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Basic Settings

Y4,s — the oriented surface of genus g with s punctures
EAg; - the universal cover of 3,

X(X4,s) = 29 — 2 + s — the Euler characteristic of ¥,
I'y s :=m(Xy,s) — the fundamental group of X

G — a real reductive Lie group

g := Lie(G) — the Lie algebra of G

H — a fixed maximal compact subgroup of G
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Character Varieties

There exist ai,b1,...,a4,bg,c1,...,cs generating I'y ; with the only relation

g s
H[ai,bi] . HCj =1.
j=1

=1

Therefore, the set of all representations Hom(I'y s, G) from I'y s to G can be
viewed as a subvariety of G29%%. G acts on Hom(T'y s, G) by the conjugation.
Usually, Hom(T'y s, G)/G is non-Hausdorff so we will consider its Hausdorffization
X2y, G).
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Character Varieties

Definition
A representation p: I'y ¢ — G is called a reductive representation if

Adop: Ty s — GL(g) decomposes as a direct sum of irreducible representations,
i.e. completely reducible.

Hom™ (T, 5, G) denotes the subspace of Hom(I', s, G) consisting of all reductive
representations.

Definition

X(¥,5,G) := Hom™ (T, 5, G)/G is called the (absolute) character variety. J

Question
Topological properties of X(£4 5, G)? J

Junming Zhang (CIM) Nankai University 2023.12.07 SCUT (Online) 6/43



Partial Results

The most classical situation is g > 1,s = 0, G = PSL(2, R) coming from
hyperbolic geometry, and there is a component called Teichmiiller space.
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The most classical situation is g > 1,s = 0, G = PSL(2, R) coming from
hyperbolic geometry, and there is a component called Teichmiiller space.

e (W. Goldman, 1988) 4¢g — 3 connected components.
He also proved a similar result for g > 1,s =0 and G = PSL(2,C).
o (W. Goldman 1988) 2 connected components.

Soon after his results, N. Hitchin recovered the results above by using the
technique of Higgs bundle and said more about the topology of character
varieties.

@ (N. Hitchin, 1987) the topological type of each component of
X(X4,0,PSL(2,R)); the Betti numbers of each component of
X(24,0,PSL(2,C)).
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Euler Number and Toledo Invariant

The connected components of X(X, 0, PSL(2,R)) are distinguished by the Euler
number.
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Euler Number and Toledo Invariant

The connected components of X(X, 0, PSL(2,R)) are distinguished by the Euler
number.

dz Ad
o Consider the PSL(2, R)-invariant Kahler form i 5 Y
Y

on the upper-half

plane
H? = PSO(2)\PSL(2,R).

The Kahler form induces a continuous cohomology class w of degree 2 on
PSL(2,R). Now the pullback p*w gives an element in

HZ(Tg,0,R) = H?(3g,0,R)

and the pairing with the fundamental class gives the normalized Euler
number —27 - eu(p) and eu(p) € Z.
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Euler Number and Toledo Invariant

The connected components of X(X, 0, PSL(2,R)) are distinguished by the Euler
number.

dz Ad
o Consider the PSL(2, R)-invariant Kahler form TOY

5— on the upper-half
Y

plane
H? = PSO(2)\PSL(2,R).

The Kahler form induces a continuous cohomology class w of degree 2 on
PSL(2,R). Now the pullback p*w gives an element in
H (Tg,0,R) = H?(Z,0,R)

and the pairing with the fundamental class gives the normalized Euler
number —27 - eu(p) and eu(p) € Z.
Note that the definition of eu(p) generalizes to representation p: I'y o — G with
the target Lie group G whose symmetric space H\G admitting a G-invariant
Kahler form, i.e. G is of Hermitian type. This is called the Toledo invariant of p.
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Introduction

Non-compact Case

When the surface is non-compact, i.e. s > 0, M. Burger, A. lozzi, and A.
Wienhard gave a definition of Toledo invariant of a representation from I'y ¢ to an
Hermitian Lie group G by using the bounded cohomology.

Theorem (Burger—lozzi—-Wienhard, 2010)

Let G be an Hermitian Lie group with its maximal compact subgroup H and
p:T'ys — G a representation.

(1) The map Tol: X(X,.5,G) — R is continuous. When s = 0, its range is finite
and when s > 0, its range is

[—rank(H\G) - [x(3g,)|, rank(H\G) - [x(Zg,6)|] -

(2) IfX, s is the connected sum of two connected surfaces ¥1,3, along a
separating loop, then

TOl(p|ﬂ'1(21)) + TOl(p|‘n'1(22)) = TOl(p)
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Rotation Number

Recall ¢; denotes the counterclockwise loop around the j-th puncture. When

G = PSL(2,R), to get an integer from the Toledo invariant when the surface is
non-compact, one need to use the rotation number.

We define rot: PSL(2,R) — R maps g € PSL(2,R) to

0 if g is hyperbolic or positive parabolic.
1 if g is negative parabolic.
(rotation angle of g)/2m if g is elliptic.

Definition

Rot(p) := E‘;:l rot(p(c;)) is called the rotation number of p.

Theorem (Burger—-lozzi—-Wienhard, 2010)
For any representation p: I'y s — PSL(2,R),

Tol(p) + Rot(p) € Z.

A
= = = — Tyt
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Introduction

Deroin—Tholozan Components

Let us fix & = (aq,...,as) € (0,1)°. We denote by X, (2o,s, PSL(2,R)) the set
of conjugacy classes of representations such that rot(p(c;)) = a;.

Theorem (Deroin—Tholozan, 2019)

Ifs—1< ijl aj < s, then X, (20,5, PSL(2,R)) is diffeomorphic to CP5~3.

Furthermore, any representation p in it has the following properties:

(1) Tol(p) + Rot(p) =s—1;

(2) p is totally non-hyperbolic, i.e. for any element «y in Ty s freely homotopic
to a simple closed curve, p(v) is not hyperbolic.
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Theorem (Deroin—Tholozan, 2019)

Ifs—1< ijl aj < s, then X, (20,5, PSL(2,R)) is diffeomorphic to CP5~3.

Furthermore, any representation p in it has the following properties:

(1) Tol(p) + Rot(p) =s—1;

(2) p is totally non-hyperbolic, i.e. for any element «y in Ty s freely homotopic
to a simple closed curve, p(v) is not hyperbolic.

PSL(2,R) is NOT compact, and...
in general X, (X0, PSL(2,R)) is NOT compact, but...

here X, (X0, PSL(2,R)) = CP** is COMPACT!
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Parabolic Higgs Bundles

Soon after their results...
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Parabolic Higgs Bundles

Soon after their results...

@ (G. Mondello, 2018) Reproved the Deroin—Tholozan components are
diffeomorphic to CP*~2 by using the technique of parabolic SL(2,R)-Higgs
bundle. Moreover, he described the topology of components of the character
variety that can contain monodromies of hyperbolic structure.
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Parabolic Higgs Bundles

Soon after their results...

@ (G. Mondello, 2018) Reproved the Deroin—Tholozan components are
diffeomorphic to CP*~2 by using the technique of parabolic SL(2,R)-Higgs
bundle. Moreover, he described the topology of components of the character
variety that can contain monodromies of hyperbolic structure.

@ (N. Tholozan and J. Toulisse, 2021) Generalized the Deroin—Tholozan
components to many Hermitian Lie groups G by using the technique of
parabolic SU(p, ¢)-Higgs bundle.

Below we denote by C'(g) the conjugacy class of an element g € G in G.

Definition
For an s-tuple h = (h1,...,hs) € G*, the relative character variety of h is
defined as

Xn(Zo,s: G) = A{lp] € X(Z0,5,G) | plc;) € C(hy)}-

In other words, it consists of the representations with prescribed monodromies h
around punctures.

v
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Introduction

Generalization to Hermitian Lie Groups

Theorem (Tholozan—Toulisse, 2021)

Let G be one of SU(p, q), Sp(2n,R), and SO*(2n). For any s > 3, there exists a
tuple h = (h1, ..., hs) € G® such that the relative character variety X1,(3¢ 5, G) is
compact and satisfies the following properties:

(1) It consists of totally non-hyperbolic representations;
(2) It contains a Zariski-dense representation;

(3) For any [p] € X1,(Z0,s, G), there is a p-equivariant holomorphic map from
2075 to H\G
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Introduction

Why not SO¢(2, q)?

Classical semisimple Hermitian Lie
group G

Compact relative
G-character vari-
ety

Method

SL(2,R) = SU(1,1) 22 SOy(2, 1)

DT components

Geometric way &
Parabolic G-Higgs
bundle

Parabolic G-Higgs

SU(p ¢
g (2( R?) TT components bundle

bl4mn, . .
S07(2n) Tight Embedding
SO0 (2,q) Not Known Not Known

However, the usual embedding SO¢(2,¢) — SU(2, q) induces a totally real
embedding of symmetric spaces, so the pushforward representations must have

Toledo invariant 0.
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Classical semisimple Hermitian Lie
group G

Compact relative
G-character vari-
ety

Method

SL(2,R) = SU(1,1) 22 SOy(2, 1)

DT components

Geometric way &
Parabolic G-Higgs
bundle

Parabolic G-Higgs

88132(107 ?R?) TT components bundle

bl4mn, . .
S07(2n) Tight Embedding
SO0 (2,q) Not Known Not Known

However, the usual embedding SO¢(2,¢) — SU(2, q) induces a totally real
embedding of symmetric spaces, so the pushforward representations must have

Toledo invariant 0.

Method for SOg(2, ¢): Parabolic SO¢(2, ¢)-Higgs bundle
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2023.12.07 SCUT (Online) 14/43



Our Main Results |

We prove the theorem below in the language of parabolic SO (2, ¢)-Higgs bundle
first and then translate it into the language of representations through the
non-Abelian Hodge correspondence.
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Our Main Results |

We prove the theorem below in the language of parabolic SO (2, ¢)-Higgs bundle

first and then translate it into the language of representations through the
non-Abelian Hodge correspondence.

Theorem (Feng—Z., 2023)

For any s > 3, there exists a tuple h = (hy,...,hs) € (SOo(2,q))* such that the
relative character variety X5,(2o.s,500(2, q)) is compact and satisfies the
following properties:

(1) It consists of totally non-hyperbolic representations;

(2) It contains a dense representation;

(3) For any [p] € X1,(Z0,s,500(2,q)), there is a p-equivariant holomorphic map
from X s to the symmetric space (SO(2) x SO(g))\SO¢(2, q).

Main difference: Involving the orthogonal structure on the Higgs bundle.
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Question

Topological type of above components? J

@ Deroin-Tholozan components X, (3o s, PSL(2,R)) @ CPs—3

@ Tholozan—Toulisse components X (g s, SU(p, ¢)) = feathered Kronecker
variety which is a projective GIT (Geometric Invariant Theory) quotient of an
GL(p, C) x GL(g, C)-action

For our components, we prove the following theorem:
Theorem (Feng—Z., 2023)

The above X,(Xo,s,500(2,q)) is homeomorphic to a projective GIT quotient of
an SO(2,C) x SO(q, C)-action with suitable linearization.
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Parabolic SO (2, g)-Higgs Bundles

Parabolic SOq(2, ¢)-Higgs Bundles

Junming Zhang (CIM) Nankai University 2023.12.07 SCUT (Online) 17/43



Parabolic SO (2, g)-Higgs Bundles

Parabolic G-Higgs Bundles

Let X be a closed Riemann surface with finite marked points {z;}{_; =: D on it
(we will also use D to denote the divisor .., ; on X). Any vector bundle or
principal bundle we mention below is holomorphic. We denote by K the canonical
line bundle of X.

The concept of parabolic G-Higgs bundle for general G was introduced by O.
Biquard, O. Garcia-Prada and I. M. i Riera.

We will explain below what a parabolic G-Higgs bundle is for G = GL(n,C) and
for our case G = SOg(2,q).
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Parabolic SO (2, g)-Higgs Bundles

Notations

Definition

Suppose V' is a C-linear space. A subspace sequence of V'
OZFkCkalc'“CFl:Vv, (resp.O:F1CF2C~~~CFk:V)

is called a reverse flag (resp. flag). If V is equipped with a bilinear form @, then
the above reverse flag (resp. flag) is called a reverse isotropic flag (resp.
isotropic flag) if every F; is isotropic or coisotropic under @ and

Fi = (Fq1-i)*te.
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Parabolic SO (2, g)-Higgs Bundles

When G = GL(n, C)

A parabolic GL(n, C)-Higgs bundle is equivalent to the following data:

(1) a holomorphic vector bundle £ of rank n;

(2) a reverse flag (5{) of £, equipped with decreasing real numbers (a{)

satisfying that o € [~1/2,1/2] for every marked points z; € D;
(3) a meromorphic section ® of End(£) ® K(D) such that

®|x\p € H'(X \ D,End(€) ® K(D))

and with respect to a coordinate chart (U, z), a holomorphic frame

{e1,...,en} compatible with the reverse flag (85) near x;,

o= (),
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Parabolic SO (2, g)-Higgs Bundles

Parabolic Degree

Now we give the definition of the parabolic degree of a subbundle contained in a
parabolic GL(n, C)-Higgs bundle. It will be used to test the stability condition.

Definition

For any holomorphic subbundle £ of a parabolic GL(n, C)-Higgs bundle

(£,&7,al,®), we define the parabolic degree of £ as

S n

pardeg(&’) := deg(&’) — Z (al —al_,)dim ((Sl)xj N S,f) ,

j=1i=1

where we assume o) = 0.
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Parabolic SO (2, g)-Higgs Bundles

When G = SOy(2, q) |

A parabolic SO(2, q)-Higgs bundle is equivalent to the following data:

(1) the underlying bundle & = LY ® L ® V, where L is a holomorphic line
bundle, rank V = ¢ and det(V) = O. Furthermore, V is equipped with a

non-degenerate symmetric bilinear form Qv : V®V — O on V, i.e. it induces
an isomorphism qy: V — VV;

(2) chosen weights —a’ corresponding to £, and a chosen reverse isotropic
flag (Vlj) of V., with weights {ﬁzj} at each z; such that
(a, B) = (aj, —aj’gg) satisfies that Bg + BZ+1—¢ =0, o/ €10,1/2] and

ﬂf < 1/2 and ,Bg is non-increasing with respect to ¢;
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Parabolic SO (2, g)-Higgs Bundles

When G = SO(2, ) Il

(3) a meromorphic section ® of End(€) ® K(D) of the form

0 0 n
0 0 ~|eH"(X\D,End(&)®K(D))
- -0 0

under the decomposition LY @& £ @& V for meromorphic (around z;) sections
n,v of Hom(V, £LY) @ K(D) and Hom(V, £) ® K(D) respectively, here

1= (OC17)) gt 1= OETT) g

over some local holomorphic coordinate (U, z) centered at z; and with
respect to the local holomorphic frame compatible with the chosen reverse
isotropic flag.

Note that every parabolic SO (2, ¢)-Higgs bundle can be viewed as a parabolic
GL(2 + ¢, C)-Higgs bundle naturally.
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Parabolic SO (2, g)-Higgs Bundles

(Semi-)Stability Condition

For general GG, the stability condition of parabolic G-Higgs bundles involves
holomorphic reductions and antidominant characters. Here we translate it into the
language of vector bundles when G = SOy (2, q).

Proposition

A parabolic SOy (2, q)-Higgs bundle (€ = LY & L ® V,®) is semistable iff
pardeg(U’) + pardeg(V’) < 0 for any isotropic subbundlesU’ C LY & L, V' CV
satisfying U' & V' is ®-invariant. Moreover, (€, ®) is stable iff the above
inequality is strict when V' is a proper subbundle, i.e. V' # 0.
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Parabolic SO (2, g)-Higgs Bundles

Moduli Space of SOy(2, ¢)-Higgs Bundles

Fix an SOg(2, q)-weight 7 = (77) = (a7, 37).

Theorem (Biquard—Garcia-Prada—i Riera, 2020)

There exists a moduli space M(«, ) of polystable parabolic SO (2, q)-Higgs
bundles over (X, D) with parabolic weights 7.

Remark

This coincides with the S-equivalence classes of semistable parabolic
SO0(2, q)-Higgs bundles over (X, D) with parabolic weights .

Note that there is a continuous map

f: Mo, ) — Z
(LY ® LDV, D) — deg(L).

Therefore, M(a, ) can be decomposed into [[;c, M(a, 3,d), where
M(a, B,d) := f~1(d).
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Parabolic SO (2, g)-Higgs Bundles

Non-Abelian Hodge Correspondence

Now for an arbitrary SO (2, ¢)-weight 7 = («, 3), we define
h(a, B) = (exp(Qﬂ'i . Tj))jzl )
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Non-Abelian Hodge Correspondence

Now for an arbitrary SO (2, ¢)-weight 7 = («, 3), we define
h(a, B) = (exp(Qﬂ'i . Tj))jzl )

Parabolic weights are generalized rotation number!
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Parabolic SO (2, g)-Higgs Bundles

Non-Abelian Hodge Correspondence

Now for an arbitrary SO (2, ¢)-weight 7 = («, 3), we define
h(a, B) == (exp(2ri - Tj))jzl .

Parabolic weights are generalized rotation number!
Theorem (Biquard—Garcia-Prada—i Riera, 2020)

For any SO¢(2, q)-weight («, 3) such that o/ # 5{ for any i, j, there exists a
homeomorphism

NAH: M(a, B) — Xp(a.p)(Sg.5,500(2,9))-

Through this correspondence, stable, simple Higgs bundles, which are also stable
as parabolic SO(2 + ¢, C)-Higgs bundle, are mapped into irreducible
representations.
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Parabolic SO (2, g)-Higgs Bundles

Non-Abelian Hodge Correspondence

Now for an arbitrary SO (2, ¢)-weight 7 = («, 3), we define
h(a, B) == (exp(2ri - Tj))jzl .

Parabolic weights are generalized rotation number!

Theorem (Biquard—Garcia-Prada—i Riera, 2020)

For any SO¢(2, q)-weight («, 3) such that o/ # Bg for any i, j, there exists a
homeomorphism

NAH: M(a, B) — Xp(a.p)(Sg.5,500(2,9))-

Through this correspondence, stable, simple Higgs bundles, which are also stable
as parabolic SO(2 + ¢, C)-Higgs bundle, are mapped into irreducible
representations.

For a parabolic SOq(2, ¢)-Higgs bundle (LY & L ® V, ®),
Tol (NAH ([(£Y & L &V, ®)])) = pardeg(L).
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Parabolic SO (2, g)-Higgs Bundles

Hitchin Fibration

Definition
Hitchin fibration is defined as
a+2

Mg : M(a, B) — @HO(XJC(DY)

i=1

[(€,®)] — (tr(®%)"F

i=1"

It is well-known that:
Theorem

Iy, is proper, i.e. the preimage of a compact subset is compact.
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Sketch of Proof

Sketch of Proof
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Settings

We assume X = CP! be the complex projective line and consider a parabolic

SO¢(2, q)-Higgs bundle (€ = LY & L &V, ®) with non-degenerate bilinear form
Qy on V and weight 7 = (77) corresponds to the SO¢(2, ¢)-weight (c, 3) at z;,

and
0 0 7
P = 0 0 v~
- -0 0
We define

o= ol, |]= > Bl W—ZW
j=1

{i|B{ >0}
Now for any [(LY & L&V, ®)] € M(«, 8,d), we know that

pardeg(£) = d + |a|.
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Core ldea

Step 1: Find “nice” weights to force the Higgs field to be nilpotent.
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Sketch of Proof
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Step 1: Find “nice” weights to force the Higgs field to be nilpotent.
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Sketch of Proof

Core ldea

Step 1: Find “nice” weights to force the Higgs field to be nilpotent.

SL(2,R) SOo(2,q)
LY L underlying bundle LYDLDY
suitable rotation numbers weights “nice” weights («, )
0 0
(2 g) Higgs field 0 0 v
- =7 0
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Sketch of Proof

Core ldea

Step 1: Find “nice” weights to force the Higgs field to be nilpotent.

SL(2,R)

SOO (2a q)

LYoL
suitable rotation numbers

(¢ )

= M(a, 8) is (maybe empty) compact by properness of the Hitchin fibration.

Junming Zhang (CIM)

underlying bundle
weights

Higgs field

Nankai University

LYoLeV
“nice” weights («, )

0 0
0 0 v

- =7 0

2023.12.07 SCUT (Online)

30/43



Sketch of Proof

Core ldea

Step 1: Find “nice” weights to force the Higgs field to be nilpotent.

SL(2,R)

SOO (2a q)

LYoL
suitable rotation numbers

(¢ )

= M(a, 8) is (maybe empty) compact by properness of the Hitchin fibration.

underlying bundle
weights

Higgs field

LYoLeV
“nice” weights («, )
0 0 Y
0 0 v
- =7 0

Step 2: Construct stable parabolic SO (2, ¢)-Higgs bundle with weights («, 3).
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Sketch of Proof

Core ldea

Step 1: Find “nice” weights to force the Higgs field to be nilpotent.

SL(2,R) SOo(2,q)
LY L underlying bundle LYDLDY
suitable rotation numbers weights “nice” weights («, )
0 0 ¥
(2 }é) Higgs field 0 0 v
- >0

= M(a, 8) is (maybe empty) compact by properness of the Hitchin fibration.

Step 2: Construct stable parabolic SO (2, ¢)-Higgs bundle with weights («, 3).
Recall that suitable rotation numbers «; are chosen to satisfy that

S
s—l<Zaj<s.
j=1
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Sketch of Proof

Core ldea

Step 1: Find “nice” weights to force the Higgs field to be nilpotent.

SL(2,R) SOo(2,q)
LY L underlying bundle LYOLDY
suitable rotation numbers weights “nice” weights («, )
0 0 ¥
(2 }é) Higgs field 0 0 v
- >0

= M(a, 8) is (maybe empty) compact by properness of the Hitchin fibration.

Step 2: Construct stable parabolic SO (2, ¢)-Higgs bundle with weights («, 3).
Recall that suitable rotation numbers «; are chosen to satisfy that

S
s—l<Zaj<s.
j=1

Our “nice” weights (a, 8) will be chosen to satisfy that

o > |7 for any j & |a|+ 8] < 1.
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Sketch of Proof

If we set o/ > |37], this implies that o/ > ! for all j in particular. Recall that
around x;, we have that

Gl G B e G L

X

then
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Sketch of Proof

If we set o/ > |37], this implies that o/ > ! for all j in particular. Recall that
around x;, we have that

0= (OC)) g0 2= () 0
then
n € H(X, Hom(V, £Y) ® K(2])

and 7 can be taken as ANY section in H (X, Hom(V, £) ® K(D)).
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Sketch of Proof

Compactness Criterion

Proposition (Feng—Z., 2023)

For any SOq(2, q)-weight («, B) satisfying o/ > |37 and |o| + [B| < 1, if a
semistable parabolic SO (2, q)-Higgs bundle (£, ®) € M(«, B), then n vanishes
identically. Moreover, M(«, B) is (maybe empty) compact.
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Sketch of Proof

Compactness Criterion

Proposition (Feng—Z., 2023)

For any SOq(2, q)-weight («, B) satisfying o/ > |37 and |o| + [B| < 1, if a
semistable parabolic SO (2, q)-Higgs bundle (£, ®) € M(«, B), then n vanishes
identically. Moreover, M(«, B) is (maybe empty) compact.

Idea: Suppose n # 0. Let N and I ® K be the subsheaves of V and LY @ K
respectively given by the kernel and the image of 7. Then use the following short
exact sequence of sheaves

0—N—YV—IK—0

and the semistability to deduce a contradiction.
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Determine the Underlying Bundle

Proposition (Feng—Z., 2023)

For any SOq(2, q)-weight («, B) satisfying o/ > |37 and || + |B| < 1, if
(LY D LBV, ®,«,B) is a semistable parabolic SOy(2, q)-Higgs bundle, then
L20O(-1) and V =2 O%1,
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Determine the Underlying Bundle

Proposition (Feng—Z., 2023)

For any SOq(2, q)-weight («, B) satisfying o/ > |37 and || + |B| < 1, if
(LY D LBV, ®,«,B) is a semistable parabolic SOy(2, q)-Higgs bundle, then
L20O(-1) and V =2 O%1,

Idea: Use the semistability to calculate the degree.
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Sketch of Proof

Determine the Reverse Isotropic Flag

Note that when «, 3 are fixed, the parabolic structure on O(1) & O(—1) & 0% is
uniquely determined by s isotropic flags

() = ((0)")

Jj=1

S

which correspond to the reverse isotropic flags (((’)@qﬂ) at s marked points.
j=1
Denote (Fj) by F.

j=1
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Determine the Higgs Field

Since Hom(0%?,0(—1)) ® K(D) = Hom(0%?,0) ® O(s — 3), by choosing a
basis {e1,...,es_2} of H*(X, O(s — 3)), we can get a bijection

(C™9)°™* — HO(X, Hom(0%7,0(~1)) ® K(D))
s—2
A= (A)Zf— ) Ai®e; =qa.
i=1
Therefore, every parabolic SO (2, ¢)-Higgs bundle of weights (o, 8) 1-1
corresponds to an (A, F).
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Sketch of Proof

Linear-Algebraic Interpretation

By using the above interpretation, we prove that there is a linear-algebraic
(semi-)stability for (A, F) which is equivalent to the (semi-)stability of its
corresponding Higgs bundle. And it is easy to show that we can construct a stable
(A,F) for our linear-algebraic (semi-)stability when s > ¢ + 2. Hence, we get the
following corollary.
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Linear-Algebraic Interpretation

By using the above interpretation, we prove that there is a linear-algebraic
(semi-)stability for (A, F) which is equivalent to the (semi-)stability of its
corresponding Higgs bundle. And it is easy to show that we can construct a stable
(A,F) for our linear-algebraic (semi-)stability when s > ¢ + 2. Hence, we get the
following corollary.

Corollary (Feng-Z., 2023)

If s > q+ 2, then for any SOq(2, q)-weight (a, 3) satisfying o/ > |37| and

|| +|B] < 1, there exists a v € H*(X, Hom(O®9,O(-1)) ® K(D)) such that the
SO0 (2, q)-Higgs bundle of weight («, 3) determined by it is stable. Moreover,
M(a, B) is non-empty.
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A GIT Construction

Also with the above linear-algebraic (semi-)stability for (A, F), we can give a GIT
construction of M(«, 3). We consider only complete isotropic flag, i.e., an
isotropic flag

OZFoCF1C"'CFp=Cp

satisfying dim F; = 4 for our convenience. This corresponds to the situation of
B> > ﬁg for every j = 1,...,s. We denote the set of complete isotropic
flags of CP by ZF(CP). We prove the following results:

Theorem (Feng—Z., 2023)
There is a suitable SO(2,C) x SO(q, C) linearization of

(C'¥9)° ™2 x TF(C9)°

such that its projective GIT quotient is isomorphic to M(«, 3, —1) we consructed.
Moreover, it is a projective variety.

v
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Proof of Our Main Results when s > ¢ + 2

Define

W = {(a, B) is an SO(2, q)-weight | o/ > 37| ,V1 < j < s,|al+ (8] < 1}.
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Define

W = {(a, B) is an SO(2, q)-weight | o/ > 37| ,V1 < j < s,|al+ (8] < 1}.

Step 1: Existence of compact relative components
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Proof of Our Main Results when s > ¢ + 2

Define
W = {(a, B) is an SO(2, q)-weight | o/ > 37| ,V1 < j < s,|al+ (8] < 1}.

Step 1: Existence of compact relative components
Through non-Abelian Hodge correspondence, we obtain

Theorem (Feng—Z., 2023)
Assume s =2 q+ 2. If (o, B) € W, then the relative component

Xyt 5 (Z0,6,500(2,0))

is compact, non-empty, and contains an irreducible representation.
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Proof of Our Main Results when s > ¢ + 2

Step 2: Existence of dense representation
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Proof of Our Main Results when s > ¢ + 2

Step 2: Existence of dense representation
It comes from the following results.

Lemma (Feng—Z., 2023)

Assume s > q+ 2. There is a full measure open subset W' C W such that

0= J x5 (D0 800(2,9))
(a,B)eW’

is open in the absolute character variety X(2¢ s, 500(2,q)).

Theorem (Winkelmann, 2002)

Let G be a connected semisimple real Lie group. There exists an open
neighbourhood W' of the identity element in G and for every k > 2 a subset

Zi, C WF of measure zero such that the subgroup generated by g1, g, - .., g in

G is dense in G for all (g1,ga,--.,gr) € WE\ Z,.
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Proof of Our Main Results when s > ¢ + 2

Step 3: Holomorphic p-equivariant map
It follows from the non-Abelian Hodge correspondence and the complex structure
of (SO(2) x SO(q))\SOo(2, q) directly.
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Proof of Our Main Results when s > g + 2

Step 3: Holomorphic p-equivariant map

It follows from the non-Abelian Hodge correspondence and the complex structure
of (SO(2) x SO(q))\SOo(2, q) directly.

Step 4: Totally non-hyperbolicity

It follows from the holomorphicity of the corresponding harmonic map of the
parabolic Higgs bundle, the contraction property of holomorphic maps and the
equivalence between the Kobayashi distance and the Killing distance on

(SO(2) x 5O(g))\SO0(2, q)-
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Proof of Our Main Results when s > 3

Now we try to deduce our main results from the results for s > ¢ + 2 by
restricting the representations to the subsurface. Assume 3 < s < g+ 2.

E0,q+2

There is an restriction map
Res: x(20yq+2, 800(2, q)) — %(20)3, 800(2, q))
[p] — [p|7T1(Zo,s)] :
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Proof of Our Main Results when s > 3

Now let £’ be the open subset in X(X¢ 4+2,500(2,¢)) we constructed, and then
define " C ' to be the non-empty open subset in ' such that

p(the cut curve)

is diagonalizable with distinct eigenvalues.
Theorem (Feng—Z., 2023)
For every class of representation [p] in the domain

Res(Q") C X(20,5,500(2,9)),

the connected component of [p] in its relative character variety is compact and
contained in Res(2").

v

Then one can check that every class of representation [p] in Res(€”) satisfies the
properties we require.
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Sketch of Proof

Thank you!
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