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QUANTUM AND OPTICAL ARITHMETIC AND FRACTALS

M.V. BERRY
H. H. Wills Physica Laboratory,
Tyndall Avenue, Bristol BS8 1TL, UK

Three waves depend on a common mathematical structure. The waves are light
beyond a diffraction grating with sharp-edged slits, initially transversely uniform
microwaves propagating along a strip guide, and the evolving probability ampli-
tude for a quantum particle in a one-dimensional box where the initial state is a
constant. The mathematical structure is the indefinite integral over ¢ of

Ken= 3 ewficfae(o2) o (a+2)])
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which is a theta function (Gauss sum) on its natural boundary. For rational r,
the integral is piecewise constant and describes fractional quantum revivals and
the fractional Talboi effect. For irrational 7, the graph of the wave intensity as a
function of £ is a fractal with dimension 3/2. As a function of 7, the graph has di-
mension 7/4. On some diagonal lines (space-time sections in quantum mechanics),
e.g. £ = (1 — 7)/2, the dimension is 5/4.

1 Introduction

Claude Itzykson excelled in finding physical applications for sophisticated
concepts and techniques from number theory. I think he would have enjoyed
the physics described here, in which arithmetic and fractal geometry appear in
a way that was surprising at first and then gave new insights into the simplest
guantum time-dependence and the distribution of light in a waveguide and
beyond a diffraction grating. I will give only a brief description; details and
generalizations can be found in two recent papers*?,

My aim is to describe geometrical structures in the sum

W(E,7) = %i (—-E_l:_ll_—);j-cos {21:5 (n+ -;—)}exp {—m (n+ %)2} ()
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In a first interpretation, this satisfies the time-dependent Schrodinger equation

131“1’ (E,T): _4%6?@(517‘) (2)

with the boundary condition



¥ (i%,r) =0 (3)

and the initial condition

2 = (-1)" 1 1
ven=2y 5 cos{ome (ne 1) h=1 (1<) @
It follows that ¥ describes what is perhaps the simplest nonstationary quantum
bound state, where an initially spatially constant wavefunction evolves inside
a unit box (infinite potential well). Taken together, (3) and (4) imply that
the initial state is discontinuous at the walls £ = £1/2, a fact that will have
Interesting consequences.

A different interpretation of (2} is as the paraxial wave equation in two-
dimensions, with 7 as a longitudinal spatia] variable and £ the trapsverse vari-
able. This gives solutions to the Helmholtz equation with wavenumber & and
wavelength A = 2x/k, namely

(B2 + 8%+ k%) ¢(2,2)=0 (5)

with the variables related by

r=af, z=zrT, ¢(r,z)mexp(ikz)V(£,T)
(6)

where z7 = “T? and a is a length

Here, the approximation is paraxial, that is it describes waves travelling close
to the z axis, in a sense that will be made more precise later. With this
reinterpretation, {1) describes the wave propagating inside a waveguide in the
form of a unit strip with Dirichlet boundary conditions at the edges z = +a/2,
where the wave is spatially uniform as it enters the guide.

A further interpretation is provided by the wave

Wi (67) = 5 [14+0(26,47) ")

which also satisfies (2) and with (5) and (6) can be interpreted as a paraxial
wave in the half-plane (0 < z < o0), {—o0 < z < o0). This is periodic in § with
period 1, and satisfies the condition



¥, (6,0) = 1 (if ¢ mod1|<%) (8)
= 0 (if [émod 1| > }1)

It follows that ¥; describes the paraxial propagation of a plane wave of light,
initially travelling in the { direction, after passage at { = 0 through a diffrac-
tion grating with period A§{ = 1, that is Az = a, consisting of opague and
transparent strips with equal widths; this is called a Ronchi grating.

In what follows, repeated use will be made of the following obvious sym-
metries of the wave (1):

(6, ~m)=T"(&7); T(§, 7+ 1) =exp{—ix/4} ¥ (¢, T);
e ¥(&,1~71)=exp{—in/4} ¥ (£,1);

@(—é,T)I\I‘(E,T);qf(f-{-]_,r):—\l’(f,f); (9)
e ¥ (1-¢r)=-9 (f,T)

2 Revivals and Talbot images

It follows from (9) that at integer times 7 the probability density

P, r) =T () (10)

repeatedly reconstructs its initially constant form. This is the simplest example®
of the much more general phenomenon of guantum revivals®S, in which a wide
class of initial quantum states (for example, representing electrons in atoms)
get approximately reconstructed at integer multiples of 2 time that depends
on the spectrum and the form of the initial state.

For the diffraction grating wave (7), the analogous statement is

¥ (E,T+1)=é[1—lll(2£,41')]=1ll1 (&-}-%,7’) (11)

Therefore at integer multiples p of the distance zr in (6), the grating profile
(8) is reconstructed by the diffracted light, with a half-pericd shift if p is odd.
This repeated self-imaging is the Talbo? effect®?, and zt is the Talbot distance.
The Talbot effect is also a more general phenomenon that is embodied in (7),
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because (paraxially) perfeet 1mag1ng occurs not only for the Ronchi grating
(8) but for any profile.

Now consider the quantum wave ¥ at rational times v = p/g, where p and
¢ are mutually prime integers. It is helpful to write this as the integral over
the propagator K for the particle in a box. Thus

1/2
¥en) = [ deK(Ee-gn),
~1/2
[ea] 2
where K (§,7) = Z exp {in’ [25 (n+ -;-) -T (TH- %) }} (12)

Now set 7 = p/q, and split the sum into groups of ¢ terms by defining®

n=lg+s (—oco<i<eo,1<s<g) (13)
The crucial observation is that the exponential involving I? can be simpli-
fied, because
exp {—impgl?} = exp {~imge,l}
where ¢, = 1 (p even) or 0(p odd) (14)

This enables the sum over I to be evaluated as a series of § functions, to

give, after some reduction,
P P n
K ¢, An ep + —) - —) where 15
(€)= 7. B aes(e-3 (o+]) -5 w09

An(q,p)=%e@{iw(4q+e§+ )}Z:j {q(2n+qep)s-ps)}

When combined with the integral (12), this result shows that the wave
for these rational times is the (piecewise constant) superposition of ¢ shifted
overlapping copies (labelled by n) of the initial wave in the box (set equal
to zero outside). These are fractional quantum revivals®*. The nature of the
superposition is determined by the A;;, which are easily shown to be pure phase
factors, that is

I\Dl'—'
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Ap (¢, p) = exp {i®5 (¢, p)} (16)

The phases @, can be evaluated by recognizing the formula for A, in (15) as
a vartant of the Gauss sum of number theory; explicit formulae can be found
elsewhere! 2,

Figure 1 shows fractional revivals of the probability density for increasing
g, as 7 = p/q takes values given by successive approximations to the golden
mean. These were computed as the sum of q shifted copies with the phases &,,.
Confirmation of the correctness of the analysis was obtained by computing ¥
for the same r with the eigenfunction series (1), which gave exactly the same
pictures (apart from Gibbs oscillations smoothing the discontinuities, caused
by truncating the series).

The optical analogues of the fractional revivals are the fractionel Talbot
images'® 11 at distances z = z7 p/q from the grating. In each unit cell
(e.g. 0 < z < a), these images are superpositions, with phases ®,, of ¢ copies
of the grating, with amplitudes reduced by 1/+/¢. The above-mentioned explicit
formulae for the phases considerably facilitate the calculation of these images.

3 TFractal waves

Rationai values of 7 are special. For typical (i.e. irrational) =, and, more
generally, as a function of the variables € and 7, the Schrodinger wave ¥ defined
by (1) - and also the diffraction grating wave ¥, defined by (7) - possesses rich
fractal properties. These are conveniently described by the fractal dimensions
of the graphs of the probability density (10) along lines in spacetime, that is,
in the £, T plane.

In calculating the various fractal dimensions?, I will apply to ¥(¢,7) a
result for Fourier series

flu)= Z am exp {imu} {17)

where the a,, have random or pseudorandom phases. If the power spectrum
lax|? has the asymptotic form
@m|* ~ Im]'ﬁ as|m] — co,where 1 < 8 < 3, (18)

- then the graphs of Ref and Imf are continuous but nondifferentiable, with
fractal dimension

Dr=5(5- ) (19)
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Thus § = 3 corresponds to a (just) differentiable curve with Dy = 1, and
B# = 1 would correspond to an area-filling curve with Dy = 2. Equation (17)
can be obtained (by simple dimensional analysis) from the result!® that if
J has dimension Dy the mean square increment of f(u) over a infinitesimal
distance Awu is proportional to (Au)*~2P4; for a straightforward derivation of
this result, see!*. This applies when Dy represents the capacity dimension, but
in the present context I expect it to hold for the Hausdorff and other fractal
dimensions as well'®>. Elsewhere? I have argued that the fractal dimension of
the graph of | f(u)]? is, almost always, also Dy. Therefore the fractal properties
of Re¥ and Im ¥ are inherited by the probability density P(£, 7).

At irrational times 7, when quantum revivals do not occur, the quantum
wave ¥, regarded as a function of position £ in the box, has the form (17},
with Fourier components m = (n+ 1/2) and pseudorandom phases m7m?. The
power spectrum is, from (1), proportional to m~2, so that 8 = 2 in (18) and,
from (19), the fractal dimension of the probability density is Dy = 3/2. The
same argument gives the dimension of the graph of wave intensity across the
strip waveguide, and of the light intensity beyond a Ronchi grating in almost
all planes, where z/zr is irrational and there are no fractional Talbot images.

Figure 1 shows how the spatial quantum fractal for r = r¢ = (3 — /5)/2
emerges as the limit of sequences of fractional revivals corresponding to the
continued-fraction (Fibonacci) approximants to 7g. Figure 2 shows the spatial
fractal for 7 = 1/27 in greater detail, and a magnification illustrating the self-
similarity. Pictures for other irrational 7, and for the Talbot image intensity
|¥,1?, are similar.

Now consider ¥ as a function of time 1, at fixed position £. As has been
explained, the probability density derived from the wave (1) is periodic in
7. Its Fourier series contains longitudinal frequencies restricted to the values
m = (n+1/2)2. For such a lacunary series, the power spectrum is |a,|?dn/dm,
which is proportional to m~%/2. In the argument following (17) we now have
8 = 3/2, giving the unexpected fractal dimension D, = (5 — §)/2 = 7/4. This
is not restricted to rational £, and indeed we think the probability density is
a fractal function of time everywhere, except at the walls £ = 21/2. Figure
3 shows one of these time fractals, and a magnification illustrating its self-
similarity. The greater fractal dimension, reflected in the greater irregularity
of these curves in comparison with those in figure 2, is clear.

The time and space fractals can be seen together in figure 3, which is
a landscape plot of P(£, 7). Evidently this is not an amorphous fractal, but
contains much additional structure. In particular, unanticipated diagonal lines
can be discerned, corresponding to particular spacetime slices through the
P landscape (one is visible issuing from the rear right of the picture; with
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other views of the landscape?, more are visible). As I have described in detail
elsewhere?, these form part of an infinite set of lines, namely

E:m‘r+n+—;-'(m1-é0), E:(m+%)r+%n (m,ninteger)  (20)

on which partial destructive interference between the terms in (1} reduces the
fractal dimension to Dgiag = 5/4. One of these spacetime fractals is shown
in figure 5; it is noticeably less irregular than either of the previous fractals,
reflecting its smaller dimension. The lines (20) also appear as 'canals’ in the
analogous computations for Gaussian wavepackets®.

Further analysis of the sum (1) may reveal more fractal treasures, for
example spacetime lines {not necessarily straight) on which more complicated
interference between groups of terms leads to fractal probability densities with
dimensions different from Dy, D¢, or Dgiag.

4 Discussion.

In the wave behind a diffraction grating, several of the phenomena so far
discussed, namely the Talbot images for rational z/zr, the transverse frac-
tals with dimension 3/2, for irrational z/zp, and the ’longitudinal’ fractals
with dimension 7/4, as z varies for fixed z, have been observed in a recent
experiment!. At first it seems surprising that it is possible to see the transverse
fractal dimension 3/2, because any misorientation of the plane of observation,
such as must surely occur in reality, ought to give a light intensity pattern
whose fractal dimension is that of a generic section, namely the larger value
7/4. That the transverse fractal can in fact be seen is the result of a curious
combination of two circumstances, and could hold a more general message for
the interpretation of experiments involving fractals.

The first is that the Talbot fractals possess infinitely fine detail only
in the limit of perfect paraxiality, unlike the quantum fractals that are exact
solutions of Schrodinger’s equation. A detailed analysis' shows that this is the
limit A/a — 0. Finite values of A/a give rise to postparaxial blurring of the
transverse and longitudinal detail in the fractals {(and the edges of the rational
Talbot images) according to the same function that gives diffraction smoothing
of the cusp caustic of geometrical optics. (This echo of geometrical asymptotics
is curions - albeit mathematically unsurprising - in view of the fact that the
sharp detail that is being postparaxially blurred is itself the result of (paraxial)
wave interference).
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The second circumstance is that the natural 'unit cell’ of the Talbot
effect, namely A; = a, Az = zT, is enormously elongated relative to the di-
mensionless unit cell Af = 1, Ar = 1 (by a factor ¢/, which in the experiment
reported in ! was 803). This effect causes any misorientation of the observa-
tion plane in z, z space to be greatly reduced in £, 7 space, often to such a
degree that it falls within the postparaxial = blurring. So, paradoxically, the
transverse fractal is rendered observable because fine detail in the longitudinal
fractal is obscured. The same argument suggests -again paradoxically- that the
elongation of the natural cell should make it more difficult to see the dimension-
ally dominant longitudinal fractal; nevertheless, observation was possible, by
careful alignment exploiting the symmetry of the Talbot images about £ = (.

The Talbot fractals are not restricted to Ronchi gratings, but will occur,
with the same dimensions D¢ = 3/2 and Dr = 7/4, whenever the transmission
function has discontinuities in its amplitude and phase.

For the quantum fractals, the situation described here can be generalized
enormously?, to quantum waves evolving in arbitrary D-dimensional enclosures
with D — 1 dimensional boundaries, from arbitrary initial states with discon-
tinuities. It would seem that the chaology of geodesics (trivially integrable
in a one-dimensional box) might dominate the fractal geometry of the evolu-
tion, since fine detail depends on high-lying eigenstates, that is on semiclassical
asymptotics. But in fact the results have a wider universality: whatever the
chaology, the graph of the probability density as a function of time at a fixed
position is a fractal curve with dimension 7/4, and the graph as a function of
position for fixed time is a D + 1/2 dimensional fractal hypersurface. These
results do not apply if the boundary of the enclosure is itself a fractal, with
dimension D — 1 ++ (where 0 < -y < 1); then, a physical argument suggests
that the time fractal dimension is (7 + 7)/4, and the space fractal dimension
is D 4 (1 + +)/2. Further generalizations can easily be envisaged.

The simple wave ¥(£, 7) (equation 1) is the indefinite integral (¢f. 12) of
a Jacobi theta function (infinite Gauss sum)®, on the natural boundary of
its domain of convergence: if 7 had a small negative imaginary part, the sum
in (12) would converge. Although the theta function does not converge, the
singular behaviour on its natural boundary is reflected in the rich structure
of fractals and quantum revivals in its integral ¥, which does converge. The
theta functions themselves would arise in the evolution of quantum waves from
a é-function initial condition, or from a grating of infinitely narrow shts. In
the optical case there are two principal effects that would make the analogue of
the sum converge. First, there is non-paraxiality, mentioned already. Second,
there is the effect of the finite number N of slits in any real grating, giving rise
to a wave described by a finite Gauss sum. As N — oo, the wave in irrational



289

planes z/zr gets infinitely complicated, in a way that can be fully described
by a chaotic renormalization transformation??.

Finally, it is worth remarking how different are the superficially analogous
problems involving the heat equation, obtained by analytic continuation of 7 to
the negative imaginary axis. Then (1) describes the evolution of temperature
in a bar where the initial temperature is constant and the ends are maintained
at a different constant temperature. In this situation the sum (1), and the
associated theta function, converge exponentially, and there are no revivals
and no fractals.
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Figure 1. Probability density P(&,7)=1%¥ (&, )2 for a particle in a box.
at the indicated times 7, approximating the goiden mean 7G=(3 5)2 =

0.381966 (=144/377+3.15x10-6), showing fractional quantum revivals
accumulating to give the spatial fractal, with dimension D¢ =3/2.



Figure 2. Quantum spatial fractal for t=1/e. {a): over the irreducible
range 0<£<1/2, and (b): magnified to show the self-similarity.
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Figure 3. Quantum time fractal, with dimension D =7/4. for £=0.25;
(a): over the irreducible range 0£7<1/2, and (b): magnified to show the
self-similarity.



Figure 4. llluminated landscape plot of the fractal probability density
P(£,7) in time and space for a particle in a box.
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Figure 5. Quantum diagonal fractal, with dimension Dgjag=5/4. for
the spacetime slice £=(5%+1)/2: (a): over the range 0<1<1/2, and (b):
magnified to show the self-similarity.



