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Appendix A introduces Hausman-type tests for the overidentifying restrictions. Appendix B extends the
semiparametric efficiency results to an instrumented DiD setting. Appendix C presents the proofs of the

theoretical results.

A Assessing the plausibility of PT assumptions

Another consequence of Lemmas 3.1 and 3.2 is that Assumption PT-All can be directly tested, as our DiD
model is overidentified. In this section, we describe how to construct a Hausman-type test based on event-
study parameters in the context of staggered treatment adoption. We focus on event-study parameters as
they are often the main parameter of interest in empirical research, and are also often used to assess the
plausibility of the identification assumptions; see, e.g., Roth (2022) and Borusyak, Jaravel and Spiess (2024)
for a discussion.

The main idea of our Hausman-type test is to compare ES = (Z/?S’(e), e € £) as defined in (4.5)—which is
consistent and semiparametrically efficient under Assumption PT-All—with an event-study estimator that
is consistent under Assumption PT-Post but does not require Assumption PT-All. Toward this end, let
ES = (Eg(e), e € £), where each event-study Eg(e) is given by

Tg —
7/\ATTstg(gag + 6)7

ES(e) =
Zglegtrt g

9EGtrt

with

AT g9, 1) = En [ffgf;tjglvw} ’ (A1)

and ?;t:ﬁit) as in (4.4). Under this construction, ES is consistent for ES under Assumption PT-Post but

less efficient than ES = (ES(e), e € &).

Based on these two estimators, we can construct a Hausman-type test statistic as

~

i1 = n (B8 - ES) (xCov(E5) - @@)‘1 (B5 - E5). (A.2)
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where @/(-) denotes the corresponding asymptotic covariance estimator for the asymptotic covariance ma-
trices of ES and ES given by Theorem 3.2 and Corollary 3.1.! The test rejects the parallel trends assumption

for all periods and all groups if H exceeds the corresponding critical value of a x2(|€|) distribution.?

Theorem A.1. Suppose that the estimator ES is constructed under the conditions of Theorem 4.1, and
ES also satisfies the corresponding conditions. Assume that the covariance matrices estimators @(E‘g)
and @(Ef@) are consistent. Then the test statistic H converges in distribution to a x?(|€|) distributions,
where |E] denotes the number of elements in E. Also, this Hausman test has nontrivial power against all

local alternatives.

Although assessing the plausibility of Assumption PT-All via the Hausman-type test in Theorem A.1
is attractive, it is also worth noting that Assumptions PT-All and PT-Post respectively define the largest
and smallest sets of conditional moment restrictions for estimating treatment effects. Thus, in practice, it
may be the case that the “plausible” parallel trends condition lies between these two extremes, and one
may be interested in approximating this set of conditional moment restrictions. It is possible to do so
by coupling our Hausman-type test with a Holm-Bonferroni (Holm, 1979) sequential procedure to select
conditional moment restrictions that align with Assumption PT-Post. The main idea is to contrast ES with
event-study estimators that (sequentially) include additional overidentifying restrictions (3.7), and select
the event-study estimator with the largest set of restrictions that is not statistically different from ES (after
adjusting for multiple testing). This essentially entails an incremental Sargan Test, as discussed in Chen
and Santos (2018) in different contexts.

The specific procedure is described as follows. Let M denote the set of conditional moment restrictions
specified by (2.7) for all t > g, with ¢’ = g and te = g — 1, corresponding to the restrictions implied by
Assumption PT-Post. For each g’ >ty (With . fixed at 1), let Mgy ;  represent M extended by the
additional conditional moment restriction given by (2.7) for ¢’ and tpe. Let L denote the total number of
such models M, For each M,

similar to the approach in (A.2) and Theorem A.1. Specifically, we construct event-study estimators ES

! tore: ! torer We perform a Hausman-type test against the baseline model M

using the moment restrictions in M, and compute the corresponding p-value, pg of the Hausman

lytpre latpre )
statistic in (A.2). These p-values are then ordered from smallest to largest as p(1), ..., p(z)- Let a denote the
family-wise error rate (e.g., « = 0.05). The procedure starts with ¢ = 1 and compares pay with 7. If py = 7,
the procedure terminates without rejecting any models. Otherwise, the conditional moment corresponding
to p(y) is rejected, and the procedure proceeds to the next step. For each subsequent ¢ = 2,..., L, p(

is compared with =9—. If p) > the procedure terminates; otherwise, the conditional moment

(6]
L+1-0°
corresponding to p(y is rejected, and the process continues until either a p-value falls below the threshold

or all models are tested.

Tt is also straightforward to construct an alternative estimator to a@?v(l\?g’ ) — @(EE) that leverages the difference of
the (efficient) influence function of these two estimators. An advantage of this alternative estimator is that it is positive definite
in finite samples. We omit the details as the notation is heavier.

2Note that our Hausman-type test is effectively testing if the event-study aggregation of the parallel trends is the same
under Assumptions PT-All and PT-Post. It is straightforward to construct a Hausman-type test for Assumptions PT-All and
PT-Post based on all the estimators of the ATT(g,t)’s. However, we anticipate that this would not be as empirically attractive
as the one in (A.2), as event-study parameters often play a more prominent role than the ATT(g,t)’s in setups with staggered
treatment adoption.



Remark A.1. We caveat that using our Hausman-type test H in Theorem A.1 to decide whether to report
ES or ES can lead to unnecessarily high mean squared errors compared to an oracle selection procedure
(Armstrong, Kline and Sun, 2024). Instead of following this approach, one can adopt the adaptive estimation
procedure of Armstrong et al. (2024) that can be understood as weighting ES and Eg’, with weights that
are designed to take into account a bias-variance tradeoff. In their context, ES would play the role of the

“restricted” estimator while ES would play the role of the “unrestricted” estimator.

Remark A.2. Another popular technique commonly used to assess the plausibility of parallel trends as-
sumptions is to examine whether event-study coefficients in pre-treatment periods are close to zero, i.e.,
whether there is some evidence of parallel pre-treatment trends. Although our proposed efficient event-
study estimators leverage all the available pre-treatment information to estimate post-treatment average
treatment effects, we can also construct “placebo” pre-treatment effects by fixing the estimation procedure
in Section 4 but allowing for ¢ < g. This shares the same spirit as the pre-treatment event study analysis
of Borusyak et al. (2024). Alternatively, one can fix any comparison group and pre-treatment period, and

report a pre-treatment event study analysis for these.

B Extension: Instrumented DiD

We extend the instrumented DiD (DiD-IV) setup in Miyaji (2024) to incorporate covariates. There are T’
time periods: ¢t =1,2,--- ,T. Let Z; denote the instrument in time period ¢ and collect them into the path
Z = (Zy,--+,Zr). The instrument is irreversible: Z; > Z;_; for all t. Therefore, the instrument path is
uniquely characterized by the initial date of exposure GV := min{t : Z; = 1}. The units are grouped based
on GV instead of on the actual treatment. Denote quv = 1{GY = g}. Let GLY be the support of GV
among the units who are eventually exposed to the instrument. Denote Dy(g) as the potential treatment
if the unit is first exposed to the instrument in period g. Denote Y;(d;) as the potential outcome if the
treatment in period ¢ is d;. This definition already imposes the no carryover assumption that the potential
outcomes depend only on the current treatment status (de Chaisemartin and D’Haultfceuille, 2020; Miyaji,
2024) and the exclusion of the instrument. Let X be a set of pretreatment covariates.

The target parameter is the local average treatment effect for the treated (LATT) defined as
LATT(g,t) == E[Yi(1) = Y,(0)|G" = g, Dy(g) > Dy(c0)].

The following assumptions are imposed.

Assumption DiD-IV.

(1) (Random Sampling) {(Yi¢=1,...,Yiter, Dit=1, ..., Dit=r, X}, GIV)'}?_, is a random sample from (Yi—1, ..., Yi—r, L

(2) (Overlap) For each g, E[GL¥|X] € (0,1) a.s.
(3) (Monotonicity) P(D¢(g) = D¢(0)|X) =1 as., for t > g.
(4) (No-anticipation in the first stage) E[D;(g)|G'Y = g, X] = E[D;(0)|GYY = ¢, X],t < g.

(5) (Parallel trends in the treatment) E[D;(c0) — Dy—1(0)|GYY = g, X] = E[Dy(0) — Dy_1(0)|G'Y = 0, X],
for all g, t.



(6) (Parallel trends in the outcome) E[Y;(Dy(00))—Y;_1(Dy—1(00))|GY = g, X] = E[Y;(Dy(0))—Y;—1(Dy_1(0))|GYY =
00, X, for all g,¢.

Lemma B.1. Under Assumption DiD-IV, LATT(g,t) is identified as

E[GY(E[Y; — Yy a|GT = g, X] - E[Y; — Y, 1|G"Y = 0, X])]
E[GIV(E[D; — Dy—1|G?V = g, X] — E[D; — Dy—1|GTV = o0, X])]’

LATT(g,t) =

The lemma shows that the LATT parameter is a ratio between two AT T-type parameters. The following
moment restrictions define our DiD-IV model under Assumption DiD-IV. For simplicity in exposition, we
consider the case with a single date of exposure to the instrument g. The more general staggered case can

be derived similarly but with a more complicated expression of the efficient influence function.

Lemma B.2 (Moment-restrictions for overidentified DiD-IV with a single instrument exposure time). The
family of probability distributions of (Yi—1,....Yi—1, Di—1,....Di—p, X', GV satisfying Assumption DiD-IV
are observationally equivalent to the family of probability distributions of (Yi=1,....Yi=1, Dt—1, ... Diep, X, GIV)
satisfying Assumption DiD-1V(1)-(83) and the following set of moment restrictions: for all post-treatment
periods t € {g, ..., T}, with probability one,

E[Gg"(LATT(g, t)num — h1(g,t,X))] = 0,
E[Gg"(LATT(g,t)den — ha(g. 1. X))] = 0,
GIV(Y, —Y,_1) GIV(Y,—Y, ).
E |hi(g,t, X) — 2 (1; ) OO(lef/ . 1)X =0,
pIV(X) P (X) |
GIV(Dy—D,_1)  GIV(D, — D, 1) |
E |ha(g,t, X) — —2 (1; o) OO(I?/ . 1)X =0,
pIV(X) P/ (X) |
GIVY, —-Yvi) GW(Y.. -Yi). ]
g pre _ © pre X ZO’fO'f’allQ<tre<g_1)
PiV(X) ) ’
GIV(Dy,,, —Di)  GI(Dy,, — D). ]
g pre — © pre X ZO’fOT alngtregg_la
PIV(X) PV (X) _ ’

E[G]Y - plV(X)|X] =0.

LATT (g,t)num
LATT(gvt)den ’

The nuisance parameters h1 and hs correspond to the numerator and denominator of the conditional LATT

Using the moment restrictions, the LATT parameter can be written as LATT(g,t) =

parameter, respectively, while LATT (g, t)pum and LATT (g, t)4en represent their unconditional counterparts.
Compared to the moment restrictions in Lemma 3.1, the ones in Lemma B.2 incorporate the instrument
as the treatment and the treatment as the outcome in the restrictions for LATT(g,t)4en. Nonetheless,
this minor distinction does not affect the efficiency calculations. To formally define the efficient influence
function, let

T OO (G (100 (X) = Mttty (X) = LATT(G, ) )

pre

+ 0y (X) (=4 (Ve = Y1 = gy, (X))

Gy
pe(X)



Goo

(Y = Y1 = Mg (X)) 1 < tpre < g = 1,

Poo(X)
and
T O = (G g 00 (X) = 1.0 (X) = LATT (g, i) )
200 (5 (0= Y2+ D = D= g1, (X))
- pf&)(ﬁ -Yi+ Dy, — D1 — uoo,t,tpre(X)))J Stpre <g-—1,
where pg41.,..(X) == E[Y; = Y1 + Dy, — D1|G"Y = g, X]. Denote the column vector that stacks these

2(g — 1) — 1 functions by
! _ latt(g.t) ,num,Y latt(g,t) num,Y —latt(g,t),num,D latt(g,t),num, D
IF att(g,t),num — (]HFla (g;t),num e ?]HFga—l(g )snum ,]HF; (g;t),num o 7]HF9(1_1(9 ),;num )/’
and the conditional covariance matrix of IF/Hg:)mum g ylatt(g.t).num( Xy - Similarly, let

IO (G (1 g0 (X) = 11300 (X) = LATT (g, V) )

tpre

#2030 (055 (D1 = Dy = g1, (X))
Gy

o) Pe =D ety (X)) 1 < tpre < 9 = 1,

and

T D9 (G ty0a (X) = i tyra(X) = LATT(G, ) )
G

+p (X)) —Z<

Go

Poo(X)

(Dt - D]. + Ytpre - Y]- - ﬂg,tﬂfpre (X))

(Dy = D1+ Yo = Vi = fio (X)) )2 < tpre < g = 1,

where g ... (X) = E[D; — D1|G"Y = g, X], and figss,..(X) == E[D; — D1 + Yy, — V1|G'Y = g, X]. The
vector TR/ 9:):den of influence functions and its conditional covariance matrix V/@#(9:0)-den( X'} are defined
analogously.

Compared to the previous efficiency results, the difference in this IV setting is the presence of two
parallel trends — one in the treatment and one in the outcome. To fully utilize all available information,
when estimating the numerator of the LATT, we must account for the overidentifying information from
both the parallel trend in the outcome and treatment, and vice versa for the denominator. Consequently,
the estimation of either the numerator or the denominator involves twice as many influence functions due to
the existence of two parallel trends. As before, the efficient influence function is then obtained by optimally

weighting these functions. This result is summarized in the following corollary.

Corollary B.1. Under Assumption DiD-1V, the efficient influence function for LATT(g,t), t = g, is given



EHFlatt(g,t),num _ LATT(Q, t)E]IFlatt(g,t),den
E[GIV(E[D; — Dy_1|G!V = g, X] — E[D; — Dy—1|GTV = o0, X])]’

where

1/ latt(g,t),j -1

latt(g,t),j
EIF 1/Vlatt(9.).5(X )11

Assuming the second moment of the efficient influence function is finite, the semiparametric efficiency bound
for LATT(g,t) is its second moment.

The efficiency results for staggered exposure to the instrument can be derived analogously to those
in Section 3.2, with the incorporation of additional overidentifying restrictions from multiple comparison
groups. Building on the derived efficient influence function, semiparametrically efficient estimators for the

LATT parameters can be constructed following the approach outlined in Section 4.

C Proofs for theoretical results

Notation: For simplicity, we use ¢’ and t” to denote pre-treatment periods instead of t,.e and t,,. We

write pratio simply as p. We denote the “generated outcome” yattlot)

ot S 4 17 (W; p, m), making explicit its

dependence on the nuisance parameters p and m.

Proof of Lemmas 3.1 and 3.2. We prove only the staggered case for Lemma 3.2 as Lemma 3.1 is a more
straightforward case. It is easy to see that the moment restrictions are implied by the identification assump-
tions. Therefore, we only prove the converse implication. It suffices to construct a joint distribution of the
potential outcomes that is consistent with the observed outcome and satisfies the identification assumptions.
Without loss of generality, we can suppress the covariates, since the analysis can be conducted conditional
on each value of the covariates. Denote Y = (Y;—1,---,Y;—r) as the vector of observed outcomes and
AY = (AYs,--- ,AY7) as the vector of differenced outcomes, where AY; = Y; — Y;_1. The notations Y (g),
AYi(g), and AY (g) are defined analogously for potential outcomes. Let (Y, G) denote the observed variables
that already satisfy random sampling and overlap. Once we have the observed distribution of GG, we can
define the parameters m, and p, accordingly. For each given g € G, we construct the potential outcomes as

follows:

the vectors Y (¢'), ¢’ € G are jointly independent conditional on G = g,
d
for g = g: Y(g){G = g} = Y{G =g}, and
d d
for g # g: Yi(9)|{G = g} = Y1(9)[{G = g}, AY (¢'){G = g} = AY{G = 0}, Yi(g') L AY (¢)[{G = g},
where £ denotes equal in distribution. Notice that this construction already ensures that the potential

outcome induces the observed outcome because Y (9){G = g} 4 Y|{G = g}. The parallel trends condition
also holds because AY (0){G = g} A AY |{G = oo}. For the no-anticipation assumption, we have for any



2<t<y,

E[AYi(9)|G = g] = E[AY|G = g]
= E[AY;|G = o] (by the moment condition E[Y; — Y;_1|G = o] = E[Y; — Y;—1|G = g])
E[AY;(0)|G = g] (by AY (0)[{G = g} £ AY{G = o0}).

Combining the above equality with the fact that E[Y;(0)|G = ¢g] = E[Y1(9)|G = g¢] (by construction
Yi(0){G = g} g Y1(9){G = g}), we obtain the no-anticipation condition. This completes the proof. O

Proof of Lemma 2.1. Since both ¢y and ¢, are pre-treatment for group g’, by Assumption NA, the right-
hand side of (2.7) is equal to

E[Yi(g) — Yy, (0)|G = g, X] — (E[Y3(0) = V4, (0)|G = o0, X] + E[},,.(00) — Yy (0)|G = ¢/, X])
=E[Yi(9) — Vi, (0)|G = g, X] = E[Yi(c0) — Yy (0)|G = o0, X]

pre pre

—CATT(g,t,X),

where the first equality follows from Assumption PT-All, and the second inequality follows from standard
DiD calculation. The identification of ATT given CATT follows from taking the expectation conditional on
G=yg. O

Proof of Theorem 8.1. We divide the proof into two parts. In the first part, we focus on a submodel for

ATT(g,t) at a single time period t¢:

E[G,(ATT(g,t) — CATT(g,t,X))] = 0,

E [CATT(g,t,X) - Gggt(X)m * GOO},(YE);)YI)’X} -
- (C.1)
Gg(th/ — Yl) . Goo(yvt’ - Yl) _ / _
E{ Dg(X) Po(X) ’X} pestsesl

E[Gg - pg(X)|X] =0,

which is an equivalent representation of the restrictions in Lemma 3.1, obtained by replacing Y,_; in the
second line with Y7 for convenience in the proof. Then in the second part of the proof, we show that the

EIFs remain the same for the entire set of moment restrictions in Lemma 3.1.

Part 1 We follow the orthogonalization method in Ai and Chen (2012) to derive the efficient influence
function and the semiparametric efficiency bound. We adopt the notations in that paper. Denote the
available random variables as W = (Yi—1, -+ ,Y—7, X', G)" and the parameters o = (6,h), where 6 =
ATT(g,t) is the finite dimensional parameter, and h = (CATT(g,t,-),py) contains the first-stage nuisance
parameters. Below, we slightly modify the moment conditions to make the derivation easier while preserving
the model and the efficiency bound. Let the unconditional and conditional moments be denoted by p; and

p2, respectively:

p1(W, q) = py(X)ATT(g,t) — GyCATT(g,t, X),



G (Yi—Y1)

CATT(g,t,X) — e

Gg(Yi—Y1)
p()+

p2(W,h) = | CATT(g,t, X) — Qa0 Yar) 4 GVt Yoo1)

pg(X) Poo(X)
Gy — pg(X)
Gy _poo(X)

In the unconditional moment, we replace G4 by py(X), which makes p; and py orthogonal. This is the
orthogonalized unconditional moment one would obtain following the procedure in Ai and Chen (2012). To

obtain p2, we simply rotate the original conditional moment restrictions by using the following invertible

matrix
1 0 0 0 0 0
1 1 0
1 0 0
0 1 0
o 00 --- 010
00 --- 00

The subsequent analysis shows that the semiparametric efficiency bound remains invariant to such rotations.
Whenever necessary, we will use o*, 0%, and h* to denote the true values for the respective parameters, and

a,#, and h to denote generic values. Let

21 =E[p1(W, @) p1(W,*)'] = Elpy(X)*(CATT(g,t, X) — ATT(g,1))°],
Yo (X) = E[p2(W, ¥) pa ( )1 X]
mi(a) = E[p1 (W, a)],
ma (X, a) = E[p2(W, h)| X]

The derivatives of m1 and my with respect to 6 are

dmy (a*) dpy (W, a*)
W(g,t) [dAlTT( )] Elpy(X)] = g,
dme) [0
dATT(g,1) dATT(g,1)

Let h; = h* + 7r be a smooth path in 7 € [0,1], where r = (ry,72,73)", and h* + r lies in the nuisance

parameter space. The derivative of m; with respect to h (in the direction of r) is

dmy(a™)

dh

] = & [ PC 0| = Bl (0. ATT(0.0) - CATT (0,1, X).01r(X)1X] = ELACORCO))



where A4(X) = (—py(X), ATT(g,t) — CATT(g,t,X),0). Similarly, the derivative of mo with respect to h

(in the direction of r) is

E[Gy(Yr—Y1)|X]

r(X) + ro(X) — ElCo(MYOIXT Xy

Pg(X)? Poo (X)?
dmao (X, o* A . —
2(dh >[’I"] _ Tl(X) + ]E[Gg(;/g()?izglﬂX]rQ(X) o ]E[GOOS;()?)J;”‘X]Tg}(X) = L(X)T(X),
—r2(X)
—r3(X)
where the matrix L(X) is defined as
1 E[Y;—Y1|G=g,X] _ E[Y3i—Y1|G=0,X]
P (X) pE(X)
_ E[Yi—Y,_1|G=¢,X] _ E[Yi—Y, 1|G=00,X]
Lx)=|1 {09 D5 ()
0 —1 0
0 0 -1

By Theorem 2.1 of Ai and Chen (2012), the semiparametric efficiency bound for ATT'(g,t) is obtained by

solving the following minimization problem:

inf (g — E[A(X)r(X))S1 (mg — E[A«(X)r(X)]) + E[(L(X)r (X)) Za(X) T L(X)r(X)].

T

By the calculus of variations, the optimizer r* satisfies the following first-order condition:
(mg — E[A((X)r* (X)) E[A(X)r(X)] = E[(L(X)r* (X)) Z2(X) ' L(X)r(X)] = 0,

for all r. Denote B(X) = L(X)'¥2(X) !L(X). The left-hand side of the above first-order condition can be

written as
E[((mg — E[A(X)r*(X)]) 57 Ae(X) — r*(X)'B(X))r(X)].
In order for this expectation to be zero for all 7, it must hold that
(mg — E[A((X)r* (X))E1 ' Ai(X) — 7*(X)'B(X) = 0.

We can verify that the solution r*(X) is given by

B(X) ' Ay(X)'m,

") = BB A X) T 5

To see this, notice that we have

. E[A;(X)B(X) ' A(X)' |7
E[A(X)r*(X)] = E[A:(X)B(X) TA(X)] + ;1'



Then we have

e mAO)BX)BX) g 4i(X)
rBX) = B, (X B A XY + 5 EAX)BX) T AX)] + 5
)

= (mg — E[A(X)r* (X)]) 27" Au(X).

Substituting this expression for 7* into the minimization problem, we obtain the Fisher information:

(g — ELAX)r* (X)) (my ~ ELA(X)r* (X)) + B[ (X) BX)r(X)]
i} mm L ELA)B(X) " 4(X) ]
(EACOBX) A XY+ 57 * ELAX)BX) T4 (X)] + %)

il

E[A(X)BX)TAX) ]+ 50
The semiparametric efficiency bound is the inverse of the Fisher information:

E[A:(X)B(X) ' 4(X)'] + 21'

s

To further simplify the inverse matrix B(X)™! = (L(X)'22(X) 1L(X))™!, we aim to show that this matrix
has the following block-diagonal form:

/(ZwZ 131,1) 0 0
(LX) Zo(X) T L(X)) ™! = 0 Pg(X)(1—py(X))  —pg(X)po(X) |
0 _pg(X)poo(X) Poo(X) (1 — poo(X))

where s; i denotes the (j, j')-th element of the inverse matrix S(X) = $3(X)~!. We denote the entries of
Yo (X) as

01,1 ce Og—1,1 Og,1 Og+1,1

220X) = o411 -+ Ogrg1 Ogg1 Ogrigo
Og1 " Ogg-1 Og.,9 Og+1,g

Og+1,1 ' Og4+lg-1 Og+lg Og+lg+l

Let the bottom-right 2 x 2 submatrix be denoted by

Og+1l,g9 Og+l,g+1 —pg(X)Po(X)  po(X)(1 — por(X))

= < Og.9 Og+1,9 ) _ (pg(X>(1_Pg(X)) —pg(X)peo(X) ) _

For 1 <t < g—1, the term oy is

ogr =E {(CATT(g,t,X) _ Gg(Yt -Yy) Go(Yi— Y;,)) @, -

pe(X) P (X)
= pg(X)CATT(g,t, X) — mg v (X)

p (XX |

10



= _(1 - pg(X))mg,t,t’ (X) - pg(X)moo,t,t’ (X)
The term o414 is

G (Yt_Yt’) Goo(Y;t—Yt/)
o =K 9 4
[ py(X) pon(X)
= P (X)CATT(gv t, X) + moo,t,t’(X)

= Poo(X)Myg1(X) + (1 — poo(X))migp .1 (X).

CATT(g,t,X) —

7N\

) G = pa(x)IX|

Denote two vectors a = (a1, - ,ag—1) and b = (by,--- ,by—1) respectively as ay = my v (X)/pg(X) and
by = =Moot (X)/Po(X). Then the matrix L(X) can be written as

L(X) = (13;1 (a_’;; )> :

where 1,_1 is a column vector of ones of length g — 1, 02 is a column vector of zeros of length 2, and I5 is

the 2-dimensional identity matrix. Notice that

ay0gg + bpogrig = (1= pg(X))mgse(X) + pg(X)meo v (X) = —og,
CLt/O'g_A,_Lg + bt/O'g_;’_LgJ,_l = _poo(X)mg7t7t/ (X) — (1 _pw(X))moo7t7t/ (X) = _Ug+1,t"

In matrix notation, this means that

g~ %1 0 Fee-1 | _ ~&g I 0 ~6'g 7
b Og+11 * Oglg—1 Og+1 b Og+1

where we denote 64 = (041 0g4-1) and Gg41 = (0g41,1- - 0g+1,9—1), Which correspond to the second-
to-last row and last row of ¥a(X), respectively, with the last two entries removed. Let S = ¥o(X)™! be
denoted by S = (s1,---,S4+1), where s; are column vectors. Let 5; denote the vector s; with its last two

entries removed. We now compute L(X)'3a(X)™!:

L(X)'S = a -1 0 |S= 0 0 asy — 544 aSg41 — Sg41g
b 0 -1 0 tee 0 b.§g - Sg+17g b§g+1 - Sg+17g+1

The bottom-left entries are zero because because this submatrix can be written as

a ~ ~ S 1 P S —1
9, 9,9
(817'” 7Sg—1)_ .
b Sg+1,1 *° Sg+l,g-1

Factoring out IT~!, we see that this matrix is equal to II"! multiplied by the following matrix:
o B B S 1 N S g—1
R FCTRTE A B 79
Og+1 Sg+1,1 " Sg+1,9-1
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Tg+181 + Ogi1,95g4 + Ogi1,g+15g+1,1'
_ 0'981 cee O'gSg_l
)
Og+181 - Og+18g—1

where o, and 0441 denote the second-to-last and last rows, respectively, of ¥2(X). The above entries are
all zero because, by definition, S is the inverse of ¥5(X). Then L(X) SL(X) is equal to

( OgSy + 0ggSg,tr + Og+1,9Sg+1,¢/ )
1<t'<g—1

Zt' 1 1'§t’ 0 0
L(X)SL(X) = 0 —a8,+ 559 —Q8g41+ Sgilg
0 —bsg + sg+19 —bSgi1 + Sgr19+1

Observe that the upper-right block is also zero because L(X) SL(X) is symmetric by construction. The

a s s
<§g §g+1> i 9,9 gtlg | _ -1
b Sg+lg  Sgt+lg+l
This holds because, after factoring out II~!, this matrix equals II™! multiplied by the following matrix

o s s
g ~ ~ 9,9 g+lg
. (sg ng) +1I

Og+1 Sg+1,9 Sg+1,g+1

_ ( OgSg + 09,9599 T Og+1,959+1,9 OgSg+1 1 0g95g+1,9 + Og+1,95g+1,9+1 )

Og+18g T 0g+1,98g,9 T Og+1,9+15g+1,9 Og+1Sg+1 T Og+1,9Sg+1,9 + Tg+1,g+18g+1,g+1
O'gsg UgSg+1
- =D,
Og+18g Og+1Sg+1

where the last equality follows because S is the inverse of ¥9(X). Therefore, by the property of the block-

bottom-right 2 x 2 matrix

diagonal matrix, the inverse of L(X)'SL(X) is again a block-diagonal matrix:

-1

(LX)YSL(X) ' =diag [ | D s | T

Applying this block-diagonal structure, we obtain that

_ X)?

Af(X)(L(X)SL(X)) T Ay (X) = M +pg(X)(1 = pg(X))(CATT (9,1, X) — ATT(g,1))*.  (C.2)
Z”/ 155,45

The term ﬁ 132(X)]/ (X7 = 1( 1)7+7'|55 ;1]), where 3 ;; denotes the submatrix of S obtained

by removing the jth row and j’th column. We decompose Y5 into 4 blocks:

Vi vy
02 = )
Vo 11

12



where V7 and V5 are defined as

o1l Og-11
O’ 1 DY 0' 71
_ . . _ 9 9.9
Vi= : : , Vo = ( ) .

Og+1,1 " Ogil,g-1
Og-1,1 **° Og—1,g-1

The determinant of Yo can be computed using the Schur complement as
|So| = [I[[V1 = V3T~ Va.

The term |II] equals 04 40g41,9+1 — a§+1?g. The Schur complement of II is the (¢ — 1) x (g — 1) symmetric

matrix V; — V3II~ V5, whose (4, j')-th elements is

_099,j99,j'%g+1,g+1 — 0g,jTg+1,j’Og+1,g — 0g,j'0g+1,j0g+1,9g — Tg+1,j0g+1,j'Tg,9

o
J: — 32
09,99g+1,g+1 — Ogi1,4

A direct calculation verifies that the above term is equal to the (j, j')-th entry of V;(X), yielding the identity
Vi — V3T~ 1, = Vi (X), where recall that V5 (X) is the (g — 1) x (g — 1) matrix whose (j, k)-th element is

1
pg(X)

Cov(Y; — Y}, Y; — Yi|G = g, X) + Cov(Y; — Y;,Y; — Y3|G = o0, X). (C.3)

1_Pg(X)

The same procedure can be applied to each X5 ;; and show that the determinant of each block X5 ;; is equal

to |II| multiplied by [V ... (X)|, where Vi .., (X) is the minor of V(X)) formed by deleting its j-th row and

j'-th column. Substituting these into (C.2), we find that the semiparametric efficiency bound equals:

E[At(X)B(X)ilAt(X)/] + 34

2
g

™

—1
s 9 .
g ji'=1 54,4

1 [ py(X) V(X))
i

1 T,
gar=1 SOV (X))

=%E [W + py(X)(CATT(g,t, X) — ATT (g, t))2]

+ 5y (X)(CATT (9,8, X) - ATT(g,t))2] |

The efficient influence function is the efficiency bound multiplied by the efficient score function. The efficient

score function is given by the proof of Theorem 2.1 in Ai and Chen (2012):
— (g = E[A(X)r*(X)]) =1 (pg(X)(ATT (g, 1) = CATT (9,1, X))) + (L(X)r* (X)) S2(X) ™! pa (W, ).

The first part of the efficient score is equal to

pg(X)(ATT(g,t) — CATT (g,t, X))

(g = E[A(X)r* (X)]) B1 (0g (X) (ATT (g, ) — CATT(g,t, X)) = 7 (ATT(g.1))

13



In the second part, L(X)r*(X) is equal to

eivr _ LEXO)BX) LA (X)
L(X)r*(X) = 740 (ATT (g, 1))

We calculate the term A;(X)" in the above numerator. Denote 5 = Z?;}:l sj.j- The product L(X)B(X)™!

is

L(X)B(X)™!
mg,t,1(X) _ Mmoo, (X)
pg(X) P (X)

z 5" 0 0
=11 mg;;g(;)(X) _mwélfz(;)(x) 0 pg(X)(1—pe(X)) —pg(X)peo(X)

0 -1 0 0 —Pg(X)poo(X)  peo(X)(1 = poo(X))

0 0 -1

(_)_1 (1—- pg(X))mg,t,l(X) + pg(X)mep ¢,1(X) —Poo(X)mg,t,1(X) — (1 = poo (X))o ,1,1(X)
=1 7 (1= pg(X))myg - 1(X) +pg(X) e t,g-1(X)  —poo(X)mg e 1(X) — (1 = poo (X))o ,9-1(X)

_Pg( )(1 - Py (X)) pg(X)Poo(X>
Pg(X)pao(X) —Peo(X) (1 = po (X))

= (1 ®™.0.0" oy —o4).

Multiplying the above matrix with A;(X)’, we obtain

—pg(X)
LX)BX) " AX) = ((151(5)7),0,0) ~0y —0yi1.) | ATT(g,1) — CATT(g,1, X)
0
—(pg(X)(5)"1(1,_1,0,0) + (ATT(g,t) — CATT(g,t,X))0oy).

Multiplying the transpose of this matrix with the inverse of ¥9(X), we obtain

— (pg(X)(5)71(151,0,0) + (ATT(g,t) = CATT(g,t, X))og)(s1, - , g+1)
:_pg(X)(g)il(( g— 1’0 0)517"' ( g— 1’0 0)39+1) (ATT(97 )_CATT(gat7X))(Ov"' ’0’170)

g—1
— ) (Z S1475 Z 5g+1]) ATT(g, ) CATT(g,t,X))(O,--- 707170)
j'=1

because a;sj = 1{g = j}. Lastly, we multiply the above matrix with the first stage moments po and obtain
that

L(X ) ( A(X)So(X) ™ pa (W, 1)

)~
£ Gy(V—Y)) | Go(Yi—Y))
Zz (CATT(g,t, X) - + % >

pg(X) Poo(
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pg(X
i'= J'=
- (ATT(g7t) _CATT(97t7X>)( ( ))

This gives the expression for the efficient score. The efficient influence function is equal to the efficient score

premultiplied by the efficiency bound:

EIF, (ATT(g,t)) = ﬁi (GQ(CATT(g, £ X) — ATT(g,1))

S
—

+

() 57 o (SR 1) _ Gl )

E pa(X) P (X CATT(g,t,X))

3y'=1

s

—~

g—1 g—1
~ 2olX) Z Sg.5'(Gg — pg(X)) — pg(gX) 2. 8g+1,5/(Geo —Poo(X))>'

S
]/:1 j/:]_

By direct calculation, we can show that the EIF can be written as

1 9=l o
ElF,(ATT(g,1)) = ﬂ(Gg(CATT(g,t,X) — ATT(g,t)) + ). %Gg(Yt—Yj — Myg,t,;(X))
g 5.3'=1
s it pg(X)
- ;1 ]S] piX oo(Yt—Yj—moo,t,j(X))>
pg(X = 4
+ gi, >(Gg_pg(X)) Z Z 5.4 Dt ~ Sq." |> (C.4)
§'=1 gt g
pg(X = L
+ g(s )(Goo—poo(X))Z T o . (C.5)
/ 1 lt/

We want to show that the last two terms on the left-hand side of the above equation, (C.4) and (C.5), are
zero. Notice that for each 1 < 7/ < g — 1, the term

g,tu
Z 83,5 — Sg,5'

/t/

is equal to the j'th row of Y5(X)~! multiplied by the second column of L(X). In other words, it is the
(g,7")-th element of the matrix L(X)'¥(X)~!. By the previous analysis, this term is zero for any j < g—1,
which implies that (C.4) evaluates to zero. Similarly, the term

7 7] .
E : 83,5 — Sg+1,5
(X)

/t/
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is the (g + 1, j/)-th element of the matrix L(X)'$2(X)~!, which is also equal to zero, implying that (C.5) is

zero. The weights s; /5 can be represented using V;(X) as

Si (=1)747 Sy 550]/| o] (=17 [V o (X |Vgi(X) (4, 5')th entry of Vii(X)™!

= —1 L T o1 L = -
s ?,j/:1(_1)]+] |E27jj’|/|22| 3%/:1(_1)]-’_] |V;;j]/(X)|/|VgﬂZ(X)‘ 1,‘/;2()() 1

Notice that the first part of the EIF, G4(CATT(g,t, X) — ATT(g,t)), does not depend on j and can be put

into the weighted average. The expression of the EIF becomes

1’V;;(X)*1

EIF, (ATT(g,t)) = —9°27
g( (g )) 1/vg>;(X)_]_1

IF,(ATT (g, 1t)).

Lastly, we want to show that the weights can be represented by using Vg (X). Notice that Vy;(X) is equal
to

Vgt (X) = pg()§>2vg";(X) + c(X)11,
Tg
where ¢(X) is
e(X) = S5py(X)(1 — py(X))(CATT(g,1, X) — ATT(g,1))".

By the Sherman-Morrison formula, Vj:(X)™! is equal to

(X))l _ _
R TN 1 1 S A 1o O
V(X)) = (X)Qvgt(X) — FE T — .
bg 1+ pg(X)21 Vgt(X)— 1

Therefore, we have

ﬁ 1Y/ * —1 1T 7% 1
1/‘/;7t(X)71 _ 713 1/V>;(X)71 _ pg(X)il ‘/gt(X) 11 gt(X)
2 g c(X)m2
pg(X) 1+ pi())()g 1/V;2(X)_11

co(X)md _
Bt V()

2
g9
2 c(X)n2 _ ’
pg(X)? 14 V(X)L

— V0!

and

co(X)md _

Va0
X)2 c(X)m2

RO g

s

V(X)) 1=1 ;;(X)*11

(X)~'1
Their ratio is equal to

V(07 V()
1Vp(X) 11— TV5(X) 11
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This completes the first part of the proof, which gives the EIF for ATT(g,t) in the submodel constructed

for a single time period t.

Part 2 For the second part of the proof, we examine the entire set of moments in Lemma 3.1 for all

post-treatment periods:

Gg(Yt - Ygfl) Goo Yt
pg(X)
E [Gg(th -V Goo Yt’ - ‘
pg(X)

=0, for all t € [g,T],

E [CATT(g,t,X) -

X <g-—1,

)]
X 0, forall t € [g,T
] lg. T,
]

E[ ( )IX] =

Intuitively, the additional moment conditions do not alter the efficiency bound of ATT(g,t), and we aim
to establish this formally. We first show that, to derive the EIF of a single ATT(g,t), we may remove the
unconditional moments (in the first line) corresponding time periods other than ¢. In other words, it suffices

to examine the following model:

E[G,(ATT(g,t) — CATT(g,t, X))] = 0,

E {CATT(g,t,X) _ G ¥on) | Goo(Vi — Yyi) ‘X] 0, for all t € [g,T],
pg(X) poo(X> (C 6)
Gy(Yy — V1) GM%—H)] '
E|-4 — X|=02<t'<g—-1,
[ py(X) o !

E[Gy — py(X)|X] = 0.

To prove this point, we use the notations pi, p2, m1, Mo, $1,%5 to denote the corresponding terms in the
larger model. Denote § = (ATT(g,t) : t € [g,T]) as the vector of finite-dimensional parameter and h =
(CATT(g,9,-),- - ,CATT(g,T,-),py) the nuisance parameters. The derivatives are

dm (a*) dm (X, Oé*)
g el —a
M[r] = A(X)r(X), M[r] = L(X)r(X),

dh dh

where A essentially stacks all the A;’s, i.e.,

A(X) = (—pg(X)I,(ATT(g,9) — CATT(9,T,X),--- ,ATT(g,9) — CATT(g,T, X))).

We omit the specific expression of L(X) for now. Define B(X) = L(X)'E5(X) 1L(X). We want to solve

the following optimization:

inf (gl — E[AX)r(X))Z1 (g — E[AX)r(X)]) + E[(L(X)r(X)) S2(X) T L(X)r(X)].
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By solving the first-order condition, we obtain the optimal r* as
(X)) = 1 (S0 + E[A(X) B(X) T AX) D) TTAX) B(X)
Therefore, the efficient score is

—mg(S1 + E[AX)B(X) T AX)])
+ 7y (31 + E[AX)B(X)LAX) ) TTA(X) B(X) T L(X) Sa(X) "L .

The efficiency bound is the inverse of the expected outer product of the efficient score:

(X1 + E[A(X)B(X)_lA(X)/])/wg.

The efficient influence function is equal to the efficiency score pre-multiplied by the efficiency bound:

— L+ A BX) T LX) Ea(X)

Tg Tg

For each ATT(g,t) as an entry of 0, its EIF is equal to the corresponding row in the above expression:

~ S p(X)(ATT(g,) ~ CATT (g, X))
g
+ i(0, 0, —pg(X),0,- -+, 0, (ATT(g,t) — CATT(g,t,X)))B(X) "' L(X)' 2(X) " 2. (C.7)
Tg

Observe that this is exactly the expression for the EIF we would obtain for the model given by (C.6). This
proves that to derive the EIF of a single ATT(g,t), we can remove the unconditional moments (in the first
line) for time periods other than ¢.

The remaining task for the second part of the proof is to show that the conditional moments defining the
irrelevant /redundant CATT(g,t",-),t" # t can also be removed. If this is true, then we can claim that the
EIFs derived in the first part (based on the model given in (C.1)) coincide with the EIFs for the entire set
of moment restrictions in Lemma 3.1. This can be shown by induction. Assume first that there is only one
additional conditional moment for an irrelevant C ATT(g,t", X). For convenience, this moment is placed at
the end of the model:

E[G,(ATT(g,t) — CATT(g,t,X))] = 0,

Gy(Yi =Yy 1)  Guo(Yi =Yy 1) |
E|CATT(g,t, X) — —2 g X | =0,
[ (g ) pg(X) P (X) ‘ |
G,(Yy —Y1) Go(Yy —Y1)|]
E |2 - X|=02<t<g—1,
{ pg(X) Poo(X) ‘ | g

E[Gy = py(X)[X] =0,
Gy(Yor —Yy1) | Gu(Yyr — Yy 1) ‘X_
pg(X) Poo(X) i

E {CATT(g,t”,X) -

The parameters of this model are § = ATT(g,t) and h = (CATT(g,t,-),pg, CATT(g,t",-)). The second
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term of the EIF given in (C.7) now becomes

(A (X), 0BT E(X) E(X) o (©8)
g

The goal is to show that this is the same as the one for the model derived in the first part of the proof
1
;At(X)B(X)_lL(X)'Ez(X)_lpz'
g

Since the redundant CATT(g,t",-) does not appear in any other moments except the last one, we can

"["/: L 0 ,
01

where the specific expression for £ is not important here. We write the inverse matrix EQ(X )yl = S as the
- (S S
S — ~U L ° LL .
Str SLr
The matrix B is equal to

0 1) \Sw, Swr) \l 1

L/SULL + ESiL + L/S;:Lf/ + KSLRK/ L/S'ILL + ES'LR
SLLL+§LR€I SLR '

decompose L as

following 2 x 2 block matrix

Using Schur complement for block matrix inversion, we know that the upper-left block of B! is equal to

the inverse of the Schur complement of Sy g:

~ ~ ~ ~ ~ ~ - - -1
(L/SULL + KSLL + L/S/LLKI + KSLRKI — (L/S}/L + KSLR)SZE(SLLL + SLR£/)>
=(L'(Sur — S S;pSe) L)t = ('3,

where the second inequality follows from the fact that 2 is the upper-left block of the inverse of S. Similarly,
we can show that the upper-right block of B~ is equal to —(L'S5'L)"(L'S}; + ¢Spr)S; . Now the

expression in (C.8) becomes

1 ~ - -
—AX) (W5 )™~ D) TS), + (5er)Sph) (

g

LIS;]L—i-gSLL LIS'/LL+K§LR -
7 P2
SrrL SLr

1
=7T—At(X) ('S5 D) N L/251 L, 0)ps
g

:%At(X)B(X)_lL(X)'EQ(X)_IPQa
g
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where the last equality follows from the fact that ps augments py by including an additional moment for
CATT(g,t",-) at the end. This proves that the efficiency bound remains unchanged when we include an
additional moment based on an irrelevant CATT(g,t”,-),t” # t. We can then sequentially include further
moments for irrelevant CATTs, and, by induction, show that these extra moments leave the efficient influence

function unchanged. This completes the second part of the proof. O

Proof of Corollary 3.1. In the exactly identified model under Assumption PT-Post, there is only one influ-
1 Ve (X) !

gt(X )—11
with the only influence function. O

ence function. Therefore, the weight 7 is equal to one. The efficient influence function coincides

Proof of Theorem 3.2. We first orthogonalize the unconditional moment conditions by replacing G, with
Pg(X) as in the proof of Theorem 3.1. The orthogonalized unconditional moments become the following:

for each g € Giyt,

E[Wg _pg(X)] =0,
Elpg(X)(ATT(g9,t) — CATT(g,t,X))] = 0,9 <t <T.

We reuse the notations p1, p2, m1, mo, 31,29 in the proof of Theorem 3.1 to denote the corresponding terms
in the set of moment restrictions in Lemma 3.2. Notice that the parameters m, and ATT(g,t) are just
identified by the unconditional moments in p;. In particular, each parameter only appears in a single
moment equation. Therefore, we can derive the efficient influence function for each parameter separately.?
The following proof is divided into two parts: (i) the efficient influence function for the group probability

7y, and (ii) the efficient influence function for the treatment effect ATT(g, ).

EIF for m, For a single 7, its efficient influence function can be derived equivalently using the following

model

Elmg X)] =
E {CATT(g,t,X) _ Go¥e =¥ GOO Yt X] =0,9<t<T,g¢€ Gut,
pg(X)
Gg’(Y%’ - le) GOO th’ - _ ’
E[ pg/(X) ‘X = <t g—lgegm,
]E[G ! — Dg’ (X |X] = g € gtr‘m
E[Go — peo(X)[X] =

Notice that the second line contains only definitions of CATT instead of restrictions. Since the CATTs are
not involved in the definition of 7,, we can remove them from the model without affecting the calculation

of the efficient influence function. Then the model becomes

3Such claims can be verified more formally using the induction approach in the second part of the proof for Theorem 3.1.
These proofs are omitted to avoid repetition.

20



G/Y/—Y /T
E{g(t D _ Galth Yl)‘X]:0,2<t’<g’—1,g’€gtrt’

Py (X) P (X)

E[GQ' _pg'(X)‘X] = 79, € gtrta

0
0.
In this model, the parameters are § = 7, and h = (py, g € G). The derivatives of m; and my with respect to
Ty are

dmq(a*) dma (X, a*)

=1 =0.
’ dm,

dm,

The derivatives of m; and mg with respect to h are

dmy (o) :
] = E[—eyr(X)],

dma(X,a*) .

— ol = LX)r(X),

where e, is the one-hot vector with the gth entry being 1 and the remaining entries being zero, and L(X)
is defined by

_ My 2a(X) meo,2.1(X)
Py (X) Poo(X)
: e, :
LX) = Mg -1 (X) Meo.g/—11(X) ’
Py (X) poo(X) 9'€Gkrt
—I

where I denotes the identity matrix (of dimension |G|). Similar to the proof of Theorem 3.1, we follow

Theorem 2.1 of Ai and Chen (2012) and solve the following minimization problem:

inf (1 +E[e,r(X))E' (1 + E[e)r(X)]) + E[(L(X)r(X))' S2(X) " L(X)r(X)].

r

The corresponding solution is given by

—B(X) e,

Ele, B(X) ley] + %1’

r*(X) =

with B(X) = L(X)"22(X) 1L(X). The efficient score of 4 is given by

- <dm;7£j*) - dmcli;a*)[r*]) St — (dm2§lfg’ o) _ de(d)fi’ o) [T*]> Yo(X) g
= — (E[e, B(X) eg] + 1) (p1 + €, B(X) ' L(X)'2(X) ' pa).

The semiparametric efficiency bound is hence equal to (E[e} B(X )"tey] + 1)L Therefore, the efficient

influence function for 7, is equal to
—(p1 + € BOX) ™ LX) S2(X) " pa).
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The analysis of L(X)'Y2(X)~! and B(X) is similar to the proof of Theorem 3.1. Define the bottom right
|G| x |G| submatrix of ¥o(X) as

p2(l —p2)  —p3p2 —pap2 - —PaoP2
g | PP ps(1 —p3) —paps -+ —Pwop3
—DeoD2 —PoP3  —PoPs - DPao(l — Do)

We can decompose the covariance matrix ¥5(X) into the following block matrix:

Sy = 22,UL Z,Z,LL
Yorr I
Here o 17, is a matrix with |G| rows. Each row of X9 17 is (ogg¢(X),2 <t/ < ¢ — 1,4 € Gut), where

044 ¢ 18 defined as with
g7g b

0 () =B [(Gy =y (F ) - Eol 2R 1 |

Dby (X) poo(
—pg(X) (Mg v 1(X) — Mo 1 (X)), if g ¢ {g’, 0},
=\ (1= pg(X))mgp 1 (X) + pg(X)me v 1 (X), ifg=yg,

—Poo(X)mgr 1 (X) = (1 = poo(X))mep 11 (X)), if g = o0

Notice that L(X) is related to $o(X) as L(X)II = —(32 11, 11)’, which implies that L(X) = —(11"'%5 11, I).

Therefore, we have

L(X)'S2(X) ™" = —(0 ),
L(X)'S2(X ) L(X) =
) 1
B(X)T'L(X)'82(X) ™" = —(0,1).

The efficient influence function of 7, is hence equal to
—(p1 + ey B(X) T L(X)'Sa(X) " p2) = —(p1 — €4(0,1)p2) = Gy — g,

which is the same influence function in a model without any restrictions.

EIF for ATT(g,t) The efficient influence function of ATT(g,t) can be derived similarly. The correspond-

ing model can be reduced to the following:

Elpg(X)(ATT(g,1) — CATT(g,t X))l =0,
G (Y;t - Yl) GOO(Y;S
A R

E {CATT(g, t,X)—
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E [Gg’(Yt' — Y1) Go(Yy —
pg’(X) pOO(X)
E[Gg’ - pg’(X)‘X] = ng/ € Girt,

E[Gop — pon(X)|X] = 0.

Y;
1)‘X] =0,2<t <g — 1,4 € G,

After rotation, the model is equivalently represented as

E[py(X)(ATT(g,t) — CATT(gvt X)) =

Gy(Yy — Y1) GooYt ]
E|CATT(g,t, X) — —2 X =
{ (g ) pg(X)
Gy(Yi—Y1)  Go(Yi—Yy) Gy th— ] /
E|CATT(g,t, X) — -2 X|=02<t -1 rt)
joartigx) - S - 2 . <9 hgE G
E[G /—pg(X 1X]=0,9"€ Gut,
E[Go — po(X)|X] = 0.

Then this model is essentially the same as the one studied in the proof of Theorem 3.1. Following the same
steps, we can show that the efficient influence function is obtained by optimally weighting the influence
functions in IF(ATT(g,t)). O

We introduce some definitions. Recall that 7y, := py/py for any g, ¢’ € G, and denote r = (r, 4, 9,9 € G).
Denote Hyy, Him, and H, as the nuisance parameter spaces containing respectively the true values of w, m,
and 7 and their estimates. For a generic % and norm [|-||, the covering number N (e, H, ||-||) is the minimal
number of N for which there exist e-balls {{f : || f — h;|| < €}, [|hj|| <o0,j=1,---, N} to cover H.

Assumption C.1. The following reqularity assumptions are imposed for Theorem 4.1.
(1) Second moment: Each outcome Y; has finite second moment.

(2) Proper weighting: The estimated weights W9 sum to one and is bounded in probability, i.e.,
[0 [l = Op(1).

(3) Donsker property: For each j = w, m,r, we have

o0
J, sup\flom N (el 1,01, s e < 0
where the supremum is taken over all finitely discrete probability measures (Q on the support of X, H
denotes an envelope of H, and L2(Q) denotes the Ly measure under Q.
(4) Owverlap: For each g, € Gy x G, E[ry #(X)?] < o0.

(5) Uniform consistency: ||w™H9t) — qyatt(g:t)

|-llc denotes the sup norm.

oo = 0p(1), I = mllec = 0p(1), and || = rllc = 0p(1), where

(6) Rate requirement:

Hmooyf’t” — Moot t” || L, (x) 179,00 — Tg,OOHLQ(X) = Op(”_l/z)yt” <t,
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ng',t”,l — Mg 1 |L2(X) Hfg,g’ - TQ’Q'HLQ(X) = Op( 1/2) t" < g g € Gurt,

where ||-||1,(x) represents the Ly norm under the marginal distribution of X.

A popular nonparametric class that may satisfy the Donsker condition is the smoothness class defined
in Theorem 2.7.1 in van der Vaart and Wellner (1996).

Proof of Theorem 4.1. To simplify the notation in the proof, we focus on a single ATT’s estimation and drop
the superscript att(g,t) and subscript stg. We make explicit the dependence of 6 on the nuisance parameters
by writing it as 8(W;p, m;m). The ATT estimator is now written as ATT =E, [W(X)'0(W; p,1;7)]. Define

the infeasible estimator constructed using the true nuisance parameters (instead of their estimators) as
ATT = Epn[w(X) 0(W;p, 1 7)].

Our goal is to show that ATT and ATT are first-order equivalent, i.e., \/ﬁ(m — m“) = 0p(1). Once
this is established, the influence function of ATT will be the same as that of ATT. Since ATT is a ratio
between two sample averages, its influence function is straightforwardly obtained by using the delta method,
which is equal to the efficient influence function specified in Theorem 3.2. Then the asymptotic distribution
is obtained by using the central limit theorem under the assumption that the second moment of the efficient
influence functions exists. The efficiency of ﬁ(e) follows from another use of the delta method. In the
remaining part of the proof, we focus on establishing the first-order equivalence between ATT and ATT.

The term 7, in the denominator has no impact on the asymptotic convergence of \/H(A/T\T — m’)
given that m, > 0. Therefore, we treat 7, as one and simply write 6(Wj; p, ) instead of 6(Wj; p,7;1). The
difference ATT — ATT can be decomposed as

ATT — ATT O(Wi; b, 1) — w(X;)'0(Wis p,m)

Il

S|

Il M: I M:
8>

Denote the generic entries of w, w, and 6 by using the subscript ¢’,t”. Recall that 6 is written as

X
0 ’t”(W p, ) G (Y't Y1 - mg,tl(X)) - pg( ) Gg(y;f — Y%/ — mw’t7t//(X))
poo(X>
=P Y s (X)) + Gy (1 () — 11 g (X) — 110 91 ()
Py (X) g\t 1 g't",1 g Ugt1 00,t,t” g't"1 /-

=CATT(g,t,X)

Notice that the first and last terms on the right-hand side, G4 (Y; — Y1 — mg1(X)) and G,CATT(g,t, X),
do not depend on ¢’ or t”. These two terms will not contribute to F; since both 1 and w sum to one, and

hence

(0(X;) — w(X;))' UGy CATT (g,t, X;)) = 0,
(W(X:) — w(X;))UGygi(Yip — Yin — mge1(Xi))) = 0.
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Therefore, the term F1 is equal to the sum of the following two terms

b
n Z Z Wy (Xi) — wy o (Xi)) g(()g)) Ggi(Yig — Yigr — mop 1 (X3)),
/tlll 1 i
Py(Xi)
_ ’U)/// —wy (X ’giG/~YV-/,*Y —mr 1 (X)),
Zt:”; 9’5t 9’5t ( 2)) pg’(Xz') g,z( it i1 gt 71( 2))

Given that the convergence rate of the two terms can be derived using the same method, we choose to
illustrate the convergence of the second term. Additionally, since the summation over ¢’ and t” is finite, it

suffices to analyze the convergence of a single term within the summation:

Py (Xi)
Dy (Xi)

1 n
— Z ’wg/ t” wg’,t”(Xi))/ Gg/,i(l/i7t// — }/;"1 — mgl7tl/71(X7;)),

3

By the uniform consistency of w, the above term multiplied by 4/n is bounded by

Pe(Xi)
Dby’ (Xl)

1w, .
7n Z(wg/7t// (X,L) — /wg’,t”(Xi))/
=1

Gy i(Yign —Yi1 — mg’,t’/71(Xi))‘

pe(Xi)

< sup
Py (Xi)

By r€CO () ar:
”i’g’,t” —Wgr 41 |0 <On

1 o,
s Dy (X0) g (X)) PGy (Vi = Vi =g na (X0)| + 0p(1),
=1

where 6, | 0 denotes a sequence that converges to zero slower than the uniform convergence rate of .
The first term on the right-hand side is the standard stochastic equicontinuity term, which is of order

op(1) because of the Donsker condition, Theorem 2.5.2 in van der Vaart and Wellner (1996), and that

If ;’/(())?) Gy (Yyr — Y1 —mg (X)) is a fixed function with finite second moment by assumption. Following
the same procedure, we can show that

poe(X; _
— 2 2 Wy o (Xi) — wyr o (X3))' o(X) Gi(Yie — Yipr — Mo 0(X3)) = 0p(n™Y/?2),

Therefore, we have shown that F; = op(n_l/ 2). For the term F3, define #' and 62 as vectors respectively

collecting the following term:

Ggpo(X) — Goopy(X)

0;’,15”(W;p7 m) = TPeo (X) (Yo = Yy — Mmoo 1.0 (X)),
By (W) = S L) (4 =y (X)),
We can decompose F» as
1 A 1 L v Ao 2
= Z Wi; p,1i) — 6" (Wi p,m)) + — ;w(Xi) (6% (Wi p, 1) — 02 (Wisp,m)) .
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The two terms can be analyzed analogously. We examine Fo 1 first. This term can be decomposed into

three terms

Ey11=— Z 2 wg’ t” Tg oo(X ) - 72g,oo (Xz)) Goo,i(yi,t - Y;',t” - moo,t,t”(Xi))’
Z 1 gl tl/
R Pg(Xi
Eo10=— Z Z Wy (X moott”(X) moo,t,t”(Xz‘)) <Gg,z‘ — g<XZ) Goo,z‘) ;
n = 1g' ¢ Poo (Xii)
Fa13=— 2 Dty o (Xi)Gooi (Mgt (Xi) = Thrcgp p0(X3) ) (rg0(Xi) = P0(Xi)) -

z 1g't/

The convergence rate of E5 1.1 and Es 1.2 can be derived in the same way as that of £ under the smoothness

and uniform consistency conditions. For the last term Fs 3, examine a single term in the summation over

VE
1 & . .
a Z g’ t” Goo i (moott” (X ) moo,t,t"(Xz‘)) (T‘g,oo(Xz‘) - T’g,oo(Xz‘))
<Op(1) x " 2 (Mo .07 (Xi) — Mg .07 (Xi)| 79,00 (Xi) — Tg,00 (X))

because the estimated weights are bounded in probability. The second factor on the right-hand side is

bounded as
1 n
- Z Mot (X3 ) — Mg 47 (Xi)| |7 g,00 (X)) — Pg,00 (X5

< - Z <|moott” i) — ”hoo,t,t”(Xi)‘ ’7’9700(Xi) - fg,OO(Xi)’

(moo t,t" Tg OO)EJ:n

— Efmes 00 (X) = Mg 0 (X)) 19,00 (X) — Fg,00(X)] )

+ sup E Umoo,t,t”(X) - moo,t,t”(X)‘ 7g,00(X) — fg,OO(X)’] )

(moo,t,t”:fg,w)e-rn

where F, = {Meopn,Tg0 € CH(X) 0 ¢ (Moot — Moo pinllo < Oy Moot — Moo gl Ly(x) < 1Moo e n —
Moot | Lo (x)s 179,00 = Tg0llo < Oy [ITg.00 = Fgoll Lo(x) < 79,0 — Pgo0llLa(x) }» With 6, | O being a sequence
that converges to zero slower than the uniform convergence rates of 7y 7 and 74 . By the fact that the
finiteness of entropy integral is preserved under element-wise multiplication of function classes, we can use
the previous stochastic equicontinuity argument to show that the first term on the right-hand side is of
order 0,(n~%2). The second term on the right-hand side is also of order o,(n~/2) by using Cauchy-Schwarz

inequality together with the rate requirement on the nuisance estimators:

sup E [[mop, 1,0 (X) = g 1,00 (X)] |rg.00(x) = Fg,00(X)]
(ﬁlw,mt//,fg’go)e]'—n

< sup lmeo e = Ml Lox) 179,00 = Tl £y x0) = 0p(
(ﬁlw,mt//,fg’go)e]'—n

n~1/2).
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This proves that Ey1 = op(n_l/ 2). The term Es5 can also be decomposed in a similar way as Fa 1:

Eao1 =~ Z Z W ( 7“99 (Xi) = Fg,9 (X )) Gy i(Yipr — Yin — mg n1(X;5)),
7/ 19/ t/l
N Pqe(X;
E2 29 = — Z Z wg/ t” mg/ " 1(X ) mg/,t”,l(Xi)) <Gg,i _ 9()(1) Gg/,i> s
z 14 t" pg’( 'L)
Ero3=— Z Z Wy (Xi) G i (Mg 1(X3) — g 1(Xi)) (rg,9 (Xi) — 7.9 (X3)) -
Z 19/ t//

The convergence rate of Fo91 and E399 can be derived in the same way as for Fs11, E212, and Ej.

The term FEs 93 is similar to Fo13. This proves that Eyq = op(n*I/Q). In the end, we have shown that

ATT — ATT = 0p(n~1/2), and therefore, ATT (g,t) and ES (e) have the desired asymptotic distributions.
O

The following lemma shows the consistency of the estimator based on the K in (4.2), i.e., asymptotically
all basis functions are selected. Let {(W,r) = r(X)?Gy — 2r(X)G, and £(r) = E[¢(W,r)]. Denote the sieve
space of 7 as Rp. For example, in (4.2), Ry is the space spanned by U5 (X).

Lemma C.1. Let the following conditions hold.

(1) There is a sequence c(K) such that infrer . [£(7) — £(r)] > ¢(K) > 0 for all K.

(2) supser, |3 Xy (LW, 7) — £(7))| = 0p(1).

3) There is a sequence K — o0 such that ||Tpsx — 7|l = 0,(1).
n Ky P

(4) For any sequence m, = o(1). Supjy_y., <, | £ S, (EW3,7) — Er))| = 0p(0).
(5) CrLK}/n =o0(1).
Then for any fired K*, we have K > K* with probability approaching one.

Proof of Lemma C.1. For simplicity, we suppress the subscripts g and ¢’ and denote the estimand and its
estimator as r and 7g, where the index K signifies the sieve dimension. Define the objective function in
(4.2) as I,(K). For any fixed K*, using conditions (2) and (5), we have

_ 22 _
I,(K™) = 20(fg+) + " Z (Wi, Pres) — U(Pr)) + Cr, K™ /n
i=1
= 20(Fex) + 0p(1).

On the other hand, using conditions (2)-(4) for the sequence K}, we have

LK) = 20(r) + % S (UWi, #icp) — E)) + CuK*
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Combining the above two results, we have

In(K*) = In(K3) = 2(0(Fxcx) — £(r)) + 0p(1),
which, together with condition (1), implies that I,(K*) — I,(K}) > 0 with probability approaching one.
This completes the proof. ]

Proof of Lemma B.1. Define the conditional LATT parameter as
CLATT(g,t, X) = E[Y;(1) = Y,(0)|G" = g, Dy(g) > Dy(0), X].

We first want to establish that

E[Y; — Yy |G = g, X] — E[V; — Y31 |GTY = o0, X]

CLATT(g,t, X) = .
(9.1, X) E[D; — Dyg_1|GYY = g, X] — E[D; — Dy_1|GY = o0, X]

For the numerator, notice that

[V — Y, 1[GV = g, X] — E[Y; — Y, 1[GV = o0, X]
“E[Yi(Di(g)) — Yy 1(Dilg)|GY = g, X] — E[Yi(Di(0)) — Yy 1(Di(o0) GV = o0, X]
=E[Yy(Di(g)) — Yi(Dy(0))|G" = g, X]
FEYI(Dy(0)) — Yy 1(Do(g))] — E¥(Du(o0)) — Yy 1(Dy(0))|GY = o0, X]
=E[Y;(D:(9)) — Yi(Ds(0))|G" = g, X],

where the last equality follows from no anticipation and parallel trends in the outcome. For the right-hand

side, notice that

E[Yy(Di(9))|G" = g, X] = E[D(9)(Y(1) — Y2(0)|G" = ¢, X] + E[V;(0)|G"Y = g, X],
E[Y(Dy(0))|G" = g, X] = E[Dy(00)(Yy(1) — Y2(0))|G"Y = g, X] + E[Y;(0)|G" = g, X],

and therefore,

E[Y:(Di(9)) = Ya(De(0))|G" = g, X] = E[(Di(g) — Di(0))(Y2(1) = Y;(0))|G" = g, X]
= E[Y,(1) = Y;(0)|G" = g, Di(g) — Dy(0) = 1, X]
x P(Dy(g) — Di(0) = 1|G"Y = g, X)
= CLATT(g,t, X)P(Di(g) — Dy(0) = 1|G"Y = g, X),

where the second line follows from monotonicity. Similarly, we can show that

E[D; — Dy—1|G"Y = g, X] = E[D; — Dy_1|G" = o0, X| = E[Dy(g) — D(0)|GY = g, X]
= P(D¢(g) — Di(0) = 1|GIV =g, X).

This gives the identification of CLATT. To identify the unconditional LATT, we need to invoke the Bayes
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rule.

LATT(g,t)
=E[CLATT(g,t, X)|G" = g, Di(g) > Dy(e0)]
:J E[Y; = Yy 1|GY = g, 2] —B[Y; =Yy |G =0,2] (z)
E[D; — Dy_1|GY = g,x] —E[D; — Dy 1|GV = c0,z] G =9:De(9)>Di()
_J E[Y; — Yy1|G"Y = g, 2] — E[Y; — Vy1|G"Y = 0, 2]
E[D; — Dy_1|GY = g,2] — E[D; — Dy_1|GY = o0, 2]
P(Di(g) > Di(0)|G"Y = g, X = 2)P(G"Y = g|X = 2)dFx ()
P(GYV = g, Dy(g) > Dy(e0))
E[(E[Y; - Yy-1|G"Y = g, X] — E[Y; - Yy|G" = o0, X])G}Y]
P(GY = g, Dy(g) > Dy(0)) '

X

Lastly, the denominator on the right-hand side can be written as

P(G'Y = g, Di(g) > Dy(e0)) = E[E[Ds(g) — Di(0)|G" = g, X|P(G" = ¢|X)]
= E[(E[D; — Dy—1|G" = g, X] = E[D; — Dy_1|G" = o0, X])G}"].

This completes the proof. ]

Proof of Lemma B.2. Similar to the proof of Lemmas 3.1 and 3.2, we want to construct a joint distribution
of the potential outcomes and treatments that is consistent with the observed outcomes and treatments
and satisfies the identification assumptions. Recall the notations Y and AY for the observed outcomes as
defined in the proof of Lemmas 3.1 and 3.2. Similarly, define D and AD for the treatment. In the same way,
define the vectors of potential variables Y (g), AY (g), D(g), and AD(g), where the potential outcome Y;(g)
is now shorthand for Y;(Dy(g)). Let (D,Y,G!) denote the observed variables that already satisfy random
sampling, overlap, and monotonicity. For each given g, we construct the potential outcomes and treatments

as follows:

the vectors (D(¢'),Y (¢')),d € GV are jointly independent conditional on GV = g,
for g' = g: (D(9), Y (9))[{G = g} £ (D, Y)|{G = g}, and
for g' # g: (D1(¢),Ya(¢')){G = g} £ (D1(9), Y1(9)){G = g},
(AD(¢), AY(¢)){G = g} £ (AD, AY)[{G = 0}, (D1(¢'), Yi(¢)) L (AD(¢"), AY (¢"))|{G = g}.

This induces the observed outcomes and treatments through constructions. The no-anticipation and parallel
trends conditions can be verified similarly to the proof of Lemma 3.2.
O

Proof of Corollary B.1. 1t is well-known that shape restrictions such as monotonicity do not affect the
calculation of the semiparametric efficiency bound. Thus, we can focus on the moment equalities to derive
the bound. Similar to the proof of Theorems 3.2 and 3.1, we can separately derive the efficient influence
function for LATT(g,t)num and LATT(g,t)gen and then combine them to obtain the efficient influence
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function for LATT (g, t)num/LATT(g,t)gen. For a single LATT (g, t)num, the model becomes the following

E[GY (LATT(g, )num — h1(g,t, X))] = 0,

GV(Y, — Y1) GY (Y —Y,1)|. ]
E | hi(g,t, X) — g (I\t/ 9-1) oo(Ié 9—1) x| =o,

PV (X) P (X) |
GV(Yy -v)  GY(Yy -1 |

E|-¢ ~ Tt TV =0, forall 2 <t < g—1,

PV (X) X)) !

GN(Dy —D1)  GY(Dy — D1)|. |

E|-2 — Jo it Ulx|=o0forall 2 <t <g—1,
Py (X) PR (X) |

E[G}Y — pyY (X)|X] = 0.

We can rotate the conditional moment restrictions as in the proof of Theorem 3.1 and obtain that

GV, -v1) GY(Y, -]

E | hi(g,t, X) — -2 © X|=o,
[ 90 X) = = v ) v Y
GV -Y,l1) GY(Y,—Y,_1)|. |

E | hi(g,t, X) — —2 g % 9=V 1X | =0,
[ 90X = =Ny meommal
GN(Y,~Y1+ Dy —D1) GW(Y,—Yi+Dy—Dy)| |

E | hi(g,t, X) — -2 TRL AN A ¢ )
[1(9 ) ALY Y (X) X
GV (Y, ~Yi+Dy_1 —D1) GW(Y;,—Yi+Dy_1—Dy)|]

E |hi(g,t, X) — -2 g TRC AN B A S )
[1@ ) PALCY) Y (X) X

E[G}Y — p}Y (X)|X] = 0.

The structure of this set of moment restrictions aligns with that in Theorem 3.1. The term Y; — (Dy — D)
can be treated as an outcome in a baseline period, enabling the derivation of the efficient influence function
for LATT(g,t)num as EIF/@(g:).num /W!I]V, where W;V = P(G'Y = g). Similarly, the efficient influence function
for LATT(g,t)gen is obtained as EIFlatt(g:t).den / 71'?/. The efficient influence function for the LATT parameter
then follows from the application of the Delta method. O

Proof of Theorem A.1. This is the well-known Hausman test, in which aCov(Eg — E’g) can be consistently
estimated by E@I(Eg) - @(E\?) because ES achieves the semiparametric efficiency bound. The fact

that this Hausman test has nontrivial power against all local alternatives is based on Theorem 3.3 and
Remark 3.4 in Chen and Santos (2018). O

References

Ai, Chunrong and Xiaohong Chen, “The semiparametric efficiency bound for models of sequential moment

restrictions containing unknown functions,” Journal of Econometrics, 2012, 170 (2), 442-457.

30



Armstrong, Timothy B., Patrick Kline, and Liyang Sun, “Adapting to Misspecification,” arXiw:2305.14265v4,
2024.

Borusyak, Kirill, Xavier Jaravel, and Jann Spiess, “Revisiting Event Study Designs: Robust and Efficient
Estimation,” Review of Economic Studies, 2024, 91 (6), 3253-3285.

Chen, Xiaohong and Andres Santos, “Overidentification in Regular Models,” Econometrica, 2018, 86 (5).

de Chaisemartin, Clément and Xavier D’Haultfceuille, “Two-Way Fixed Effects Estimators with Heterogeneous
Treatment Effects,” American Economic Review, 2020, 110 (9), 2964-2996.

Holm, Sture, “A Simple Sequentially Rejective Multiple Test Procedure,” Scandinavian Journal of Statistics, 1979,
6 (2), 65-70.

Miyaji, Sho, “Instrumented Difference-in-Differences with Heterogeneous Treatment Effects,” arXiv:2405.12083,
2024.

Roth, Jonathan, “Pre-test with Caution: Event-study Estimates After Testing for Parallel Trends,” American
Economic Review: Insights, 2022, 4 (3), 305-322.

van der Vaart, Aad W. and Jon A. Wellner, Weak Convergence and Empirical Processes, New York: Springer,
1996.

31



	Assessing the plausibility of PT assumptions
	Extension: Instrumented DiD
	Proofs for theoretical results

