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Classical Teichmiiller Theory

Let S be a closed connected oriented surface whose genus is larger than 2. Its
Teichmiiller space T(S) is the moduli space of marked hyperbolic structure over S.
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Classical Teichmiller Theory

Let S be a closed connected oriented surface whose genus is larger than 2. Its
Teichmiiller space T (S) is the moduli space of marked hyperbolic structure over S.

The holonomy representations corresponding to the point in 7(S) are called

Fuchsian representations. Furthermore, we can view 7(S) as a connected
component of the character variety

Hom((S), PSL(2,R)) /PSL(2, R).
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Classical Teichmiller Theory

Let S be a closed connected oriented surface whose genus is larger than 2. Its
Teichmiiller space T(S) is the moduli space of marked hyperbolic structure over S.

The holonomy representations corresponding to the point in 7(S) are called
Fuchsian representations. Furthermore, we can view 7(S) as a connected
component of the character variety

Hom((S), PSL(2,R)) /PSL(2, R).

Moreover, T(.S) is one of the two connected components which consist entirely of
discrete and faithful representations. The other one is T(S), where S denotes the
surface S with the opposite orientation.
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Anosov Property and Higher (rank) Teichmiiller Theory

Anosov Property of Fuchsian Representation

For a Fuchsian representation p: 71(S) — PSL(2,R), we fix a base point
2o = (0,1) € H2 = S on the universal cover of S. We have

a1(p(7))
a2(p(7))

log = dz (70, p(7)(0)),

o; denotes the i-th singular value.
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Move to Higher Rank

Instead of focusing on representations from 71 (S) into PSL(2,R), we replace the
target by a semi-simple Lie group G of higher rank, such as
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Instead of focusing on representations from 71 (S) into PSL(2,R), we replace the
target by a semi-simple Lie group G of higher rank, such as

SL(n,R) (n > 3),

Sp(2n,R)  (n > 2),

SOo(p,q) (min{p,q} > 2)

and so on.
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Move to Higher Rank

Instead of focusing on representations from 71 (S) into PSL(2,R), we replace the
target by a semi-simple Lie group G of higher rank, such as

SL(n,R) (n > 3),
Sp(2n,R)  (n > 2),

SOo(p,q) (min{p,q} > 2)

and so on.

In general, the set of discrete and faithful representations is only closed and NOT
open.
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Higher Teichmiiller Spaces

Definition
A higher Teichmiiller space is a subset of Hom((S), G) /G, which is a union

of connected components that consist entirely of discrete and faithful
representations.
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Higher Teichmiiller Spaces

Definition
A higher Teichmiiller space is a subset of Hom((S), G) /G, which is a union

of connected components that consist entirely of discrete and faithful
representations.

We give two famous examples of higher Teichmiiller space here.

o (Hitchin, 1992; Labourie, 2006; Fock—Goncharov,2006) Hitchin components
Tai(S, G) for real split G, such as SL(n,R), SO¢(n,n + 1), Sp(2n,R) and
so on;
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Higher Teichmiiller Spaces

Definition

A higher Teichmiiller space is a subset of Hom((S), G) /G, which is a union
of connected components that consist entirely of discrete and faithful
representations.

We give two famous examples of higher Teichmiiller space here.

o (Hitchin, 1992; Labourie, 2006; Fock—Goncharov,2006) Hitchin components
Tai(S, G) for real split G, such as SL(n,R), SO¢(n,n + 1), Sp(2n,R) and
so on;
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Higher Teichmiiller Spaces

Definition

A higher Teichmiiller space is a subset of Hom((S), G) /G, which is a union
of connected components that consist entirely of discrete and faithful
representations.

We give two famous examples of higher Teichmiiller space here.

o (Hitchin, 1992; Labourie, 2006; Fock—Goncharov,2006) Hitchin components
Tai(S, G) for real split G, such as SL(n,R), SO¢(n,n + 1), Sp(2n,R) and
so on;

o (Burger—lozzi-Wienhard, 2003) Maximal components T4, (S, G) for
Hermitian G, such as SU(p, ¢), SO¢(2,n) and so on.

When G = SL(2,R), the above components coincide with the classical
Teichmiiller space.
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Anosov Property and Higher (rank) Teichmiiller Theory

Anosov Property

Anosov property plays an important role in higher Teichmiiller theory. Roughly
speaking, the Anosov property introduced by F. Labourie means that the
representation p: m1(S) — G satisfies some special dynamic properties.

Junming Zhang (CIM) Nankai University 2025.11.06 ShanghaiTech (Shanghai) 8/25



Anosov Property and Higher (rank) Teichmiiller Theory

Anosov Property

Anosov property plays an important role in higher Teichmiiller theory. Roughly
speaking, the Anosov property introduced by F. Labourie means that the
representation p: m1(S) — G satisfies some special dynamic properties.

The original definition is highly dynamical and we will use an interpreted definition
(which is proven equivalent to the original one by Kapovich—Leeb—Porti and
Bochi—Potrie-Sambarino).
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Anosov Property

Anosov property plays an important role in higher Teichmiiller theory. Roughly
speaking, the Anosov property introduced by F. Labourie means that the
representation p: m1(S) — G satisfies some special dynamic properties.

The original definition is highly dynamical and we will use an interpreted definition
(which is proven equivalent to the original one by Kapovich—Leeb—Porti and

Bochi—Potrie-Sambarino).

Also, we will assume G is a semi-simple Lie subgroup of SL(n,C) here to avoid
involving a Lie-theoretic description.
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Anosov Property and Higher (rank) Teichmiiller Theory

Definition

p: m1(S) — G is Py-Anosov if there exist constants D, L > 0 such that

log _7k(P(7))

> D -dyg2(x9,v - x0) — L, Vv € m(S5),
Tnalp)) = ey = Ly € miS)

where o; denotes the i-th singular value.
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Anosov Property and Higher (rank) Teichmiiller Theory

Definition
p: m1(S) — G is Py-Anosov if there exist constants D, L > 0 such that

ar(p(7))

8 1 ()

>D- dﬂz(l‘o,’}"xo) - L,Vye 71-I(S)’

where o; denotes the i-th singular value.

For g € SOy(2,n)(n > 2), it is remarkable that o;(g) = (0,43_i(g))~* and

o3(9) = -+ =on(g) = L.

Junming Zhang (CIM) Nankai University 2025.11.06 ShanghaiTech (Shanghai) 9/25



Anosov Property and Higher (rank) Teichmiiller Theory

Definition
p: m1(S) — G is Py-Anosov if there exist constants D, L > 0 such that

ar(p(7))

log or+1(p(7))

>D- de(.’L‘o,’Y'xO) - L,Vye 71-1(5)’

where o; denotes the i-th singular value.

For g € SOy(2,n)(n > 2), it is remarkable that o;(g) = (0,43_i(g))~* and

o3(9) = -+ =on(g) = L.

Anosov =— discrete -+ faithful.
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Anosov Property and Higher (rank) Teichmiiller Theory

Definition
p: m1(S) — G is Py-Anosov if there exist constants D, L > 0 such that

lo ar(p(7))

> D - dyz2(xo,v - x9) — L,Vy € m1(5),
or+1(p(7)) i (0,7 20) 7em(S)

where o; denotes the i-th singular value.

For g € SOy(2,n)(n > 2), it is remarkable that o;(g) = (0,43_i(g))~* and

o3(g9) = =on(g) =1

Anosov =— discrete -+ faithful.

Anosov property is open but not closed. However, all representations in the known
higher Teichmdiller spaces are Anosov.
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Non-Abelian Hodge Correspondence

Non-Abelian Hodge Correspondence
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Higgs bundles

The Higgs bundle is a useful tool to study the higher Teichmiiller space. It is
usually used to give a parametrization of the higher Teichmiiller space. We fix a
complex structure on S such that it becomes a Riemann surface X. Let x be
its canonical line bundle.
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Higgs bundles

The Higgs bundle is a useful tool to study the higher Teichmiiller space. It is
usually used to give a parametrization of the higher Teichmiiller space. We fix a
complex structure on S such that it becomes a Riemann surface X. Let x be
its canonical line bundle.
Definition
A (GL(n,C)-)Higgs bundle over X is a pair (£, @) consisting of the following
data:

@ a holomorphic vector bundle £ over X with rank(&) = n;

@ a holomorphic section ® € H°(X, End(€) ® Kx) called Higgs field.
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Non-Abelian Hodge Correspondence

The non-Abelian Hodge correspondence exhibit a homeomorphism between the
following moduli spaces:

{reductive representation p: m1(S) — GL(n,C)}/GL(n,C)
associated bundle holonomy
{reductive flat vector bundle (E — S, V) with rank(EF) =n}/G

harmonic metric

{polystable Higgs bundle(£ — X, ®) with rank(€) = n,deg(&) =0}/G
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Non-Abelian Hodge Correspondence

The non-Abelian Hodge correspondence exhibit a homeomorphism between the
following moduli spaces:

{reductive representation p: m1(S) — GL(n,C)}/GL(n,C)
associated bundle holonomy

{reductive flat vector bundle (E — S, V) with rank(EF) =n}/G

!

harmonic metric
{polystable Higgs bundle(£ — X, ®) with rank(€) = n,deg(&) =0}/G
If we equip additional structure on these objects, we can get the non-Abelian

Hodge correspondence for general reductive Lie group G.
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Kobayashi—Hitchin Correspondence (from Higgs to flat)

We only explain how to get a flat bundle from a Higgs bundle here. The key point
is the Hitchin's self-dual equation.
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Kobayashi—Hitchin Correspondence (from Higgs to flat)

We only explain how to get a flat bundle from a Higgs bundle here. The key point
is the Hitchin's self-dual equation.

Theorem (Hitchin—Simpson)
If (£,®) is a polystable Higgs bundle with deg(E) = 0, then there exists an
Hermitian metric h on £ such that

F(VM) +[®, 8] =0, (1)

where V" is the Chern connection of the metric h, F(V") denotes its curvature
form and ®* s the adjoint of ® with respect to h. Moreover, if (€, ®) is stable,
then such h is unique up to a constant scalar.
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Kobayashi—Hitchin Correspondence (from Higgs to flat)

We only explain how to get a flat bundle from a Higgs bundle here. The key point
is the Hitchin's self-dual equation.

Theorem (Hitchin—Simpson)
If (£,®) is a polystable Higgs bundle with deg(E) = 0, then there exists an
Hermitian metric h on £ such that

F(VM) +[®, 8] =0, (1)

where V" is the Chern connection of the metric h, F(V") denotes its curvature
form and ®* s the adjoint of ® with respect to h. Moreover, if (€, ®) is stable,
then such h is unique up to a constant scalar.

If h solves (1), then
V' + &+ o

gives a flat connection.

Junming Zhang (CIM) Nankai University 2025.11.06 ShanghaiTech (Shanghai) 13/25



From Higgs Bundle to Anosov Representation

From Higgs Bundle to Anosov Representation

Junming Zhang (CIM) Nankai University 2025.11.06 ShanghaiTech (Shanghai) 14 /25



From Higgs Bundle to Anosov Representation

Hitchin’s self-dual equation
Higgs bundle -~w~w~w~w~m~v-9-v-v~> Anosov property?
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Example: Hitchin Component in Higgs Bundle Viewpoint

Let us fix a square root /C;(/2 of Kx, then the Hitchin component for SL(n, R)
consisting of entirely the Higgs bundles of the following form:

E=KG VP ok{ ™ e ek,

0 ¢ a4 @ - @
1 0 @ g - qo

1 0 q2

1 0

where 1: K™ D/270 el /2704 @ ko is the natural isomorphism and
4 € HO(Xa ’CE()

It corresponds to the component containing the embedding of Fuchsian
representations through the unique irreducible SL(2,R) — SL(n,R).
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Some Recent Progress
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Some Recent Progress

o (Filip, 2021) some weight 3 variations of Hodge structure;

o (Collier-Virgilio, 2023+) conformal SU(1,n)-Higgs bundle in the Slodowy
slice;

@ (Z.2024) a;-cyclic SOp(2,n)-Higgs bundle;
@ (Bronstein—Davalo, 2025) a slice of deformations of Barbot representations.
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Special SOg(2, 3)-Higgs Bundles

Below we consider the Higgs bundle whose underlying bundle is
E=L oB L1 DLYDLL D Lo,

where £; are line bundles with £; = LY, and £y = O. Note that there is a
natural pairing on & defined by

Suppose that the Higgs field ® projects to 0 in H(X, Hom(£;, £;) ® Kx) for any
i,7 have the same parity and ® is compatible with @, then polystable (£, ®) gives
an SOg(2, 3)-representation.
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From Higgs Bundle to Anosov Representation

In addition, if (£, ®) comes from a variation of Hodge structure, then we have

E0)= Lol Loy 2y,

Such Higgs bundle is maximal if and only if 8 is an isomorphism, and maximal
representations are known to be Anosov. From a different starting point, S. Filip
considered the Higgs bundle of the same form, but instead « is an isomorphism.
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From Higgs Bundle to Anosov Representation

In addition, if (£, ®) comes from a variation of Hodge structure, then we have

E0)= Lol Loy 2y,

Such Higgs bundle is maximal if and only if 8 is an isomorphism, and maximal
representations are known to be Anosov. From a different starting point, S. Filip
considered the Higgs bundle of the same form, but instead « is an isomorphism.
Theorem (Filip, 2021)

A stable SO (2, 3)-Higgs bundle of the form

Loo—2sr L ors L oy,

with « is an isomorphism gives a Po-Anosov representation.
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From Higgs Bundle to Anosov Representation

Filip proved this theorem by an analytic method. Inspired by his method and
with some simplification, we extend his results and discover the Anosov property
of a general family of SO¢(2, 3)-Higgs bundles.
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From Higgs Bundle to Anosov Representation

Filip proved this theorem by an analytic method. Inspired by his method and
with some simplification, we extend his results and discover the Anosov property
of a general family of SO¢(2, 3)-Higgs bundles.

Theorem (Z.)

A stable SO (2, 3)-Higgs bundle of the form

with « is an isomorphism gives a P>-Anosov representation.

They form a non-compact subset (which can go to infinity) in the character
variety.
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From Higgs Bundle to Anosov Representation

Filip proved this theorem by an analytic method. Inspired by his method and
with some simplification, we extend his results and discover the Anosov property
of a general family of SO¢(2, 3)-Higgs bundles.

Theorem (Z.)

A stable SO (2, 3)-Higgs bundle of the form

Lo

[e3%

with « is an isomorphism gives a P>-Anosov representation.

They form a non-compact subset (which can go to infinity) in the character
variety.

Remark

The trivial line bundle Ly above can be replaced by an orthogonal vector bundle
of rank n to get an SO(2,n + 2)-Higgs bundle. With the assumption of stability,
the Anosov property still holds.
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Sketch of Proof

The core idea is to estimate the norm of the flat section with respect to the
associated flat bundle.
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Sketch of Proof

The core idea is to estimate the norm of the flat section with respect to the
associated flat bundle.

estimate singular value of p(y) ~~~s |p(7) - v||?

[o(y - zo)l”

It suffices to show that there exist constants C7, Cs, e > 0 such that
[o(@)[> = C1 - expl(e - de (x,20)) — Co,

then the corresponding p is Ps-Anosov.
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Filip's estimate (simplified)

Lemma (Filip, 2021)

Given a complete Riemannian manifold (M, g) with the distance function

d: M x M — R and a smooth function f € C°°(M;R). Suppose that f satisfies
(S1) f is a non-negative function with all zeroes isolated;
(52) [ldfllg 2 f:
(S3) lldfllg 2 M.

Then f achieves its unique minimum at ., and there exist constants

C1,C5,e > 0, such that

f(@) = C1 - exple - d(xmin, x)) — Ca,Vx € M.
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From Higgs Bundle to Anosov Representation

A global flat section v decomposes as 21‘2:—2 v; with v;: H? — £;. Choose a real
positive initial vector v € &y, i.e. 2[v1 > = ([vo|* + 2[v2]|*) > 0 and we take
fo := ||v2]|? for the lemma above.
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A global flat section v decomposes as 21‘2:—2 v; with v;: H? — £;. Choose a real
positive initial vector v € &y, i.e. 2[v1 > = ([vo|* + 2[v2]|*) > 0 and we take
fo := ||v2]|? for the lemma above.

For Filip's case, we want to check f, satisfies (51)-(S3). Note that
[o1] Z max{]|va], 1},

£_1 ﬁo El LQ
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For Filip's case, we want to check f, satisfies (51)-(S3). Note that
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— L4 Lo Ly

£ 3 =

«

@ (S2)(S3) < ||| > C for some constant C' > 0. (« is nowhere vanishing)
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positive initial vector v € &y, i.e. 2[v1 > = ([vo|* + 2[v2]|*) > 0 and we take
fo := ||v2]|? for the lemma above.

For Filip's case, we want to check f, satisfies (51)-(S3). Note that
[o1] Z max{]|va], 1},

— L4 Lo Ly

£ 3 =

«

@ (S2)(S3) < ||| > C for some constant C' > 0. (« is nowhere vanishing)
@ (S1) <= wvq is a holomorphic section. (by flatness)
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From Higgs Bundle to Anosov Representation

A global flat section v decomposes as 21‘2:_2 v; with v;: H2 — £;. Choose a real
positive initial vector v € &y, i.e. 2[v1 > = ([vo|* + 2[|v2]|?) > 0 and we take

fo := ||v2]|? for the lemma above.

For our case, we want to check f, satisfies (51)-(S3). Note that

[[o1]] Z max{][vz]], 1}.

@ (S2)(S3) < ||a|| — ||¥|l > C for some constant C' > 0. (by maximum

principle and Hitchin's self-dual equation)

@ (S1) == is a hotomerphic section.
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From Higgs Bundle to Anosov Representation

A global flat section v decomposes as 21‘2:_2 v; with v;: H2 — £;. Choose a real
positive initial vector v € &y, i.e. 2[v1 > = ([vo|* + 2[|v2]|?) > 0 and we take

fo := ||v2]|? for the lemma above.

For our case, we want to check f, satisfies (51)-(S3). Note that

[[o1]] Z max{][vz]], 1}.

@ (S2)(S3) < ||a|| — ||¥|l > C for some constant C' > 0. (by maximum

principle and Hitchin's self-dual equation)
o (S1) < f, = |lv2]|? is a Morse function.
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A global flat section v decomposes as 21‘2:_2 v; with v;: H2 — £;. Choose a real
positive initial vector v € &y, i.e. 2[v1 > = ([vo|* + 2[|v2]|?) > 0 and we take

fo := ||v2]|? for the lemma above.

For our case, we want to check f, satisfies (51)-(S3). Note that

[[o1]] Z max{][vz]], 1}.

@ (S2)(S3) < ||a|| — ||¥|l > C for some constant C' > 0. (by maximum

principle and Hitchin's self-dual equation)

@ (S1) <= f, = ||v2||? is a Morse function. (by ||| — ||v]| > ©C)
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From Higgs Bundle to Anosov Representation

Non-compact case

Lots of results in this section can be generalized when the closed hyperbolic

Riemann surface X is replaced by a hyperbolic Riemann surface X := X\ D of
finite type, i.e. both g(X) and #D are finite.
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Non-compact case

Lots of results in this section can be generalized when the closed hyperbolic
Riemann surface X is replaced by a hyperbolic Riemann surface X := X \ D of
finite type, i.e. both g(X) and #D are finite.

D = () (closed surface) | D # () (non-compact surface of finite type)
Anosov representation almost-dominated representation
Higgs bundle parabolic Higgs bundle

Theorem (Z.)

A stable a;-cyclic parabolic SOy (2, 3)-Higgs bundle gives a Ps-almost-dominated
representation through the non-Abelian Hodge correspondence.
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Non-compact case

Lots of results in this section can be generalized when the closed hyperbolic
Riemann surface X is replaced by a hyperbolic Riemann surface X := X \ D of
finite type, i.e. both g(X) and #D are finite.

D = () (closed surface) | D # () (non-compact surface of finite type)
Anosov representation almost-dominated representation
Higgs bundle parabolic Higgs bundle

Theorem (Z.)

A stable a;-cyclic parabolic SOy (2, 3)-Higgs bundle gives a Ps-almost-dominated
representation through the non-Abelian Hodge correspondence.

Key point: Set suitable weight such that

led] =l > €.
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Thank you!
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