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A PROBLEM IN SEMICLASSICAL ADIABATIC THEORY
by
M.V.BERRY
H.H.Wills Physics Laboratory, Tyndall Avenue, Bristol
BS81TL, UK

Consider a family of gquantal Hamiltonians (Hermitian
operators) parameterized by R=(X,Y.,Z...) and denoted by %(R)-
For any R let the spectrum be discrete, with elgenvalues
En(R) and eigenstates |n;R> (n=1,2,3...). Now imagiline d
taken slowly round a circuit ¢ in parameter space, l.e.
R=R(t) with R(T)=R(0) and T—~>»°0(for example 8 could describe
a gquantum particle influenced by slowly-varied external
electromagnetic £fields). The system's state rg(t)> evolves
according to the Schrbdinger egquation

—

H(R(L)) 1Ple)> = i’ﬁg—t !f(t)>- (1)

Then the quantal adiabatic theorem (1] guarantees that if the

initial state is an eigenstate, i.e. if

| §(0)> = [n:R(0)> (2)

then the system will remain in the state |n:;R{(t)> as R
varieg, and in particular will return to the original state
at £=T when the circuit is completed. But it will
acquire a phase factor {2] given by

- T
<FNT () > = expl-i [2 (R(s1at/nlexpliy (D) (3)

In this formula, +he first factor gives the expectad
‘dynamical phase' which accompanies the evolution of any
state even 1f the parameters are kapt coanstant. The second

factor represants & new phenomenca: a ‘geometrical phase’

(C) that is independent of the time T taken to traverse the
n o



4

circuit. As shown in {21, Y. (C) is given by the flux
through C of a phase 2-rform Vn(R)' i.e.

_.(’v

wherea

v, (R)=Im<dn; :Rlaldn;:®>
<n; R\dH (R)|m; R> <m; RldH]n R>
=TIm Z 5 (5)

m#n e _(R) = E (R)]

and where the differential forms |dn;R> and dﬁ(R) give the
changes in the state and the Hamiltonian associated with
small displacements in parameter space. The geometrical
phase has a variety of physical applications [2-6] and can be
interpreted in terms of anholonomy for Hermitian line bundles
(71.

The problem to which I wish to draw attention is the
semiclassical limit (h-»0) of the phase 2-form for systems
whose classical motion 1s chaotic.

Consider £irst the simpler situation where motion is
integrable [8,9], Fhat is wheres the system (with N freedoms)

is such that there exist N constants of motion restricting
orbits to N-tori in the 2N-dimensional phase space. Each
torus is labelled by its actions I=(Il"‘IN)' If now the
classical Hamiltonian H(R) is slowly varied round a circuit C
in parameter space, the classical adiabatic theorem (8,10,11]
guarantees that the orbit will remain on the torus I as R
varies, even though the energy will not be conserved.

But this is not the whole story, because such classical
integrable systems also display anholonomy, which manifests
itself in the angle variables 8==(91... &) describing
position on the torus I. It was recently discovered [12] that
the angles before and after the circuit are related by

T
G(T) =G(0) + [dt w(I;R(t)) + AB(I:C) (6)
Q

This formula is analcgous to (3): the integral over the

instantaneous frequencies w=(wl...wN)(Of motion round the
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irreducible cycles of the torus I} is the axpected
'dynamical' evolution of the angles which would cccur even if
H were kept constant. The shifts A0=( A@l... AGN) are the
recently-discovered [12]} ‘adiabatic angles'. They too can be
expressed as the flux of a 2-form through C, i.e.

A(1:C) = - a_z YW(I:R) : (7)
25=C

o

where the angle 2-form can be written in terms ¢f W, which is
given {13] as an integral over the angles (9 of the torus I
at R by

N
1
W{I;R)= — d9§ dp;adq; (8}
(27%)° i=1

(Note that dp; and dq; are parameter-space forms and not
phase-space ones.) The semiclassical connection between the
quantal 2-form V {equations 4 and 5) and the classical 2-form
W can be shown [13] to be

o

1

V‘n(R);;‘g- 5 W(I:R) (9)

where the quantum state is now labelled by n=(nl...nN),
related to I by the Bohr-Sommerfeld ('torus quantization'

[14]) association
I = {n+teo)h (10)

in whiche= (o ..c-N) are the Maslov indices.

For classitally chaotic systems, equations (6-10) have
no meaning, because there are no tori and hence no actions or
angles. But the gquantal phase 2-form Vn still exists, and
must have a semiclassical interpretation. A clue to the
direction in which to search for this interpretation comes
from the observation [2,3,15] that v_{(R) has singularities at

. * . - -
points R=R where the state (n> is degenerate with the state

* : -
fn+1>. The singularity at R 1is that of a moncpols, with
strength +1/2 if |n> degenerates with jnFl>. It nas long

been known {16} that degensracies have codimensicn 3 in
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families of generic Hermitlan matrices. Thus in a space of
three parameters R=(X,Y.2) the singularities can be written

in terms of the divergence of Vv, as

*
dvn(R) = dx,dY, 4% Eé(R-RL), (11)

where { labels the points of dégeneracy and &= +2r1 if the
strength is +1.

Semiclassically, the average of the divergence of v,

(over a small domain in R space) must give the signed
density ¢of degeneracies invelving the state {(n>. But how is

this related to the system's chaotic dynamics? For a special
class of real symmetric Hamiltonians, the density of
{codimension 2} degeneracies ('diabolical points') can be
estimated ([17], but it is proving difficult to find a general
formulation. '
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