quantifier Reduction in Psf (2.13), every L,ing-formula ¢(Z,7)
is equivalent modulo Psf to a boolean combination of formulas of the form
3. f(X,Y,t) =0, where f e Z[X,Y,T].

For (X,Y) :=3t. f(X,Y,t) = 0 and b € KW one has K((t9)) |= (a,b) iff

K = 9(a,b), since K((t?)) is relatively algebraically closed in K.

By Corollary 6.20 (a) and since K is in (J-definable bijection via i with the
residue field, for any (%, 7) as above, the set {b € KIVI|K((t?)) = ¥ (a,b)} is
Lying (K)-definable by x (7).

Setting p = tpry(x)(@/K), we see that dp1(y) := x(y) works.
By quantifier reduction this suffices to show that p is definable. |

Remark 6.22. The same proof shows that tp,  (a/K) is definable for

rel. alg. closed ~  ~
every a € K((t9)) = K, K > K, where K satisfies
(i) char(K) =0,

(ii) in Th(K), the quantifier free type of a relatively algebraically closed
subfield determines its type (“quantifier reduction”)

(iii) K((t?)) embeds in a relatively algebraically closed way in K > K
over K.

E.g. this holds for K PAC of char0, with Gal(K) topologically finitely
generated.

(Actually, it suffices that K has only finitely many Galois extension of
every degree n for all n € N.) |

7 ACFA, the theory of e.c. difference fields

[Lecture 24, 2025-01-17]
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Note.

Definition 7.0.69. e A difference field is a structure (K, o), where
K is a field and o € Aut(K).

e For a difference field (K,0) and n € N, the difference polynomial
ring in n variables over K is defined as

K(X1,..., X =K[X1,...,Xpn,0(X1),...,0(Xp),0%(X1),...,0%(X,),.

= K[/ (X)|ljeN,i=1,...,n],

where the 07(X;) are ordinary variables.

K{Xy,...,Xn) is endowed with the natural extension & of ¢ given
by 6(07(X;)) = 0/T1(X;). In a slight abuse of notation we will write
o instead of .

Remark 7.1. e We will treat difference fields as first order structures
in the language L,:= Lying U {0}.

The class of difference fields is elementary, i.e. it may be axiomatized
in L,.

¢ I 1 = (fisoos fu) < K[Xu,ooo, X, then I7 = (f7,..., f7) <
K[Xi,...,X,] is an ideal, where (3 a;X%)" = Y o(a;)X". 1 is
prime iff 17 is prime.

e ItV =V(f1,...,fm) = V({I), then o(V(K)) = {o(a)la € V(K)} =
Vo(K), where V7:= V(I7).

Definition 7.1.70. The theory ACFA in L, is given by the following con-
ditions on an L,-structure (K, o):

(i) K is an algebraically closed field.
(i) o€ Aut(K).

(iii) For every d,n € N and (absolutely) irreducible variety V' < A™ de-
fined over K with polynomials of degree < d and every absolutely
irreducible W € V' x V7 defined over K with polynomials of degree
< d such that in

WcV xVe
/ x
\% Ve

m (W) €V and mo(W) € V7 are Zariski dense, there is @ € K™ such
that (a,o(a)) € W(K).
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first order axiom scheme.

Theorem 7.2. ACFA is the model companion of the theory of difference
fields, i.e. every difference field embeds into a model of ACFA and ACFA is
model-complete.

Equivalently, the models of ACFA are precisely the e.c. difference fields.

Proof.
Claim 1. If (K, o) is an e.c. difference field, then it is a model of ACFA.

Subproof. Assume that (K, o) is an e.c. difference field. Then o extends to an
automorphism o’ of K28 so (K,0) € (K8 ¢') as difference fields. As (K, o)
is e.c., it follows that K = K®# so (i) and (ii) hold for (K, o).

We now show (iii). Assume that V < A" is an irreducible variety over K,.
W <V x V7 an irreducible subvariety such that 71 (W) € V and m(W) € V°
are Zariski dense.

Let L > K be an | K|*-saturated elementary extension of K and let (@, 3) € L?"
be a generic of W over K. As 71 (W) is Zariski dense in V' (and thus the generic
type pw of W over K projects to the generic type py of V over K), @ = pv,
i.e. @ is generic in V over K. Similarly, 3 is generic in V7 over K.

Thus 6: K(a) — o(K)(B) with 6|k = o, 6(a;) == B; is a partial auto-
morphism of L. It extends to ¢’ € Aut(L) and thus (K,o) < (L,0'). If
W = Var(fi,..., fm), we thus get

(L,o) =3z1,...,2n 7\]”1-(5,0(5)) =0,
i=1
so, as (K, o) is e.c. in (L, o), we get
(K,o0) = Elf/m\fi(f,a(f)) =0,
i=1

showing that (iii) is satisfied. |
Claim 2. If (K,0) = ACFA, then (K, o) is an e.c. difference field.

Subproof. Assume (K,0) |= ACFA. Let (L,0) be a difference field extension

of (K,o0) and let ¢(Z) be a quantifier-free £, (K )-formula such that (L,o)
3. p(T). We need to show that (K, o) = 37. ¢(T).

©(T) is a finite disjunction of formulas of the form

m

k
N\ Fi@) =0n N\gi@ #0,
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where f;, g; € K(X).

We may assume that these are disjunct and, setting g(X) = H?=1 9; (X), we
may further assume that ¢(X) is of the form

750/\/\]”1 =

Since 3Z. ¢(T) is equivalent to

3z,y. 9(T) —1—0A/\fz ) =0,

we may assume that

Let 7 be such that fi,..., fm € K[X,0(X),...,0"(X)]. Then

K = fi(a,o(@),...,0" (@) =0

— K ': 3%1,...,%,«. fi(f,%l,...,f,«) =0

r—1
A N\o@) =T A o(@) =11
=1

Thus we may assume r = 1, i.e. f; € K[X,0(X)] and

Let W < A2 be the K-variety defined by
W= Var(i(X,Y), ..., fm(X,Y)).
Choose @ € L™ such that (L, o) = ¢[a]. Set

B:=o(@),
W = loc(@, B/K) < A*",
=loc(a/K) < A",
= loc(B/K) < A™.
Then V' = V2 and W,V and V7 are irreducible with generics over K given by

(@, B),aresp. B. Thus m1: W — V and my: W — V° have Zariski dense image.
By (iii) there is @ € K™ such that (a,0(a)) € W(K) < W(K), so in particular

(K,0) = ¢lal. u

O
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reduction Let (E,0) € (K;,0;) = ACFA for i = 1,2 with E = acl,(E).
Then
(K1,01) =g (K2,02).

Corollary 7.4. (1) Let K = ACFA, A © K. Then qftp,_(acls(4))
determines tpy(a), i.e. if A; € K; for i = 1,2, K; = ACFA, then
tp(A1) = tp(As) iff there exists an £, isomorphism f: acly(A;) ~
acl, (A2) sending A; to As.

(2) The completions of ACFA are determined by p := char(K) and the
conjugacy class of O'|]F;lg inside Gal(F,) (where Fy := Q).

Proof of 77.

(K1,01) (K2, 02)
N) c
(E,0) = acl,(F)

Working in some large K = ACFA containing K; and K3, we may assume
1.d.
K, %KQ, and thus K3 Ky ~ Frac (K; ®g K3). Then 01 ® o2 extends to an au-

tomorphism of Kj K>, which extends to ¢ € Aut(K), for some K € K with
(K,5) = ACFA, as models of ACFA are e.c. difference fields. By model com-
pleteness, (K;,0;) < (K,5), s0 K1 =g Ky in L,. O

Theorem 7.5. If (K, 0) = ACFA, then F' := Fix(o) = Psf. Moreover, for
every F = Psf there is (K, o) = ACFA such that F' = Fix(o).

Proof of Theorem 7.5. The second part follows from the first, as Abs(F) =

Fix(o) for some ¢ of the Galois group of the prime subfield F, of F and
(Fglg7o) c (K,o0) = ACFA.

We need to show that if (K, o) = ACFA, then for F := Fix(0):
Claim 7.5.1. F is perfect.

Claim 7.5.2. Gal(F) = Z.

Claim 7.5.3. F is PAC.
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Proof of Claim 7.5.1. Clear. O

Proof of Claim 7.5.2. As Gal(F) = (o), it suffices to show that F admits an
extension of degree n for all n > 1.

Claim 7.5.2.1. For n > 1 there exists a, € K such that o"(a,) = a, and
oi(an) # an fori<n.

Subproof. Let yi,...,y, be algebraically independent over K and extend o to

e.c.

o' K(y) — K(3) via 0'(y;) == yi+1 for i < n and o'(y,) == y1. As (K,0) <
(K(9),0"), a, exists in K. |

Let p(X) = H?;Ol(X — o'(ay)) € K[X]. Then p° = p, so p(X) € F[X].
F, = Flo'(an)li=0,....,n - 1]/F is a Galois extension of degree n: Indeed

Gal(F,/F) is generated by o, so o is a topological generator of Gal(F') and
id,0,...,0"! are pairwise distinct in Gal(F,/F), so Gal(F,/F) ~ & O

Proof of Claim 7.5.3. Let V< A™ be an absolutely irreducible variety which is
definable over F. Set W := AnV x V,ie. W = Var(f1(X),..., fm(X), X1 —
Yi,..., X, = Y,), where V = Var(f1,..., fm).

As V = V72 and V, V? and W are absolutely irreducible with m (W) = V,
mo(W) = V7, axiom (iii) of ACFA yields @ € K™ such that (a,o(a)) € W, so
a =o(a) € V(K). In other words @ € V(F). O

O

Proposition 7.6. In models of ACFA, aclyn(A) = acl, (A).

Proof. acl,(A) € aclyn(A) is clear.

Conversely, let b € K\acl,(A), where A € K | ACFA. For n € N we
find (K;,0:) ~aa,(a) (K,0) such that Ko, K7y,... are algebraically indepen-
dent (so linearly disjoint) over acl,(A4) and (Ko,00) = (K,0). Let (L,0) =
acly ((J Ky, 0). Then there exists (U,0) 2 (L,o) with U = ACFA. Let b; be
the copy of b in K;. The b; are pairwise distinct and have the same type over
acl, (A) by Corollary 7.4. So b ¢ aclyn(A). O

Definition 7.6.72. Let (K,0) = ACFA and A, B,C < K. Weset A |7 C
B
iff
acl,(AB) | *®acl,(BC).
acl, (B)
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Theorem 7.7 (Hrushovski, Shuddhodan-Varshavsky; w/o proof). (1) ACFA =
{¢ Lo-sentence : Vg » 0. (F28 Frob,) &= ¢}. In particular if
U is a non-principal ultrafilter on the set of prime powers, then
[T, (F2%, Frob,) = ACFA.

(2) ACFAq = {¢ L,-sentence : Vp » 0,p € P. (F2'8, Frob,) = ¢}.

[Lecture 25, 2025-01-21]

Theorem 7.8 (Independence Theorem in ACFA). ACFA satisfies the inde-
pendence theorem wrt. |7 over acl,-closed sets.

Proof. This is just Proposition 5.17 namely that every 3-AP in ACF, admits a
solution, together with the following two results:

(i) quantifier reduction, i.e. the quantifier-free £, of an acl,-closed set deter-
mines its complete type (Corollary 7.4).

(ii) model-theoretic algebraic closure equals acl, (Proposition 7.6).

Corollary 7.9. Every completion of ACFA is simple (actually supersim-
ple?) and |/ = |7

%.e. every tp(a), a finite, does not fork over some finite Ag € A

Proof. This holds by the Independence Theorem in ACFA (7.8) and the Theo-
rem of Kim-Pillay (5.12). O

Corollary 7.10. Every completion of ACFA has IP, so in particular is
unstable.

Proof. We have seen that if (K, o) = ACFA, then Fix(c) = Psf (Theorem 7.5).
By Theorem 5.19 we have that every completion of Psf has IP. O

Recall the following definitions:

Definition 7.10.73. e A complete L-theory eliminates imaginar-
ies, EI iff for every M |= T and a € M*®? (Shelah’s M®? construction
adding to M sorts for Mn/E = Sg (M®9), where FE is -definable
evuialence relation on M™ ), there is a real tuple b € M™, such that
a and b are interdefinable.

7 ACFA, THE THEORY OF E.C. DIFFERENCE FIELDS 110



e T uniformly eliminates imaginaries, UEL, iff for every (J-definable
equivalence relation E on M™, there is an §-definable function f: M™ —
M™, such that FE(a,a’) iff f(a) = f(@'), a,a’ € M™, i.e. f induces
f: M /E — M™.

Fact 7.11. For a complete L-theory such that all models have at least 2
elements, the following are equivalent:

(1) T has UEI
(2) T has EI and | dcl(&)] = 2.

ot 0

Definition 7.11.74. e T weakly eliminates imaginaries, WEI iff
for every M |= T, a € M®9, there is b € M™ such that a € dcl®!(b)
and b € acl®(a).

e T eliminates finite imaginaries, FELiff for every M 'Z, T and
finite set F' = {@y,...,@m} S M™, there is b€ M* such that b = "F",
i.e. assuming M is w-strongly homogeneous (e.g. a monster model)

that for all o € Aut(M), we have o(F) = F iff o(b) = b.

Fact 7.12. For a complete L-theory T, the following are equivalent:
(1) T has EI,
(2) T has WEI and FEIL

Proof. Left as an exercise. O

Corollary 7.13. Let £ 2 L,ins and T' a complete L-theory extending the
theory of fields. Assume that 7' has WEI. Then T has UEI.

Proof. As 0 # lare J-definable, by Fact 7.12 and Fact 7.11 it suffices to show
that T has FEI.

Let F = {ay,...,Gn} S M" for M = T (assumed strongly w-homogeneous).
We consider the following polynomial

m

P(ZY1,....Y,) =] [(Z - Z ai;Y;) € M[Z,Y].

i=1 j=1
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Claim 1. A field automorphism of M (in particular, any o € Aut(M)) fizes P
iff it permutes the a; iff o(F) = F.

Subproof. “ <=" is by the definition of P.

“

= 7 Assume P? = P. Then o necessarily maps irreducible factors of P

to irreducible factors of P (in the UFD M[Z,Y]). These are given by Z —
> a;;Y; and uniquely determined if normalized in Z.

Thus o(F) = F. |

So the coefficients of P(Z,Y) are b as desired. O

Definition 7.13.75. Let L/K be a difference field extension and b € L.
Then b is transformally algebraic over K iff there is P(X) € K{(X)\{0}
such that P(b) = 0.

Equivalently, trdeg(K(b)/K) < o .

The transformal algebraic closure is defined as trfcl, (K) = {b €
L|b transformally algebraic over K}.

It is easy to see that trfcly, (—) defines a pregeometry, as it satisfies Steinitz-
exchange. We get notions of transformal algebraic independence,
transformal transcendence basis, transformal transcendence de-
gree etc.

Lemma 7.14 (Neumann’s Lemma). Let G be a group, G —~ Q) an action
nite

fi
on a set without finite orbits. Then if X,Y < ) there is g € G such
that g X nY = &.

We will prove this next time.

Theorem 7.15. Every completion of ACFA has UEIL

Proof of Theorem 7.15. By Corollary 7.13 it suffices to show that if (K,0) =
ACFA, then T := Th(K, o) has WEL

Equivalently, by compactness, it suffices to show that if e € K°? and E =
acl®d(e) n K, then e € dcl®Y(E).

We may assume that (K, o) is a monster model of T. Let f be an ¢F-definable
function and @ € KV such that f(@) = e. Let P be the set of realizations of
tp(@/E) in K.

Claim 7.15.1. There is a tuple ¢ € P such that f(¢) = e anda |’ ©.
E
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Subproof. There exists b € KV such that tp(a/Ee) = tp(b/Ee) (in particular
b € P) such that B
E = acl,(Fa) n acl, (ED). (10)

Indeed, set G := Aut(K/Ee). Let Q := K\E. Then G~ has only infinite
orbits by definition of E. Using compactness to achieve (10), it suffices to show
(10) for finite subsets X =Y of acl,(Ea)\F

By Neumann’s Lemma (7.14), we find o € G such that o(X) n X = (.

Choose such a b =g, @ with (10) of maximal transformal transcendence de-
gree m over Ea and then such that for some transformal transcendence basis
(biy,...,b;, ) of b over Ea, trdeg(E{@,by/E{@,b;,,...,b; ») = n is as large as
possible. (This maximum exists as otherwise m were not maximal by compact-
ness)

Now let ¢ be such that tp(¢/Ea) = tp(b/Ea) and
cl” b (11)
Ea
Then as e = f(a) and tp(b/Ee) = tp(a/FEe), we get f(¢) = f(b) = f(@) = e and
_ (1 _
acl, (E7) n acl, (EB) ‘€ acl, (Ea) ~ acl, (E5) W E.
By maximality of m, we get trftrdeg(¢/Eb) < m. On the other hand, by (11)

we get

trftrdeg(¢/Eb) > trftrdeg(c/Eba) w trftrdeg(¢/Ea) = trftrdeg(b/Ea) = m.

Thus trftrdeg(¢/Eb) = m.
Similarly, if ¢;,,...,¢;,, is the transformal transcendence basis of ¢ over Eb
copied from b;,,...,b; , then trdeg(E{b,¢)/E{(b,¢;,,...,C;, ») < n and thus by
a similar argument as before, using (11) it is equal to n.
Thus ¢|” @. (ciy,...,ci, |” @, then ¢|” @). Moreover, by our choice
Eb Eb Ebciy,...,Cip,

(11), we get that (!) B

c|%a,b.

E

Hence ¢ |7 @, proving the claim.
E

Ad (1): Let F = acl,(F) and ¢ € K. Then there is a smallest I, = acl, (Fp

such that ¢ |7 F. (This uses that ACF eliminates imaginaries). Set F :=
Fy

acl, (Eab). Fy < acl,(Ea)  acl, (Eb) ‘2 E. n
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We will finish the proof next time.

[Lecture 26, 2025-01-24]

In memory of

7Z0E CHATZIDAKIS

03.04.1955 - 22.01.2025

Continuation of proof of Theorem 7.15.
Claim 7.15.1. f is constant on P.

Subproof. Suppose not, so there is d € P such that e = f(a) # f(d) = ¢/. We

may assume d | @ Indeed, let ¢ € P be such that ¢ |7 ad. If f(¢) # e, choose
B B

¢ add the new d. If f(¢) = e, then f(c) # ¢/. Let 7 € Aut(K/F) such that
7(d) = @. Let 7(¢) be the new d.

Using the Independence Theorem in ACFA (7.8) over acly-closed sets (we use
it over E),

Claim 7.15.1 and the avoe lead to a contradiction: Let @,d € P with @ | d and
E
f@) # f(d).
Set A := acl,(Ea), D = acl(Ed, so A |° D. Let ¢ € P such that f(¢) = f(a)
E
and ¢ |7 @. (This exists by Claim 7.15.1.)
E
Let p(z) := tp(¢/A), so p does not fork over E. Similarly , let ¢(x) = tp(¢'/D),
where @ |7 d, @ € P and f(¢') = f(d). (This exists by using 7 € Aut(K/E),
E
7(a@) = d and setting @ := 7(¢.) ¢ does not fork over E.

By the Independence Theorem in ACFA (7.8) there exists r(x) € S(AD),r 2
p U q (and r does not fork over E, but we don’t need that). Let é = r. Then

F@ E" 1@ E £(@), but f(@) # £(d) 4 n

We obtain that e € dcl®¥(E), as Aut(K/E) fixes e. O

Corollary 7.16. If (K,0) = ACFA, the fixed field F := Fix(o) is stably
embedded in K.¢

In fact every L, (K )-definable subset X of F™ is L,ing(F')-definable.

%Recall that a predicate P is stably embedded in a model M iff for all n € N every
subset of P™ which is definable in N is definable in N with parameters from P.
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Proof. Let X € F™ be L,(K)-definable. As Th(K, o) has EI (there is c € K™
such that ¢ = "X". (7(X) =X <= 7(¢) = cfor all 7 € Aut(K, 0)).

As 0(X) = X fixes its element pointwise and ginn Aut(K, o), we get o(c) = ¢,
soce FN so X is £, (F)-definable.

The fact that X is even Lying(F')-definable follows from the following more
precise result. O

Proposition 7.17. Let (K,0) &= ACFA and F = Fix(o) (F = Psf by
Theorem 7.5). Then the induced structure on F' is given by £,._ing, obtained
by expanding L.ing by a 2n-ary relation C,, for each n > 2 defined as
follows:

(al,...,an,bl,...,bn)eCn
= pa(X)=X"+a; X" ' +... +a,e F[X]isir

Aifpg(a) = 0 then o(a) = by + by + ... + bp_10™ L.

Proof. Note that if X" + a1 X"~ + ...+ a, = pg(x) is irreducible in F[X] and
if pz(a) = 0, then F,, :== F[a] is the unique (Galois) extension of F' of degree n,

and Gal (Fn/p) = ¢olr, ) = 2,7
In particular, the n roots of pz in F), are given by «, o(«),...,o

If o(a) = by + boa + ... + bya™ ! for b € F", then o(c*(a)) = o¥(o(a)) =
by + bao®(a) + ... + by ()" L.

nfl(a).

In other words, b is independent of the root & of Pz(X).
Cleary, the C,, are J-definable in (K, o).

Conversely, we need to show that every finite domain partial elementary selfmap
7 of F with respect to L,_inq is partial elementary in (K, o). Any such 7 extends
to 7€ Autg, , (F).

If F,, = Fla] and MiPo(a/F) = pg(X), then by the definition of Cy, ifée Fr
is the unique n-tuple from F' such that (@,b) € Cy,, we get = C,(7(@), 7(b)). In
other words if ' is a root of pz(g)(X), then o(a’) = 7(b1) + ... + F(bp)a "

Thus o — o defines an extension of 7 to 75,: F), = F,, commuting with o|p, .

So 7 extends to 7, € Aut(F®8 o|pa). By ??, 7, is partial elementary in
(K, o). In particular, 7 is partial elementary. O

Corollary 7.18. Let T be a completion of ACFA and 7" := Thg ina(F),

F :=Fix(o) for (K,0) =T.
Then T” has UEL

7 ACFA, THE THEORY OF E.C. DIFFERENCE FIELDS 115



Corollary 7.19. Let F' |= Psf, let (cn,) n>2 be from F' such that Pen(x)

1<i<n
is irreducible of degree n for every n > 2, where " := (cp1,...,¢n,n. Then
Th(F, (Cmi)n;Q has EI in Ering U {Cn,i}-
<n

Proof. We first how that if we choose a topological generator o of Gal(F') and
then for evey n > 2 2n-tuples (E",gn) € F?" lying in C,,, then (F, a" b n > 2)
has EI. Indeed this follows from Corollary 7.18 since the L, jnq-structure of F'
(lying inside (F?'¢, o) € (K, o) = ACFA) is definable in Lying U {@, 0" |n = 2}.

Now observe that if @" = (cn,1,...,¢n,n) = ", there is b e @s A F =
aclpsf(@) such that (6”,5”) lie in C, (for the choice of o|f,).

If follows that very e € F'*? has a weak code in (F, (¢n;) n>2 ), so the theory
1<igsn

has WEI, so UEI by Corollary 7.13. O

Remark 7.20.

Proof of Lemma 7.14. We use nested induction. Outer induction on |X|. If
|X| = 0 this is not very difficult. Assume that for X’ with |X’| < |X]| the
statement holds. Assume for contradiction that it fails for X. So there is Y
finite such that ¢gX n'Y # ¢ for all g € G.

Claim 7.14.1. For any finite set C < Q |C| < |X| only finitely many translates
of X by elements of g contain C. (We count translated versions of X, not the
number of elements of G).

Subproof. By induction on |X|—|C|: If | X|=|C|, X 2C = gX =C.
Now assume |C| < |X| and the claim holds for all C" with |C| < |C'] < |X].

By the outer induction assumption translating C' if necessary, we may assume

CnY =0. (12)

By the inner induction assumption for each of the (finitely many) elements y € Y
only finitely many translates of X contain C' u {y}, as by (12) |C v {y}| > |C|.

Only finitely many translates of X contain C' and intersect Y non-trivially.
On the other hand, by the assumption that X,Y is a counter example, every

translate of X meets Y, proving the induction step, thus proving the claim. W

Now let C' := & in the claim. It follows that X has only finitely many translates.
But there is no finite orbit 7. O
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