PROGRAM EVALUATION WITH RIGHT-CENSORED DATA:
SUPPLEMENTAL APPENDIX

Pedro H. C. Sant’Anna

This appendix contains material to supplement the paper “Program Evaluation
with Right-Censored Data”, by Pedro H. C. Sant’Anna. Section A discuss how one
can construct a test for the assumptions about the censoring mechanism. Section B
presents detailed discussion on how we construct the estimators used in the Monte
Carlo in Section 6 of the paper. Section C collects the proofs of the general results
presented in Sections 3 and 4 of the paper. Section D collects the proofs of the policy
evaluation parameters discussed in Section 5 of the paper. More precisely, Sections
D.1, D.2 and D.3 present the proofs of Propositions 2, 3 and 4, respectively. Finally,

auxiliary lemmas are collected in Section E.

A. MODEL SPECIFICATION TEST

Notice that all our asymptotic results on the 2SKM estimator rely on covariates
not providing any additional information if censoring will take place or not, that
is, Theorems 1, 2 and 3 depend on the validity of Assumption 3.1. As pointed
out in Remark 2, such an assumption can be relaxed if the data can be partitioned
into groups/clusters. However, in some situations, such a task is not feasible or
is hard to be theoretically justified. Thus, in order to assess the “reliability” of
results based on our 2SKM procedure, it would be desirable to test the validity of
Assumption 3.1 as a form of specification test. Given that our 2SKM estimator is
suitable under Assumption 3.1 but may be questionable under the weaker condition
that Y 1 C|X, T, in this section we briefly discuss how one can nonparametrically

test the former against the later. That is, we wish to test

Hy:Y LC|T and P(6 = 1|X,Y,T) =P (5 = 1|V, T) a.s.,
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against

H:Y 1L CIX,T.

Notice that we are interested in testing Assumption 3.1 against a particular direc-
tion, Y 1L C|X,T. The reason for this is that the (joint) distribution of (Y, X,T) is
not nonparametrically (point) identified when H; is false and no additional assump-
tions are imposed, cf. Tsiatis (1975) and Heckman and Honoré (1989). Thus, one
may argue that without relying on external data or additional restrictions, testing Hy
against H; is the “best one can hope for”.

A simple way of testing Hy against H; is to compare estimates of F' (y,x,t) un-
der Hy and H;. We know from Proposition 1 and Corollary 1 that, under H,,
F (y,z,t) can be estimated by F¥" (y,z,t) as defined in (3.4). From Dabrowska
(1989), Gonzalez-Manteiga and Cadarso-Sudrez (1994) and Lopez (2011), we have
that, under H; and additional smoothness conditions, F (y, z,t) can be nonparamet-

rically estimated by

t
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where G, (y|z,t) is the Beran (1981)-type estimator for P(C < y|X =z, T =1t),
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and w;, () are the Nadaraya—Watson weights,
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with K being a (high order) positive kernel function and A a bandwidth.

win () =

Thus, one can construct different test statistics for Hy against H; by comparing
how close v/n (F,’fm (y,x,t) — F, (v, x,t)) is to zero. For instance, one can consider

the Kolmogorov-Smirnov (KS) test statistic

KSn:\/ﬁ sup F:m(y7x7t)—ﬁn(y,x,t) ’

(y,x,t)EZ




where Z € (—oo,7y) x R* x {0,1}1°.  Alternatively, one can use the Cramér-von
Mises, or projection based tests, cf. Stute (1997), Stute et al. (1998), and Escanciano
(2006).

On one hand, if the test statistic is smaller than the (potentially bootstrapped)
critical value, one would not reject Hy, suggesting that the proposed 2SKM procedure
is adequate. On the other hand, if the test statistic is sufficiently large, it would
indicate that one should be cautious in using 25SKM estimators.

Here, it is important to emphasize that in order to establish the asymptotic va-
lidity of likelihood ratio (LR)-type tests such as K.S,, one must impose additional
smoothness assumptions on the DGP due to the fact that F, (y,x,t) is based on
smoothed estimates, cf. Dabrowska (1989), Gonzalez-Manteiga and Cadarso-Suérez
(1994), and Lopez (2011). Given that such assumptions are not necessary to de-
rive the asymptotic properties of <F7’fm - F ) (+,+, ), one must be cautious when the
test statistic is sufficiently large due to the fact that this would indicate rejection of

Assumption 3.1 only if such additional smoothness assumptions are satisfied!’.

B. DETAILS ABOUT THE MONTE CARLO

In this section, we provide further details on the Monte Carlo exercises employed in
our simulation study, by describing how we construct the policy evaluation parameters
using the different competing methods, and presenting further numerical results not

presented in the paper.

B.1. Competing methods

In the Monte Carlo, we compare our 2SKM proposal with three other competing
methods: one that ignores that the outcome of interested is subjected to censoring
(we label such an approach as “Ignore ”); one that is based only on uncensored
data (we label such an approach as “Uncens ”); one based on the Cox (1972, 1975)

Proportional hazard model (we label such an approach as “Cox”); and Frandsen

10 We note that Frandsen (2015a) propose a test statistic similar to KS,,, but in a context without
covariates and when the censoring points C' are always observed. The availability of covariates
allows one to relax the requirement that C' is available even for the uncesored individuals.

11 A detailed derivation of the asymptotic properties of LR-type tests such as K.S,, is beyond the
scope of this paper and is deferred to future work.



(2015b)’s proposal (we label such an approach as “Frandsen”). The comparisons
are based on the following measures of interest: E (Y1), E(Yy), Fy.' (0.5), Fy.' (0.5),
ATE and QTE (0.5). Estimation of these measures using the 2SKM has already
been discussed in Section 5.1. In the following, we describe how we estimate these
measures using the “Ignore”, “Uncens”, “Cox” and “Frandsen” approaches.

For the “Ignore” approach, one simply ignores that the outcome of interest is cen-
sored, and uses the inverse probability weighted (IPW) estimators for E (Y1), E (Yp),
and ATE proposed by Hirano et al. (2003), and those for Fy;' (0.5), Fy.' (0.5), and
QTE (0.5) proposed by Donald and Hsu (2014). That is,

< 1~ (1-T)Qi
1~ TiQ;
E i=1 ]an (Xz)’
ATE;gnore — E:"Lgnore [Yﬂ _ Ejiqnore D/O]

E:’g]nore [Y'l] _

and

Fier1(0.5) = mf{yzﬁgff;;f“ (y)20.5},

Fer(05) = inf {y s 5 (1) 2 05,
QTEY™ = E&(0.5) = B4 (05),

where FZ{’Q}OTG’T (y) and Féf’;}frw (y) denotes the rearrangement of

. 1~ (1-T7)1{Q; <
F;f;oore(y) _ EZ( ) {Q y}

i=1 1— ﬁn (Xz) ,
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respectively, if Fif’;oore (y) and Fi?{ifre (y) are not monotone, cf. Chernozhukov et al.
(2010), and p, (-) is the Logit Series estimator for the propensity score p (-).

The “Uncens” approach follows the same idea of the “Ignore” approach, but using



only the uncensored data, leading to the following estimators:

n

1 (1-T0) Qs
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ATEchenS _ Ezrincens [Yl] _ Ezncens [Y*O]

]Ezncens [}/’1 ] —

and

B (05) = inf {y: B (y) 2 05},
F:qgens —1 (0 5) _ Hlf {y Funcensr > O 5}
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where Nyneens = Y5 07, and F YT (y) and F:f v " (y) denotes the rearrangement
of

n

1 (1-T)1{Q: <y}
Funcens — 51 7
™Yo (y) Nuncens zzl 1-— ﬁn (Xz)
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respectively, if Frﬁ’{%‘ms (y) and F;’}}iens (y) are not monotone.

The “Cox” approach relies on recovering the unconditional CDF’s of Y, and V)
from the conditional hazard rate of the treated and control subpopulations. Such a
procedure depends on several steps. Denote by hg (y|z) and hy (y|X = x) the condi-
tional hazard rates for the control and treated groups, respectively. The first step is
to assume that h; (y|X = z), t € {0,1}, follows the Cox model specification

(B.1) he (Y| X = x) = h{ (y) e,

where, Y (y) ,t € {0, 1} is the baseline hazard function for the {T" = ¢} subpopulation.
Then we estimate 3, by 3, ,, its partial-likelihood estimator, cf. Cox (1975), and the

n,t’



baseline cumulative hazard, H, (y) = [, h{ (§) dy, by the Breslow (1972) estimator

. - 1{Qi <y},
Hn,t (y> - ~ ’
Z‘Zl 2?21 1 {Q] 2 Qz} exXp (le',tﬁn,t)

Next, we exploit that, for t € {0, 1},

Y
Fe (yX =2) = 1—exp (— / ht<y|X:x>dy)

(B.2) = l—exp <_Ht (v) eXp”’6t> ,

where the first equality follows from (Shorack and Wellner, 1986, Proposition 1, pg.
301), and the second one follows from (B.1), cf. Portnoy (2003). Thus, by plugging-in
Bn’t and H,, (y) into (B.2), we estimate the conditional CDF of Y;, t € {0,1}, by

Fe% (y X =2) =1—exp (—ﬁn,t (y) eXp:”'B"vf> :
Given that, for ¢t € {0,1},
Feov () = / Feo® (y|X = 2) Fx (do),

in the third step we simply integrate out the covariate vector, and estimate the
unconditional CDF of Y}, ¢t € {0,1}, by

[1cox 1 - ricox
Fn,Yt (y) = n Z Fn,Yt (Y| X = X5).
=1

With ﬁﬁ"&; (y) at hands, we can finally estimate our measures of interest by

E (V) = / yEeE (dy) |

B (V) = / yFe (dy)
ATES = B2 (Y,) — B2 (Y)),



and

Foy(05) = inf (y: B35 (y) 2 05)
QTEL" (0.5) = F, v (0.5) — F, 3 (0.5),

By (05) = inf (y: B35 (y) 2 05)

where, for ¢ € {0,1}, Fﬁoér (y) is the rearrangement of Fﬁf{% (y) if ﬁ’ﬁ"% (y) is not
monotone. A similar approach has been proposed by Chernozhukov et al. (2013) and
Garcia-Suaza (2015), in different contexts. It is important to stress that constructing
policy evaluation estimators based on the Cox Model as described above depends on
functional form restrictions, on top of involving cumbersome calculations. Another
important drawback of the “Cox” approach is that the resulting unconditional CDF
and quantile functions are not invariant to monotone transformations of the out-
come variable. The 2SKM approach, on the other hand, does not suffer from these
important limitations.

Finally, “Frandsen” approach relies Frandsen (2015b) proposal. That is, we first
estimate the C'DF of the potential outcomes Yy and Y7, by

ﬁvF‘r;ndsen (y) = D et (171_ T;)1{Q; <y} 1{C; > y})
e >oim (1 =T;) 1{C; > y}
FFr;ndsen (y) = >ici Tii{Qi <yp1{C; > y}’
o >oim L1{C >y}

and then, with such estimators at hand, we estimate our measures of interest by

Ezrandsen (YE) ) _ / y Frli?;ldsen ( dy) ,
Egrandsen (Y'l) _ /yﬁ;?}zndsen (dy) ,

ATESrandsen — EnFrandsen (Yi) o ]Egrandsen (Y'O)
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and

Fy Landsen (0 5) g (y  plrandsens (1)) > 0.5) ,
Fq;}l/,lFrandsen (05) — inf (y : Fil;/atndsen,r (y) > 05> 7

QT ESrandsen (0 5) _ Fr’;)l/,lFrandsen (0 5) . F;}I/E)Frandsen (O 5) 7

where, for t € {0, 1}, F,, "™ (y) is the rearrangement of FFgndsen (y) if FFandsen (y))
is not monotone. Notice that, in order to compute these estimators, one must always
observe the censoring random variable C};, regardless if observation ¢ is censored or
not. Such data requirement puts important restrictions on the applicability of the
Frandsen’s approach. Furthermore, estimators based on Frandsen (2015b) proposal
are not suitable to situations in which covariates plays an important role in the policy
evaluation, as in our Designs 3 and 4. The 2SKM approach, on the other hand, does

not suffer from these important limitations.

B.2. Further numerical results

In the paper, we compare the 2SKM estimators with those based on the competing
methods only in terms of bias. Here, we additionally report finite sample comparisons
in terms of root mean square error (RMSE). The numerical results are given in the
following table, which follow the same structure as discussed in the paper. All findings
are highly consistent with our large-sample theoretical results and the simulation

results discussed in the paper.

C. PROOFS OF THE RESULTS FROM SECTIONS 3 AND 4

In this section we present the proofs of Proposition 1, Corollary 1 and Theorems
1-3.
Proof of Proposition 1: We first show the identification result for the cu-

mulative hazard. Note that under Assumption 3.1, we have that, for (y,z,t) €



Table 1: Simulated Root Mean Square Error under the unconfoundedness setup

DGP=1
Not Censored Censoring=10% Censoring=30%
Objects / Estimators 2SKM Cox  Frandsen 2SKM  Ignore Uncens Cox  Frandsen 2SKM  Ignore Uncens Cox  Frandsen
E(Y;) 0.0469 0.0464 0.0456 0.0480 0.1370  0.1725 0.0460 0.0453 0.0668 0.4218  0.5670 0.0558 0.0596
E (Yp) 0.0451  0.0450 0.0442 0.0463 0.0575  0.0898 0.0455 0.0446 0.0496 0.1235  0.2996 0.0478 0.0480
F;ll (0.5) 0.0576  0.0572 0.0559 0.0605 0.1765 0.1444 0.3346 0.0589 0.0678 0.5019  0.5072 0.8648 0.0743
F;UI (0.5) 0.0584  0.0585 0.0573 0.0587 0.0542  0.1366 0.0495 0.0566 0.0587 0.0474  0.3942 0.0442 0.0583
ATE 0.0627 0.0624 0.0611 0.0667 0.1116  0.1123 0.0642 0.0631 0.0827 0.3075 0.2789 0.0716 0.0762
QTE(0.5) 0.0802 0.0811 0.0795 0.0853 0.1807 0.0854 0.3319 0.0813 0.0894 0.4940  0.1429 0.8440 0.0946
DGP=2
Not Censored Censoring=10% Censoring=30%
Objects / Estimators 2SKM Cox Frandsen 2SKM Ignore Uncens Cox Frandsen 2SKM Ignore Uncens Cox Frandsen
E(Y7) 0.0650  0.0641 0.0625 0.0726  0.1896  0.2666 0.0712 0.0712 0.1138 0.5433  0.8004 0.0926
E (Yo) 0.0468 0.0462 0.0450 0.0473 0.0573  0.0904 0.0464 0.0454 0.0519 0.1264  0.3035 0.0494
F{‘] (0.5) 0.0819 0.0805 0.0791 0.0892 0.2338  0.2487 0.4348 0.0900 0.0994 0.5805 0.7911 0.1135
F;UI (0.5) 0.0589  0.0565 0.0563 0.0597 0.0558  0.1448 0.0500 0.0572 0.0591 0.0488  0.3959 0.0568
ATE 0.0806 0.0796 0.0774 0.0844 0.1618  0.2000 0.0828 0.0830 0.1241 0.4263  0.5062 0.1055
QTE(0.5) 0.1021  0.0989 0.0978 0.1068 0.2323  0.1449 0.4285 0.1071 0.1132  0.5705  0.4088 0.1272
DGP=3
Not Censored Censoring=10% Censoring=30%
Objects / Estimators 2SKM Cox  Frandsen 2SKM  Ignore Uncens Cox  Frandsen 2SKM  Ignore Uncens Cox  Frandsen
E(Y;) 0.0815 0.0822 0.4848 0.0833 0.2443  0.3747 0.0815 0.4801 0.1300 0.7009  1.1386 0.0979 0.4736
E (Yp) 0.0555 0.0703 0.2447 0.0621 0.0765 0.1256 0.0708 0.2452 0.0728 0.1838  0.4444 0.0671 0.2462
F;ll (0.5) 0.1101  1.0358 0.4900 0.1111 0.2657 0.3856 0.3241 0.4882 0.1264 0.6094 1.1352 0.7762 0.5104
Fyn1 (0.5) 0.0744  0.3995 0.2503 0.0759 0.0708  0.1993 0.4057 0.2495 0.0740 0.0584  0.5595 0.4300 0.2493
ATE 0.0734 0.0756 0.7210 0.0777 0.1953  0.2694 0.0794 0.7154 0.1302 0.5248  0.7028 0.1043 0.7056
QTE(0.5) 0.1137 1.4264 0.7262 0.1148 0.2633 0.2195 0.7113 0.7226 0.1280 0.5974  0.5870 0.3783 0.7412
DGP=4
Not Censored Censoring=10% Censoring=30%
Objects / Estimators 2SKM Cox Frandsen 2SKM  Ignore Uncens Cox Frandsen 2SKM  Ignore Uncens Cox Frandsen
E(Y7) 0.0942  0.0925 0.4801 0.0948 0.2722  0.4275 0.0931 0.4874 0.1578 0.7768  1.2794 0.1159 0.4703
E (Yo) 0.0586  0.0718 0.2431 0.0581 0.0740  0.1254 0.0671 0.2457 0.0749 0.1867  0.4489 0.0670 0.2504
F;;] (0.5) 0.1181 1.0422 0.4813 0.1202 0.2810  0.4386 0.2977 0.4923 0.1407 0.6350  1.2678 0.8166 0.5062
FQUI (0.5) 0.0749  0.3983 0.2500 0.0724 0.0665 0.2035 0.4063 0.2510 0.0747 0.0597  0.5588 0.4279 0.2491
ATE 0.0873  0.0909 0.7139 0.0894 0.2227  0.3204 0.0988 0.7234 0.1609 0.5983  0.8385 0.1264 0.7057
QTE(0.5) 0.1245 1.4314 0.7170 0.1273 0.2780  0.2634 0.6799 0.7287 0.1447 0.6232  0.7194 0.4194 0.7349

Note: Simulations based on one thousand Monte Carlo experiments. Sample size equal to 1,000. “2SKM” stands for estimators based on our proposal. “Ignore”
stands for estimators based on inverse probability weight (IPW) estimators that ignore the censoring problem. “Uncens” stands for IPW estimators after dropping
all censored outcomes. Cox stands for estimators based on the Cox-Proportional hazard model for the treated d and control groups. “Frandsen” stands for the
estimators based on Frandsen (2015b).



(—OO, THt) x RF x {07 ]-}a

Hy(y,z) = P(Q<y, X<z d=1T=t)
= E(I{Y <y}l {X <z}P(C>Y|X,Y,T)|T =t)
= E({Y <y} {X <z}P(C>Y|V,T)|T =1t)
— El{Y<y}1{X<x}[1—Gt( I)NIT =1)

(1 =G (y—)) Fi (dy,x),

Il
—

—00

and

1-H (y—) = P(Q>y|T=1t)
= P(C>yT=0)PY 2ylT =1t
= (1-Gi(y—)) (1= F (y—,00)).

Thus, for (y,z,t) € (—oo, Ta,) X RF x {0, 1},

cens _ o Y Hlt (dg,l’) o Y Ft (dg7x) o o
vt =0 = [ = [ G = Mt =1,

as desired.
Next, we show the identification of that F' (y, z,t). By the law of total probability
and the fact that T is discrete, we have that

F(yz,t) =) P(T=5j)P(Y <y, X <a|T =j).

Thus, it suffices to show that, for (y,x,t) € (—oo, 7x,) x R* x {0, 1},

R = [ " (1= Fy (g 00)) A (dg, 2T = 1)

10



But we can write F; (y,x) as

F(yz) = / F, (dy, @)

- [0 R D

— /y (1—F (§—,00)) A (dy,z|T =t).

—00

Since we already have shown that A (y,z|T =t) = A“" (y,z|T = t), this concludes
the proof. W

Proof of Corollary 1: We have shown in Proposition 1 that

Y

©)  Flpat) =Y P =)) [ (1= F(5-00) A (dpalT = ).

—00

For t € {0,1}, one can estimate IP (T" = t) by its sample analogue n;/n, 1 —F; (g—, 00)
by the time-honored Kaplan and Meier (1958)

it Siim I{Qi:nzgy}
1—F5,T<g—,oo>:H<1—#) ,

i1 nt—Z—i-l

and A" (y,z|T =t) by (3.2). Given that all these estimators are step functions of
the data, we have that, by plugging-in these estimators into (C.1),

Y

Fi () = YL [ (1= FE (=,00)) A (dy, 2T = j)

—00

t ng i—1
- SR e
i—1

o~y Oy Ofkin,|
= ZX_:{#TL] —i+1’£[1 (1— m) 1{Qin; <y} 1{ Xfimy) < 2}
t ng

j=0 i=1
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where

i—1

nj  Oimy Ofkin,]
W, — g Thmil 1 — )
! nnj—'i—i—lH( ng—1+1

k=1

which concludes the proof. B

Proof of Theorem 1: Write

S¢ (zhn) — 5% (2,hy) = / .o (U, 2,1) [F™ (dy, dz, dt) — F (dy, dz, dt)]
4 [ (6o, @020 = s, (5.2.0)] (4™ (g, do.db) ~ F (dy. o, a)

+/ [(pz,}}n (gv z, t_> — Pzho (gu z, t_>] F (dga dz, dt—)

= A, (Z, iLn) + Aoy, (2, ho) + Asn (2, ho)

From Stute (1993), we have that under Assumptions 3.1 and 4.3, [ ¢, , (7,2, 1) Ff™ (3, 2,1)
is Glivenko-Cantelli. Thus,

(C.2) sup |Ay, (z,ho)| = op (1) .
zeW

Next, by Assumptions 4.1, 4.2 and 4.3, we have

(C.3) sup |As, (z,izn> = op(1),
zeW
(C4) sup |Asn (2,ho)| = sup|S¥ <z, An) — 5% (z,hg)| = op (1).
zeW ze€W

Thus, by triangle inequality and (C.2)-(C.4), the proof is completed. W

Proof of Theorem 2: First, we establish the linear representation of \/n (S¥ (z, h,) — S¥ (2, ho)).

For this end, write

12



Vi (82 (20n) = 57 (2.h0)) = Vi / oo (5.2,8) [FE™ (dy, di, dT) — F (dg, di, di)]
+vn / (0o, (0:8.8) = Py (5, 5,D)| (FE™ (dg, dz, di) — F (dg, da,
+\/ﬁ/ |:90z,izn (g’ z, E) — Pz (z], z, E)] F (dﬂ, dz, dt—)

= G’:Lm (sz,ho) + Gﬁm (sz,fzn - sz,h0> + \/E]P) (szﬁn - gpz,hg) .

From Stute (1996), we have that, under Assumptions 3.1, 4.6, 4.8 and 4.9, and

Conditions 1 or 2, uniformly in z € W

(05) Gﬁm ((pz,ho) - 7’L_1/2 ZT];‘O (Z> hO) = Oop (1) y

i=1

where 7f (z, ho) is defined as in (4.1). From van der Vaart and Wellner (2007), we
have that under Assumptions 4.4, 4.5, and 4.6,

(C.6) G (., — Do) = 02 (1).

Finally note that we can rewrite y/nP <902,1}n — %,ho) as

VIP (2., = @any) = VI (87 (2.hm) = S% (2. 0) = T (2, ho) [ = o))
+ /% (2, ho) [hn — ho).-

Thus, from Assumptions 4.4, 4.5 and 4.7, uniformly in z € W,

c) VB (45 = 9us) = ST (22 o) = 00 (1),

i=1

13



Then, putting (C.5)-(C.7) together, we have that

n

Vi (S5 (:h0) =87 (ko)) = 072307 (o) + 7 (2 ho)] + B,

=1

= p 2 Z V¥ (2) + R
i=1

where

sup |Rin| = op (1) and 7 (2) = n? (2, ho) + kY (2, ho) -
zeW

Next, we establish the weak convergence of \/n (S;f (z, ﬁn) — 5% (z, ho)). From
its linear representation, it is enough to prove that weak convergence of the domi-
nant term W% (z). This will be done by showing that the class of functions {¥¥ (2)}
is Donsker. But from Theorem 2.10.6 in van der Vaart and Wellner (1996) it suffices to
show that the classes of functions {¢, . }, {70}, {Vit,z,ho} (7 ={1,2} and t € {0,1}),
and {k? (z, hg)} are Donsker.

First, {¢,,, } and {? (2, ho)}are Donsker by Assumptions 4.6 and 4.7, respec-
tively. For ¢ € {0, 1}, the function 7, does not depend on z nor on h, and so it
is clearly Donsker. Next, consider nyt’zﬁo. By Theorem 2.5.6 in van der Vaart and
Wellner (1996) it suffices to show that

(C.8) /0 VIO (6 %0} L (H))de < o,

where Npj is the bracketing number, H is the probability measure corresponding to
the joint distribution of (Q,0,X,T), and Lo (H) is the Ly-norm. Fix € > 0. For
t € {0,1}, write

(C.9) AT (@) = #t(@ / 1{Q < @} o}, (0, 7,t) vy, (W) Hy (db, d)
1 7 - TR — _ _
A / 1{Q < w} ¢z, (W, Z,t) vy, (w) Hy (dw, dz)

14



where

@Zh(@axvt) = @z,h(@axat)l{gpz,h(QaX7t)20}7
<p;,h(Q7X7t> = (pz,h(QaX7t)1{90z,h(Q7X,t)<0}.

From (C.9), we have that for t € {0,1}, 77, , (@) is the sum of two monotone
uniformly bounded class of functions, and hence, by Theorem 2.7.5 in van der Vaart
and Wellner (1996), the integral in (C.8) is finite. Following the same steps, we have

that {7&727%} is also Donsker, concluding our proof. l

Proof of Corollary 2: it follows from Theorem 2 and the functional delta
method, c¢f. Theorem 3.9.4 in van der Vaart and Wellner (1996).H

Proof of Theorem 3: In order to prove the bootstrap validity, we will use
similar steps as in Chen et al. (2003). Denote v} (z,h) = \/n (S5¥ (z,h) — S¢ (z,h))
and vy, (z,h) = v/n(S? (z,h) — S?(z,h)). By the triangle inequality, and Assumption
46,

(C.10) sup v <z, h/> — v (z, h)) = op (1),
(z,h),(2,h")EWXH;
(C.11) sup Un, (z, hf) — vy, (2, h)) = op (1).

(2,h),(2,h ) EWX H;
Next, by adding and subtracting terms, we have that, uniformly in = € W,
Vi[5 (= hi) = 8% ()|
= Vn ([S:;’“" (2, ho) — S? (2, ho)] + ¥ (z ;an) s — gn])
+Vn ( :S;;’*’ (z, En> 5 ( B
v ([807 (= h0) =t (=000)] = |87 (20 hn) = 57 (=0 ])
wvin ([s¢ (2.0) = 52 (2h)] — [57 (2.52) = 5% (2.)])
+vn < :sw (z ﬁ;) _5¥ (Z, hn>] Y (Z fbn> e — m)
(CA2) = VR(S3# (2 ho) = SF (2 h0)) + Vi (T% (2000 ) 15, = hal ) + 0p-(1)

where the second and third term are 0, (1) from the stochastic equicontinuity property
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(C.10), the fourth term is op«(1) from (C.11), and the fifth term from Assumption
4.5 and 4.10.

From Assumptions 4.7 and 4.11, the Donsker results derived in Theorem 2, and
Theorem 3.6.1 in van der Vaart and Wellner (1996), it follows that,

(C.13) Vi (S5 (2, ho) — S (2, ho)) + v (rv’ <z, ﬁn) e — hn]> +op(1) = G.
Thus, combining (C.12) with (C.13) concludes our proof. B

Proof of Corollary 3: it follows from Theorem 3 and the functional delta
method for the bootstrap, cf. Theorem 3.9.11 in van der Vaart and Wellner (1996).H

D. PROOFS OF THE PROPOSITIONS IN SECTION 5

D.1. Proof of Proposition 2

In this section we present the proof of Proposition 2. Denote the true propensity
score by po (X) . Next, we verify the high level conditions of Theorems 2 and 3 using
different estimators po (X). Note that the conditions for applying Theorem 2 are
stronger than those for of Theorems 1, so uniform consistency will follow from the
conditions of Theorems 2.

We first establish the weak convergence for average, distributional, and quantile
treatment effects estimators. To this end, we will verify the conditions for applying

Theorem 2 for the functions

gOon‘,e,l — TQ gOate,O — (1 — T) Q

o p(X) Y 1-p(X)’
(pdte,l — Tl {Y S y} QOdte’O — (1 - T) 1 {Y S y}
e (R T S

Here, we allow one to use parametric or nonparametric estimators for pg, as long as
Assumptions A.1-A.3 are satisfied.

For all functions (and all three propensity score estimators), Assumption 4.4 fol-
low from Lemmas 1 and 2; Assumption 4.5 follows from Lemmas 3 and 4; Assumption
4.6 follows from Lemmas 5 and 6; Assumption 4.7 follows from Lemmas 7-10; and
Assumptions 4.8 and 4.9 are satisfied by the regularity conditions imposed in the

proposition.
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First, let’s focus on the average treatment effect estimator AT E*™. Following

the notation in Theorem 2, define

A ate,l

o = (S5 00 57 5)

!/

Oﬂte _ (Stp“te’o (po)jssaate,l (po)) ‘
Then, by Theorem 2 and Example 19.18 in van der Vaart (1998), we have

(Dl) \/ﬁ (aate . aate) i) N (07 Qate>

n

where Q¢ = E [Ware U, |, Ware = (1hg, 1)’ with

¥, = 0" (po) — E (V) + K7 (po) ,

t €{0,1}, and 75" (po) and n{' (po) are defined as in (4.1) with ¢3!“%(Q, X, T) and
gpgze’l (Q, X, T), respectively, and k¢ (pg), t € {0,1}, are defined as in Lemma 7 if one
adopts a parametric approach, or in Lemma 9 if one uses nonparametric methods to
estimate pg. Thus, the asymptotic normality of the average treatment effect estimator
ATEF™ follows an standard application of the Delta method to (D.1).

Now, we move to the distributional treatment effect estimator DT E*™ (-). Define

A Ldte, 1

dte Agodte,O ~ ) ~ !
o, - (Sn (y()?pn) ’ Sn (ylapn>> )

!
adte = (SSDdt : (y07p0) ) S(’Ddt ! (ylap0)) 9

and v = (yo,y1) € Yg x Yy, where Yy = Y N (=00, 7). Then, by Theorem 2 and
Example 19.18 in van der Vaart (1998), we have

(D.2) Vi (0 () = a® (1)) = G () in I (V) x I (Vi)
where G¥¢ (v) = (Gg* (yo),G{ (yl))/ is a two-dimensional mean zero Gaussian
process with covariance function Q% (yo,v1) = E |Vae (vg) Ware (1/1), , Wae (V) =

(Yo (v0) ¥y (yl))/ with, for ¢ € {0,1}

Uy (y) = 11" (y,p0) — Fys (y) + 64 (y, po) »
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t € {0,1}, and nd (y,po) and n¢ (y,po) are defined as in (4.1) with gogf;(’)o (Q,X,T)

and gogf;(’)l (Q, X, T), respectively, and % (y, py), t € {0,1}, are defined as in Lemma
8 if one adopts a parametric approach, or in Lemma 10 if one uses nonparametric
methods to estimate py. Thus, the weak convergence of the Distributional treatment
effect estimator DTE*™ (-) follows from an standard application of the functional
Delta method to (D.2).

Next, we move to the quantile treatment effect estimator QT E*™ (-). Define
!/
e fkm,—1  fakm,—1
aglt = <Fn,YO 7FTL,Y1 ) )
te -1 —1\/
af - (FYU 7FY1 ) ’
and w = (79, 71) € (0,7) x (0,7), where

Bt (r) = it {y: B () = 7},

Eyet(r) = inf{yrﬁf,”?f(y)zf},

and, for ¢ € {0,1}, F:T,OT (y) is the rearrangement of Fff’{}t (y) as proposed by Cher-
nozhukov et al. (2010), with EV%" (y) = 1 if F¥2 (y) > 1, and ELy" (y) = 0 if
Ff’}’}t (y) < 0. This transformation guarantees that Fj’;ﬁtr (y) is a proper CDF. Given
that we assume that Fy, is continuously differentiable with strictly positive derivative
everywhere, we have, from Chernozhukov et al. (2010), that, for ¢ € {0, 1},

(D.3) Vi (Bir = Fa) () = Vi (B = Br) +0s (1),

implying that the rearranged 2SKM estimator is first order equivalent to the original
2SKM estimator, and thus inherits the limit distribution. Then, from the fact that
F:’ZT is a proper distribution function, and that the quantile mapping is Hadamard
differentiable, cf. Lemma 3.9.23 in van der Vaart and Wellner (1996), we can combine
(D.2) with (D.3) and the functional delta method, cf. Theorem 3.9.4 in van der Vaart
and Wellner (1996), and get that

(D.4) V(o (1) = a® () = Q() in 1((0,7)) x 1((0,7))

where Q (w) = (Qo (70), Q1 (71)) is a two-dimensional mean zero Gaussian process
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such that )
_G%ite (FY: (Tt>)

f (R (1)

The weak convergence of the quantile treatment effects estimator QT E*™ (-) in follows

Q, (Tt) =

, te{0,1}.

from an standard application of the functional delta method to (D.4).

From (D.1)-(D.4) and the functional delta method, we have that all our treatment
effect estimators converge weakly to a tight mean zero Gaussian process.

To conclude the proof, we need to show that the validity of the bootstrap. This
follows from verifying conditions 4.10 and 4.11 for our functionals, and then applying
the functional delta method for the bootstrap, cf. Theorem 3.9.11 in van der Vaart
and Wellner (1996). For the parametric propensity score case, condition 4.10 follows
from arguments similar to those of Lemma 1, Assumption A.1 and Theorem 3.6.1
in van der Vaart and Wellner (1996), whereas for the nonparametric case, condition
4.10 follows from arguments similar to those of Lemma 2, and the fact we are “un-
dersmoothing”, see the discussion in Chapter 4.4.2 of Hall (1992). Condition 4.11
follows from Lemmas 7-10 and similar arguments to those presented in Lemmas 3
and 4. H

D.2. Proof of Proposition 3

In this section we present the proof of Proposition 3. Such proof consist of verifying
the high level conditions of Theorems 1-3. Denote the true P (Z = 1|.X) by e (X).
Similar to Proposition 2, we establish the weak convergence for local average, dis-
tributional, and quantile treatment effects estimators by verifying the conditions for

applying Theorem 2 for the functions

late,11 _ TZQ late,10 __ T (1 — Z) Q
¢ e(X)’ N 1—e(X) '’
late,01 __ (]' — T) ZQ late,00 __ (1 — T) (]' — Z) Q
(708 e (X) 9 (pe 1 _ e (X) Y
ldte,11 _ TZ1{Q <y} ldte,10 _ T(1-2)1{Q <y}
()Oy7e 6 (X) 7 Soy,e 1 _ 6 (X) )
ldte,01 __ (1 - T) Z1 {Q < y} ldte,00 __ (1 - T) (1 - Z) 1 {Q < y}
Py c(X) o P 1—e(X) ’

where we allow one to use parametric or nonparametric estimators for ey, as long as
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Assumptions A.1-A.3 are satisfied.

Following the notation in Theorem 2, denote

late,01 late,10

alate _ <S¢lat600 (An) ,S‘p , (én)’éﬂp ’ (A ) S¢late 11 (An)) ’

n n n

alate _ < plate,00 Lplate,Ol (60) 7 S[plate,lo (€0> 7 S[plate711 (€0>>/7

alrflte _ ( pldte,00 y’ €n ’ S;fzdte,m (y’ én) 7S;fldte,10 (y) én) ’ Sfldte,ll (y’ én)>/ ’
aldte _ (S@ldte ,00 y) 60 Swldte,Ol (y’ 60) 7 S@ldte,lo (y’ 60) 7 S(pldte,u (y7 60)>/ ‘

Thus, from arguments similar to those in Proposition 2, we have that

(D5) \/ﬁ (alate . alate) i> N (O, Qlate)

n

where Q¢ = E [T ¥, ], Ware = (g0, Y1, Y10,¥011) With

late,td (€0> + K/izte (eo) 7

Uy, = 02 (e9) — 5%

t,z € {0,1}, and the other terms are defined analogously to those in Proposition 2.
The weak convergence of the LAT EF™ follows from the fact that, for ¢t €{0, 1},

(D.6) Fitn (€n) = Ky (€0) + 0p (1),

and the delta method applied to (D.5).

Analogously, we have
(D.7) V(i () = o' () = G () in 1% (Var) x 1% (Vur) x 1% (Vi) X 1% (V) .

where G (-) = (G (yoo) , G (yo1) , GX® (y10) , GI4 (y11)) is a four-dimensional

mean zero Gaussian process with covariance function Q' (yoo, yo1, y10,, y11) = E [\Ifzdte (vo) Wiaee (11) |,

Wiate (V) = (”Lboo (yoo) ,wm (y01) 71/}10 (3/10) 7w11 (yll)),

with
e late,td e
wtz ( ) - ngt <y7 60) - S@ (ya 60) + ’igt <y7 60) )
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t,d = 0,1, and the other terms are defined analogously to those in Proposition 2.
The weak convergence of the LDTE*™ (-) follows from (D.6) and the functional delta
method.

As in Proposition 2, the weak convergence of the LQTE"" (-) follows from
(D.6), (D.7), the rearrangement steps based on Chernozhukov et al. (2010), and the
functional delta method. The validity of the bootstrap follows from same arguments

as in Proposition 2 and is therefore omitted.

D.3. Proof of Proposition 4

In this section we present the proof of Proposition 4. Because ng;/n — a4, with
—W

0 < ag; < 1, any term that is Op (ngj

) is also Op (n™*); similarly term that are
op (n,}") are also op (n™%).

The proof of Proposition 4 follows a different path than previous proofs: instead
of directly verifying the Assumptions of Theorems 2, we show that the changes-
in-changes treatment effects parameters can be written as Hadamard differentiable
functions of <F7’f§’}00 (yoo) , FFm % (o) Ekm T (Y10) 5 Fffyu (yn)). Then, the the weak

convergence and the bootstrap validity follows from the functional delta method.
To this end, denote

. . /
Qe (y) = (EF, (o) ER, (or) B3, (sn0) s i3, (o) )
Oédc (y) = (FYOO (yOO) ) FYOl (yOl) ) FYlO (le) ) FYll (yll))

and y = (Yoo, Yo1, Y10, Y1) € Wi = Vir X Y X Vi X Vg, where Yy = YN (—o0, 75,
Under Condition 1 and Assumption 4.9'% we have that, from Stute (1995),

(D8) azz’c (y) czc Z qjczc + OIP 1/2)

where U§ (y) = (77?C (y) — e (y))v

. . . /
77?6 (y) = <0400177§f)c i (Y00) ,aafnﬁfi (vo1) 7041_0177%?,- (y10) ,Osznfi‘f ; (%1))

12 If Condition 1 does not hold, we need to set Yy = Y N (—o0, 7x). If this is the case, we can drop
Assumption 4.9.
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and, for g,7 = 0,1,

noe s (w) =1{G; = g, I = j} [1{Q: < w} g4 (Qi) 6
+ V1,g95,w (QZ> (1 - 51) — V2,95,w (Ql)]7

with
Y~ Hyg; (dw) }
, = ex W
70,9) (y) p{ 0 1 _ ng (U_))
1
: = —— 1w < N T (e
i ) = Ty [ L0 < 01 < wh () Hy (0. ),
1{v <y, o <w}l{w < w} B - o
Vogiw (Y) = // 11— H, ()] V0,95 (W) Hog; (dv) Hyg; (dw, dT)
and

Hy(w) = P(Q<w|G=g,1=j),
Hl,gt(w7x) = P(QSM,X§$,6:1|GZQ7I:]),
Hogj(w) = P(Q<w,6=0[G=g,I=j).

From the asymptotic linear representation in (D.8), and the fact that the class
of function {1{Y < w} : w € R} is Donsker, we have that

(D.9) V(a7 () —a () = G () in 1> (Vg) x I* (Vur) x 1 (Vi) x I* (Vn) .

where G (1) = (G (yoo) , GEF (yo1) , GSi (y10) , S (y11))” is a four-dimensional

mean zero Gaussian process with covariance function Q¢ (yoo, Yo1, Y10, ¥11) = E [P (yo) eie (Y1)

!

Next, by the functional delta method and the Hadamard differentiability of the
probability-probability transformation Fy_! (Fy,, (-)), see Lemma A.1 in Callaway
et al. (2015), we have that,

G(C)llc (y) - G(%C (F}joé (FY01 ()))
fOO (F;Oé (FY01 ()))

By the functional delta method and the Hadamard differentiability of the quantile-

Vi (Bl (Bl () = Frl (P () = Gon (1) = in 1 (V).
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quantile transformation Fy,, (F;O i ()), see Problem 3.9.3 in van der Vaart and Wellner
(1996), we obtain
(D.10)

Vi (Bl (Bt (B2 () = Fo (Bl (Fi (0)) = Gao () in 1% (V)

where

1o (Fygy (Frin (1))

GlO () = Gﬁ)c (F;o(l) (FY01 ())) fOO (Fy ( Yor (>>) GOO () :

Combining (D.9), (D.10), and the functional delta method, we have that

Vi (DTT;™ () = DTT (-)) = G5f (-) = Gio (-) in 1™ (Vi) -

The weak convergence of the quantile treatment effects on the treated follows
from (D.9), (D.10), the fact the quantile mapping is Hadamard differentiable, and

the functional delta method. More precisely, we have, under Condition 1'3,
(D.11) Vi (QTTY™ () = QTT () = G, (-) = Gy (-) in 1°°((0,1)),
where
i - Sl ot
e = SRR
and
6 (1) = G (Fy (1) - %G( 2.

The asymptotic normality of the average treatment effect on the treated follows
from (D.11), and the fact that

ATT = /1 QTT (u) du
0

13 If Condition 1 is not satisfied, convergence is in 1°°((0, 7))
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Thus .
Vi (ATTF™ — ATT) % / <G‘{1 (u) — G, (u)) du.
0

The validity of the bootstrap follows from Lo and Singh (1986), Stute (1995), and
the functional delta method for the bootstrap, cf. Theorem 3.9.11 in van der Vaart
and Wellner (1996). W

E. AUXILIARY LEMMAS

In this section we present and prove some auxiliary lemmas that are useful for

proving Propositions 2-4.

p (:v; 9n> — p(2;00)

Lemma 1 Let Assumption A.1 be satisfied. Then, sup,

op (n71/4) .

Proof of Lemma 1: Next, by classical mean value theorem, p (a:; 9n> —p(z;00) =

p(x;é)/ (9n —00), where H@—QOH < 971—90

a.s.. Therefore,

‘p (x; 9n> — p(x;60)

9 (2:0) (62— 00)|
15 (:0) | o 11(0n = Go)l]

op (n_1/4)

o0

IN

since \p (Jc; 9)| is uniformly bounded, and H (@n — 90) H = Op (n_l/Q), n

~ker

Lemma 2 Suppose Assumption 5.1 is satisfied. (i) If Assumption A.2 hold, sup,c |5 (2) — po (2)] =
op (n=Y4). (it) If Assumption A.3 hold, sup,e. [P35 (x) — po ()| = op (n71/4)

Proof of Lemma 2: First, for the kernel estimator, it follows from Masry
(1996b,a),

~ker s logn
o= miol = o (i /250)
= Op (bS/Q)
— op (n_1/4) 7
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where the second and this equalities follow from Assumptions A.2 (iii) and (iv).

For the Logit Series Estimator, define the pseudo true propensity score pP*u4 (r) =
L (RL (iL‘), 7T07L)

o = argmax E [po (X)log (£ (R* (X)) + (1= po (X)) log (1 — £ (R (X)7))]

Let ¢ (L) = sup,ex |R* (z)| . Then, it follows from the triangle inequality, the mean

value theorem, and Lemmas 1 and 2 of Hirano et al. (2003),

Zflerles ( ) . ppseudo (l’) + ppseudo (.CE) — Do (.CE) ’OO
z37shberles ( ) o ppseudo (i[)) ‘OO + ‘ppseudo (x) — Do (.77) |OO
¢ (L) 7 = morll + [P (2) = po (2)]

o fonfio)

op (n—1/4)

5 @) = (@), =

IA

(E.1)

Il IN

where the last equality follow from Assumption A.3(zii). B

Lemma 3 The pathwise derivative of S (po), S5 (po), Si* (y,p) and S§* (y, p),

with respect to p, T4 (po) [p—pol, T (po) [p—pol, T1 (v, po) [p—pol, and T§™ (po) ly, p—
Pol, respectively, are given by

F?te (Po) [P - po] = E

Y (p(X) - po(X))}
3 (X) ’

rg () ) = B[OV CEE]
I (y,po) [p —po) = —E [Tl{Yﬁy}((g(X)') (X))},
ri ) -] = B[ E L) ZCO)],

in all directions [p — po] € H.

Proof of Lemma 3: The proof follows from noting that, for any p such that
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{po+a(@—po):acl01]} CH,

S (po + a (p —po)) — S (o) E [po<x>+a<§(§<)—po<x>> B poT&)]
_ [ Y (p(X) —po (X)) }
p%(X)Jrozpo(X)(ﬁ(X) po (X))
TY (p(X) —po (X ))}
po (X)

as a — 0.

- E|-

This establishes the proof of the representation of I'{* (pg) [p — po]. The same ar-
guments can be applied to establish the pathwise derivative of the other statistical

functionals.l

Lemma 4 Let Y] and Yy be square integrable random wvariables, and assume that

e<po(-) <1l—ea.s.. Then,

|55 (po) — S5 (po) — T (po) [p — po]| < esuplp (¥) — po (),
|56 (po) — S5° (po) — TG (po) [p — pol| < esup p () — po (2)*,
sup |58 (y, po) — ST (y,p0) = T1 (y,p0) [p — pol| < csup |p (x) — po ()],
sup |56 (3, po) — S5 (y,0) — T4 (,po) [p — pol| < csup |p(z) ~ py ().

Proof of Lemma 4: Given that all functionals have symmetric construction,

we only need to consider

|51 (po) = 1 (po) = T4 (po) [p = pol| < csuplp (@) ~po (@),
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To establish this inequality, not that

£ () = 51 Gn) = T2 ) o= ]| = 2[E |3 (630 = ()

< 2 ]
%E [Vil]suplp (@) = po ()]

< csup|p(x) — po ()]
reX

sup |p (z) — po ()|
zeX

IA

where the first equality follows from a Taylor expansion argument, the first inequality
follows from [p (X) — po (X)| < [p(X) — po (X)], the second one from py > € a.s., and
the fact that 7'= {0, 1}, and the last inequality from the square integrability of Y.
|

Lemma 5 Let Assumptions 5.1 and A.1 be satisfied. Then, the classes of functions

t
A‘fii’p = {y,mt—ﬂ,b“te— y :96@},

p (x;0)
A = {y,x t—>¢“t651(_1;—(2;y9):069},
AT = {y,x Vigp = —tlp{éj;e)g} 10 € 6,@/63?} :
PR PP (L LT R

are Donsker.

Proof of Lemma 5: From the fact that for somee > 0, <p(:) < 1—¢ a.s., the
integrability conditions in Assumptions 5.1, and Theorem 2.10.6 of van der Vaart and
Wellner (1996), it suffices to show that the classes of functions {1 {- < g} ,y€V},{p(:;0),0 € O},
{y},{t} are Donsker. Since the functions {y} and {¢} do not depend on € nor on ¥,
they are clearly Donsker. From Theorem 19.5 of van der Vaart (1998) and Assump-
tion A.1, the class of functions {p(-;0),0 € ©} is Donsker. The class of functions
{1{- < g},yeY} is a VC-class, and hence it is Donsker, cf. Theorem 2.6.4 of van der
Vaart and Wellner (1996). B
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Lemma 6 Suppose Assumption 5.1 is satisfied, and let either Assumption A.2 or
Assumption A.3 be true. Let H = CY (X)), where C¢ (X) as in page 154 of van der
Vaart and Wellner (2007). Then, the classes of functions

t
A‘{‘fi}’p = {yVT t_>¢at€:p(yx) pEH}a

Aatep _ y,iEt_)'QZ}ate:(l_t)yIpeH :
1—p(z)
€ e tl S y _
'Adt ro= {ywm Cllty,p = ;y(l,) o} S H7y€y} 5
dtep  _ dte  _ (1-1{y <y} . _
Aoy’ = { Tt — Yy, = T—p(2) :p e HGeEY ¢,

are Donsker.

Proof of Lemma 6: Under the smoothness conditions imposed by Assumption
A.2 or Assumption A.3, it follows that the class of functions {p, p € H} is Donsker,cf.
Theorem 2.7.1 of van der Vaart and Wellner (1996). Thus, following the same steps

as in the proof of Lemma 5, we establish the desired results. B

Lemma 7 Let Assumptions 5.1 and A.1 be satisfied. Then,

I{ (2,p0) [pn —po) = - Z f%'atep +op ( 1/2) )

T8 (2,p0) [pn —po] = — Z roi "+ op (n71?)
where

e = B[Oy 00| 1%,

i = B[ 06| (1%,
mi(X) = E[Y1|X], and mo (X) = E [Yo|X]|. Furthermore, the classes of functions
AP = {x,t - K(ffe’p (z,t;0) =E [—ml (X) po (X;eo)_IP(X; 90)}/10 (t,x):0€ @} ;

Adter — {x,t = RGP (2,1,0) = E [mo (X) (1= po (X3 00)) "5 (X;00)] Iy (t,2) : 0 € @}
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are Donsker.

Proof of Lemma 7: From Lemma 3, Assumption A.1, and Law of Iterated

Expectations, we have that

Fclzte (Z,po) [p_po] . o) |:_TY (p(X) — Do (X)):| . o) |:_m1 (X) (p(X,Q) _p<X;90)):| ]

p§ (X) P (X;00)

Next, because E [—mq (X) (p (X;0) — p(X;60)) /p(X;00)] is linear in 6, it is Hadamard
differentiable at 6, tangentially to ©. Then, by the delta method, and Assumption
Al

7

} Vit (6 — 00) + 05 (1)

my (X) (p(X;6,) — p(X;6)) my (X) p (X 00)
Vi {_ p(X;6o) } N E[_

’

;90)] nEY oy (T Xo) + o (1),

=1

p(X;Qo)

concluding the proof of the linear representation of T'* (z, pg) [p — po. Similar argu-
ments apply to I'& (z,po) [p — pol-

Given that x{“? (x,t,0) depends on @ only trough Iy, and I, is Donsker by As-
sumption A.1, the Donsker property of A%*“? follows from the fact that E _p;n(l)g;'())) p(X; 90)] <
C < oo and Corollary 9.32 of Kosorok (2008). The result for AZ*“? follows from the

same arguments.

Lemma 8 Let Assumptions 5.1 and A.1 be satisfied. Then,

‘ 1 i

i )] = 23R ) oo (%),
=1
1 n

LY o) o —pol = — D ka? (y) +op (n772).
=1

where

dte,p o N Fl (y|X)
Ty =B [ po (X;00)
Fo (y]X)
1 —po (X;60)

P (X; 90)} Iy, (T;, X5)

KosP (y) = E[ P(X§90)] Iy, (T3, X)
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Fi(y|X) = E[1{Y; <y} |X], and Fy(y|X) = E[1{Y, <y} |X]|. Furthermore, the

classes of functions

Adter {m t— KYP (2,1y,0) = B [~ Fy (y1X) po (X:00) ' 5 (X;00)] Iy (t,2) :y € V,0 € x},

Adier {x t = kg (2,t;y,0) = E [Fy (y|X) (1 — po (XQHO))_IYj(XSQO)]/IG’ (tx):ye ), b€ X}

are Donsker.

Proof of Lemma 8: The proof for the linear representation of I'¥¢ (2, pg) [pn—po)
and T'¢ (z, po) [pn — po] follows the same steps of the proof of Lemma 7, and therefore
is omitted.

Next, notice that A%“? depends on 6 only trough I, which is Donsker by As-
sumption A.1, and on y only through E [—F} (y|X) po (X; 00) " p(X; 00)] , which is a
constant bounded function and therefore clearly Donsker. Thus, the Donsker prop-
erty of A%? follows from Corollary 9.32 of Kosorok (2008). Similar arguments apply
to AY“?

Lemma 9 Suppose Assumption 5.1 holds, and let either Assumption A.2 or As-
sumption A.3 be satisfied. Then,

VIl (z,po) [pn — po] = Z /fate "+ 0, (1

Fate y — - = atg,np 1
\/ﬁ 0 (Z,po)[p pO] \/ﬁ;KO,z +OP( )

where
ate,np my (XZ)
= - ,I’l Xl )
K14 o (Xz) ( Po ( ))
atenp Mo (Xl) T — X,
/{01 1—]90(Xz)( 7 pO( z))7

m1(X) = E[Y1|X], and mo(X) = E[Yy|X]. Furthermore, the classes of functions

Atllte,np — {x t—>f§atenp<x7t;p)5_n;(§j) (t_p( )) pGH}
Aglerr — {x t— KOO (2, 1) E%(t—p( ) pEH}
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are Donsker.

Proof of Lemma 9: From Lemma 3, and Law of Iterated Expectations, we
have that

F(lzte (z’po) [p _ po] —F |:_TY (p (;g)();)po (X>>:| —E {_ml (X> (Zii()z')_ Po (X))

From Ichimura and Linton (2005) we have that when one uses the Kernel esti-

mator for the propensity score, we have

VvnE

ma (X) (P (X) — po <X>)]

o atenp 2 1/2 -1/2 2.1/2
= K1 +0 b +b" + b*n
po (X) \/_Z e )

+Op (b4 /2 4 1 71/2>

§ : t
_ K,aenp_FOP

under the bandwidths conditions we have imposed in Assumption A.2.
Alternatively, when one uses the Logit Series estimator, using similar arguments
as in Hirano et al. (2003)’s Addendum, we have

my (X) (pmes (X) — po (X))
Po (X)

_ Zﬁate NP + OIP ( )Lfs/Qk) + OIP (C(L)2> n OP (\/HC (L) L;s/2k)

JnE

Jn

11/2
+Op (%) + Op (max (L7, ¢ (L) L™/))

— Zﬁate P Op ( ~(z-1)v ) + Op < %) 1+ Op (n—(i—l)v+%>
+0Op <n7v_1/2> + Op (max <Ll_i7 L—ﬁ))

§ : t
— Haenp+0P

where the second equality follows from using power series and setting L = a- NV as in

Assumption A.3; and the last equality follows from the conditions we have imposed
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on v. Similar arguments apply to I'* (z, po) [p — po]

The Donsker property of A} follows from p being Donsker (see, Lemma 6),
the fact that ¢ < p(-) < 1 — ¢ a.s. and Corollary 9.32 of Kosorok (2008). Similar

arguments apply to A" W

Lemma 10 Suppose Assumption 5.1
Assumption A.3 be true. Then,

Vnl{ (2, o) [pn — po]

VnT&e (2, p0) [pn — po]

is satisfied, and let either Assumption A.2 or

(y) +op (1),

n
1 dte,np
\/— Hl,i
n <
=1

where
e,n F Xz
Clltz "ly) = _%(Ti—ﬁo (X1)),
e,n F Xz
e () = LWRD i)

1 —po (Xz)

Fi(ylz) = E[1{Y} <y} |X =z, and Fy(y|z) = E[1{Y, <y} |X = x|]. Furthermore,

the classes of functions

F
aterr = Lo o i) = -0 - p )y e Rp e H,
dte,np dte,np _ FO (y|x)
Ap = q7,t = Ky (fli,t;y,p)=—1_p(x)(t—p(:v)):yeR,pE’H

are Donsker.

Proof of Lemma 10: The proof for the linear representation of I'% (2, pg) [pn —

po] and T3 (2, py) [pn — po] follows the same steps of the proof of Lemma 9, and there-

fore is omitted. The Donsker property of

AJ ™ and AZ™ follows from Corollary

9.32 of Kosorok (2008), Example 19.11 of van der Vaart (1998) and the fact that

e<p()<l—cas.N.
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