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Fringes decorating anticaustics in ergodic wavefunctions
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The probability density I7 is calculated for quantum eigenstates near
spatial boundaries of classically chaotic regions. By contrast with
integrable systems, for which the classical IT diverges on classical
boundaries, which are caustics, in chaotic systems the classical IT
does not diverge but vanishes abruptly in a way that depends on the
number of freedoms N; the boundaries are anticaustics. Quantum
mechanics softens anticaustics, to give IT in terms of a set of canonical
diffraction patterns, one for each N; these are studied in detail. The
appropriate definition of II involves averaging oyer eigenstates in an
energy range larger than O(k) but smaller than O(h3) (where 4 is Planck’s
constant), that is over a range of A" states near the .4#'th, where
J‘/‘I—I/N< A'/V‘ < J‘/'l—2/3N‘

1. INTRODUCTION

According to the simplest semiclassical theory, the spatial probability density
[/, (r)|? of quantum eigenstates i, with energy E, near E is proportional to the
density of the projection of a Eypical classical orbit from phase space x = (r, p)
‘down’ momentum p onto configuration space (Berry 1977a; Voros 1979;
reviewed by Berry (1983) and Ozorio de Almeida (1988)). If the classical system is
integrable, a typical orbit sweeps out a torus, whose projection is singular at its
boundary which is a caustic of the orbit. Then in the classical limit |¢,|? diverges
at the boundary in the same way (inverse square root) whatever the number of
freedoms N.

Here I will concentrate on the opposite situation, where the system is ergodic
and therefore non-integrable (if N > 2). Then a typical orbit explores the whole
energy surface, and the simple theory gives

|9 (F)]? o dePS{E—H(x)} x =(r,p), (1)

where H(x) is the hamiltonian. As r crosses the boundary of the classically allowed
region at energy K, this predicts (Berry 1977 a) that the probability density does
not diverge, but vanishes abruptly in a manner that depends on N: if N = 2 the
density has a step discontinuity and if N > 2 it vanishes as (—£)%"~D, where £ is
a coordinate increasing across the boundary. Because of this non-divergence the
boundary is called an anticaustic. (In the trivial case N =1, the system is
integrable as well as ergodic, and the projected density (1) diverges because the
classical boundary is a caustic.)

My aim is to improve on the crude approximation (1) and thereby obtain a more
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refined description of quantum wavefunctions near anticaustics. The result will be
that the singularities are smoothed and decorated by oscillations whose form
depends only on N (apart from scaling).

We cannot build a theory for individual eigenstates, because these are often
dominated by interference effects of a different sort, associated with classical
closed orbits. These effects were observed in numerical computations and
examined theoretically by Heller (1984, 1986), who called them ‘scars’, and also
studied analytically by Bogomolny (1988) and by Berry (1989) (hereafter called I).
The effects of the scars can, however, be eliminated by averaging the probability
densities of a group of states in an energy range, centred on £, of width ¢ > 2/T
where 7' is the period of the shortest closed orbit and 4 is Planck’s constant. Later
we shall see that such averaging need not destroy the coherence of the anticaustic
fringes we are interested in.

Therefore we study the smoothed spectral probability density

II(r; B,e) = LY, (n|*0(E—E,), 2)
n
where J, denotes the smoothed delta function
o (x) = —(1/m) Im 1 /(x+ie). (3)
In terms of the hamiltonian operator H,
H(r; B,e) = <rld(B—H)lr). 4)

We will calculate IT as the projection of the spectral Wigner function, (see I)
that is as N

1(r; B,6) = o | Y pW(x; B, 0), )

where W(r;E,¢e) = hN Tré (E—H)6(£—x) (6)

(the delta function involving the phase space operators F,p is defined by its
Fourier transform). The simplest semiclassical approximation, which gives (1), is
obtained by neglecting all commutators and evaluating the trace as an integral
over phase space:

W(x;E,e) ~ 6{E —H(x)}. (7)

The most convenient entry point for a semiclassical theory enabling us to
improve on this lowest-order result is a representation of W as the time Fourier
transform of the Wigner propagator, that is as

W(x;E,e) = %Re f " AR, (x, ) exp (B + ie) £/}, (8)

where Ky (x,t) = N Trexp (—iHt/#) 6(% —x). (9)

Our e smoothing damps out the effects of long classical orbits, so we need a
semiclassical approximation to Ky, only for short times.
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2. SMOOTHED SPECTRAL WIGNER FUNCTION

In I I showed that the general semiclassical approximation for the Wigner
propagator (9) can be written

Ky (x,t) =~ 2V Y exp { —1i f dt’H(x}(x, t’))/ﬁ+yj}/[det {m, +1}]E. (10)
“ j 0
In this formula, j labels the contributing classical paths: those which in time ¢
connect points A and B whose midpoint is x (figure 1); x* is any point on the path,
7 is a phase, and m the 2N x 2N matrix relating small displacements at A and B.

it

A
Fieurk 1. Classical path contributing to Wigner propagator at x,t¢.

As -0, only one classical path contributes: almost straight and linking phase
points A and B that are close together. Then vy is zero and m close to the unit
matrix. We need the energy of this path. To lowest order the energy is simply
H(x), but this just reproduces the result (7) that we seek to improve. To capture
the oscillations of W we must find the next correction to the energy.

We proceed by adapting a method from I. Referring to figure 1, choose x* to be
the point reached at time }¢ along the orbit from A to B. Expanding to second
order about 3t gives the endpoints as

xB=x*+%tx%+§t25c'%+...,} (11)
Xy =x¥—qtX it Kt
where dots denote time derivatives on the orbit. Taking the midpoint of A and B
gives x*, also to second order, as
x*=x—12%+.... (12)
The energy of the path is thus
H(x*) = H(x)—%tzx'-VxH(x)+...1
= Hx)+¥x% A i+..., | 13)

where the second equality is obtained from Hamilton’s equations and the
definition
XAX=—q¢ p+pq§. (14)
Substituting into (10) now gives the short-time Wigner propagator as

Ky ~ exp{—i[H(x)t+ L% A %]/} (15)
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To get the spectral Wigner function we must perform the time integral (8). This
involves the smoothing energy €. We will ignore this dependence on ¢, for a reason
to be explained presently. The integral can be expressed in terms of the Airy
function (Abramowitz & Stegun 1964):

2 . {2[H(x) —E]} '

‘E, ~ i 1
W B0~ Gete x> e A o

(16)

This describes fringes decorating the energy surface H = E. The fringes close to
the energy surface have separation of order 43. Their coherence will be maintained
in spite of the energy smoothing if ¢ is not too large. However, ¢ must not be too
small if it is to perform the function for which we introduced it, namely damping
out the contributions of the closed orbits. We achieve both these aims if we choose
€ in the range

BT < e < (h2|% A X|)3 (17)

and this is the range for which (16) is valid. Note that in the asymptotic limit
h—0 the scales h and 43 separate and the inequalities (17) become less restrictive.

Airy oscillations in Wigner functions are familiar in the context of integrable
systems (Balazs & Zipfel 1973 ; Berry 1977b; Balazs 1980). The result (16) shows
that they also occur in multidimensional ergodic systems.

3. PROJECTION ONTO CONFIGURATION SPACE

The anticaustic fringes we seek to describe are obtained from the projection (5)
of the Airy fringes (16). There is no essential loss of generality, and the formulae are
more transparent, if we carry out the calculations for the familiar case of a non-
relativistic particle in a scalar potential :

H(x) = 3pI*/m+V(r). (18)

The classical boundary is defined by p = 0, that is V(r) = E. From Hamilton’s
equations we easily find

% A %= |VV(r)/m+ (p V)2V (r)/m?. (19)

For r near the anticaustic, the concentration of the spectral Wigner function
(16) near the energy surface implies that only small p contribute to the projection
integral (5). Therefore, we can neglect the second term in (19) and because W now
depends only on the length p of p we can evaluate (5) in spherical coordinates.
Introducing the area of the N-dimensional unit sphere,

2miy
we obtain the spectral probability density
2w ® _ .2(1p2/m+V—E)}
Hr;E,e)  ——2——| d N‘A{2 — - 21
riB.0% s |, aer s MEE T b
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This involves the natural variable

_ 2AV(n-E] z2<m|VV|)%§
CBVVER/mt )

where £ is a coordinate normal to the anticaustic and reckoned negative in the
allowed region £ > V, and where in the last expression VV is evaluated on the

classical boundary.
Thus

(22)

II(r; B, ¢) ~ 2(m/B2N AV V2 /m)i@N—D 4 | (X), (23)

where 4 y(X) is the canonical anticaustic fringe pattern for N freedoms, defined by

Ay(X) = vy r dPPN-1Ai (P2 +X). (24)

0

These two equations constitute the main result of this paper.

4. ANTICAUSTIC FRINGE PATTERNS
Because ITis a density, the canonical integrals 4 ,(X) must be positive. For N = 1
this follows from the known relation
A,(X) = 2% Ai2 (X/2). (25)

Positivity for N > 1 is confirmed by the following representation, derived from
(24) in Appendix A:

AyX) = 2§7‘7‘”N—1J

0

P2+X)

dPPN2 Aj 2( (26)

(For integrable systems, Berry & Wright (1980) found a different generalization
of (25), in the form of infinitely many ‘projection identities’ corresponding to
diffraction catastrophes associated with more complicated caustics.)

In understanding the fringe patterns, it helps to know their asymptotic forms
as X >+ 00 and their values at X = 0. As shown in Appendix B, these are as
follows:

o IN—1 miN-D YN
A0 2 ram +IXI v Sn BXE iV -Dm, (27a)
N
> : (27b)
=0 3s F{§(4+N)}
- 5
exp{—2X3}. (27¢)

- 1
X->+o0 2X4_(N+1)

The first term for X -—oo0 corresponds to the simple theory based on (1). It
follows from (22) that the oscillations for X - — oo have precisely the de Broglie
wavelength ~/p, where p is the length of the classical momentum at a distance £
from the anticaustic. The decay for X >+ oo describes tunnelling into the
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classically forbidden region beyond the anticaustic (see also Wilkinson &
Hannay 1987).

Figure 2 shows the canonical anticaustic patterns for N =2 and N = 3, as well
as the ordinary caustic intensity pattern for N =1 (originally derived by Airy
(1838)). The accuracy of the asymptotics (27) for large |X| is obvious.

When N is odd, the integrals 4, can be evaluated in a finite series, giving the
following formula (Appendix C) in terms of Airy functions and their derivatives
(denoted by numbers in square brackets):

oyt NSV —1) (= 1)sN-D+E

— (k] 2\ A [N—1—FK] 2
AN(X)‘(NOM) TN Eﬂ NV—1—%)] Ait* (X /23) Ai (X/23). (28)
For N = 1 this reproduces (25); for N = 3 it gives
A,(X) = 2t (AT (X/2)* — (X/24) (Ai (X/20))?}. (29)

5. DiscussioN

I have shown that anticaustic singularities at the boundaries of classically
allowed regions in space are softened by quantum mechanics in a characteristic
way, embodied in the formulae (23) and (24). If, as I hope, this work stimulates
experiments (numerical or otherwise) to test its predictions, it should be
understood that the canonical diffraction patterns emerge clearly only after
averaging the probability densities of a group of eigenstates in an energy range ¢
satisfying (17). These inequalities ensure that ¢ is large enough to damp out the
confusing effects of scars of classical closed orbits, but not so large as to smooth
away the anticaustic fringes.”

In exploratory computations it is often convenient to work with scaling
potentials, satisfying

V(ar) = a*V(r). (30)

Then the inequalities for ¢ can be expressed as ineQualities for the number of states
AN that must be averaged to see the anticaustic fringes for states near the 4 th.
We obtain

d#./Vl_l/N < A./V < ﬂﬂ'/‘/‘l—2/3N, (31)

where a, and f, are constants. As A" increases, the upper and lower bounds
separate, their ratio being A3, which must be large for the fringes to be
observable. This condition is more restrictive for more freedoms. At present the
only realistic prospect of a test is for N = 2, and would require (at least) averaging
over several tens of states near the 1000th.

It is important that the averaging is over energy, that is over a group of
eigenstates. This is not equivalent to averaging over a region of space for an
individual state. Spatial averaging would fail to eliminate the scars because their
fringe spacing (transverse to the closed orbit) is O(h%) (Bogomolny 1988; Berry
1989) which is larger than the spacing O(F3) near the anticaustics. Energy
averaging is successful because it eliminates the scar fringes by damping their
amplitude (proportional to exp(—e7'/#% for orbit with period T').
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FiGURE 2. Anticaustic diffraction patterns, for (@) N=1; (b) N=2; (¢) N = 3. Heavy lines:
canonical integrals 4 ,(X) defined by (24); light lines: asymptotic approximation (27a) and
(27¢); dashed lines: simplest semiclassical theory based on (1).
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The theory given here is the simplest that yields the anticaustic fringes. Several
refinements are possible. For example, the effect of e could be made more explicit
by Lorentz averaging II in (23) or W in (16); however any e large enough for this
to make an appreciable difference would violate (17) and so smooth away the
fringes. Or the ¢ expansion (13) could be replaced by a geometric construction
based directly on (10), to yield a uniform approximation whose validity extends
deep into the allowed region, far from the anticaustic. This would be analogous to
uniform expansions for integrable systems (Berry 1977b; Ozorio de Almeida
1988), but would be less interesting in the ergodic case because fringes deep in the
allowed region have spacing O(k) and so are eliminated by the ¢ averaging.

I thank Professor A. M. Ozorio de Almeida for helpful conversations.

APPENDIX A

This is the derivation of the positivity relation (26). Writing the integral (24) in
terms of the N cartesian (rather than polar) coordinates of P, and using the
integral representation of Ai, we have

= —J dtJ dPy f dPp,. J dP,_, exp{id}, (A1)
where -
N-—
D=4+ (X+P%)t E (A 2)
In terms of new variables,
t=u+v; Py=u—v, (A 3)
@ becomes
N-1 N-1
¢=§u3+(X+ ZP?)u+§V3+(X+ % P?)V. (A 4)
i=1 i=1

The « and v integrals separate and each gives an Airy function, so

N R - S

Equation (26) is now obtained by replacing the Ps with polar coordinates in N—1
dimensions.

APPENDIX B
This is the derivation of the limiting forms (27). As X - — oo the integral (24) is

dominated by the region near P = +/|X| where the Airy function is large.

Therefore we write
P=+|X|+u (B 1)

and expand to lowest order in u:

AyX) ~ a)N|X|%(N‘1>J du Ai 2u/|X]) = Loy XN, (B 2)

—0o

which is the first term in (27a).
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In addition, there is an oscillatory contribution from the endpoint P = 0. Near
P = 0 the Airy function can be replaced by its asymptotic form for large negative
argument, giving

QEN-1) [

A~ i), PP s = P
2mN-1 N—1 2
NTIXPIm dPP exp {i[3|X[i — P*|X: +4n]}
a1 * 1N—1 :

The second term in (27a) follows on deforming the contour and evaluating the
integral as a gamma function.

As X—>+4 00 the maximum of the Airy function lies outside the range of
integration, so the dominant contribution comes from the endpoint, near which Ai
can be replaced by its asymptotic form for large positive argument, giving

n%(N—l) 0 .
AyX)x ——— | dPP¥? —¥X+ P2
vE® & per) exp {—§(X +P?)3

qEN-1 [0

~———| daPPN-! —2X3_ p2XE). B4
AT, exp{—3X* } (B 4)

The formula (27¢) follows after replacing the integration variable by v = Pv/X.
When X = 0 we employ the integral representation for the Airy function:

0)=“2'_11: f dt f dP P¥~Yexp {i[1* + P%]}
—00 0

oy [*,,exp{iG®+iNmsgn (£)} [ n
_ﬁf_ dt 8 Itl‘;N . duwlexp (—u)

exp {i(3* +1Nn)}
|eEY

o0
= mN-1 ReJ dt
0

—Nl

= e 08 (V4 1)} T(E—1N). (B 5)

3 S(N+4)

The formula (27b) now follows from the reflection formula for I'(x). (This
derivation is valid for N such that the ¢ integrals converge, but by analytic
continuation the result holds for all N.)



288 M. V. Berry

AppPENDIX C
This is the derivation of the formula (28) for N odd. Starting with (24) we replace
Ai by its integral representation and use the transformation (A 3) with P replacing
P,. Because N—1 is even we can extend the range of the P integration to the whole
real axis, giving

AN(X)=ZN J © appy J dt exp {i[f* + (P*+X) t]}

J duJ dv(u—v)¥ Texp{idu®+uX+ 42 +vX)}. (C1)

Binomial expansion of (u—v)N!

separately by using

enables the » and v integrals to be evaluated

J_oo du u” exp {i[$u®+uX]} = (2 (kll) AilF1 (X /28, (c2)
The formula (28) now follows immediately.
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