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Abstract

This work studies Craig interpolation for the logic SkNMILL, a substructural
logic supporting only directed versions of the structural rules of associativity
and unitality. In this setting, Craig interpolation cannot be proved by directly
employing standard proof-theoretic methods, such as Maehara’s method, a sit-
uation that SkNMILL shares with other logical systems such as the product-free
Lambek calculus and the implicational fragment of intuitionistic logic. We show
how to overcome this issue and appropriately modify Maehara’s method for
recovering Craig interpolation. We take one step further and, following the
category-theoretic perspective of Cubrié¢, we produce a proof-relevant version of
the interpolation theorem, in which we show that our interpolation procedures
are right inverses of the admissible cut rules. All our results have been formalized
in the proof assistant Agda.

Keywords: Craig interpolation, semi-substructural logic, Maehara’s method,
proof-relevant interpolation, Agda

1 Introduction

Craig interpolation is a fundamental result in first-order logic, named after the logician
William Craig [1]. A logic £ has the Craig interpolation property if, for any formula
A — C provable in £ (where — is the implication connective in L), there exists a
formula D such that A — D and D — C are provable in L, satisfying the variable con-
dition: var(D) C var(A)Nvar(C), where var(A) is the set of atomic formulae appearing
in A. Craig interpolation has been mostly employed to prove model-theoretical results,
including Beth’s definability theorem [2], but more recently it has found applications
in other areas, e.g. in model checking [3].



From the viewpoint of sequent calculus, substructural logics are defined by the
absence of at least one structural rule. A notable instance is Lambek’s syntactic calcu-
lus [4], which forbids weakening, contraction and exchange. Its non-associative variant,
also introduced by Lambek [5], disallows associativity as well. Another significant
example is linear logic, introduced by Girard [6], where weakening and contraction are
disallowed but can be recovered for specific formulae through modalities. Substructural
logics have been proved useful for modelling various phenomena in different research
areas, from the computational analysis of natural language syntax to the development
of programming languages sensitive to resource management.

Craig interpolation for substructural logics has been extensively studied, using
either algebraic or proof-theoretic techniques.

For substructural logics that lack a cut-free sequent calculus, such as arbitrary
extensions of the full Lambek calculus with exchange (FL.), Craig interpolation is
established using algebraic methods such as amalgamation. For further details on this
approach, we refer the reader to a recent paper by Fussner and Santschi [7]. For
the relationship between amalgamation and interpolation properties in substructural
logics we refer to a paper by Kihara and Ono [8].

For substructural logics that admit a cut-free sequent calculus, Craig interpola-
tion is typically proven using an adaptation of Maehara’s method [9], which Maehara
originally applied to the sequent calculus LK for classical logic. This class of substruc-
tural logics includes the full Lambek calculus (FL) and its extensions that incorporate
various combinations of weakening, exchange, and contraction. In the case of FL, for
instance, the proof starts by establishing a stronger form of interpolation which we
call Maehara interpolation property (MIP) [10]. The property states:

(MIP for FL) Given f : I' - C and a partition (I'g,I'1,I's) of I, there exist a formula
D and two derivations g : I'y F D and h : Ty, D,T's b C such that var(D) C
var(I'g) Nvar(Iy, I'1, C)

Being a partition simply means that the ordered list of formulae I' is equal to the

concatenation of I'g,I'; and I's, i.e. ' = I'y, I'1, I's. Maehara interpolation also holds for

the commutative variant of FL, called FL.. In the commutative case, I' is an unordered
list of formulae, i.e. a finite multiset, and it is partitioned as a pair of multisets instead
of a triple of lists. This simplification is allowed by the fact that the order of formulae
in the antecedent is irrelevant, and therefore I'y and I's can be combined together into

a single multiset.

FL without additive connectives enjoys a stronger variant of Maehara interpolation
where the variable condition is replaced by a variable multiplicity condition [11]. Let
ox(A) be the number of occurrences of the atomic formula X in the formula A, and
ox(I") be the number of occurrences of X in the list of formulae I'. The stronger
variant of Maehara interpolation states:

(MIP for FL with variable multiplicity condition) Given f : I' = C and a partition
(T'0,T'1,T2) of I', there exist a formula D and two derivations g : I'y = D and
h:To,D,I's F C such that ox (D) < ox(I'1) and ox (D) < ox(Ty,I'2,C) for all
atomic X.



Notice that Craig interpolation is a property of a logic (with a notion of implication),
while Maehara interpolation is a property of a deductive system in which it is possible
to appropriately partition antecedents.

Maehara interpolation is a stronger form of the so-called deductive interpolation
property. A logic £ has the deductive interpolation property if, for any formulae A and
C, whenever A = C (where F is the consequence relation of £), then there exists a for-
mula B such that A F B and B F C while also satisfying the usual variable condition.
Furthermore, if the sequent calculus of £ admits the invertibility of implication-right
rules (as is the case in FL for both left and right implication), Craig interpolation
follows immediately as a consequence of deductive interpolation.

While Maehara’s method is often applicable to extensions of FL, it does not work
for some of its fragments, which therefore do not enjoy Maehara interpolation. This is
the case for fragments lacking multiplicative and/or additive conjunction, such as the
product-free Lambek calculus [12] (with only left and right implications as connectives)
and the implicational fragment of intuitionistic logic [13]. The variant of Maehara
interpolation satisfied by the product-free Lambek calculus, which we dub Maehara
multi-interpolation (MMIP), is particularly relevant for our work. Here is its statement,
which we have slightly modified to better align with our forthcoming discussion:
(MMIP for product-free Lambek calculus) Given f : I' + C and a partition

(Ty,T1,T9) of T', there exist

— a partition (Aq,...,A,) of I'y,

— a list of interpolant formulae D1, ..., Dy,

— derivations g; : A; F D; for alli € [1,...,n],

— a derivation h : g, Dy,...,D,,I's - C, such that

- Jx(Dl, ey Dn) S Jx(rl) and Ux(Dl, ey Dn) § Ux(Fo, FQ, C) for all

atomic formulae X.

Differently from Maehara interpolation, in the above property we look for a list of inter-
polants instead of a single formula. This adjustment allows to overcome the difficulty
caused by the absence of multiplicative conjunction.

In this paper, we aim at proving Craig interpolation for the semi-substructural
logic SKNMILL which we recently introduced in collaboration with Tarmo Uustalu
[14]. In our terminology, a logic is semi-substructural if it is an intermediate logic
in between (certain fragments of) non-associative and associative intuitionistic linear
logic (or the Lambek calculus). Sequents in SkNMILL are in the form S | I' - A,
where the antecedent consists of an optional formula S, called stoup, adapted from
Girard [15], and an ordered list of formulae I'. The succedent is a single formula A.
We restrict the application of introduction rules in an appropriate way to allow only
one of the directions of associativity and unitality, i.e. only the sequents (A® B) @ C'|
FAR(B®C),I®A| FA and A| F A®I are provable in SkNMILL, while their
inverses A (BC)| F(A®B)QC,A|] FI®A and A®I| F A are not
generally provable. In other words, only directed variants of the structural rules of
associativity and unitality are included, while their inverses are generally disallowed.

The introduction of semi-substructural logics was originally motivated by the study
of combinatorial properties of certain categorical structures, called left skew monoidal



categories [16]. These categories are a weaker variant of MacLane’s monoidal cate-
gories. In left skew monoidal categories, the structural morphisms of associativity and
unitality (which are natural transformations typically called ‘associator’ and ‘unitors’)
are not required to have an inverse. Instead, they are natural family of morphisms
with a specific orientation. For this reason, left skew monoidal categories can be seen
as semi-associative and semi-unital variants of monoidal categories.

Different variants of left skew monoidal categories have led to the development
of their corresponding semi-substructural logic. These include (i) left skew semigroup
[17], (i) left skew monoidal [18], (ii%) left skew (prounital) closed [19], (iv) left skew
monoidal closed categories [14, 20, 21], and (v) left distributive skew monoidal cate-
gories with binary products and coproducts [22]. Each of these logics admits a cut-free
sequent calculus. Moreover, they admit a subcalculus of “proofs in normal form”,
which is inspired by Andreoli’s focusing method [23] and as such provides a way to
steer root-first proof search and make it more deterministic. Practically, the focusing
method is employed for solving the coherence problem for the corresponding variants
of left skew monoidal categories. In the case of left skew monoidal closed categories,
a solution to the coherence (or word) problem consists of a procedure for deciding
equality of parallel morphisms in the free left skew monoidal closed category on a
given set At. In previous work, we showed that the focused subcalculus for SKNMILL is
a concrete presentation of such free category, so a solution to the coherence problem is
obtained by checking whether two morphisms are represented by the same derivation
in the focused subcalculus.

To prove Craig interpolation for SkNMILL, we need to modify the statement of
Maehara interpolation. This modification is required due to issues similar to those
encountered in the product-free Lambek calculus [12] and the implicational fragment
of intuitionistic logic [13], where Machara interpolation fails. The main result of the
paper is the following:

Theorem 5. In the sequent calculus for SKNMILL, the following two interpolation
properties hold:
(sMIP) Given a derivation f: S| T F C and a partition (I'o,T'1) of T, there exist

— an interpolant formula D,

- @ derivation g : S | Ty - D,

- @ derwation h: D | Ty F C, such that

- ox(D) <ox(5,Tg) and ox(D) < ox(I'1,C) for all atomic formulae X.
(cMMIP) Given a derivation f : S |T'F C and a partition (I'g,I'1,T'2) of T', there exist

- a partition (Aq,...,An) of T'y,

— a list of interpolant formulae D1, ..., D,,

—gi:—|A;ED; forallie[l,... n],

-~ h:S|To,Dy,...,D,,To C, such that

- Jx(Dh N ,Dn) S Jx(rl) and Jx(Dh ceey Dn) § Ux(S, Fo,rg, C) fO?” all

atomic formulae X .

In SKNMILL, the first property sMIP, which stands for stoup Maehara interpolation,
resembles Maehara interpolation for the FL. Whereas cMMIP, which stands for context
Maehara multi-interpolation, is similar to Maehara multi-interpolation for the product-
free Lambek calculus.



Motivated by the categorical interpretation of SKNMILL, we take one more step and
investigate the interplay between the admissible cut rules (called scut and ccut) and
the derivations produced by the interpolation algorithm of Theorem 5. In previous
work [14], we introduced an equivalence relation on derivations (=) that captures
n-conversions and permutative conversions, and is both sound and complete with
respect to the categorical semantics. We show that the sMIP and cMMIP procedures
of Theorem 5 are right inverses of the admissible rules scut and ccut, respectively.
Formally, we prove the following theorem:

Theorem 9.

(i) Let g: S| Ty D and h: D |Ty F C be the derivations obtained by applying the
sMIP procedure on a derivation f : S | '+ C with the partition (I'o,T'1). Then
scut(g, h) = f.

(ii) Let g; : — | Ay b D fori € [1,...,n] and h : S| Tg,D1,...,Dp,Ts - C be
derivations obtained by applying the cMMIP procedure on a derivation f : S |T'F
C with the partition (To,I'1,T2). Then ccut*([g:], h) = f.

In the above statement, ccut® denotes multiple applications of the admissible ccut
rule, one for each derivation h;. Theorems 5 and 9 together show that SkNMILL satisfies
a proof-relevant form of Craig interpolation, in the sense formulated in the early 90s
by Cubrié [24] in the setting of intuitionistic propositional logic and recently discussed
also by Saurin [25] for (extensions of) classical linear logic.

All the proofs presented in this paper have been formalized in the proof assistant
Agda. In Section 7 we showcase some aspects of the formalization. We discuss the
datatypes employed for the representation of formulae, sequents and equivalence of
derivations, and explain how the results presented in the paper translate to Agda types
and terms. The full formalization is freely available at the following website:

https://github.com/niccoloveltri/code-skewmonclosed /tree/interpolation.

2 A Sequent Calculus for SkNMILL

We start by recalling the sequent calculus for left skew monoidal closed categories
that was introduced in [14], which we name SkNMILL. This is a “skew variant” of non-
commutative multiplicative intuitionistic linear logic, in a sense that will be made
precise later in this section.

Formulae are inductively generated by the grammar A, B ::= X ||| A B | A — B,
where X comes from a set At of atoms, | is a multiplicative unit, ® is multiplicative
conjunction and —o is a linear implication. The set of formulae is denoted Fma.

A sequent is a triple of the form S | I' = A. The antecedent consists of two parts:
an optional formula S, called the stoup (a terminology that comes from Girard [15]),
and an ordered list of formulae I, that we call the contezt. The succedent A is a single
formula. The symbol S consistently denotes a stoup, meaning S can either be a single
formula or empty, indicated as S = —. Furthermore, letters X, Y, Z and W always
denote atomic formulae.


https://github.com/niccoloveltri/code-skewmonclosed/tree/interpolation

Derivations are generated recursively by the following rules:

A|THC

——— ax — —  pass
Al FA —JATFC
—|T+A B|AFC S|T,AF-B

AoBnArc b Sirrass R

_|FFC|L IR

[[TFC T F
A|BTFC S|TFA —|AFB
———— &L ®R
A@B|TFC S|T,AFA®B

The inference rules in (1) are similar to the ones in the sequent calculus for non-
commutative multiplicative intuitionistic linear logic [26], but with some crucial
differences:

1. The left logical rules IL, ®L and —oL, read bottom-up, are only allowed to be
applied on the formula in the stoup position.

2. The right tensor rule ®R, read bottom-up, splits the antecedent of a sequent
S|T,AF A® B and in the case where S is a formula, S is always moved to the
stoup of the left premise, even if ' is empty.

3. The presence of the stoup distinguishes two types of antecedents, A | T’ and
— | A,T". The structural rule pass (for ‘passivation’), read bottom-up, allows the
moving of the leftmost formula in the context to the stoup position whenever the
stoup is empty.

4. The logical connectives of non-commutative multiplicative intuitionistic linear
logic typically include two ordered implications (often also called residuals) —o
and o— (or \ and / in the notation of the Lambek calculus), which are two
variants of linear implication arising from the removal of the exchange rule from
intuitionistic linear logic. In our logic SkNMILL, only implication is present. In
our notation — denotes a right implication, although in the Lambek calculus
literature the symbol usually denotes a left implication.

When we call SkNMILL a semi-associative and semi-unital logic, we refer to the
fact that only directed versions of associativity and unitality of ® and | are derivable



in the sequent calculus. More precisely, the following derivations are valid:

Al FaA ™
" pass
_lArd, IR
_— aX
TAFA © Al FAT TR
ToA] Fa° Al FAawl °
cl rc ™
ax pass (2)
B| FB " Z|CFC
B[CFBaC
—— aX SS
Al FA —|B,CFrB&C

A|B,CFA®(B®C)
A®B|CFA®(B®C)
(AeB)®C| FA®(B®C0)

®L
®L

On the other hand, the “inverses” of the conclusions in (2), obtained by swapping the
stoup formula with the succedent formula, do not have any derivation. All possible
attempts of constructing a valid derivation for each of them end in failure.

77 77 77
X[ r1 - kX X|Iex
X[ Fiex ° Xol| Fx°

(®R sends X to 1st premise) (IL does not act on I in context)

77
X|YRZH(XQY)®Z
Xo(YeZ)| FXeY)eZ
(®L does not act on ® in context)

®L

SkNMILL, as a semi-substructural logic, can be seen as an intermediate logic
between: (i) the (I, ®,—o)-fragment of non-commutative intuitionistic linear logic
(where —o is right residual /), i.e. the associative Lambek calculus with multiplicative
unit, and (i¢) the non-associative variant of this fragment. In fact, every derivation in
SKNMILL can be replicated in the associative Lambek calculus with multiplicative unit,
and every derivation in the non-associative Lambek calculus without left residual but
with multiplicative unit can be replicated in SkNMILL.

This calculus is cut-free, in the sense that the following two rules are admissible:

SITEA A[ARC  —|THA S[AAMEC
s|T,Arc S[Ag,T,A FC et (3)

The presence of two cut rules comes from the fact that the cut formula can appear
either in the stoup or the context of the second premise.



We introduce a few admissible rules that will be employed later in the paper. First,
given a list of formulae A = A4,..., A,, we define an iterated version of the rule —R,
consisting of n applications of —oR. Below and in the future we write A —* B for the
formula Ay —o (Ay —o (... (A4, —o B)...)), which is simply B when A is empty. The
double-line inference rule denotes an equality of sequents.

/
S|T,AF B
S|T,A1,As,...,A - B

! S|T, A, A A E A B—OR
S|T,A+ B _ | T, Ay, R N

S|THFA—=*B °

R* :

SITF A — (47— (...(A, = B)...)) X
S|ITFA—*B
If n =0, then —R*f = f.
Second, given a list of formulae A = Aj,..., A, and a list of derivations f; :
— | Ty B A; for ¢ € [1,...,n], we define an iterated version of —oL, consisting of n
applications of —oL, one for each derivation f;:
[fi] g
[-ITi- A BIAFC .
A BTy, .. ThArc
In g
—|To+ A4, B|AFC
A, <B|TnArc F (5)

= i :
—|F1|—A1 AQ_O((ATL_OB))|F2,7F”7A|_C

Al—O(AQ—O((An—OB>))|F1,F2,,Fn,A|_C
A —*B|Ty,....T,,AFC

—o

The rule —L* has n 4+ 1 premises, the first n are collected in the list of sequents
[— [T = Ail;. If n =0, then —L*([ ], g) = g.



Finally, given a list of derivations f; : — | A; F A, for i € [1,...,n], we define an
iterated version of ccut, consisting on n applications of ccut, one for each derivation f;:

[fi] g
[— 1A F A S|To,Ar,..., A, T1 FC

S To.ApLAs, .., AW T FC ceut
fn g
_‘An}_An S|FO,A1,A2,,AH,F1)—C (6)
ccut
S|F0,A1,A2,...,AN,F1 FC
a fi :
— | AL F Ay S| To, A1, Ag,..., Ay, T FC

t
S|To,Ar,As, ..., Ap,T1 F C ceu

If n = 0, then ccut*([ ],g9) = g.

3 Equivalence of Derivations

Sets of derivations are quotiented by a congruence relation =, generated by the pairs
of derivations in Figure 1 and 2. The eight equations in Figure 1 are permutative con-
versions. The three equations in Figure 2 are n-conversions, completely characterizing
the ax rule on non-atomic formulae.

The generating equations of = have been carefully selected to appropriately match
the equational theory of left skew monoidal closed categories. More information about
this relationship in terms of categorical semantics can be found in [14], where a pre-
cise correspondence between sequent calculus derivations, the congruence relation =
and left skew monoidal closed categories is described. The latter paper also contains
an interpretation of the sequent calculus as a logic of resources, as well as a calcu-
lus of derivations in normal form, which completely characterizes proofs modulo the
congruence relation =.

More equations on derivations hold in SkNMILL due to the cut-elimination proce-
dures defined in [14, 21], which fully describes the possible interaction between different
applications of the cut rules. The first set of equations in Figure 4 shows that parallel
composition of cut rules is commutative. The second set of equations in Figure 3 shows
that sequential composition of cut rules is associative. Analogous equations have been
proved in [18] for the fragment of SkNMILL without linear implication. Notice that
pairs of derivations in these equations are strictly equal, not merely =-related.
Proposition 1. The commutativity equations in Figure 4 and the associativity
equations in Figure 3 are admissible.

The proof of Proposition 1 proceeds by mutual induction on the structure of deriva-
tions. There are many cases to consider. We do not include the long proof here and
refer the interested reader to consult our Agda formalization. Heavy proofs by pat-
tern matching like this one is where the employment of a proof assistant becomes very
helpful, in our experience.



We conclude this section by introducing a final equation and two equivalences,
that will be employed later in Section 6. In the construction of the scut admissibility
procedure [14, 21|, the case when the first premise is of the form —R f and the
second premise of the form —L (g, k) (i.e. a principal cut when the cut formula is an
implication) is defined as follows:

f g h
S|T,AFB “|AFA B|AFC
SITFA—B R "TA=B|AArC N
S|T,AAFC scu
g f
_|AFA S|T,AFB
= ccut h
= S|T,AF B B|AFC
S|T,AAFC scu

This equation can be generalized to one where —R, —oL and ccut are replaced by their
iterated versions —oR*, —oL* and ccut* introduced in (4), (5) and (6).
Proposition 2. Given a list of formulae A = Ay, ..., Ay, a derivation f : S |To, A

B and a list of derivations g; : — | A; + A; fori € [1,...,n], the following equation is
derivable:
f (9] h
S|To,AF B . [-IAF4) B|TFC

S|ToFA—*B —R A_O*B|A1,-..,AH,F1I—C_OL
S|To,Aty...,A,,T1 FC scut

[Qi] f
[—1A;FAl S|To,AFB
= ccut® h
S| To,Ay,...,A, B B|ThZHC

ST, AL ApT FC scut

Proof. Proving the validity of the equation requires various applications of the
associativity equations in Proposition 1. O

The admissibility of rule scut is proved in [14, 21] by structural recursion on the
derivation of the left premise. This implies that “scut commutes with left rules in first
premise”, i.e. that scut(®L f,g) = OL(scut(f,g)) for any one-premise left rule GL
among IL, ®L and pass, and also scut(—L(f, f'),g) = —oL(f,scut(f’, g)). It is possible
to also show that “scut commutes with right rules in second premise”, but only up to
equivalence =.

10



/ 9
A|THA A|THA —|AFB
—  _* pass 9 2
(A TFA —|AFB T ALAFASD
“[ATAFA®B ° " [AT,AFA®B
/ / g
_T+A ; _ —|T+A —|AFB
NTrA " _|ArB = _|T,Ar4oB
IIT,AFA®B  ° I|IT,AF A® B
f / g
A|B.TFA A|B.TFA —|AFB
— " gL g = 2R
AGBITFA" —|ALB A BT AFASE |
A B |T,AFAeB  ° AoB |[T,AFAeB *
f g g9 h
_|T+-C D|AFA N _§ D|AFA —|AFB
CD|T,AFA L _|ArB T —|TFrcC DIAANFAGE |
C -D|T,AAFA®B ® C -D|T,AAFA®B
f f
A'|T,AF B A|T.AFB
ATrdAd—B R = T7arar "
pass i —oR
—|A,THFA—-B —|ATHA—-B
/ f
T AF B T AFB
“rra—B R = Tirars *
I[|THFA—B NTrA-B R
f f
A| BT, AF B A | BT, A+ B
A’IB’,FFAwB_OFE = A’®B’|F,AFB®LR
AwB [ TFA—-B" AoB [TFA—B °
g9 / g
BUAARE o <|ThA BAARBE
—|THA B’|AFA—oB_o = A'—- B |T,A+B _OR
A'—B'|T,AFA—DB A" B |[,AFA—B

Fig. 1 Equivalence of derivations: permutative conversions

11



IR

ax . —| F
| = =
| I I IL
— aX
B| FB
ax pass
T5B] A ® - A FA” —[BFB
ABrAeB _°

AoB| FAaB ®

ax

Al FA pass
aXx
ax . —|AFA B| +B
A—oB| FA—oB = —o
| AB|AFB L

A-B| FA=B R

Fig. 2 Equivalence of derivations: n-conversions

g h
A|T'+B B|TFC
S|Tok A A|T,ToFC
STy, Ty, TokC

cut

cut

f g
S|ToFA A|TWFB h
= scut
S|y, Ty +B B|Ty+C

S |To,T1,To F C scut
g h
|0 ATs-B BIT3-C
T FA S|To, AT, T3 F C tsc“
S|To,I1, g, T5F C et
f g
“ITiFA S|To, ATy +B h
ccut

- S |To, 1,y - B B|I'3-C

t
S|To,T1,T5,T5F C >t
g h
I “ITLAT3EB S|Ty B -C
—|ToF A ST, Ty, A, T304k C ceu
t
S|FO7F17F27F37F4I_C ceu
f g
—|ToFA —|T1,ATsFB
= ccut h
= S|T., 0505+ B S| Ty, BTy C
ccut

S | F05F15F25F3;F4 FC

Fig. 3 Associativity of cut

12



g h
—|To+B A|T\,B,IsFC

t
S|ToF A AT Do T30 <
S|To,T1,T2, s C scu
f h
g S|TorA AT, BT3HC
= _|I,+B S|To,T1,B,T5+ C tSC“
S| Ty, T1,T2, s C ccu
g h
f —|F3}—B S‘Fo,A,FQ,B,Iﬁ"C t
T - A S|To,A,T5, 03,04+ C ceu

S [ To,T1, T2, T3, T4 C ceut
/ h
“TiFA S|To, ATy BTk C
= T4+ B S| ToT1.T2, B,T4F C
S | FO,Fl,FQ,Fg,F4 =C

ccut

ccut

Fig. 4 Commutativity of cut

Proposition 3. The following equivalences of derivations involving scut, ®R, and
—oR are admissible in SkNMILL:

g h f g
;o AIARB —|AFC L S|TEA A[AFB o,
S|ITFA A|AAFB&C = S|T.AFB _|AFC
SIT.AAFBwC oM SIT.,AAFBaC
f A\A?BFC R - S|lf|—A A|A,gBI—C
S|ITHFB A[AFB—C = g|n,ABrC "
SIT.AFB wC U S|T.AFB—-C R

Proof. Both equivalences are proved by structural induction on the derivation f. [

4 Failure of Maehara Interpolation

The goal of this paper is proving that the logic SkNMILL satisfies the Craig interpola-
tion property. But, as already mentioned in the introductive section, we cannot follow
the same proof strategy used in the associative Lambek calculus, where Craig inter-
polation follows as a corollary of Maehara interpolation. In fact, the sequent calculus
of SKNMILL does not satisfy Machara interpolation. Let us see why.

First, in analogy with the presence of two admissible cut rules (3), there are also
two different forms of interpolation. This is because the subsequence of the antecedents
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for which we wish to find an interpolant can either contain the stoup or it can be
fully included in the context. More explicitly, given an antecedent S | I', we can
either: (7) split the context I' = I't,I's in two parts and look for an interpolant of
the sub-antecedent S | 'y, or (é¢) split the context I' = I'g,I'1, 'y in three parts and
look for an interpolant of the sub-context I';. The Maehara interpolation property in
SkNMILL would then consist of two statements, a stoup Maehara interpolation (sMIP)
and a context Maehara interpolation (cMIP):
(sMIP) Given f:S|I'F C and a partition (I'g,I'1) of I, there exists

— an interpolant formula D,

— a derivation g : S | Ty - D,

— aderivation h : D | T’y F C, such that

- ox(D) <ox(S,Ty) and ox (D) < ox(I'1,C) for all atomic formulae X.
(cMIP) Given f: S |T'F C and a partition (I'g,I';,I'3) of I', there exists

— an interpolant formula D,

— a derivation g : — | 'y + D,

— a derivation h: S| T'g, D,I's F C, such that

— Jx(D) S Ux(rl) and Jx(D) S O’X(S7 ].—‘071—‘27 C)

However, the second property cMIP is not provable. An attempt to prove it would
proceed by induction on the height of the derivation f : S | I' - C and then inspecting
what is the last rule applied in f. The rules ®R and —L split the context, so one
should be careful to consider all possible ways in which these splittings relate to the
given partition (Tg,T'1,T3) of T.

The critical case is f = ®QR(f’, f”") with the partition (T, (T'},T}),T2) and two
derivations f': S| To, I} F A and f”: — | T'{,T'2 F B. So this is the case when the
®R rule splits T'y in two parts I}, T'. By inductive hypothesis on f’ and the partition

(To,T%,[ ]), we would be given a formula D and derivations ¢’ : — | T F D and
h 8| Ty, DF A. By inductive hypothesis on f” and the partition ([ |,T'{,T3), we
would be given a formula E and derivations ¢” : — |T'{ - E and " : — | E,Ty F B.
We obtain ®R(¢’,¢”) : — | T}, TY - D ® E, but we are unable to construct the

other desired proof of sequent S | T'o,D ® E,T; - A ® B. We get very close via
®R(W, ") : S| Ty,D,E,T1 F A® B, but we are unable to merge D and F into DQE,
since in our calculus the ®L cannot be applied on formulae in context.

Counterexample 4. For a simple concrete counterexample, consider the derivation

——— aX
Y| FY
ax pass ——— ax
X| FX —|YFY Z| +Z
® —— "~ pass
X|YFX®Y —|Zr 2z
@R

X|V,ZF(XeY)®Z

and the partition ([ ],[Y, Z],[ ]). Suppose by contradiction that Maehara interpolation
holds, so we would have a formula D and two deriwations g : — | Y,Z & D and
h: X | DH(X®Y)®Z. The variable multiplicity condition of Maehara interpolation
and the existence of the derivation g ensure that D does not contain atomic formulae
other than 'Y and Z, and the latter must have a unique occurrence in D. Nevertheless,
the existence of derivation h is absurd. Since X is atomic, h can only be of the form:
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(i) f = ®R(f1, f2) for some derivations f1: X | DF X QY and fo: —| F Z, or (i)
f=®R(f1, f5) for some derivations f{ : X | FX®Y and f}: — | D+ Z. Case (i)
is impossible since there is no such fo, while case (it) is impossible since there is no
such f1.

This situation is reminiscent of the failure of interpolation in the product-
free Lambek calculus [12] and in the implicational fragment of intuitionistic
logic [13]. In both cases, Maehara interpolation fails because neither the addi-
tive (A) nor the multiplicative (®) conjunction is present. A concrete counterex-
ample in the product-free Lambek calculus (adapted from Kanazawa [13]) is given
by the derivable sequent W,W\Y,W,W\X,X\(Y\Z) + Z with the partition
(1, [W, W\Y, W, W\ X], [ X\(Y\Z)]). This can be shown to not satisfy the Maehara
interpolation property. In the presence of ®, Maehara’s method would produce the
interpolant formula X ® Y. The situation of SkNMILL is somewhere in-between: we
have a multiplicative conjunction ® but we cannot do much with it if a formula A® B
is in context instead of the stoup position, since the rule ®L cannot be applied arbitrar-
ily in the antecedent. The counterexample to MIP in product-free Lambek calculus,
when appropriately modified, also works as a counterexample to cMIP in SkNMILL:
consider the derivable sequent X — (Y — Z) | W — X, W, W — Y, W + Z with the
partition ([ ], [W — X, W, W — Y, W], [ ]).

5 Craig Interpolation for SkNMILL

In this section, we show that SkNMILL enjoys Craig interpolation, even though it does
not generally enjoy Maehara interpolation. This is again in analogy with the product-
free Lambek calculus. As mentioned in the introductive section, Pentus [12] proved
that the latter satisfies a relaxation of Maehara interpolation, that we dubbed Maehara
multi-interpolation (MMIP), which is sufficient to show Craig interpolation. Here is a
brief description of how this works. Suppose the formula A\ B is provable in product-
free Lambek calculus (with non-empty antecedents, as in Pentus’ case). This implies
that there exists a derivation f : A F B. Apply the Maehara multi-interpolation
procedure to f and the partition ([ |, [A],[]). This produces a partition (Aq,...,Ay)
of [A]. Since [4] is a singleton list and antecedents cannot be empty, it follows that
n =1 and A; = [A]. Maehara multi-interpolation then produces a formula D; and
two derivations h : AF Dy and g : D1 F B with Dy satisfying the appropriate variable
condition, i.e. D; is a Craig interpolant of A and B.

We showed in the previous section that SkNMILL does not satisfy the context Mae-
hara interpolation property (cMIP). We prove now that instead it satisfies a context
Maehara multi-interpolation property (cMMIP). And the stoup Maehara interpolation
property (sMIP) also holds.

Theorem 5. In the sequent calculus for SKNMILL, the following two interpolation
properties hold:
(sMIP) Given a derivation f : S| T F C and a partition (Tg,T1) of T, there exist

— an interpolant formula D,

- a derwation g : S | Ty - D,

— a derwation h : D | T1 F C, such that
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- ox(D) <ox(5,Tg) and ox(D) < ox(I'1,C) for all atomic formulae X.
(cMMIP) Given a derivation f : S |T'F C and a partition (I'g,I'1,T'2) of T', there exist

— a partition (Aq1,...,An) of T'y,

— a list of interpolant formulae D1, ..., D,,

—gi:—|A;ED; forallie[l,... n)],

-~ h:S|To,Dy,...,D,, ok C, such that

- Jx(Dh ey Dn) S Jx(rl) and Jx(Dh ey Dn) § Ux(S, Fo,rg, C) fO?” all

atomic formulae X .
These two statements of the theorem are proved mutually by structural induction

on derivations. We separate the proofs for readability.

Proof of sMIP. We proceed by induction on the structure of f.
Case f = ax. Suppose f =ax: A| F A, which forces o = T'; = []. In this case, the
interpolant formula is A and g = h = ax: A| F A, where the variable multiplicity
condition is automatically satisfied.
Case f =IR. Since f: —| k|, this again forces Ty and T'; to be empty lists. In this
case, the interpolant formula is | and ¢ =I1R: —| Fland h =IL(IR): 1| kI, where
the variable multiplicity condition is vacuously satisfied.
Case f =IL f’. Given a derivation f’: — | T'F C, by inductive hypothesis on f’ with
the same partition (I'g,T'1) of ' we obtain
— a formula D,
— a derivation ¢’ : — | Ty - D,
— a derivation b’ : D | 'y - C, such that
- 0x(D) <ox(Ty) and ox(T'y,C) for all atomic formulae X.
In this case, the interpolant formula for f is D and the two desired derivations are
g =IL ¢’ and h = h’. The variable multiplicity condition is automatically satisfied.
Cases f = ®L f' and f = —oR f’. Analogous to the previous case.
Case f =pass f/.Let f/ : A|I"F Cand T’ = A, T’. There are two subcases determined
by the partition (I'g,T'1) of I'. Specifically, either T'y is empty or not.
e If I’y = [ ], then the interpolant is | and the two desired derivations are IR and
IL(pass f’). The variable multiplicity condition is satisfied because ox(l) = 0.
e If Ty = A,T, then by inductive hypothesis on f’ with the partition (I'f,T'1) we
obtain
— a formula D,
— a derivation ¢’ : A | T F D,
— a derivation A’ : D | Ty F C, such that
- ox(D) <ox(A,T}) and ox (D) < ox(T'1,C) for all atomic formulae X.
In this case, the interpolant formula for f is D, and the two desired derivations
are g = pass ¢’ and h = h’. The variable multiplicity condition follows directly
from the inductive hypothesis.
Case f =QR(f',f"). Let f/: S|AF Aand f/: — | QF B, so that ' = A, Q. We
need to check how the latter splitting of T' compares to the given partition (I'o,T'1).
There are two possibilities:
® Ty is fully contained in A. This means that A = T'g,T"} and Ty = T}, Q. Then
f1:8| Ty, F Aand f”: — | QF B. In this case, by inductive hypothesis on
f! with the partition (I'p,T"}) we obtain
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— a formula D,

— a derivation ¢’ : S |Tg F D,

— a derivation A’ : D | '} b A such that

- 0x(D) <ox(5,Ty) and ox (D) < ox (I}, A) for all atomic formulae X.
The desired interpolant formula is D and the desired derivations are g = ¢’ and
h=@R(N, f"): D|T},QF A® B. The variable multiplicity condition is satisfied
because ox (D) < ox (T}, A) < ox (T, 2, A® B) for all atomic formulae X.

e T’y splits between A and Q. This means that I'y = A, T and Q = I'y,T'1, and
I’y is non-empty. Then f/: S| A+ Aand f”: — |, I'1 b B. In this case, by
inductive hypothesis on f’ with the partition (A, []) and on f with the partition
(TG, 1), respectively, we obtain

— formulae FE and F,
— derivations ¢’ : S |AF Eand ¢’ : — [T F F,
— derivations A’ : E| F A and h” : F |y F B, such that

Jx(E) § Ux(S7A) and Ux(E) S Ux(A), and
- ox(F) <ox(T}) and ox (F) < ox(I'1, B) for all atomic formulae X.

The desired interpolant formula is D = F ® F' and the desired derivations are

h//
J y " PITEB
g= SIAFE —|ThFF L E| FA —|EI,FB
SN FERF  ° E|FT.FAwB

L

EoF | FAeB ©

The variable multiplicity condition is satisfied because ox(E ® F) = ox(E) +
Ux(F) S Jx(S, A)+0x(P6) = Ux(S,A7F6) and Jx(E®F) = Ux(E)+Ux(F) §
Ux(A) + Jx(rl,B) = Ux(A,Fl,B) = Jx(rl,A® B)

Case f=—oL(f',f"). Let f/: —|AF Aand f: B|QF C, so that T = A, Q. Again

we check how the latter splitting of I' compares to the given partition (I'gp,I'1). There

are two possibilities:
e I'; is fully contained in . This means that Iy = A, ') and @ = I'j, ;. Then
f'i—=|AFAand f”: B|T{,II'1 b C. In this case, by inductive hypothesis on
J"" with the partition (I'y,I'1) we obtain
— a formula D,
— a derivation ¢” : B | Ty + D,
— a derivation A" : D | T'; F C such that
- ox(D) <ox(B,I'}) and ox (D) < ox(I'1,C) for all atomic formulae X.
The desired interpolant formula is D and the desired derivations are g =
—oL(f",g"): A— B | A,T{F D and h = h”. The variable multiplicity condition
is satisfied because ox (D) < ox(B,T}) < ox (A — B, A, T}).
e T’y splits between A and . This means that A = Tg,T"} and T'; =T",Q, and T
is non-empty. Then f': — | Ty,I'} F A and f” : B| QF C. Our goal is to find
a formula D and derivations g : A — B | ToF D and h: D | T},Q F C. by
inductive hypothesis on f” with the partition ([ ],2) we obtain
— a formula F,
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— a derivation ¢" : B| +E,

— a derivation A" : E | Q F C such that

- ox(F) <ox(B) and ox(E) < ox(£,C) for all atomic formulae X.
We also apply the cMMIP procedure (which, remember, is proved by mutual
induction with sMIP) on the derivation f’ with the partition (Tg,T",[ ]) and

obtain
— a partition (Aq,...,A,) of T,
— a list of formulae Dq,...,D,,
— a list of derivations ¢} : — | A; F Dy, for i € [1,...,n],

— a derivation A’ : — | To, D1,..., D, F A, such that
- ox(D1,...,Dy,) < ox(I')) and ox(D1,...,D,) < ox(Ty, A) for all atomic
formulae X.
The desired interpolant formula is D = D; — (Dy —o (...(D,, — FE)...)). The
desired derivations g and h are constructed as follows:
h/ g//
—|Ty,D1,...,. D, A B| FE

g = —o

A—B|Ty,Dy,...,D, b E
A—B|ToF Dy —(...(D, - E)...)

—oR*

[9:] X

Di = (..(Dy—<E)..) [ AL AnQFC -

*

Notice that I} = Ay,...,A,, so the variable multiplicity condition is easy to
check.
O

Proof of cMMIP. We proceed by induction on the structure of f.
Case f = ax. Suppose f = ax: A| F A, which means that o =Ty =Ty =[]. In
this case, the desired partition of I'; is the empty one, i.e. n = 0. The desired lists of
formulae D; and of derivations g; are also empty. The desired derivation h is ax.
Case f = IR. Similar to the previous one.
Case f =IL f’. Given a derivation f': — |T'F C, by inductive hypothesis on f’ with
the same partition (I'g,T'1,T2) of I’ we obtain

— a partition (Ao, ..., A,) of T'y,

— a list of interpolant formulae D,..., D,,

— derivations g, : — | A; - D, for i € [1,...,n],

— a derivation b’ : — | T'g, Dy,...,D,, s C, such that

- ox(D1,...,Dy) <ox(T'1) and ox(D1,...,D,) < ox(To,T'y,C) for all X.
The desired partition of T'y is (Ag, ..., A,), the desired list of interpolant formulae is
Dy, ...,D,. The desired derivations are g; = ¢, for i € [1,...,n] and h = IL h’. The
variable multiplicity condition is automatically satisfied.
Cases f = ®L f' and f = —R f’. Analogous to the previous case.
Case f =pass f'. Let f/: A|I"F C and ' = A,T". There are subcases determined by
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the partition (g, 'y, T's) of I'. The most interesting case is the one where I’y = [ ] and
'y = A, T, so that TV =T}, T'5. The other possible cases are handled similarly to the
IL case discussed above. We apply the sMIP procedure (which, remember, is proved by
mutual induction with cMMIP) on the derivation f’ and the partition (I}, I'3), which
gives us

— a formula D,

— a derivation ¢’ : A| T} F D,

— a derivation A’ : D | 'y - C, such that

- ox(D) <ox(A,T}) and 0x(D) < ox(I's,C) for any X.

The desired partition of A,T" is the singleton context [A,T], i.e. n = 1. The desired
list of interpolant formulae is the singleton [D]. The desired list of derivations g; is the
singleton list consisting only of pass ¢’ : — | A,T'} b D and the desired derivation h is
pass b’ : — | D,T's F C. The variable multiplicity condition follows from the inductive
hypothesis.

Case f =Q@R(f',f"). Let f': S|AF Aand f/: — | QF B, so that I' = A, Q. We
need to check how the latter splitting of I" compares to the given partition (I'g, ', I's).
There are three possibilities:

e T'; is fully contained in 2. This means that I'o = A, I’y and Q = I'j,I'1,T's. Then
/eS| AFAand f7: — | T(,I'1,T2 F B. by inductive hypothesis on f” with
partition (I'y, I'1, I's) we obtain

— a partition (Ag,...,Ay,) of I'y,

— a list of interpolant formulae D1, ..., Dy,

— derivations g/ : — | A; F Dy, for i € [1,...,n],

— a derivation b : — | Ty, D1, ..., D,,Ts F B, such that

- Jx(Dl,...,Dn) S Jx(rl) and Ux(Dl,...,Dn) § Ux(P67F27B) for any X.
The desired partition of I'y is (Ag,...,A,). The desired list of interpolant for-
mulae is D1, ..., D,,. The desired derivation g; is g/ for i € [1,...,n] and the
desired derivation h is ®R(f’, h”"). The variable multiplicity condition is satisfied
because ox (D1, ...,Dy) < ox(I(, T2, B) < ox(S,A, T, T2, A® B) for any X.

® ['; is fully contained in A. This case is analogous to the one above, but now we

have to use the inductive hypothesis on the derivation f’ instead of f”.

e T’y splits between A and . This means that 'y =T, TY and A =Ty, I’} and Q =
I'Y,To, and I'/ is non-empty. Then f': S | T, I} - Aand f”: — | T{, Iy F B.
by inductive hypothesis on f’ with the partition (I'o,T",[]) and on f” with the
partition ([ ], T}, T's), respectively, we obtain

— a partition (Ag,...,A,) of T} and a partition (A, 41,...,A,) of T,

— two lists of interpolant formulae Dy,..., D, and Dy41,..., Dy,

— derivations g : — | A; = D;, for i € [1,...,n], and derivations g} : — | A; -
Dj, forjen+1,...,m|,

— derivations A’ : S| T, D1,...,Dp F Aand b : — | Dpy1,...,Dm, T2 - B,
such that

- Jx(Dl,...,Dn) S Jx(r/l) and Ux(Dl,...,Dn) § Ux(S7P07A)7 and
- O-X(DnJrl,...,Dm) § Ux(rlll) and Ux(Dn+1,...,Dm) S Ux(].—‘%B) for any
X.
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The desired partition of T',T'{ is (Ao, ..., Ap, Api1, ..., Ap). The desired list
of interpolant formulae is Dy, ..., Dy, Dy, ..., Dy,. The desired derivation g is

hl h/l
S|To,D1,....Dn A —|Dpy1s...,Dn,To B
S|To,D1,....Dn,Dypi1,-.., Dy, ToF A B

while the desired derivation g; is g} for ¢ € [1,...,m]. For the variable multiplicity
condition, we have O’X(.Dl7 e ,Dm) < O'X(S, To, A, T, B) = Ux(S, Ty, g, A®B)
for any X.

Case f = —oL(f’, f). Analogous to the case of ®R above. O

Notice that cMMIP is invoked in the proof of sMIP, in the case f = —oL(f’, f”), and
sMIP is invoked in the proof of cMMIP, in the case f = pass f’. The proof of Theorem
5 describes an effective procedure for building interpolant formulae and derivations.
This procedure is terminating, since each recursive call happens on a derivation with
height strictly smaller than the one of the derivation in input. This behaviour is further
confirmed in our Agda formalization, where the inductive proof of sMIP/cMMIP is
accepted by the proof assistant as terminating.

In his PhD thesis [27], Roorda considered a stronger variable multiplicity condition,
characterizing the positive and negative occurrences of atomic formulae in interpolants.
Let At% (A) be the multiset of positive occurrences of the atomic formula X in A, and
let Aty (A) be the multiset of negative occurrences of the atomic formula X in A. These
notions can be straightforwardly extended to stoups and contexts. We can prove that
the sMIP procedure satisfies the following stronger variable condition: given p € {+, —}
and any atomic formula X, there is an injective function from At% (D) to Atk (S,T),
and an injective function from At% (D) to the multiset union of At’(T'1) and At% (C).
Here —p denotes the opposite polarity of p, i.e. -+ = — and -—— = +. We can also
prove that the cMMIP procedure satisfies the following stronger variable condition:
given p € {+,—} and any atomic formula X, there is an injective function from
At (Dy,...,Dy) to At (T'1) and and an injective function from Atk (D, ..., D,,) to
the multiset union of At”(S,T'o,I's) and Atk (C). We refer to our Agda formalization
for more details on how to establish these stronger variable conditions.

Example 6. Let us illustrate the interpolation procedure on a simple example. We
compute the stoup Maehara interpolant of the end-sequent in the derivation

——— aX
W] FW
———— aX ax pass
X| FX Y| FY — | WEW
———— pass ®R
| XFX YIWFY W ] )
X oY | X,WFYQW
pass —— aXx
| X =YV, X,WFYQW Z| +F2Z ]

YW)—wZ|X oY, X,WkFZ

with the partition ((X — Y], [X, W]).
Following the procedure in the proof of Theorem 5, we are in the case when the last
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rule is —oL and both lists in the partition {{X — Y], [X, W]) move to the context of the
left premise. This means that we need to apply the cMMIP procedure to the derivation
pass(—oL(pass ax, ®R(ax,pass ax))) : — | X = YV, X, W Y @ W (witnessing the left
premise of —oL) with the partition ((X — Y, [X, W], [ ]). This produces

- a partition ([X], [W]) of [X, W],

— a list of interpolant formulae [X, W], and

— derivations g = pass ax : — | X b X, and g5 = pass ax : — | W + W, and

h' = pass(—oL(pass ax, ®@R(ax,pass ax))): — | X =V, X, WEFY QW

satisfying the variable multiplicity condition. Next, we need to apply the sMIP proce-
dure on the derivation ax : Z | b Z with the partition ([ ],[]) which produces two
derivations ax : Z | b Z and ax : Z | b Z. Then we obtain the desired interpolant
formula X — (W —o Z) and the desired derivations

% o
X oV, X,WFEYQW Z| FZ°
YoW) —Z|X <Y, X,WrZ

X

g = -
Y oW) =Z[X =Y. XFW =2 RR
YOW)—oZ|X —oYFEX—o(W—2)

9 ——— ax

. Ji —\Wew 7] Fz2°

—XFX  W—oZ|WFZ
X o (W—=2)| X,WkZ

—o

Notice that this is crucially different from the result that Maehara’s method would
produce on the corresponding derivation in the associative Lambek calculus (with ® ).
The translation of derivation (7) in the associative Lambek calculus is

N YEY X WEW Z;‘R
Xrx YWEY®W

/L
Y/X,X.WFY QW ZrZ
Z/(Y@W),Y/X,X,Wt Z

ax

/L

Using the Maehara interpolation procedure defined in [11], the resulting interpolant
formula would be Z/(X @ W). Again, X and Y can be tensored in the latter formula
since the Lambek calculus admits a general left rule for ®.

We conclude this section by showing how Craig interpolation follows from stoup
Maehara interpolation.
Definition 7. A formula A provable in SKNMILL if and only if there is a derivation
f:—| F A in SKNMILL.
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Theorem 8. For any formulae A and C, if A — C is provable in SKNMILL, then
there ezists a formula D such that both A — D and D — C' are provable, and
var(D) C var(A) Nvar(C).

Proof. Suppose that A —o C' is provable, then by Definition 7, there is a derivation
f:—| B A — C. By invertibility of the rule —R, we obtain a derivation f’ : — |
Ak C. Then by running the sMIP procedure on f’ with the partition ([A],[]), we get

— a formula D,

~ ¢~ |AFD,

- k' :D]| F C,such that

- Jx(D) S Ux(A) and Ux(D) S Jx(C).

The formulae A —o D and D —o C are proved by the derivations —-R ¢’ : — | F A —
D and —R(pass h') : — | F D —o C, respectively. The variable condition is implied
by the variable multiplicity condition. O

The nature of sequents in SkNMILL explains why Craig interpolation holds for
SKNMILL, yet cMIP does not. The antecedent of a sequent S | I' F C is not merely
a list with a distinguished element at the leftmost position but carries an implicit
structure, akin to a tree associated to the left. Recall Counterexample 4, the antecedent
of the sequent X | Y, Z F (X ®Y) ® Z is the tree ((X,Y),Z). Given the partition
([1,(Y,2),[ 1), cMIP would require identifying a subderivation where the tree (Y, Z)
appears. However, such a subderivation does not appear in the derivation for X |
YZF(XQY)® Z.

On the other hand, considering the derivation

ax

Z| vZ
pass

Y rYy ™ T1Zrz
YIZFY®Z
X Fx ™ TivzZrvez
X|YV.Z2FXo Y ®Z)

and the partition ([ |,[Y, Z],[ ]), we can find the interpolant formula ¥ ® Z and two
derivations g : — | Y, ZFY® Zand h : X | Y ®ZF X ® (Y ® Z) because the
tree (Y, Z) has appeared in the derivation. Thus, while cMIP might hold in specific,
carefully chosen instances depending on the full derivation context, it does not hold
generally.

Therefore, in cMMIP, we relax the condition by allowing interpolants to be a list
of formulae so that we can prove Craig interpolation for SkNMILL.

For sMIP, the interpolant tree always exists. For any derivation f : S | T'o,I'1 H C
and any partition (I'o,T'1), ((S,T9),I'1) is a tree associated to the left where the
interpolant tree (S,T'g) has appeared. For example, consider the derivation above and
the partition ([Y],[Z]). The interpolant tree (X,Y’) has appeared in the endsequent.
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6 Proof-Relevant Interpolation

So far we have established a procedure sMIP for effectively splitting a derivation f :
S | I'1,Is F C in two derivations g : S | 'y - D and h : — | Ty b C, with D
being “minimal” in the sense of satisfying an appropriate multiplicity condition. A
natural question arises: what happens when we compose derivations g and h using the
admissible scut rule? Intuition suggests that we should get back the original derivation
f, at least modulo n-conversions and permutative conversions. This is in fact what
happens, and this section is dedicated to proving this result.

Analogously, the cMMIP procedure splits a derivation f : S | T'g,I'1,T2 F C in
a tuple of derivations [g; : — | A; F D;]; and h 2 S | Tg,Dy,...,D,,Ts b C, with
Dy, ..., D, satisfying an appropriate multiplicity condition. If we compose [g;] and h
using the admissible ccut® rule, we get back the original derivation modulo =.

Similar questions have been considered by Cubri¢ [24] in the setting of intuitionistic
propositional logic and by Saurin [25] for (extensions) of classical linear logic. They
call proof-relevant interpolation the study of interpolation procedures in relationship
to cut rules and equivalence of proofs, like our =. In particular, Cubri¢ and Saurin
show that interpolation procedures are in a way “right inverses” of cut rules. Here we
show the same for SkNMILL: the sMIP procedure is a right inverse of scut, while the
cMMIP procedure is a right inverse of ccut*.
Theorem 9.

(i) Let g: S |To D and h: D |Ty - C be the derivations obtained by applying the
sMIP procedure on a derivation f : S | T+ C with the partition (U, T1). Then
scut(g, h) = f.

(ii) Let g; - — | A; b D; fori € [1,....,n] and h : S | T9,D1,...,D,, Ty = C be
derivations obtained by applying the cMMIP procedure on a derivation f: S| Tk
C with the partition (I'o,T'1,T2). Then ccut*([g;],h) = f.

Proof. Similar to the proof of Theorem 5, statements (¢) and (i) are proved by mutual
induction on the structure of derivations. We focus on the proof of statement (4),
since (47) is proved in a similar manner. We refer the interested reader to our Agda
formalization for all the technical details.

The proof relies on the computational behaviour of the admissible rules scut and
ccut. The reader might want to consult our previous work [18, 21] for the explicit
construction of the cut rules that we employ in this proof.

Case f = ax. The goal reduces to scut(ax, ax) = ax, which holds by definition of scut.
Case f = IR. The goal reduces to scut(IR, IL IR) = IR, which holds by definition of scut.
Case f = IL f’. The goal reduces to scut(IL ¢’,h’) = IL f''. By definition of scut
we have scut(IL ¢’,h’) = IL (scut(¢’,k’)). By inductive hypothesis on f’, we have
scut(g’,h') = f’ and then by congruence of =, we obtain IL(scut(¢’,h’)) = IL f’, as
desired.

Cases f = ®L f’ and f = —R f’. Analogous to the previous case. Though the case of
—oR requires also an application of Proposition 3.

Case f = pass f/. Two cases determined by whether I'y is empty or not.

1Here g’ and h' are as in the proof of Theorem 5. We follow the same convention for the forthcoming

cases too, where names of derivations match the ones in the proof of Theorem 5.
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e In the first case, the goal reduces to scut(IR,IL(pass f’)) = pass f’, which holds
by definition of scut.

e In the second case, the goal reduces to scut(pass ¢’,h’) = pass f'. By definition
of scut we have scut(pass ¢’, ') = pass(scut(g’, #’)). By inductive hypothesis on
f' and congruence, the latter is =-related to pass f’.

Case f = QR(f’, f"). Two cases determined by whether Ty is fully contained in the
context of the left premise or not.

e In the first case, the goal reduces to scut(¢’,®R(R/, f)) = ®R(Sf’,f”). By
Proposition 3, we have scut(¢’, @R(H, ")) = ®R(scut(¢’, 1), f”'). By inductive
hypothesis on f’ and congruence, the latter is =-related to @R(f’, f').

® In the second case, the goal reduces to showing that the derivation
scut(®R(g, h'), ®L (QR(K', pass‘h”))) is =-related to ®R(f’, f). This is witnessed
by the following sequence of equivalences:

scut(@R(g, h'), BL(@R(H, passh")))

= scut(g’, ®R(R/, scut(g”, h"))) (by definition of scut)
= ®R(scut(g’, h'), scut(g”, h'")) (by Proposition 3)
= QR(f’, ) (by ind. hyp. on f" and f”

and congruence)

Case f = —oL(f’, f"). Two cases determined by whether T'; is fully contained in the
context of the right premise or not.

e In the first case, the goal reduces to scut(—L(f’,¢"),h"”) = —oL(f’, f"). By defi-
nition of scut, we have scut(—L(f’, "), k") = —L(f’, (scut(g”, h"")). By inductive
hypothesis on f” and congruence, the latter is =-related to —oL(f’, /).

® In the second case, the goal reduces to showing that the derivation
scut(—oR*(—oL(h/, g")), —L*([g}], h"")) is =-related to —oL(f’, f"'). This is wit-
nessed by the following sequence of equivalences:

scut(—R*(—oL (R, g")), —L*([gi], 1))

= scut(ccut*([g}], —L(R', ¢")), h") (by Proposition 2)
= —oL(ccut*([g;], 1), scut(h”, g'")) (by definition of scut and ccut*)
= —L(f", f") (by ind. hyp. on f’ and f”

and congruence)

The final step employs the “inductive hypothesis” on f’, which in this case means
the validity of statement (i7) for derivation f’ (remember that statements (i) and
(#i) are proved simultaneously by structural induction on derivations).

O

7 Agda Formalization

In this section we discuss some details of the Agda formalization. We start by recalling
some definitions and proceed to explain how formulae and sequents are implemented
as types.
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Basic notions and notation. The type Maybe A is the type of optional elements of
A, i.e. either just z : Maybe A, for some element x : A, or nothing : Maybe A. The type
List A is the type of ordered lists of elements in A, which is inductively generated by the
empty list constructor [ ] : List A and the cons constructor (::) : A — List A — List A
which appends an element of A to the front of a previously constructed list. We write
xs ++ys : List A for the concatenation of zs,ys : List A, and « € zs for the type of
occurrences of x in the list xs. The universe of types is called Set, so given a type
A : Set we also have Maybe A : Set and List A : Set.

Given z,y : A, their judgemental equality is denoted = = y and their propositional
equality is x = y. For example, given lists xs,ys, zs : List A, we have the judgemental
equality [ ] ++ zs = xs (since ++ is defined by recursion on the first argument) and
the propositional equalities zs++ [ ] = zs and (xs ++ ys) ++ zs = xs ++ (ys ++ 2s),
witnessing right unitality and associativity of H. Agda currently allows the extension
of its evaluation relation with new computation rules using the flag ——rewriting. This
enabled us to turn the two latter propositional equalities into judgemental ones. Notice
that this is only used to simplify the statements and proofs of cut admissibility and
Maehara interpolation (and their properties), but all the results that we formalized
are also valid with right unitality and associativity of + being propositional instead
of judgemental.

Given two types A, B, we define the type A — B of injective functions between
A and B, which consists of pairs of a function f : A — B and en element of type
(xy:A)(eq: fx=fy)— x =y, which evidences the injectivity of f.

Formulae, stoups and contexts. In the formalization we fix a type At of atomic
formulae. The type Fma of formulae is the following inductive type:

data Fma : Set where
at : At — Fma
| : Fma
_®_:Fma — Fma — Fma
_—o_:Fma— Fma — Fma

Underscores are used to represent infix operators, i.e. A® B and A — B are formulae
for all A, B : Fma. The type of stoups is Stp = Maybe Fma and the type of contexts is
Cxt = List Fma.

Sequents. Given a stoup S : Stp, a context I' : Cxt and a formula C : Fma, the type
S| Tk C consists of all the possible proofs of the corresponding sequent. This type is
inductively generated by the rules in (1), i.e. there is a constructor associated to each
of the 8 rules. For example, the inference rule —L is implemented as a constructor

—L : {T" A:Cxt} {A B C:Fma}
— (f :nothing [T+ A) (g:just B|AFC)
s just (A —o B) [T 4++ AFC

Curly brackets are used in Agda to denote implicit arguments. Therefore —L f g is a

term of type just (A — B) | '+ A F C, whenever we are give terms f : nothing | T'+ A
and g : just B|AFC.
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Equivalence of derivations. Given two derivations of the same sequent f,g : S |
I' F C, the type f = g consists of all possible ways to identify f and g using: (4)
the generating equations in Figures 1 and 2, (ii) equations establishing that = is an
equivalence relation and (#ii) equations establishing that = is a congruence. Therefore
= is implemented as an inductive type family indexed over pairs of derivations. In
the Agda definition of =, there is: (i) a constructor for each equation in Figures
1 and 2, (i7) constructors for reflexivity, symmetry and transitivity of =, and (i)
constructors evidencing the compatibility of = with the inference rules of SkNMILL.
We present three indicative examples, one for each class of equational generators: the
constructor ®Rpass associated to the first permutative conversion in Figure 1; the
constructor sym= associated to symmetry of =; the constructor cong—olL associated to
the compatibility of = wrt. —L. In the types of the constructors below, and further in
this section, we omit some of the implicit arguments to shorten the types and improve
readability.

®Rpass : (f:just A |TF A) (g : nothing | A+ B)
— ®R (pass f) g = pass (®R f g)
sym= : (fg:S[THC)(eq:f=g)=g=f
cong—oL : (f g:nothing|THA) (f' ¢ :just B|AFC)
—(eq:f=g)(eq 1 f'=9g)—= —Lff =—Lgyg

Cut admissibility. In Agda, the two admissible cut rules in (3) becomes two definable
terms:

scut: (f:S|THA) (g:just A|AFC) = S|T+H AFC
ccut: (f :nothing |[TFA) (g: S| Aog++ A=A FC) =S| A+ T++ A FC

The construction of scut f g proceeds by pattern-matching (i.e. structural recursion)
on the first argument f and, when f begins with the application of a right introduction
rule, continues by pattern-matching on the second argument g. The construction of
ccut f g should proceed by pattern-matching on the second argument g, but Agda
disallows this since it is unable to unify the context Ay ++ A :: A; with the ones
appearing in the conclusion of inference rules. This issue is easily fixable by relaxing the
context in the type of derivation g to be an arbitrary context A, which we subsequently
equate to Ag ++ A :: Ay, as follows:

ccut’ : (f :nothing|THA) (¢g:S|AFC) (eq: A=Ag++ A Ay)
=S| Ay +HT+ A FC

The construction of ccut’ f g eq proceeds by pattern-matching on the second argument
g and, when g begins with the application of a left introduction rule, continues by
pattern-matching on the first argument f. The functions scut and ccut’ need to be
mutually-defined, as evidenced by their pen-and-paper definition in [14, 21]. The term
ccut f g is then definable as ccut’ f g refl, with refl being the reflexivity constructor
of the propositional identity type.
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Maehara interpolation. The interpolations properties sMIP and cMMIP, not includ-
ing the variable multiplicity condition (which is discussed later), are implemented in
Agda as the following record types:

record sMIP (S : Stp) (I'g I'y : Cxt) (C : Fma) : Set where

field
D :Fma
gS‘Fol_D

hijust D|Ty+C

record cMMIP (S : Stp) (I'g I'y 'y : Cxt) (C': Fma) : Set where

field
Ds : List Fma
gs :I'1 F* Ds

h:S|To4+ Ds++ Tyt D

Elements of type sMIP S I'y I'y C' are triples consisting of a formula D and two
derivations g and h. Elements of cMMIP S T'y 'y Ty C' are also triples, but consisting of
a list of formulae Ds (the interpolant formulae Dy, ..., D,, in Theorem 5), a sequence
of derivations gs (the derivations g¢i,..., g, in Theorem 5) and a derivation h. Given
a context A and a list of formulae As, the type A F* As is inductively defined by the
two constructors [ ]* and _ ::* below:

(17 [T ]
i (f rnothing | AgF A) (fs: AL F* As) = Ag++ A F* A As

In other words, an element of type A F* As, with As being the list of formulae
Ay, ..., A,, consists in a partition of A in n parts Ay,...,A, and a sequence of
derivations of type nothing | A; + A;, one for each 1 < 4 < n. This implies that in
our Agda implementation of cMMIP, the partition of I'; and the derivations g; in the
statement of cMMIP in Theorem 5 are both collected in the field gs : I'; H* Ds.

The proof of Theorem 5 in Agda becomes the construction of the two following
functions, defined mutually by pattern matching on their first argument f:

smip: (f:S|THC)(eq:T=T¢g++T1) =>sMIP STy Ty C
cmmip : (f:S|TFC) (eq: T =To4++T14++T2) = cMMIP ST, Ty Ty C

Variable multiplicity condition. We recursively define a function atom collecting
the atomic formulae appearing in a formula:

atom : Fma — List At

atom (at X) = X ][]

atom [ =1]

atom (A® B) = atom A ++ atom B
atom (A — B) = atom A ++ atom B
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Extensions of this function that collect atomic formulae in stoups and contexts, called
atomS and atomC, can be easily defined from atom.

The variable conditions of the interpolation properties sMIP and cMMIP are
implemented in Agda as the following record types:

record sVar (S : Stp) (I'g 'y : Cxt) (C' D : Fma) : Set where
field
varg : (X : At) — (X € atom D) — (X € atomS S 4+ atomC I'y)
varh : (X : At) — (X € atom D) — (X € atomC I'; 4+ atom C)

record cVar (S : Stp) (I'p I'y 'y : Cxt) (C Ds : Fma) : Set where
field
vargs : (X : At) — (X € atomC Ds) — (X € atomC I'y)
varh : (X : At)
— (X € atomC Ds) — (X € atomS S ++ atomC (I'y ++ I'y) ++ atom C)

The projection varg returns an injective function that assigns to each occurrence of
an atomic formula X in D an occurrence of X in S,T, i.e. it is a faithful imple-
mentation of the condition ox (D) < 0x(S,Tg). The other projections of types sVar
and cVar appropriately represent the variable multiplicity conditions of sMIP and
cMMIP. The variable conditions are established by constructing the following pair
of functions, defined recursively on the argument f. In the types below, the formula
sMIP.D (smip f eq) is the interpolant computed by the stoup Maehara interpolation
procedure on input f. Similarly, sMIP.Ds (cmmip f eq) is the sequence of interpolant
formulae produced by the context Maehara multi-interpolation procedure on input f.

svar : (f:S|TFC) (eq:T=To++T1)
— sVar STy 'y C (sMIP.D (smip f eq))

cvar @ (f:S|ITHCQC) (eq: T =Ty ++ Ty ++ o)
— cVar STy I'y C (sMIP.Ds (cmmip f eq))

Proof-relevant interpolation. Given a derivation f : S | ' F C and an equality
proof eq : I' =Ty ++ I'y1, evidencing the partition of context I' in two parts 'y and T'y,
we first apply the stoup Maehara interpolation procedure smip on them, obtaining an
interpolant formula and two derivations sMIP.g (smip f eq) and sMIP.h (smip f eq)
(the g and h in the statement of sMIP in Theorem 5). Then we apply the cut procedure
scut on these, resulting in a derivation which is =-related to the original f. In Agda,
proving proof-relevant stoup interpolation translates to the construction of a term
scutsmip with the following type:

scutsmip : (f:S|THC)eq: T =Ty ++T4)
— scut (sMIP.g (smip f eq)) (sMIP.h (smip f eq))

subst (A\z. S |z C) eq f
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Notice that f is a term of type S | I' = C, while the derivation on the left-hand-side of
= has type S : T'g ++ I'1 F C. In order to state that the two derivations are =-related
we need to substitute in the type of f using the equality proof eq : I' = I'g ++ I';. The
definition of scutsmip proceeds by pattern-matching on the argument f.

Proving the analogous property for context Maehara multi-interpolation requires a
bit of preparation. We define the context multi-cut rule introduced in (6), which is an
iterated version of ccut taking a sequence of derivations fs:I'F* As in input instead
of a single derivation. This is constructed by pattern-matching on the first argument
fs.

ceut® ¢ (fs:THF"As) (g: S|AFC) (eq: A=Ap++ As++ Ay)
— S|A0HFHA1FC
In Agda, proof-relevant context interpolation translates to the construction of a term
ccutcmmip with the following type, defined by pattern-matching on the argument f:

ccutemmip : (f:S|THC)leq:T =T ++ Ty ++ T'a)
— ccut® (cMMIP.gs (cmmip f eq)) (cMMIP.A (cmmip f eq))

o

subst (A\z. S |z C) eq f

8 Conclusions and Future Work

This paper describes a proof of Craig interpolation for the semi-substructural logic
SKkNMILL. It employs proof-theoretic techniques, since it relies on cut elimination and
it manipulates sequent calculus derivations directly. As common when proving Craig
interpolation for other substructural logics, the proof strategy follows a variant of
Maehara’s method [9]: we prove a stoup Maehara interpolation property (similar to
the one for the Lambek calculus [10]) and a context Maechara multi-interpolation
property (similar to the one for the product-free fragment of the Lambek calculus [12])
simultaneously by mutual structural induction.

Following the category-theoretic considerations of Cubrié [24], we proved a proof-
relevant form of interpolation, showing that the interpolation procedures are right
inverses of the corresponding admissible cut rules. The main aspect missing in our
work (and, as far as we know, the whole literature on Craig interpolation) is the char-
acterization of the Craig interpolant via a universal property, in the sense of category
theory. In fact, Cubri¢’s characterization of interpolants is merely an existence prop-
erty, there is no mention of a uniqueness property. This is analogous to the distinction
between weak and non-weak (co)limits in category theory. Alternatively, we may ask
whether the interpolation procedures are also left inverses of the cut rules.

These questions naturally lead to another one: what is the correct notion of
“equality” between interpolants? First, notice that in SKNMILL interpolants satisfying
sMIP for a fixed sequent S | I' - C' and partition (I';,I's) of I’ can be organized in a
set of triples:

{(D,g . S | Fl F D,h : D ‘ FQ - C) | VXO’)((D) S Ux(S,Fo)&Ux(D> S Ux(F17C)}

Many equivalence relations can potentially be defined on these triples:
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(D,g,h) ~ (D',¢',n) if and only if D = D', g = ¢’ and h = h’. This option

is definitely too strict, since it does not account for the fact that we consider

derivations that differ by some 7n-conversion or permutative conversion as equal.

A better option would then be:

® (D,g,h) ~ (D' ¢’ h) if and only if D = D', g = ¢’ and h = h’. This might still
be too restrictive. For example, in the Lambek calculus, we can run Maehara’s
method on two derivations f and f’ for the same sequent that only differ by
a permutative conversion, and obtain different interpolant formulae D and D’.
The same phenomenon could also happen in SKNMILL. A relaxation of this notion
would then be:

® (D,g,h) ~ (D', ¢’ 1) if and only if there is an isomorphism d : D | F D’ such
that scut(g,d) = ¢’ and h = scut(d, h'). By isomorphism here we mean that there
exists a derivation d’' : D’ | F D such that scut(d,d’) = ax and scut(d’, d) = ax.
Yet another weaker option could be:

e ~ is the equivalence relation generated by the relation: (D, g,h) ~¢ (D', ¢, 1)

if and only if there exists a derivation d : D | F D’ such that scut(g,d) = ¢

and h = scut(d, h'). More explicitly, triples (D, g, h) and (D’, ¢, h’) are ~-related

when there exists a list of formulae D1,...,D,, and a “zigzag” of derivations like

dliD‘ "Dl, d22D2| "Dl, d3:D2| |_D3, ann| "D/

such that, when appropriately composed with these d;-s, g is =-related to ¢’

and h is =-related to h'. At first sight, this might seem like a weird notion of

equality between interpolants, but it is in fact a very natural one to require

from a category-theoretic perspective, since it would be the one characterizing

interpolants as some kind of colimit/coend.
The attentive reader might have noticed that, while we consider sets of derivations
quotiented by the congruence relation =, we do not prove that the interpolation proce-
dures of Theorem 5 are well-defined wrt. =, e.g. that sMIP sends =-related derivations
to the “same” triple (D, g, h). The reason for this omission comes again from that fact
that we do not yet know what is the appropriate notion of “sameness” in this case.

We do not want to continue our speculations in this conclusive section and leave
further investigations on this topic to future work. Our first step will be understanding
the universal property of interpolants for logics in which the Maehara interpolation
property is simpler than in SkNMILL, e.g. in the associative Lambek calculus. This
approach could be seen as a step towards the universal proof theory for substructural
logics in the sense of [28].
Another venue of future work would be the extension of the results of this paper

to other semi-substructural logics, e.g. extensions with a notion of skew exchange [29]
or additive connectives [22]. In the latter setting we might also ask whether the logic
satisfies a uniform interpolation property in the sense of [30].

30



Acknowledgments

This work was supported by the Estonian Research Council grant PSG749. Cheng-
Syuan Wan’s presentation of this work and participation in The Proof Society
Workshop were supported by the EU COST action CA19135 (CERCIRAS).

References

[1]

Craig, W.: Three uses of the Herbrand-Gentzen theorem in relating model theory
and proof theory. Journal of Symbolic Logic 22(3), 269-285 (1957) https://doi.
org/10.2307/2963594

Beth, E.W.: On Padoa’s method in the theory of definition. Indaga-
tiones Mathematicae (Proceedings) 56, 330-339 (1953) https://doi.org/10.1016/
$1385-7258(53)50042-3

Henzinger, T.A., Jhala, R., Majumdar, R., McMillan, K.L.: Abstractions from
proofs. ACM SIGPLAN Notices 39(1), 232-244 (2004) https://doi.org/10.1145/
982962.964021

Lambek, J.: The mathematics of sentence structure. American Mathematical
Monthly 65(3), 154-170 (1958) https://doi.org/10.2307,/2310058

Lambek, J.: On the calculus of syntactic types. In: Jakobson, R. (ed.) Structure of
Language and Its Mathematical Aspects, pp. 166-178. AMS, Providence (1961).
https://doi.org/10.1090 /psapm/012

Girard, J.-Y.: Linear logic. Theoretical Computer Science 50, 1-102 (1987) https:
//doi.org/10.1016 /0304-3975(87)90045-4

Fussner, W., Santschi, S.: Interpolation in linear logic and related systems. ACM
Transactions on Computational Logic 25(4), 1-19 (2024) https://doi.org/10.
1145/3680284

Kihara, H., Ono, H.: Interpolation properties, Beth definability properties and
amalgamation properties for substructural logics. Journal of Logic and Compu-
tation 20(4), 823-875 (2009) https://doi.org/10.1093/logcom /exn084

Maehara, S.: Craig’s interpolation theorem. Mathematics 12(4), 235-237 (1961)
https://doi.org/10.11429 /sugakul947.12.235

Ono, H.: Proof-theoretic methods in nonclassical logic —an introduction. In:
Theories of Types and Proofs, pp. 207-254 (1998). https://doi.org/10.2969/
msjmemoirs/00201c060

Moot, R., Retoré, C.: The Logic of Categorial Grammars: A Deductive Account

of Natural Language Syntax and Semantics. Springer, Heidelberg (2012). https:
//doi.org/10.1007/978-3-642-31555-8

31


https://doi.org/10.2307/2963594
https://doi.org/10.2307/2963594
https://doi.org/10.1016/s1385-7258(53)50042-3
https://doi.org/10.1016/s1385-7258(53)50042-3
https://doi.org/10.1145/982962.964021
https://doi.org/10.1145/982962.964021
https://doi.org/10.2307/2310058
https://doi.org/10.1090/psapm/012
https://doi.org/10.1016/0304-3975(87)90045-4
https://doi.org/10.1016/0304-3975(87)90045-4
https://doi.org/10.1145/3680284
https://doi.org/10.1145/3680284
https://doi.org/10.1093/logcom/exn084
https://doi.org/10.11429/sugaku1947.12.235
https://doi.org/10.2969/msjmemoirs/00201c060
https://doi.org/10.2969/msjmemoirs/00201c060
https://doi.org/10.1007/978-3-642-31555-8
https://doi.org/10.1007/978-3-642-31555-8

[12]

[13]

[14]

[16]

[17]

[18]

[19]

[20]

Pentus, M.: Product-free Lambek calculus and context-free grammars. Journal of
Symbolic Logic 62(2), 648-660 (1997) https://doi.org/10.2307/2275553

Kanazawa, M.: Computing interpolants in implicational logics. Annals of Pure
and Applied Logic 142(1-3), 125-201 (2006) https://doi.org/10.1016/J.APAL.
2005.12.014

Uustalu, T., Veltri, N., Wan, C.-S.: Proof theory of skew non-commutative
MILL. In: Indrzejczak, A., Zawidzki, M. (eds.) Proceedings of 10th International
Conference on Non-classical Logics: Theory and Applications, NCL 2022. Elec-
tronic Proceedings in Theoretical Computer Science, vol. 358, pp. 118-135. Open
Publishing Association, Australia (2022). https://doi.org/10.4204/eptcs.358.9

Girard, J.-Y.: A new constructive logic: Classical logic. Mathematical Struc-
tures in Computer Science 1(3), 255-296 (1991) https://doi.org/10.1017/
$0960129500001328

Szlachanyi, K.: Skew-monoidal categories and bialgebroids. Advances in Mathe-
matics 231(3-4), 1694-1730 (2012) https://doi.org/10.1016/j.aim.2012.06.027

Zeilberger, N.: A sequent calculus for a semi-associative law. Logical Methods in
Computer Science 15(1) (2019) https://doi.org/10.23638 /lmcs-15(1:9)2019

Uustalu, T., Veltri, N., Zeilberger, N.: The sequent calculus of skew monoidal
categories. In: Casadio, C., Scott, P.J. (eds.) Joachim Lambek: The Interplay of
Mathematics, Logic, and Linguistics. Outstanding Contributions to Logic, vol. 20,
pp. 377-406. Springer, Cham (2021). https://doi.org/10.1007/978-3-030-66545-6_
11

Uustalu, T., Veltri, N., Zeilberger, N.: Deductive systems and coherence for
skew prounital closed categories. In: Sacerdoti Coen, C., Tiu, A. (eds.) Pro-
ceedings of 15th Workshop on Logical Frameworks and Meta-Languages: Theory
and Practice, LFMTP 2020. Electronic Proceedings in Theoretical Computer
Science, vol. 332, pp. 35-53. Open Publishing Association, Australia (2021).
https://doi.org/10.4204 /eptcs.332.3

Veltri, N.: Maximally multi-focused proofs for skew non-commutative MILL. In:
Hansen, H.H., Scedrov, A., Queiroz, R.J.G.B. (eds.) Proceedings of 29th Interna-
tional Workshop on Logic, Language, Information, and Computation, WoLLLIC
2023. Lecture Notes in Computer Science, vol. 13923, pp. 377-393. Springer,
Cham (2023). https://doi.org/10.1007/978-3-031-39784-4_24

Wan, C.-S.: Semi-substructural logics a la Lambek. In: Indrzejczak, A., Zawidzki,
M. (eds.) Proceedings of 11th International Conference on Non-classical Log-
ics: Theory and Applications, NCL 2024. Electronic Proceedings in Theoretical
Computer Science, vol. 415, pp. 195-213. Open Publishing Association, Australia
(2024). https://doi.org/10.4204 /eptcs.415.18

32


https://doi.org/10.2307/2275553
https://doi.org/10.1016/J.APAL.2005.12.014
https://doi.org/10.1016/J.APAL.2005.12.014
https://doi.org/10.4204/eptcs.358.9
https://doi.org/10.1017/s0960129500001328
https://doi.org/10.1017/s0960129500001328
https://doi.org/10.1016/j.aim.2012.06.027
https://doi.org/10.23638/lmcs-15(1:9)2019
https://doi.org/10.1007/978-3-030-66545-6_11
https://doi.org/10.1007/978-3-030-66545-6_11
https://doi.org/10.4204/eptcs.332.3
https://doi.org/10.1007/978-3-031-39784-4_24
https://doi.org/10.4204/eptcs.415.18

[22]

Veltri, N., Wan, C.-S.: Semi-substructural logics with additives. In: Temur Kut-
sia, D.M. Daniel Ventura, Morales, J.F. (eds.) Proceedings of 18th International
Workshop on Logical and Semantic Frameworks, with Applications and 10th
Workshop on Horn Clauses for Verification and Synthesis, LSFA/HCVS 2023.
Electronic Proceedings in Theoretical Computer Science, pp. 63-80. Open
Publishing Association, Australia (2023). https://doi.org/10.4204/eptcs.402.8

Andreoli, J.-M.: Logic programming with focusing proofs in linear logic. Journal
of Logic and Computation 2(3), 297-347 (1992) https://doi.org/10.1093 /logcom /
2.3.297

Cubri¢, D.: Interpolation property for bicartesian closed categories. Archive for
Mathematical Logic 33(4), 291-319 (1994) https://doi.org/10.1007/bf01270628

Saurin, A.: Interpolation as cut-introduction. manuscript (2024). Available at

https://www.irif.fr/_media/users/saurin/pub/interpolation_as_cut_introduction.
pdf

Abrusci, V.M.: Non-commutative intuitionistic linear logic. Mathematical Logic
Quarterly 36(4), 297-318 (1990) https://doi.org/10.1002/malq.19900360405

Roorda, D.: Resource logics: proof-theoretical investigations. PhD the-
sis, FWI, Universiteit van Amsterdam (1991). Available at https:
//pure.knaw.nl/ws/portalfiles/portal /1821261 /Roorda_1991_Resource_Logics_
Proof _theoretical Investigations.pdf

Tabatabai, A.A., Jalali, R.: Universal proof theory: Semi-analytic rules and craig
interpolation. Annals of Pure and Applied Logic 176(1), 103509 (2025) https:
//doi.org/10.1016/j.apal.2024.103509

Veltri, N.: Coherence via focusing for symmetric skew monoidal and symmetric
skew closed categories. Journal of Logic and Computation, 059 (2024) https:
//doi.org/10.1093 /logcom /exae059

Alizadeh, M., Derakhshan, F., Ono, H.: Uniform Interpolation in Substructural
Logics. The Review of Symbolic Logic 7(3), 455-483 (2014) https://doi.org/10.
1017/s175502031400015x

33


https://doi.org/10.4204/eptcs.402.8
https://doi.org/10.1093/logcom/2.3.297
https://doi.org/10.1093/logcom/2.3.297
https://doi.org/10.1007/bf01270628
https://www.irif.fr/_media/users/saurin/pub/interpolation_as_cut_introduction.pdf
https://www.irif.fr/_media/users/saurin/pub/interpolation_as_cut_introduction.pdf
https://doi.org/10.1002/malq.19900360405
https://pure.knaw.nl/ws/portalfiles/portal/1821261/Roorda_1991_Resource_Logics_Proof_theoretical_Investigations.pdf
https://pure.knaw.nl/ws/portalfiles/portal/1821261/Roorda_1991_Resource_Logics_Proof_theoretical_Investigations.pdf
https://pure.knaw.nl/ws/portalfiles/portal/1821261/Roorda_1991_Resource_Logics_Proof_theoretical_Investigations.pdf
https://doi.org/10.1016/j.apal.2024.103509
https://doi.org/10.1016/j.apal.2024.103509
https://doi.org/10.1093/logcom/exae059
https://doi.org/10.1093/logcom/exae059
https://doi.org/10.1017/s175502031400015x
https://doi.org/10.1017/s175502031400015x

	Introduction
	A Sequent Calculus for SkNMILL
	Equivalence of Derivations
	Failure of Maehara Interpolation
	Craig Interpolation for SkNMILL
	Proof-Relevant Interpolation
	Agda Formalization
	Conclusions and Future Work
	Acknowledgments


